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The integral equation given by Fock for the surface currents induced in a perfectly conducting convex 
object by short-wavelength plane electromagnetic waves is solvwd directly by the method of Fourier trans- 
forms. The result agrees with Fock’s indirect approach. Some jgeneral properties of the equation are also 


discussed. 


1. INTRODUCTION 


N analyzing the diffraction of a plane electromag- 
netic wave by an arbitrary conducting body large 

compared with the wavelength, it is frequently assumed 
that the field at the surface is uniform (in a sense which 
will shortly be made precise) in the “illuminated” 
portion of the object and zero in the “dark” portion. 
Such an assumption is valid at points well in the shadow 
or the illuminated region. However, in the region near 
the boundary this assumption clearly breaks down, 
since the field must vary continuously on the surface. 

Fock has investigated this region by two methods. 
One! involves an approximate differential equation, 
and will not concern us further. In his other paper,” 
Fock writes an integral equation for the induced 
surface current, and uses this equation to deduce some 
properties of the solution which enable him to obtain 
the general solution from a particular case—diffraction 
by a paraboloid—which he solves by straightforward 
boundary-value techniques. It is the purpose of this 
paper to point out that the integral equation itself may 
be sol¥ed directly. This method gives a clear under- 
standing of the manner in which the behavior in the 
boundary zone is to a great extent independent of the 
precise shape of the object. 

The method to be used is the following: By using 
standard Green’s function techniques an exact integral 

* Now deceased. This paper is based upon a doctoral thesis, 
and was prepared by Michael Cohen of the California Institute of 
Technology and Rand Corporation, and Jon Mathews of the 
California Institute of Technology. 


1V. A. Fock, J. Phys. (U.S.S.R.) 10, 399 (1946). 
2V. A. Fock, J. Phys. (U.S.S.R.) 10, 130 (1946). 


equation is derived for the induced surface currents, 
the limit of short-wavelength is taken, and some general 
properties of the equation and its solution are derived 
(Sec. 2). The equation is then specialized so that it 
refers to the boundary region (Sec. 3), and the solution 
is found by standard Fourier-transform methods (Sec. 
4). 


2. THE INTEGRAL EQUATION 


We consider radiation with a single frequency w, and 
describe currents and magnetic fields by complex vec- 
tors j and H, such that the current is given by the real 
part of j exp(— iw), and similarly for the magnetic field. 
Then the surface current on the conductor S satisfies 
the integral equation? 


j(r) = 2jo(r) + (24) “"n 


x f dS’ R-*(1—ikR) exp(ikR)j(r’)X(r—r). (1) 
Ss 


In this equation R is the distance between the fixed 
point r and the variable point r’, n is the outward unit 
normal to the surface at r, and k=w/c. The “external” 
current jo is defined by 


Jo= (c/4r)nX Ho, 


where Hy is the magnetic field of the incident wave. 
To prove (1), we note that the vector potential A 
satisfies the differential equation 


V?A+ kA= — (44r/c)j, 
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Fic. 1. Illuminated (A) 
and shadow (B) regions. 





whence 


A(e)=Ao(e)+ (1/0 f as’ R™ exp(ikR)j(r’). 
8 
Since H is given by the curl of A, we find 


H(e)=Ho(e)+ (1/0) fas’ R-+*(1—ikR) exp(ikR)j(r’) 
: X(r—r’). (2) 


For a perfect conductor, we have j= (c/4r)nXH,,, 
where H, is the magnetic field just outside the surface. 
Hence, letting r approach the surface, and taking the 
cross-product of n with (2), we obtain an integral 
equation involving j and jo. As r moves from just outside 
the surface to a point on the surface, the integral in (2) 
is discontinuous, the amount of the discontinuity being 
(2x/c)mXj(r), where we assume a continuously turning 
normal. Taking note of the discontinuity, we obtain 
(1), where r and r’ are both actually on the surface. 

If the incident wave has the form Ho(r) = Ho exp(ikx), 
then jo=i exp(tkx), where ip= (c/4r)nX Ho. Defining 
i(r)=j(r) exp(—ikx), we can write (1) as 


i(r) = 2ig(r)+(1/2r)n 
x fas’ R-*(1—ikR) exp(ikg)i(r’)X(r—r’), (3) 
s 


where ¢(r,r’)= R—(x—7x’). 

If the body is convex (which we now assume), it can 
be divided into two regions, the boundary being the 
set of points at which the direction of propagation of 
the incident wave is tangent to the body. Henceforth 
we shall assume that the curvature at the boundary in 
the plane containing the incident direction and the 
normal to the surface is bounded from below. Then the 
boundary is a line which divides the body into two 
regions A and B, the illuminated and shadow regions, 
respectively. (See Fig. 1.) For any fixed point r, we 
shall show that as k— ©, i(r) approaches 2io(r) if r 
is in A, and 0 if r is in B. This is the limit in which 
geometrical optics applies. 

The factor 2 arises from the boundary condition 
Hyormai=0 at the surface. To sufficiently short-wave- 
length radiation the surface looks locally like a plane, 
and the boundary condition is satisfied by adding the 
field of a current which is the image of that which 
produces Ho. The field of the image current cancels the 
normal component of Ho, but doubles the tangential 
component. 

It is important to note that, for a given source 
function jo(r), the solution of (1) is unique. We omit 


the proof, which follows most easily from the equivalent 
differential equation plus the boundary condition of 
outgoing waves. Physically, one can see that the 
homogeneous form of (1) has no solution [except 
j(r)=0 everywhere ], since a solution would represent 
a free oscillation of the current on the body, at constant 
frequency, with no driving field. Such an oscillation 
would necessarily radiate energy and damp out. Since 
the solution of (1) or (2) is unique, it is sufficient to 
guess the solution and verify the consistency of the 
guess. 

We begin by showing that for fixed r in the region A, 
the integral in (2) vanishes as k > ©. It is convenient 
to use ¢ as a coordinate on the surface. The surfaces of 
constant g are paraboloids of revolution about the 
x direction, opening toward the source of the radiation, 
with r at the focus (Fig. 2). For points r’ in the shadow 
region B, it may be impossible to use ¢ as a coordinate, 
since the surface may coincide with part of a paraboloid. 
We shall use ¢ as a coordinate only when r’ is in a 
region A’, within which no such trouble can arise. The 
region A’ includes all of A and that part of B lying 
within a fixed distance 6 of the boundary. In order that 
5 may be nonzero, we assume that the curvature of the 
body is bounded from above. (If we include the as- 
sumption that the body is finite, the necessary set of 
assumptions about the body is completed.) The portion 
of the surface not in A’ is called B’. Then the region B’ 
contributes negligibly to the integral in (3) provided 
i(r’) approaches zero faster than k~ [we write i= 0(k~) ] 
in B’. This last point must be verified later. 

In the region A’ we define a coordinate ¢ orthogonal 
to ¢; the area element is dS=déd¢gg(¢,t). In Fig. 3 the 
solid and broken lines are lines of constant ¢ and &, 
respectively. The range of ¢ can be taken as 0 to 2m. 
The lines of constant & terminate at r and on the 
boundary between A’ and B’. For any function f(¢,é), 
two integrations by parts give 


g=b 
f dy expliky) f(v.t) 





-[Paenee se 
ik ome RP 


g=b 
- f dy exp(ike)foele,t)- (4) 


We apply this formula to the integral in (3), inte- 
grating along a line of constant é, from yg=0 into the 
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Fic. 2. Paraboloids of 
constant ¢. 
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region B’. For small y, the curves of constant ¢ are 
ellipses, and on a line of constant ¢, e~R for small R. 
Since £ is essentially an angle variable, g is proportional 
to R (or ¢g) for small R. Furthermore, nX[i(r’) 
X (r—r’) ]}~R? for small R. Therefore the two terms 1 
and —ikR in (3) give rise to integrals of the form (4), 
with f~1 and f~kg, respectively, for small ¢. The 
end point in B’ contributes nothing to (4), since i (and 
hence f) and its derivatives are negligible in B’ as 
k— «. If f~1 or f~kg for small ¢, the integrated 
part of (4) is of order k~', and vanishes for large k. The 
remaining integral also vanishes, provided {,,=0(k?). 
It is worth noting that i (and hence f) does develop 
large derivatives, since the current falls from 2i9 to 0 
in a region which shrinks steadily as k > ©. However, 
the size of the region turns out (Sec. 3) to be of order 
k-®, so that f,-~k*, and indeed f,,=0(k?). Thus we 
have shown that i(r) — 2io(r) as k—> ©, forrin A. 
“If ris in region B, the paraboloids of constant ¢ may 
intersect S twice. We choose 6 such that the paraboloids 
are nowhere tangent to S in A’. The contribution of B’ 
to the integral in (3) is again negligible, if we assume 
i=o(k-') in B’. In A’ we again use coordinates ¢ and &. 
The lines of constant ¢ radiate from the point r,, which 
is the point in A’ where y=0 (see Fig. 4). Near r,, the 
curves of constant ¢ are ellipses. Integrating as before 
along a line of constant é, from r; into the region B’, 
we find that the 1 contributes a quantity of order k™ 
to the integral in (3). The —ikR term makes a finite 
contribution, however, when the first term on the right- 
hand side of (4) is evaluated at ¢=0. Evaluation of this 
term and integration over £ gives, ask—> ~, 


i(r) = 2io(r)+ (1/2z) {nX [ 2io(r1) 
X (r—1) ]/ (r—11)?} X limynod A (¢)/dg, 


where A(¢) is the area of the small ellipse near r:, on 
which g=constant. It is easily shown that A(¢) 
~ 2x |r—r,| ¢/cos#, where @ is the angle between n(r;) 
and r;—r. Noting that ig= (c/4r)nX Ho and Ho: (r—1)) 
=0, and setting i(r,;)=2io(r:), we expand the cross- 
product and find i(r)=0, as expected. Thus we have 
verified that for fixed r in B, i(r) +0 as k— ©. In 
view of our previous remarks about the uniqueness of 
the solution of (3), we have now proved the validity of 
the geometrical optics limit of (3), except for the small 
detail that i(r)=o0(k) in the shadow. It follows from 
the results of Sec. 4 that i in fact falls off exponentially 
in the shadow. 

In the proof in the preceding paragraph, we have 
used the formula (4) to evaluate the integral in (3) for 
large k. Although the value of the integral depends 
explicitly only on the value of the integrand at the 
point r), it is not true that only a small region in the 





Fic. 3. Lines of constant 
¢g (solid) and constant ¢ 
(dashed), with r in A. 
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in B. 


neighborhood of rm, contributes significantly to the 
integral. [In formula (4), we have integrated along a 
line of constant £, from r, into the region B’. If, instead, 
we had terminated the integral at some point to the 
left of the boundary, then as k > © the answer would 
differ from the previous one by a finite amount. ] The 
situation may seem slightly paradoxical, but has an 
exact analog in one dimension. If f(x) is any smooth 
function such that f(1)=0, then integration by parts 
shows that 


in| — ik f etey(a)ds |= 10) 
but in general 

in| ~i8 fet e)ae] #0. 

fine 0 


Nevertheless, it is possible to evaluate the integral in 
(3) by pretending that the entire contribution comes 
from the neighborhood of rm, where ¢ is stationary. If 
only the quadratic terms in ¢ are retained and all other 
factors are treated as constant, we obtain the result of 
of the preceding paragraph. The quadratic expansion 
oscillates much more rapidly than the true ¢ at large 
distances from r,, and would therefore lead to an in- 
correct value for the integral in (3), were it not for the 
fact that the path of integration ends in the region B’, 
where i vanishes. 

If the point r moves toward the boundary sufficiently 
rapidly as & increases, then our previous proofs break 
down, as they must if the current is to be a continuous 
function of position. For example, if r is in the region 
A but moves toward the boundary as k > ©, then the 
coefficient of proportionality between g and ¢ becomes 
infinite. This fact upsets our proof that i— 2io. 


3. INTEGRAL EQUATION NEAR THE BOUNDARY 


We consider a small region near the boundary and 
choose coordinates « parallel to the direction of the 
incident radiation, y parallel to the boundary, and z 
perpendicular to these two. If (x,y,z) denotes the point 
r at which i is to be determined, we are free to set y=0; 
x and z are defined in such a way that the origin lies 
on the boundary. We may approximate the surface 
near the origin by 


= ax’+bryt+cy*+---. 


We shall now write out our basic integral equation 
(3) for a point r near the boundary. We replace the 
factor (1—ikR) by —ikR. The validity of this approxi- 
mation is most easily seen by passing to the dimen- — 
sionless form of the equation, as in (7) ; the contribution 
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from 1 is of order (a/k)?/* relative to the contribution 
from —ikR. When k— ©, the exponential in (3) 
oscillates rapidly, and points of stationary phase are 
important. As we have previously noticed, justification 
of the stationary phase method is not trivial in this 
problem. We shall omit the justification, which can be 
carried out by fairly tedious methods. Stationary points 
occur for y’=0. If x’<x, then g~y”+terms in z and 
2’; if x’>x, then g~2(x’—x)+small terms in y”, z and 
z’. The second region, in which ¢ is stationary only for 
varying y’, contributes a negligible amount compared 
to the first region. Thus the region x’ <x, y’~0 domi- 
nates the integral in (3). Expansions of ¢, n(r), i(r’) 
and r—r’ near the boundary are 


g=y"/2(x—2') +0? (x—27)?/2(a—2/)+---, 
n(r)= (2ax, bx, —1)+---, 
i(r’)= G(r’), iy(t’), 2ax’t2(r’)+bx't,(r’))+---, 
r—r’=(x—2', —y’, ax?—ax")+---. (5) 
We now assert that i, may be neglected in comparison 
with i,. This may be verified by taking the y-component 
of (3) and making the approximations relevant to this 
section. One obtains an equation for i,(r) identical to 


(6) except that the inhomogeneous term is absent. 
Therefore i(r) is directed along the x axis. 
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If we substitute (5) into (3), neglecting i,, and per- 
form the y-integration by the stationary-phase method, 
the result is 


k\} 2 

fla)=2+0expttn)(—) fae (x—2’)* f(x’) 
Xexp[pika?(x+2')?(x—x’)], (6) 
i(r)= f(r)io(r). 


The integral equation is now one-dimensional, since the 
stationary phase integral picks out the values of i(r) 
along the curve y’=0. Equation (6) may be put in 
dimensionless form and simplified if we define 


where 


w= k'!*g28 exp(— mi) x, 
¥(w)= f(x). 


Then ¥(w) satisfies the integral equation 
1\! pe 
vu)=2-(—) f 
2n —« exp(—ri/6) 
Xexp[—3(w+w’)*(w—w’)], (7) 


where the path of integration is a straight line from 
—~ exp(—2i/6) to w. 


dw’ (w—w')(w’) 


4. SOLUTION OF THE INTEGRAL EQUATION 


Define v(w) = exp(2w*/3)y(w). Then v(w) satisfies the integral equation 


1\} p 
»(ae) az 2o08\ 0 8 
v(w) =2 exp(3u*) (—) f 


dw’ (w—w’)'v(w") exp[§ (w—w')*]. (8) 


—» exp(—ri/6) 


Since the kernel is now a function of w—w’ only, the use of Fourier transforms is suggested. Using the property 
that the Fourier transform of the convolution of two functions is the product of the Fourier transforms of the 
individual functions, and performing some contour deformation, we find 


1 (a+ie) exp(ri/6) 
v(w)= (—) f ds exp(sw) 
wi 


(a—io) exp(ri/6) 


1\ 
dw’ exp(—sw'+4u") / [1+ 4 f 
r; 2r/ Yo 


dw’ (w’exp(—su’+ 40). (9) 


2 


The contours I’; and C; are defined in Figs. 5 and 6; a is a positive real constant sufficiently large that the de- 
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Fic. 5. The contours I;. 
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nominator of the integrand in the above expression never vanishes. 


From the result 


1\} 2 
i+ (—) f (w’)* exp(—sw’+2'8)dw’ = (=) f du exp(—sut 4) f vdv exp(—sv+ 3), 
Qn C2 TI r; r 


(10) 
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which is proved in the Appendix, we obtain 
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1 (at+io) exp(ri/6) 1 1 
v(w)= (—)f ds exp(su)| (—) f vdv exp(—s0+40)] ‘ 
2ril J, ; rif Jr 


a—in) exp(ri/6) 


3 


If we finally observe that the path of integration in the exterior integral can be deformed to the contour I's, our 
solution agrees with Fock.? That is, our ¥(w) is equal to Fock’s G(£) ; the independent variables are connected by 


the relation w= 27" exp(—7i/6). 


Equation (7) is easily solved by numerical methods. We have not carried out the solution, since Fock? has 


already tabulated G(é). 


APPENDIX 
If we define 


I,(s)= | du exp(—su+ 3x’), 
la 


(a= 1, 2, 3) 
L.(s)= ~i(n/2)' f t-idt exp(—st+?8), 


Ca 


where the contours I’, are defined in Fig. 5 and the 
contours C, in Fig. 6, it is easily shown by a change of 
variables that 


I?= L2+Ls, I= L3+li, I;?= L,+L2. 





Since /;+J2+J;=0, it follows immediately that 
Ly=—Tel3, Le=—I3h1, L3=—Ts. 
If we differentiate the second of these, we obtain 
L,’= —I1/1,—1;])'= — 213+ (I3'I,—h'Ts). 
From the differential equation 
Iq'’—}3sI,=0 


obeyed by the J,, we see that the Wronskian is a 
constant; evaluation at s=0 gives the value —7i. 
Therefore 

Lf = —ri-—213'Jh, 


which proves relation (10). 
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Electron Spin Relaxation Times in Sodium-Ammonia Solutions 
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International Business Machines Corporation Watson Laboratory, Columbia University, New York 27, New York 


(Received October 31, 1957) 


~——.—The transverse and longitudinal relaxation times (J; and T;) were measured at 17.4 Mc/sec (6.2 gauss) 
by rf pulse techniques. JT, was obtained by measuring the decay time of the free-induction signal following 
a 90° flip, and was.found to vary from about 3.2 usec to 0.7 wsec as the sample concentration varied from 
1.1 to 25.9 mg Na/g NH3;. T; was measured by the 180°-90° method over a concentration range of 4.9 to 
16.9 mg Na/g NHs. It was found that 7; equals 7: in this range to within about +10%, in accord with 
the theory of Bloembergen, Purcell, and Pound. Spin echoes from electrons were observed. Descriptions 
of the apparatus and the method of preparing the samples are included. 


INTRODUCTION 


HE solutions of alkali metals in liquid ammonia 
have long been known to exhibit a number of 
curious properties.’~* Among these are an extraordinary 
volume expansion of the solution as it becomes 
chemically saturated with alkali metal, a conductivity 
which approaches that of mercury, and an electron 


1. F. Audrieth and J. Kleinberg, Nonaqueous Solvents (John 
Wiley and Sons, Inc., New York, or Chapman and Hall, Ltd., 
London, 1953), Chap. 6 and references therein. 

2 Becker, Lindquist, and Alder, J. Chem. Phys. 25, 971 (1956). 

3H. M. McConnell and C. H. Holm, Bull. Am. Phys. Soc. 
Ser. II, 1, 397 (1956) and J. Chem. Phys. 26, 1517 (1957). 

4 J. Jortner, J. Chem. Phys. 27, 823 (1957). 








spin resonance absorption line” which in the case 
of the dilute solutions is incomparably sharp, its 


5C. A. Hutchison, Jr., and R. C. Pastor, J. Chem. Phys. 21, 
1959 (1953), and references therein. 

6D. E. O’Reilly, Ph.D. thesis, 1955, University of Chicago 
microfilm order No. T-2964 (unpublished). 

7 Beeler, Roux, Béné, and Extermann, Compt. rend. 241, 172 
(1955). 

8R. A. Levy, Phys. Rev. 102, 31 (1956). 

®9W. Wysocyanski and J. A. Cowen, Bull. Am. Phys. Soc. 
Ser. IT, 2, 318 (1957). 

 T, R. Carver and C. P. Slichter, Phys. Rev. 102, 975 (1956). 

VY. L. Pollak and R. E. Norberg, Bull. Am. Phys. Soc. Ser. 
II, 1, 397 (1956). 

12 R, J. Blume, Bull. Am. Phys. Soc. Ser. I, 1, 397 (1956). 

13 A saturated solution of sodium in ammonia (at —33.8°C) 
contains approximately 1 mole (23 g) of Na in about 5.5 moles 
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width AH between points of maximum slope being only 
about 0.02 gauss (~60 kc/sec) at room temperature. 

There has been some question whether the longi- 
tudinal relaxation time 7; of electrons in these solutions 
equals the transverse relaxation time T>. The theory of 
Bloembergen, Purcell, and Pound" predicts that it 
should, provided that wr.<1, where w is the angular 
frequency of the applied rf, and 7, is the correlation 
time. Kaplan and Kittel'® estimate 7. to be of the 
order of 10- sec radian. For rf of about 15 Mc/sec, 
w10* radian sec', and so wr<~10*<«1. However, 
Hutchison and Pastor reported in an extensive cw 
investigation of mainly potassivm-ammonia solutions*® 
that 7; equals 2 to 5 times T2. Later work in the same 
laboratory® indicated that 7; equals T2. In both cases, 
T, was obtained from the cw absorption line width 
AH. Because the line shape is essentially Lorentzian, 
one may immediately write'® that 7:=2[v37.(4H) }°, 
where . equals 2xX2.8 Mc/sec gauss~!. However, 7; 
was obtained by the progressive saturation (cw) method 
of BPP," and measurements made in this fashion are 
considerably less direct and accurate than 7; meas- 
urements obtained from the cw line width AH. 

Both 7; and T; may be measured directly by means 
of the rf pulse techniques which are widely used in 
nuclear magnetic resonance.'7 Although the longest 
T»’s of alkali metal-ammonia solutions are quite short 
(~3 ysec) compared with those dealt with in pulsed 
nuclear magnetic resonance (nmr), it was found that 
refinement of the conventional pulsed nmr apparatus 
would permit direct observation of both the 7; and 
the T: processes in these liquids." Sodium-ammonia 
solutions were chosen initially because there is reason 
to believe that they are less subject to decomposition® 
than K—NH; solutions. There is no present intention 
to go on to other solutions. 


T, MEASUREMENT 


The free-induction, or free-precession, method of 
Hahn" was used to measure 72. In this method, the 
equilibrium macroscopic spin moment Mo, which is 
aligned along the dc field Ho, is abruptly tipped 90° 
(in time r~<T>2) by an rf burst” into the xy plane, 


(93.6 g) of ammonia, or about 245 mg Na/g NH;.The concentration 
of the samples used in the present work ranged from about 1 to 
26 mg Na/g NHs. 

14 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 

6 J. Kaplan and C. Kittel, J. Chem. Phys. 21, 1429 (1953). 

16 E. R. Andrew, Nuclear Magnetic Resonance (Cambridge 
University Press, New York, 1955), p. 105. 

17 FE. L. Hahn, Phys. Rev. 77, 297 (1950). 

18 EF. L. Hahn, Phys. Rev. 80, 580 (1950). 

19. L. Hahn, Physics Today 6, No. 11, 4 (1953). 

*H. Y. Carr and E. M. Purcell, Phys. Rev. 94, 630 (1954). 

21 Reference 16, p. 138 ff. 

2 The condition that the rf burst, whose duration ry is much 
less than 72, produce a 90° flip is that r»Hiye=2/2, where 
ye=2nX2.8 (Mc/sec) gauss and H; is one-half the peak value 
in gauss of the linearly polarized rf magnetic field AH, at the 
rae mea is, H+¢=2H: sinwt, where w is the angular frequency 
of the ri. 
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where it precesses freely about Ho. The precessing 
magnetic dipole induces an rf voltage in a pickup coil 
which encloses the sample. Because transverse relaxa- 
tion processes cause the precessing dipole in the xy 
plane to become exponentially shorter in time, the rf 
voltage induced in the pickup coil likewise decays 
exponentially. The time-constant of the decay is 7». 
The 90° rf burst and the free-induction signal which 
follows it are shown in Fig. 1. 

In the present experiment, the Na— NH; sample was 
placed in a total dc field of about 6.2 gauss, correspond- 
ing to an electron spin precession frequency of 17.4 
Mc/sec. (This was the highest frequency that the 
transmitter happened to deliver.) The duration r, of 
the rf burst which produced the 90° flip was 0.3 ysec. 
This is about one-tenth of the longest 7,’s which were 
measured. The pickup coil was tuned to 17.4 Mc/sec 
and coupled to a nonblocking receiver’ whose output 
was viewed without detection on a wide-band oscillo- 
scope, as shown in Fig. 1. T, for each of ten samples 
was learned by measuring, under photographic 
enlargement, the decay envelope of the free-induction 
signal. The peak-to-peak amplitude of the free-induction 
signal was plotted (minus the thickness of the noisy 
baseline) on a logarithmic scale versus a linear time 
scale. The upper diagonal line of Fig. 2 is an example 
of such a plot for a single sample. The slope of the 
resulting straight line gives T; directly. The results of 





Fic. 1. Free induction signals at 17.4 Mc/sec (6.2 gauss) from 
electrons in dilute Na—NH; liquid. The sample was at 24°C 
and contained 12.4 mg Na/g NHs. Each photograph is a double 
exposure which shows the receiver output both with and without 
the free induction signal. One usec interval markers appear every 
cm at the top of (a) and every 2 cm along the bottom of (b), 
which is merely an expansion of the left half of (a). The 90° rf 
burst starts with the zeroth marker at left and actually lasts 
0.3 usec, although in this photo it appears to be prolonged to 
about 1.5 wsec by residual ringing of the tuned pickup coil. 
The exponentially decaying free induction signal is seen after 
about 1.5 usec. Its individual oscillations at 17.4 Mc/sec may be 
discerned in (b). 


3A description of this receiver will be submitted to Review of 
Scientific Instruments. 
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T2, measurements on the ten samples are summarized 
in Fig. 3, where for comparison the limited Hutchison 
and Pastor® cw data for Na—NH,; are also shown. 
Figure 3 shows that, for the same concentration, the 
present pulse work yields a value for the line width 
AH which is consistently narrower by roughly 15 to 
20% than the AH obtained by cw measurements. 
Note that, with decreasing concentration, each method 
indicates that AH approaches a minimum value of 
about 0.02 gauss, but that the minimum cw Ad is 
still broader than the minimum Ad inferred from pulse 
methods by about 15 to 20%. (To see that there is a 
minimum Ad in the cw case, it is necessary to refer to 
the abundant cw data for dilute K—NH, solutions.*® 
There are too few cw data on Na— NH; solutions for a 
trend toward a minimum AH to be apparent.) The 
discrepancy in the minimum value of AH is not 
accounted for by assuming that the samples had begun 
to decompose. A possible explanation is that fluctuations 
in the ambient laboratory (“‘earth’s”) magnetic field 
may be responsible for much of the difference. This point 
is discussed later on, in the section on the magnetic field. 


T, MEASUREMENT 


What is sought for the 7; measurement is a plot of 
the macroscopic moment M, versus time as M, recovers 
from a nonequilibrium value. The Carr-Purcell” 
method is used to obtain it. The initial nonequilibrium 
value of M, is established at the end of a 180° burst. 
The value of M, at some later time / may be learned 
by flipping M, 90° (up or down) into the xy plane, 
where the size of the resulting free induction signal is 
proportional to the moment which causes it. If the 90° 
burst occurs at a time (called ru) just as M, relaxes 
from the +z to the —z direction, M, is zero and no 
free-induction signal results. A sequence of eight 
Carr-Purcell photographs is shown in Fig. 4. The next 
to last one was taken when the 180°-90° spacing 
equalled rau. For the limiting case of negligibly short 
rf bursts, one may write that 7;=7,»un/In2. However, 
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Fic. 2. Equality of T; and T; in a single Na— NH; sample. 
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Fic. 3. Plot of T2 of dilute Na—NH; solutions at 24°C as a 
function of concentration. 7; and AH are connected by the relation 
T2=2[v3ye(4H)}. The relation between concentration ex- 
pressed in mg Na/g NH; to concentration in moles Na/liter of 
solution is discussed in the text. 


in the present work the rf bursts are not negligibly short. 
It is necessary to measure 7; by plotting on a 
logarithmic scale versus time (see the lower diagonal 
line in Fig. 2), the absolute value of the difference 
between the amplitude of the free induction signal 
following a 90° burst occurring at time ¢ after the 180° 
burst, and its amplitude after a 90° burst occurring at 
time >T,. Now, the total (absolute) change in M, 
which occurs after it is flipped 180° is almost |2Mo|, 
where Mp is just the equilibrium value of M,. Accord- 
ingly, in preparing the plot, a free-induction signal 
arising from an M, which had already relaxed into the 


_+2 direction (before it was flipped 90°) is taken as 


a 


having a positive amplitude, whereas the signal due to 
an M, which was still in the —z direction when it was 
flipped 90° is taken as having a negative amplitude. 
The slope of the resulting straight line gives T; directly. 

No error is introduced into the T; measurement by 
the use of a 90° burst whose 0.3-usec length is not 
negligibly short compared with 7, or T:. The net 
moment in the wy plane at the end of a finite 90° burst 
differs from the M, existing at the start of that burst, 
because relaxation processes continue during the burst. 
But so long as the 90° burst stays constant in duration 
and amplitude, the error in the M, determination is 
a constant regardless of the 180°-90° spacing. This is 
shown in the Appendix by an argument based on the 
linearity of the Bloch equations. Because an exponential 
decay curve does not change its characteristic decay 
time when it is multiplied by or added to a constant, 
the 7; measurement is unaffected. 

Of the ten samples on which T; measurements were 
made, 7; measurements could be made on only five, 
of medium concentration ranging from 4.9 to 16.9 
mg Na/g NH;. The other samples were inaccessible to 
the 180°-90° technique described here. Either their 
T2’s were too short (high concentration) or their 
signals were too weak (low concentration) for satis- 
factory observation of the free induction tails. For the 
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Fic. 4. Carr-Purcell (180°-90°) sequence, showing the longi- 
tudinal (71) relaxation process. One-usec interval markers 
appear along the bottom of each of the eight photographs. 
The 180° burst starts in every case with the zeroth marker at 
left, and the 90° burst occurs at a variable time later. In (a), the 
free-induction signal following the 90° burst is due to an M, 
which has almost completely returned to equilibrium in the +s 
direction. As the 90° burst is moved to the left [ (b)—(f)], the 
available M,, and hence the free-induction signal, first decreases 
to zero (g) and then begins to grow again (h). The free-induction 
signal in (h) is due to an M, which was still in the —z direction 
when it was flipped by the 90° burst. 


five samples for which both 7; and 72 were measured, 
T,=T-? within an error of about +10%. 


SPIN ECHOES 


If the dc field Hy is made sufficiently inhomogeneous 
at the sample, the application of a 90°-180° burst 
sequence results in the formation of a spin echo,!*” as 
shown in Fig. 5. The inhomogeneity was produced by 
dc in a second set of coils, which were connected in 
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series-opposing. No measurements of the echoes were 
made. 


APPARATUS 
dc Field 


A pair of Helmholtz coils energized by storage 
batteries supplied most of the total dc field Ho of about 
6.2 gauss. The ambient laboratory field of about 0.3 
gauss is directed about 15° from the vertical, and the 
Helmholtz field was vertical. No attempt was made 
to align the two fields parallel because only the resultant 
H of the two is seen by the spin system. 

The homogeneity of the magnetic field Ho in the 
experimental region was mapped with a conventional 
cw magnetometer*** whose probe contained a sodium- 
ammonia sample instead of the usual proton sample. 
The field inhomogeneity over the sample volume is 
estimated to have been less than 0.002 gauss. 

The cw measurements showed a noisy fluctuation 
of the field, estimated to be about 0.003 gauss rms. 
It was found that the fluctuation did not originate in 
the Helmholtz coil or in its current supply, but rather 





Fic. 5. Spin echo from electrons in a dilute Na—NH; solution. 
One-usec markers appear every cm along the bottom of each of 
the four photographs. The 90° burst appears at left in each case. 
As the 180° burst is moved to the right, the echo moves twice 
as far to the right. The experimental conditions of Fig. 1 apply 
here. 


2% R. V. Pound and W. D. Knight, Rev. Sci. Instr. 21, 152 
(1950). 
25 G. D. Watkins, Ph.D. thesis, Harvard, 1952 (unpublished). 
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was a fluctuation of the ambient laboratory field.” 
The effect of such a fluctuation on a free-induction 
measurement of 7; is almost zero. But when a cw 
spectrometer is slowly swept across an absorption line 
which is itself jittering in frequency, the apparent 
width of the absorption line, as seen by the spectrom- 
eter, is broadened. This “jitter broadening” may be 
the reason for the small discrepancy between the cw 
and the pulse determinations of the linewidth. When 
jitter-broadening is present, the recorder chart trace 
of the derivative of the absorption line may be distinctly 
noisier than the recorder trace which is obtained when 
no signal is present. Such an indication may of course 
be obscured by a high time-constant at the recorder. 


Transmitter 


The transmitter is required to develop rf bursts of 
about 1 gauss inside the sample coil, without at the 
same time producing an unwanted dc field (due to 
plate current) there. The duration of the 90° rf 
burst is 0.3 wsec and the rf across the transmitter coil 
is about 50 v rms. A photograph of the waveform of 
the rf voltage across the transmitter coil is shown in 
Fig. 6. 

The complete transmitter of Fig. 7 is derived from 
standard ringing circuits.?”** To prevent the transmitter 
from overheating, it is enabled to deliver rf bursts for 
only 30 wsec out of the 1000-usec basic repetition period. 
During the 30-ysec “long gate,”’ 750 ma flows through 
V2 and the rf choke coil L2. When V2 is cut off by a 
negative keying pulse from one of two Hewlett- 
Packard Company Type 212A pulse generators, 
shocked oscillations at two frequencies occur in its 
cathode circuit. The undesired mode at around 30 
kc/sec, due to L2 and the de blocking capacitor C2, is 





Fic. 6. Voltage across transmitter coil L1 in Fig. 7 during a 
180°-90° rf burst sequence. The sweep speed is 0.2 wsec/cm and 
the vertical calibration is 50 v/cm. The nominal frequency of the 
rf is 17.4 Mc/sec. 


26 Once the samples were prepared, low-field cw magnetometry 
with the sodium-ammonia probes proved to be notably convenient. 
For example, the absorption line in the laboratory ambient field 
of ~0.33 gauss (960 kc/sec) was readily visible on a crt even 
though nearly all experimental parameters were far from optimum. 
See also reference 9. 

27 Y. Beers and E. Durand, in Vacuum Tube Amplifiers, edited 
by G. E. Valley, Jr. and H. Wallman (McGraw-Hill Book 
Company, Inc., New York, 1948), Massachusetts Institute of 
Technology Radiation Laboratory Series, Vol. 18, pp. 307-313. 

8G. R. Gamertsfelder and J. V. Holdam, in Waveforms, 
edited by B. Chance et al. (McGraw-Hill Book Company, Inc., 
New York, 1949), Massachusetts Institute of Technology Radia- 
tion Laboratory Series, Vol. 19, p. 140 ff. 


RELAXATION TIMES 





1871 








(50* KEYING 
PULSE. TT yw RF HEAD — 
oes get ok ~§ Faw ---4 
eov ¢ Vi) ; 
ass (GALS : = ' 
= 0.35 CEERI, | 
: ae 3 poet ¢ ah %. 
IBO" KE YING |, FY t- 5 ae fT \: 
| Put SE | ~/ {3 
—~ om Pe ‘ yor orrn \! 
care (eda rt (Ga 
LFreov 3 t (staars) et [EE —> 
a race ' t+/—_,,, | 
2b 0.6 psee +2e5¥ } i74uc 1 
H 
4 ' ‘ 
v3 ; ' ' 
68K 7A | 4 eee a ee 5 
42 600) ‘ 
' 
- OF 222 
[LONG GATE |e bid £ f 
a nPuT_™ 4ev | ae ' 
ore _ x2 {v4} ; 
—— t 6 5 { ) ' 
of Vo ow 6x oe \6137| - 
+ Wpsc—~ y ~50(A04) ; “> = 


(ROLDOFF BIAS) -170v © -40v(ADJ) ' 


Fic. 7. Schematic diagram of the transmitter. 


not troublesome. As shown in Fig. 6, the amplitude of 
the desired 17.4-Mc/sec mode increases in about four 
cycles (because of positive feedback supplied by V4) 
from its initial value of minus 50 volts peak to a 
maximum, which is clamped by the onset of conduction 
in V2 when its cathode swings far negative, of minus 
75 v. At the end of the negative keying pulse, V2 once 
again conducts heavily, and its low “cathode-follower” 
output impedance short-circuits both the 30-kc/sec 
and the 17.4-Mc/sec tuned circuits. It may be men- 
tioned in passing that without positive feedback, 
the 17.4-Mc/sec cathode circuit is heavily damped by 
the parasitic series circuit consisting of C,, of V2 
(about 15 pyf) and the output impedance of the 
generator of the keying pulse (about 180 ohms). 

It was found necessary to increase the output 
impedance of the pulse generators from 50 ohms to 
180 ohms in order to obtain sufficiently large keying 
pulses. Thyratron hash from the H-P pulse generators 
was largely suppressed by adding integral shielded 
ac line filters*® to them. 


rf Head 


The Pyrex sample bomb (?-in. o.d., }-in. id.) is 
placed snugly inside the self-supporting 8-turn receiver 
coil L1, which is about 1}-in. long. A filling factor of 
about 0.45 is obtained. 

Inductive coupling between the transmitter and 
receiver coils is minimized by mounting them approxi- 
mately at right angles, with the receiver coil inside the 
transmitter coil, and by providing a simple pivot 
adjustment. The use of crossed coils is convenient also 
because it permits the transmitter and receiver circuitry 
to be adjusted nearly independently. Capacitative 
coupling remains. A Faraday shield was tried and later 
abandoned because its inclusion required that the 
physical size of the transmitter coil be increased by an 
amount which lessened the available H,; excessively. 
The spectrum of the rf bursts is too wide for decoupling 
to be achieved by means of an rf bridge. 

Miller No. 7815 filters were used. (J. W. Miller Company, 
5917 South Main Street, Los Angeles 3, California.) The Hewlett- 


Packard Company offers the 212A-95A ac line filter kit, apparently 
without charge, to those whose 212A’s lack them. 
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When ordinary helical coils are mounted at right 
angles, the inductive coupling between them is not 
a minimum. The minimum occurs when the coil 
axes are not quite 90° apart. To avoid complicating 
the pivot mechanism in order to allow for this, it was 
decided not to use helical coils in the rf head. Instead, 
every turn of both the transmitter coil and the receiver 
coil is a planar loop, and the loops are connected in 
series. Planar loops are nicely decoupled when mounted 
at right angles. The magnetic fields of the interturn 
leads which join the individual loops of a coil are 
largely canceled by placing the return lead from one end 
of the coil closely adjacent to the interturn leads of that 
coil. The scheme of using planar loops is due to Carr,” 
and appears to be an effective means of minimizing 
inductive coupling between crossed coils of only a 
few turns per unit length. 

Electrical shielding of the rf head is indispensable. 
Removable mechanical shielding is placed over the 
sample bomb access port in the rf head for protection 
should the sample bomb shatter. (None did.) The 
transmitter coil is coupled to the transmitter chassis by 
about one foot of low-capacitance cable and connectors.” 


Receiver 


The receiver is a nonblocking wide-band amplifier 
which exhibits no transient loss of sensitivity following 
the rf bursts from the transmitter. The circuit consists 
of six cathode-coupled clipper-amplifiers (‘“‘long-tailed 
pairs’’)*-5 in cascade, the last one driving a Tektronix 
Type 541 oscilloscope. The Western Electric Company 
Type 417A/5842 triode is employed throughout the 
receiver. The tuned input circuit which encloses the 
sample bomb is damped by connecting across it two 
germanium diodes back-to-back. For large signals the 
diodes are short circuits, but for microvolt signals they 
are fairly large linear impedances. 


Calibration 


Parallax errors in the photographic measurements 
were avoided by relying solely on calibrations of the 
crt screen itself. The ruled crt graticule was ignored. 
Superimposed 1.0-usec markers provided horizontal 
calibration. Vertical (signal amplitude) calibration of 
the receiving system (i.e., the receiver plus thes cope) 
was done with a Measurements Corporation Model 80 
rf Signal Generator. The amplitude calibration of the 
signal generator was verified in a separate procedure. 
The vertical deflection sensitivity of the receiving 
system was satisfactorily linear to far above the 


%® Communicated by E. L. Hahn. 

31 Transradio Ltd., 138 A Cromwell Road, London S. W. 7, 
England. The cable is Type C22-T, 5.5 uf per ft, 184-ohm. 
The connectors are Type 180-NC 0801 and the receptacles 
Type 180-PC 0801. 

#2 L. A. Goldmuntz and H. L. Krauss, Proc. Inst. Radio Engrs. 
36, 1172 (1948). 

33 Vallarino, Snow, and Greenwald, Electronics 26, 178 (1953). 
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maximum amplitude of the free induction signal. 
There was no amplitude nonlinearity at low signal 
levels because no detector was used. The photographic 
exposures were about 1/5 sec. Because the repetition 
rate of the experiment was 1 kc/sec, each picture is 
a superposition of about 200 crt displays. 


Na—NH; SAMPLES 


Dilute alkali metal-ammonia solutions decompose 
readily in the presence of impurities. Preparation of 
reasonably stable samples is complicated by the fact 
that the active impurities are not known with 
certainty.*** 

Extreme cleanliness in the fabrication of the Pyrex 
sample bomb is apparently essential. The glass stock*® 
was first aged in hydrochloric acid and water for 24 
hours, then washed with detergent and water, rinsed 
repeatedly, and then fabricated. Traps of Drierite 
and glass wool were used to prevent saliva contamina- 
tion from the blow tubes. A finished bomb was about 
9.5 in. long, and consisted of about 5 in. of combustion 
tubing sealed at one end, 1.5 in. of heavy-wall capillary 
(to facilitate final seal-off) at the other, and a ground 
taper joint about 3 in. long beyond the capillary. 
After fabrication, the bombs were washed in detergent 
and water and then immersed in hot chromic acid for 
24 hours. After being rinsed 10 to 15 times in distilled 
water and dried at 150°C, they were ready for use. 

Entirely satisfactory samples were prepared as 
follows: Sodium for the sample was first cut from the 
interior of a larger block while the whole was submerged 
in a 10% alconol-90% hexane solution. It was then 
washed in three successive changes of hexane, weighed, 
and placed in the sample bomb while still under 
hexane. After evaporating the hexane in the sample 
bomb by vacuum pumping, the entire system was 
flushed for several minutes with sodium-dried ammonia. 
Ammonia was then repeatedly condensed and melted 
in the sample bomb until the desired approximate level 
of about 2 in. of solution (at-room temperature) was 
reached. The torch seal-off of the bomb was made while 
the system was almost at atmospheric pressure of 
ammonia, and most of the bomb itself was immersed 
in liquid nitrogen. 

Both the weight of the sodium in the sample and the 
weight of the sample bomb before seal-off were known. 
After seal-off, the sealed bomb and the now detached 
ground taper joint were weighed to determine the 
amount of ammonia inside the sealed bomb. Sample 
concentrations obtained in this manner are mass 
ratios and are therefore independent of temperature. 
On the other hand, the sample concentrations given by 


% J. F. Dewald and G. Lepoutre, J. Am. Chem. Soc. 76, 3369 
(1954). 

3G. Lepoutre, Ph.D. thesis, 1953, Yale University (un- 
published). 

36 Pyrex combustion tubing, ?-in. 0.d., }-in. wall thickness, 
Fisher Scientific Company, No. 11-370. 
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Hutchison and Pastor® are given in molarity, that is, in 
moles of sodium per liter of solution at a specified 
temperature. The relation between the two ways of 
specifying concentration (mass ratios and molarity) 
needed to prepare the upper and lower abscissas of 
Fig. 2 was obtained as follows: One starts with the 
concentration given in mg Na/g NH;. Because the 
quantity of sodium is already known, the task of 
expressing the concentration in moles Na/liter of 
solution at a temperature T reduces to finding the 
volume of the sample at 24°C. To find the volume at 
24°C, the density at that temperature must be found, 
and this is apparently not available in the literature. 
However, Kraus ef al.*7 have measured the densities 
of these solutions at —33.8°C. It turns out that the 
density of a dilute solution at 24°C (including pure 
NH,;) is very nearly 0.89 times the density of the same 
solution at —33.8°C.* 

The apparent amplitude of the free-induction signal 
from each of the ten samples remained constant over 
several hours at room temperature. It is believed that a 
decomposition rate of the order of 1% per hour or 
faster could have been detected as a change of ampli- 
tude. Because the decomposition rate at room tempera- 
ture was slower than this, and because the samples 
were stored in a dry ice box when not in use, the initial 
concentration of the samples was taken as equal to 
their actual concentration during the experimental 
runs. Accordingly, no assay of concentration was 
undertaken. 
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37 Kraus, Carney, and Johnson, J. Am. Chem. Soc. 49, 2206 
(1927). The concentrations dealt with in this reference are all 
greater than those in the present work. However, it is evident 
from Fig. 3 on p. 2211 of this reference that the density data of 
Table I, p. 2209, may properly be extrapolated to zero concen- 
tration. 

38 This was learned from an inspection of the data of reference 
5, p. 1965, Table II, column 3. The densities of pure ammonia 
were taken from J. W. Mellor, Comprehensive Treatise on Inorganic 
and Theoretical Chemistry (Longmans, Green and Company, 
New York, 1953), Vol. 8, p. 175, Table XVIII. 
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from their own work to prepare the Na— NH; samples 
according to a method worked out by the former. 


APPENDIX® 


We wish to show that the validity of the 7, measure- 
ment is not affected even though the duration r,, of 
the 90° burst may be appreciable compared with the 
relaxation time. In what follows, T; need not equal 
T2, but for notational brevity they are assumed to be 
equal. The only restriction is that the shape and the 
duration 7, of the rf burst must remain constant. 

We select the start of the 90° burst as ‘=0, and recall 
that, while the initial magnetization at ‘/=0 is not in 
general an equilibrium value, it is always along the z 
axis. We call it M.(0)2. Because the Bloch equations, 


dM/dt=y[MXH ]—[M—xH]/7,, (1) 
are linear in M, their general solution may be written as 
M()=M®()+M (0), (2) 

where M“ is a solution of 
dM /at=y[M® XH ]—M®/T, (3) 


and M® is a solution of 
dM® /at=y[M® XH ]—[M® —xH]/7; (4) 


and where at ¢=0, we let M(0)=M,(0)2 and 
M® (0)=0. 

The solutions of (3) and (4) will depend on ¢ and the 
initial magnetization M,(0)z. If we set {=7,, where 
Tw is understood to be constant, M®(r7,.) must always 
be the same (constant) solution of (4), because M® (0) 
=0. We call this solution C®. Similarly, M®(7,,) can 
only be some solution of (3) which is proportional to 
M,(0)z. We write this solution as 


M® (7,,)=CM,(0). 


Accordingly, the general solution (2) for the magnetiza- 
tion becomes, at t=rT., 


M(r,.)=C®M,(0)+C®, (5) 


which demonstrates that, so long as 7, as well as the 
shape of the 90° burst remain constant, the magnetiza- 
tion which is actually detected [i.e., the component of 
M(r..) in the xy plane] is linearly related to the 
magnetization M,(0)2 which existed at the start of 
the 90° burst. 


% The method used here was suggested by A. G. Redfield. 
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Dynamical Instability in an Anisotropic Ionized Gas of Low Density* 


E. N. PARKER 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
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It is shown that when the thermal motions of a tenuous ionized gas are sufficiently anisotropic, the gas, 
and the initially uniform magnetic field which the gas is assumed to contain, become unstable. One mode 
of instability occurs when the gas pressure is greater parallel to the field than perpendicular, and another 
mode when the pressure is greater perpendicular than parallel. It is suggested that such instabilities may 
be of astrophysical interest, particularly with regard to the configuration of the solar dipole field as it is 
drawn out into interplanetary space by ionized gas from the sun. 





I. INTRODUCTION 


O the extent that the dynamical properties of an 
ionized gas satisfy the hydromagnetic equations 


pdv/di= —V(p+ B?/8n)+(B-V) B/4z, 
oB/ai=VX(vXB), 


there are at least three well-known instabilities which 
may upset a static equilibrium configuration. They are 
the twist instability, the Taylor instability, and the 
flute instability. The twist instability was considered 
first by Lundquist! and later by Roberts.? The Taylor 
instability was first described by Kruskal and Schwarzs- 
child,’ and an excellent discussion of both the Taylor 
and the flute instabilities appears in a recent article 
by Rosenbluth and Longmire,‘ where they present a 
derivation based on the individual-particle treatment 
for gases of low density, rather than relying (in that 
case) upon the hydromagnetic equations. 

In this paper we shall discuss two further instabilities 
which may occur in ionized gases of low density, but 
which do not occur in ordinary hydromagnetic cases. 
These instabilities arise only in an ionized gas in which 
the thermal velocities are significantly anisotropic, 
and they depend explicitly on the anisotropy. We 
expect anisotropy only in gases which are so tenuous 
that the time between collisions of the individual 
particles is long compared to the characteristic 
dynamical period of the macroscopic mass motions. 
Therefore it is only in such tenuous gases that we might 
expect these instabilities to appear. 

We shall treat the dynamical properties of an 
ionized gas of low density with the usual approxima- 
tions, assuming equal total numbers of electrons and 
protons, neglecting all particle collisions, and assuming 
that the cyclotron period and radius of gyration of the 
ions and electrons are small compared to the character- 


* Assisted in part by the Office of Scientific Research and the 
Geophysics Research Directorate, Air Force Cambridge Research 
Center, Air Research and Development Command, U. S. Air 
Force. 

1S. Lundquist, Phys. Rev. 83, 307 (1951). 

2 P. H. Roberts, Astrophys. J. 124, 430 (1957). 

3M. Kruskal and M. Schwarzschild, Proc. Roy. Soc. (London) 
A233, 348 (1954). 

4M. N. Rosenbluth and C. L. Longmire, Ann. Phys. 1, 120 
(1957). 
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istic period and scale of the macroscopic fields. Because 
we shall treat explicitly the possible anisotropy of the 
thermal motions, it becomes necessary to distinguish 
between the direction parallel and the direction 
perpendicular to the magnetic field B. We use the 
subscript s to denote the direction parallel to B, and n 
perpendicular. The ordinary isotropic pressure p is re- 
placed by p, and p,, and the mass motion u, perpen- 
dicular to B satisfies the modified hydromagnetic 
equation® 


pdu,,/dt= —V,.(p.+ B*/8r) 
+[(B-V)B].L1+ (p.—p.)/(B*/4m) (1/4). (1) 
The magnetic field is in turn related to u, by 
dB/dt=V X (unX B), (2) 


as may be readily seen from the fact that u, is the 
electric drift velocity, E=—u,X B/c. 

Now if the gas pressure #, parallel to B is sufficiently 
large as compared to the pressure , perpendicular 
to B, we see that the coefficient of (B-V)B in (1) 
may become negative. The result is that the hydro- 
magnetic wave equation goes over into an elliptic 
equation, with resulting instability. This is the first 
instability in an isotropic gas which we wish to point out. 

If now we turn out attention ot the mass motion u, 
parallel to B, we find that the situation is somewhat 
more complicated than with u,. Instead of an equation 
of motion of the form of (1), we must solve a Boltzmann 
equation. We let 6 be the angle of pitch; the angle 
between the magnetic field and the velocity of an 
individual ion or electron. We define the distribution 
function F(s,@) to be the number of particles per unit 
volume with angle of pitch @ at some given point which 
is a distance s along the line of force from the origin. 
For steady state conditions we find®* that if F(s,6) 
has the form sin*@ at s=0, then it has the form 


T'(a+1) fe 
2eT°[4(a+1) ]l B(s) 


elsewhere along the line of force. Here N(0) is the 


4(a—1) 
F(s,0)=N(0) sin%@ (3) 


5 E. N. Parker, Phys. Rev. 107, 924 (1957). 
6K. M. Watson, Phys. Rev. 102, 19 (1956). 
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number of particles per unit volume at s=0, and 
B(s) is the field density. We note that the density of 
particles at s is 


N(s)= f dF (s,0) 
0 


(4 
=N(0)[B(0)/B(s) =. 2 


Isotropy obtains for a=1, yielding uniform density. 
But if the thermal motions are principally perpendicular 
to B, so that p,>>?,, then a>1, and we see that N(s) 
is largest where B(s) is smallest. The gas pressure in 
regions of low field density may become sufficiently 
large, in this steady state case, as further to expand the 
field there, thereby resulting in dynamical instability. 

It is the purpose of this paper to show that at least 
the instability arising when p,>?, is of astrophysical 
importance. It is to be noted that this instability 
may be expected to occur after expansion of the gas 
perpendicular to B, or compression parallel to B, since 
such processes tend to increase p,/p, and to decrease a. 

We tentatively suggest (we could at the moment 
construct only speculative examples) that the instabil- 
ity arising when p,</,, as a consequence of expansion 
parallel and/or compression perpendicular to B, may 
also prove to be of astrophysical interest. 

In general we would expect the instabilities to occur 
wherever we have anisotropic compression or expansion 
in a region of sufficiently low density that the collision 
rate allows p, to become different from p,. One thinks 
of the expanding shells of novae, of the 100 kim/sec 
galactic halo motions,’ and, locally, of the gas moving 
radially outward with more or less constant velocity 
from the sun.’ In this last case we might hope to 
account for a disordered magnetic shell around the 
inner solar system, which seems to be required by the 
isotropy and form of decay of the increased cosmic-ray 
intensity from solar flares’; the matter is considered 
briefly in the last section. 


Il. INSTABILITY WHEN P,>P,, 


Consider plane transverse hydromagnetic waves in 
the uniform magnetic field 


B=e,Bo, 


where e,, e,, and e, represent unit vectors along the 
coordinates axes. We suppose that the waves are of 
small amplitude and consist of the magnetic field 
b(z,t) in the y direction. Then 


B=e,By+e,6(z,). (5) 


7D. S. Heeschen, Astrophys. J. 124, 662 (1956); Third Sym- 
posium on Cosmical Gas Dynamics, June 24-28, 1957 (Smithsonian 
Institution, Astrophysical Observatory, Cambridge, Mass- 
achusetts). 

8L. Biermann, Z. Astrophys. oy te (1951) ; Z. Naturforsch. 
7a, 127 (1952); Observatory 77, 109 (1957 

9 Meyer, Parker, and Simpson, a. Rev. 104, 768 (1956). 
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The field density, B, is By plus terms second order in 
€; «=b/Bo. Thus, since we shall neglect all terms 
second order in ¢, we have that p, and #, are un- 
perturbed by the wave and its variations in magnetic 
pressure. What is more, d/dt0/dt+O7(e), and (1) 
reduces to U,=€y%n, where 


u,n/dt=[ Bo(1+£)/4mp ]0b/dz2; (6) 


to the order considered ¢ is a dimensionless constant, 
4r(pn.—p.)/Bo. (2) reduces to 


ab/dt= Brdun/dy. (7) 


We eliminate u, between (6) and (7) in the usual 
manner to obtain the wave equation 


0°b/aP—[ Be (1+) /4mp ]0?b/d2?=0. (8) 
The velocity of propagation of the wave is (1+¢)! 
times the usual hydromagnetic velocity, Bo/(4p)!. 
Thus, in the limit as B—-0 the hydromagnetic wave 
velocity becomes [ (p.—,)/p ], and may be comparable 
to the speed of sound. 

The physical explanation for the change in the 
velocity of propagation is straightforward. The thermal 
motion perpendicular to B, which produces p, and 
which tends to make é and the velocity of propagation 
large, results in a drift of ions, perpendicular to B 
and perpendicular to gradients in B. The resulting 
current density is in the opposite direction® to the 
current density (c/4r)VXB required by ordinary 
hydromagnetic theory. Thus in Maxwell’s equation, 


4ni+aE/at=cVXB, (9) 


the curl of B tends not to be balanced immediately by 
i, with the result that @E/d/0. The resulting electric 
field means that the electric drift and 8B/dt, which is 
equal to —cVXE, must be larger than would otherwise 
be the case, resulting in more rapid propagation of 
the wave. 

On the other hand, the thermal motion of the ions 
parallel to B, which produces p, and which tends to 
make é and the velocity of propagation smaller, results 
in an opposite drift of the ions perpendicular to B. 
The drift arises from the fact that it yields a Lorentz 
force on the ions which is a necessary back reaction 
against the centrifugal force as the ions move along 
curving magnetic lines of force; the drift produces a 
current in the same direction as VXB. Thus 4ri 
and cVXB may be balanced more quickly in (9), 
and dE/dt may be smaller than in the usual hydro- 
magnetic case; the wave need not propagate as rapidly. 

But now consider the interesting situation” when 
pe>p» and when Bz is sufficiently small that §<—1. 


Professor Chandrasekhar has kindly pointed out that the 
solution to this problem can be obtained as a special case of the 
general stability of the pinch; Watson, Kaufman, and Chan- 
drasekhar, Proc. Roy. Soc. (London) (to be published). 
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Then in place of (8) we have 
0°b/df+[ Be |1+€| /4xp j0*b/d2?=0. (10) 
If 
b(z,t) =bo coskz exp(t/r), (11) 
then 
r= (4mp)!/Bok|1+é|'. (12) 


Any irregularities in the field grow exponentially in 
time with a characteristic period of the order of the 
time required for a hydromagnetic wave to propagate 
the length of the irregularity, assuming |1+é| to 
be of the order of unity. We note that we never have 
instability in the limit of large Bo, because the field 
is then stiff enough to resist whatever upsetting effects 
the gas may produce. In the limit as Bo goes to zero 
we have 

t~[(4xr)4/k ]Lp/(Pe— Pn) }}. (12a) 
We see that 7 is independent of the density, since 
p/p is just the thermal velocity. We note also that 
0<r<+ so long as p,>p,; the difference between 
p. and p, may be as small as we like and we will still 
have instability if we wait long enough. 

We may understand the physical essence of the 
instability by noting that it is analogous to the case 
of a train of beads sliding on a string. The centrifugal 
force of the beads as they slide around a wave in the 
string tends to increase the amplitude of the wave. 


IV. DISCUSSION 


With our brief presentation of the instabilities arising 
when ~,~?,, let us now consider where and when such 
anisotropy might arise. In the first place, we have 
neglected to distinguish carefully between the electron 
and the ion component of the gas. The electron thermal 
velocity will be rather larger than the ion thermal 
velocity, with the result that the electron collision rate 
will be very much higher. We know of no circumstances, 
except perhaps in a shock front, where the characteristic 
dynamical time of the mass motions is expected to be 
less than the electron collision time. Therefore, we do 
not expect the electron pressure to deviate significantly 
from isotropy. 

It seems, however, that instances may occur where 
the ion collision rate is sufficiently low that anisotropy 
may occur. Consider, for instance, the general outward 
flow of gas from the sun, with radial velocities at the 
orbit of the earth of »>= 1000 km/sec.* The temperature 
of the gas we take to be about 4X10° °K at the orbit 
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of the earth," so that the ion thermal velocity is of 
the order of 100 km/sec. If the collision cross section 
is 10-* cm’, then the mean free path is 10" cm for a 
density of N = 10° ions/cm*. The time between collisions 
is ~10° sec. Now the density is dropping off as 1/r° 
(where r is the distance from the sun) with a character- 
istic time of r/20 or 0.75X10° sec. Thus, at the earth 
the collision and dynamical times are about equal. 
Beyond the earth the collision time increases as r° 
and the characteristic time of expansion as r. Thus, at 
the orbit of the earth and beyond, the anisotropic 
expansion of the radial flow of gas from the sun may 
result in anisotropic ion pressures, p,# Pn. 

Since the lines of force of the solar dipole field will 
be drawn out into radial lines by continued outflow of 
solar gas, the general field density will fall off as 1/r’; 
t gauss on the sun" yields about 2X10~* gauss at the 
earth. Then B?/8r=10-" erg/cm*, whereas the gas 
pressure, NRT is about 0.6X10~7 erg/cm*. Thus the 
field density is relatively small and we have instability 
whenever the total pressure is anisotropic by 2X10 
or more. Since the electron pressure is probably never 
very anisotropic, the ion pressure anisotropy must 
exceed about 4X10~ to produce instability. 

The expansion of the gas moving outward from the 
sun is perpendicular to the radial direction, and at the 
orbit of earth is perpendicular to the nearly radial 
(if *1000 km/sec) lines of force from the sun. Thus 
we would expect that », will become somewhat less 
than p,. By the time the orbit of the Earth is reached 
(through not much inside the orbit) we might expect 
the instability described by (12) to occur. The asym- 
ptotic form (12a) is applicable. Suppose that (p.— pn)/ 
pr==0.1 and k= 2x/d, where d is the scale of an irregular- 
ity. Since p/p=}w*, where w is the ion thermal velocity, 
we have r=3X10~" sec. In the time that the gas 
moves one astronomical unit at 1000 km/sec (1.5X10° 
sec), an inhomogeneity with a scale as large as 5X10° 
km can increase its amplitude by a factor of e; smaller 
inhomogeneities increase proportionately more rapidly. 

Therefore, beyond the orbit of the earth we 
might expect, on the above theoretical grounds, to 
find inhomogeneities in B in all directions from the 
sun in which there is corpuscular emission.* The 
observation of the slow decay of cosmic rays from 
solar flares suggests’ that such a heliocentric region of 
disordered magnetic field does actually exist. 


11$. Chapman, Smithsonian Astrophys. Contrib. 2 (1957). 
2H. W. Babcock and H. D. Babcock, Astrophys. J. 121, 349 
(1955). 
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A derivation of the quantum-mechanical analog of the Maxwell-Boltzmann equation of transport for 
gases at low density is presented. The analysis requires: the definition of a time differential which is necessary 
for the selection of only secular variations in the time dependence of the distribution functions (coarse- 
graining in time); a binary collision approximation; the connection between the phase-space transformation 
function, relating the Wigner distribution function at different times, and the transition matrix in the 
theory of scattering of two particles; and a coarse graining in configuration space leading to a kinetic 
equation for spatially nonuniform systems. A consequence of the binary collision approximation is the 
exclusion of the effects of symmetrization (Bose-Einstein or Fermi-Dirac statistics) resulting in density- 


dependent terms. 





HE theory of transport processes in gases at 

low densities but at temperatures requiring a 
quantum-mechanical description has been studied in a 
number of investigations,'~* with the purpose, in par- 
ticular, of deriving a transport equation of which the 
classical analog is the Maxwell-Boltzmann equation. 
Uehling and Uhlenbeck’ have suggested, on the basis 
of physical arguments, modifications of the classical 
equation; namely the existence of diffraction effects 
appears to require merely the replacement of the 
classical cross section by its quantum-mechanical 
counterpart, and the indistinguishability of the mole- 
cules of the gas appears to require the consideration of 
the influence of Fermi-Dirac or Bose-Einstein statistics 
on the cross section and on the distribution functions.® 
It is of interest to ascertain the validity of their pro- 
posed equation by a derivation of the kinetic equation 
of transport in dilute gases from the principles of 
statistical mechanics. In particular, an analysis of this 
kind may be expected to clarify the statistical-mechani- 
cal picture of transport in gases, a typical example of 
irreversible processes. The main conclusions of this 
work are: firstly, a quantum-mechanical analog of the 
Maxwell-Boltzmann equation for spatially nonuniform 
systems may be established which exhibits the quantum- 
mechanical cross section as expected by Uehling and 
Uhlenbeck ; secondly, strict adherence to the formula- 
tion of the binary collision mechanism, necessary in 


* This research was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research of the Air 
Research Development Command. 
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4S. Ono, Progr. Theoret. Phys. Japan 12, 113 (1954). 

5H. Kimmel, Z. Physik 143, 219 (1955). 

6A. W. Séenz, Phys. Rev. 105, 546 (1957); 106, 1371(E) 
(1957). 

7E. A. Uehling and G. E. Uhlenbeck, Phys. Rev. 43, 552 
(1933). 

8 We consider spinless particles for which the symmetry require- 
ments of the quantum-mechanical description are restricted to 
the configuration space coordinates only. 
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the analysis, excludes the effect of Fermi-Dirac or 
Bose-Einstein statistics other than on the cross section. 
In Sec. I we define distribution functions, discuss 
their variation in time in terms of transformation 
functions, and establish, for a two-particle system, the 
relation between the transformation function and the 
scattering cross section via the Lippmann-Schwinger 
theory of scattering. In Sec. II we use these results to 
derive the transport equation in which we define a 
particular operation of coarse graining in time and 
investigate the implications of the binary collision 
mechanism. Section III is devoted to a discussion of 
the analysis and a brief comparison with previous 
investigations, especially with the work of Sdenz.*® 


IL 


The Gibbs ensemble of quantum-mechanical systems 
can be described by the density matrix’ or the Wigner 
function’*-!?; for a mixed state the density matrix of an 
\-particle system is defined by the relation 


p™) (R,R’:2) =>; wh *(R’d)y; (Rd), (1) 


in which w; is the statistical weight (the fraction of 
systems in the ensemble) of the jth state of the V-par- 
ticle system, ¥;“ the wave function of that state, and 
R denotes the entire set of coordinates. The Wigner 
function is a Fourier transform of the density matrix, 


ro (a) f-Soee) 


pe) (R+Y, R—Y;4)d¥, (2) 


in which P represents all the momenta of N particles. 
Integrations extend over the entire configuration and 
momentum space unless otherwise indicated. The 
Wigner function is an analog of the classical phase- 


9J. Von Neumann, Mathematical Foundations of Quantum 
Mechanics (Princeton University Press, Princeton, 1955). 

10 FE. P. Wigner, Phys. Rev. 40, 749 (1932). 

1 J. E. Moyal, Proc. Cambridge Phil. Soc. 45, 99 (1948). 

3 J. H. Irving and R. W. Zwanzig, J. Chem. Phys. 19, 1173 
(1951). 
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space distribution function which it approaches as 
h—0. 

The temporal behavior of the Wigner function can 
be discussed to some advantage with the aid of phase- 
space transformation functions*" defined by the in- 
tegral equation 


forRPad= f--- fk RPy|R PH 
x fO0(R’,P')dR'GP’; (3) 


they satisfy the condition 
f - f dRdPK(R,P:i|R’,P’:)=1. (4) 


The relation between K and the wave transformation 
function x is readily established ; since we have” 


vom(R a= f= fxr Rul Rawr Riu aR,, (5) 
use of Eqs. (1), (2), (3), and (5) leads to 


2 3N 
Ko (R.Py|R,P's)=(—) 


T 


x ff eo[Me-x-r-99] 


*x*(R+Y, ¢| R’+Y’, tc) 
«x (R-Y, ¢| R’—Y’, to)dYdY¥’. (6) 


With the aid of the formal expression of the wave 
transformation function in the normalized eigenfunc- 
tions of the Hamiltonian, »(R,Z), with eigenvalues E, 


(Rt Byte) = f o*(R’,E)0(R,E) 
— 

Xe 

xp A 


t 





“eae, (7) 


Eq. (4) can be readily substantiated. 
Reduced distribution functions for subsets of » par- 
ticles are defined as 


fv (Ri w -R,, Pi--- Pn} t) 


= fo fre. Ry, Pi: “Pw; é) 


KdRays o* -dRydpnyi as -dpn. (8) 


The functions discussed so far make no specific 
reference to the kind of statistics obeyed by the system 
and thus are sufficiently general to discuss the three 


13L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1955). 
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cases of interest: Boltzmann, Fermi-Dirac, and Bose- 
Einstein statistics. It is necessary, of course, to dis- 
tinguish between the three statistics at some point, 
and then it is convenient to treat the dynamics of a 
system without simultaneous explicit consideration of 
the statistics. For this purpose a distinction of non- 
symmetrized and properly symmetrized functions will 
be made and to the latter the subscript s will be 
appended. 

Consider again an -particle system and let y“” (R;) 
be a proper solution of the corresponding Schrédinger 
equation. The appropriate wave function for a system 
of distinguishable particles is thus ¥)(R;/), whereas 
for a system of bosons or fermions it is” 


1 
¥. (Ri) =— 2 (£1) '9"(PR), = (9) 
(N!)) P 


4 


in which P is the permutation operator, and the sum 
contains V! terms. It is clear from the above that we 
can write 


0 (Ri) = [x0 (Ru Rov (R’taR’, (10) 
so that 


X,)(R,t| R’,to) =[1/(N !)* To (41)? 
Xx (PR,t| R’,to), (11) 


x (R,t| RK’) =5(R—R’). (12) 


Analogous, but somewhat more complicated, relations 
can be written for Wigner functions and their trans- 
formation functions. 

We discuss next a two-particle system in more detail 
with the objective of establishing the relation between 
the pair transformation function and the scattering 
cross section. The Hamiltonian is, in center-of-mass 
and relative coordinates, 


H®=2/2M+H, 


13 
H=p*/2u+ V(r), ) 
R.=(RitR:)/2, p= pit P2, 
r= R,— R,, p= (po— p:)/2, (14) 
M =2m, p=m/2, 


where the interaction energy V(r) is assumed to be 
dependent on the relative distance only, and the 
absence of external forces is postulated. The wave and 
phase space transformation function can be factored 
into terms corresponding to the center-of-mass and 
relative motion, respectively, 


x* (R,,R,,¢! Ry’, Ry’ to) - x.(R.,t| R.’ ,to)x (1,4! r’ ,to), (15) 
K® (Ry, Ro,pi,p2;t| Ra’, Re’, pi’, pe’ jto) 


555 K.(R.,pest | R.’ pe’ jo) K (1,p,t | r’,p’ lo), (16) 
K.(R.,p.;t| R.’, pe jto) =6(R.— (t—to)p./M a R.’) 
X6(pe— Pr’). (17) 











TRANSPORT 


In the coordinate representation, the wave trans- 
formation function of the relative motion is formally 


written as 
x(r,t| 1’ ,to) = (r| U(t,t0) | 1’), (18) 
U (t,to) = exp[_ (t—to) H/ih ]. (19) 


It is convenient, however, to separate the free motion 
and define, by use of the transformation operator in the 
interaction representation," 


R(t,lo) = exp(—tHo/ih) U (t,o) exp(toH o/ih) —1, 
Ho= p?/2u, 


such that the wave transformation function in the 
momentum representation can be written as 


(20) 
(21) 


x(p,t| p’,fo) =5(p—p’) exp[ (t—to) E,/ih] 


+(p| R(t,to)| p’) expl (t4E,—toE,)/ih], (22) 


and the operator R(/,to) satisfies the relations 


R(t,t) =0, 


R(t,to.) +Rt(t,to) = — Rt (t,o) R(t), (23) 


where Rt is the Hermitian conjugate of R. Lippmann 
and Schwinger" have shown that as a consequence of 
the gradual vanishing of the interaction in the limit 
[++ ©, t-+— ©, i.e., as a consequence of the adiabatic 
approximation, the quantity R(é,to) approaches 


(p’| R| p)= —2nid(E, — E,)(p’| ®| p) (24) 
for 


R=R(«“, —~), (25) 


where ft is the transition matrix defined only for states 
of equal energy. The transition matrix of our system 
satisfies the relations 


(p’|R| p)=(—p/R —p’), 

(p’| R| p)=(p| Rp’). 
Equation (26) is a direct consequence of the dynamical 
reversibility.!° Equation (27)'® is characteristic of 
spherically symmetric interactions and provides for'the 


microscopic reversibility in kinetic equations. 
We shall have need, shortly, for the development of 


(26) 
(27) 


4B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950) ; 
M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 (1953). 

15 F, Low and G. F. Chew, Scattering Theory Seminar, lecture 
notes (University of Illinois, 1953) unpublished. 

16 The transition matrix is given by" 


(p' |R | p= (yp, Vp) 


Yp= pt Vp, 


Ea! 
where ¢p= (27h)! exp(ip-r). The second equation is integrated, 
by iteration, to give yp in a power series of V. The ¥p so derived 
is inserted in the first expression to give Eq. (27) with the aid of 
the relation (p’| V| p)=(p| V|p’). 


EQUATION 


IN QUANTUM GASES 


the expression 


1 
r(p, t+r|p', )=- f f CK.(2,p; ¢+7|, p's) 
¥ 


— Ky, sree(t,p; t-+7| 2’, p’;t) \drdr’. (28) 


The transformation functions are appropriately sym- 
metrized for the relative motion of a two-particle 
system and K, tree(1,p;t| r’,p’;fo) is that function for the 
case of hypothetical free motion [see Eq. (36) ]. Accord- 
ing to Eq. (6), we obtain 
T'(p, t+7|p’, t)=[(2eh)*/7 JL |X.(p, +7 p’, 4) |? 
a | X,(p,t| p’,t) | } (29) 

in which 

X. (pt! p’ fo) “a (3)*{x(p,¢| DP’ totx( —Pp, t| p’,to)} 

= (3)*((p| &(—p| )U (t,t0) | p’). 

Thus, use of Eq. (22) leads to 


P'(p, +7/p’, 2) 
=[(2mh)*/27 IL ((p| (— p|)R(t+7, ¢)| p’)|? 
+4(p’— p){ ((p| +(—p|)R(t+7, 2) | p) 
+(p| Rt (+7, t)(| p)+|—p))} 
+4(p’+p){ ((p| + (—p|)R(t+7, ¢)|—p) 
+(—p| Rt(t+7, #)(|p)+|—p))}]. 
Now, let us suppose that the collision takes place during 
the interval ¢ to ‘+7 which is very long compared to 
the interaction time. Since Eqs. (24) and (25) hold for 
the asymptotic behavior of the motion before and after 
the collision, R(/+7, ¢) may be approximated asymp- 
totically by R, defined by (25). Therefore, use of 
Eqs. (26), (27), and (23) yields 


l'(p, t+7|p’, d) 
=[(2nh)*/27 }{ | ((p| +(—p|)R| p’)|? 
—3[6(p’— p)+6(p’+p) ] 
X ((p| +(—p|)R'R| p)} 
5(p’— p)+6(p’+p) 
2 
x “ win'»)|, (33) 


(30) 


(31) 


(32) 





~ coray| p,p’) — 


where we have defined 
1/27 
win'w)=(—)\v'9 'P) 
+(—p’| Rt! p)|°5(E,—E,,). 
IL. 


(34) 


The Schrédinger equation for the wave function or 
the Wigner equation for the quantum-mechanical 
phase-space distribution function yields as solution the 
complete detailed time-dependence of the respective 
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functions. In the comprehensive statistical-mechanical 
theory of transport processes by Kirkwood," the con- 
cept of time-smoothed distribution functions, presented 
as a hypothesis, plays an essential role in the transcrip- 
tions from statistical-mechanical to macroscopic equa- 
tions. We take the position, following the spirit of 
Kirkwood’s original hypothesis, that the explicit recog- 
nition of coarse-graining in time or the selection of 
secular but not detailed variations of the distribution 
functions is essential for the statistical-mechanica! 
derivation of the transport equations. The solutions of 
the transport equations so derived give in a gas of low 
density, for instance, the behavior in time of the 
distribution functions due to completed collisions but 
do not provide the detailed description of the functions 
during molecular encounters. In order to select the 
kinetic variations of the distribution function, we intro- 
duce'® the differential operator 


6 1 
—f™(R,P3)=-{ f (R,P; t+7)—f(R,P3)}, (35) 
al T 


in which 7 is a time interval long compared to the mean 
duration of collisions, to, and short compared to the 
time between collisions, 7;, with the assumption that 
tor; (the assumption of instantaneous collision). If 
this quotient is independent of 7, as will be shown to be 
the case, it can be treated as an ordinary differential 
for events of time intervals much larger than 7. The 
intent of the transport equations in dilute gases in the 
description of the relaxation processes in momentum 
space with average relaxation time of the order of ry, 
the mean free time, and the description of the attain- 
ment of uniformity in coordinate space. 

Subtraction of the N-particle distribution function 
for hypothetical free motion, defined by the equations 


Fivee (R,P; t+7) 


N 
-f-- II Kj (R;,p5; t+7| RJ, pi 


j=1 
« f(R’,P’;)dR’dP’, (36) 


P; 
K/=ex| - =v 6(R R;’)5(p;— p,’), 
m 


from both sides of Eq. (35), and integration over all 
coordinates except those of particle one, lead to 


6fM 4 
at ——Lfree (Ri,pr; +7) — f (Ri, past) J=J, 
i 


17 J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946). 
18 Kirkwood defines time-smoothed distribution functions as 


HRP) =L [" f(R,P; ++-5)ds, 


and shows that these functions obey transport equations; in the 
derivations the process of time averaging must be applied twice. 
The present procedure of coarse graining in time, H. Mori, J. Phys. 
Soc. Japan 11, 1029 (1956) does not make use of time-smoothed 
distribution functions. 


(37) 
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1 
J=- f oe fF L72(RP; t+r1)— firee (R,P; t+7) 
xdR;- ° -dRydps- . -dpy. (38) 


The second term on the left-hand side of Eq. (36) is 
to be interpreted, in one dimension, as 


pi( f° (Ri— AR, prt) — f (Ri past) 





» 9 
m (pi/m)r 
where AR,=(p:/m)r. Thus in three dimensions we 
have 
sf py 
—+—.V'rfP=J, (40) 
ot om 


and the operator V’ is a gradient for the spatial variation 
over distances of the order of magnitude of /=rv (v is 
the mean speed of the molecules) or larger. Insertion of 
transformation functions alters Eq. (38) to read 


1 
sae fo fm. (RP oR, PY) 


- 
KR, tree*)(R,P; t+r| R’, P’;t) 


xX f(R’,P’; )dR2-- -dRydp.---dpydR'dP’, (41) 


in which the necessary symmetrization for the descrip- 
tion of the appropriate statistics is included in the 
transformation functions.” 

At this point the binary collision approximation is 
introduced for further reduction of the above equation. 
If a set of NV particles can be divided into two non- 
interacting groups, A and B, then the symmetrized 
wave transformation function can be factored 


Xx, (R,t| R’,to.) =X," (Ra, t| Ra’,to) 


X,(%2)(Rz,t|Re’,to) (42) 


into a product of such functions, one for each group. 
This can be seen with the aid of the integral representa- 
tion of x, Eq. (19): the Hamiltonian of the system is 
HNXN= HN4+-HY%2, 

The symmetrization of the separate transformation 
functions of the subgroups A and B must be made, 
since the wave packets of any one particle of group A 
and any one of group B do not overlap. The same 
situation holds also for phase-space transformation 
functions and we formulate the binary collision approxi- 
mation by the statement that the \-particle function 
may be factored into a product of pair and singlet 
functions 


K,(R,P;t| R’,P’;t0) 
- II K.(R;,Rj,p;,p55t| R,’,R;’,p.’ p,’ ;to) 


c) 
x II K (Ri, pist| Ry’ ,p'jto) (43) 


k#i,j 


19 Note that the transformation function for the hypothetical 
free motion must also be symmetrized in this expression. 





TRANSPORT EQUATION 


IN QUANTUM GASES 1881 


for time intervals (t—¢o)<r,;, where [](:;) means the product over all pairs of particles which interact with 
each other in the time interval. Use of Eqs. (43) and (17) in Eq. (41) leads to 


_W— 1) 





ae i 
x fvi2( R,— ary R.— + 
M 2 


where dr has been substituted for dRe. 

The dilute gas is assumed to have only macroscopic 
spatial nonuniformity in the sense that the change in 
the distribution functions Eq. (44) due to the transla- 
tional displacement of its coordinates by 7p./M may 
be ignored.f Contributions to J arise from the range of 
the order of linear extent (/=rv) in the r’ coordinate 
space, since the integral vanishes unless a collision 
occurs in the time interval r. It is now postuiated that 
the pair distribution function is independent of the 
relative distance r’ outside of the interaction range 
whose volume is of the order of linear extent /o=rov. 
Contributions from the interaction range of r’ (i.e., from 
configurations of two molecules in interaction at the 
initial time ¢) can be ignored as they are of the order of 
(ro/r). Therefore, under these assumptions, Eq. (44) 
becomes 


= (N—1)(2rh)® f J (W(p,p')—W(p',p)} 


x fv ERi,Ri, (pe/2—p’), (pe/2+p’); 4], (45) 


where Eqs. (28) and (33) have been employed. Change 
of the variable p’ to spherical coordinates, dp’ = p"dp’dQ, 
and use of Eq. (34) yield 


s=(v—1) f f seo 


x { fv (Ra, Ri, py’, pe’ 32) 
— fv (Ri,Ri,pi,p2;t)}dQdp2, (46) 


where o(p,9) is the symmetrized scattering cross section, 


o(p,0) =} (4e7uh)*| (p’| R| p)(p’|R|—p)|*, (47) 
which can be written as 
o(p,0)=3| f(@)+f(x—8) |? (48) 


with the use of the scattering amplitude, f(@), in the 
center-of-mass system. We assume, next, the Boltzmann 
property for the pair distribution function obeying 
Boltzmann statistics, 


fu (pi, P23) = fv (prst) fv (pojt), 


where R, has been omitted since it expresses only 


(49) 


t Note added in proof —The analysis is restricted to systems de- 
scribed by ensemble distribution functions which themselves have 
only macroscopic spatial nonuniformity for linear translations; 
i.e., the Fourier transform of a distribution function has negligible 
high frequency components. 


— f- f Kaew et r v’, p's) Ko, teolt,p5t-+7|", p’s)} 


: Pe © pe 
ae ea 
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t)avapl ard, (44) 
M 2 





macroscopic nonuniformity. This property,”~** a part 
of the molecular chaos assumption, assures neglect of 
correlation in momentum space at time ¢. If we set 
f{=Nfy™, we finally arrive at the quantum-mechani- 
cal analog of the Maxwell-Boltzmann equation 


eae viasso= f f: “o(6.0) 


X {f(Ri,py’ jt) f© (Ri, po’ 5d) 


— f®(Ri,ps;t) f (Ri,p2;t)}dQdpe. (50) 


III. 


The transport equation (50) agrees with the equation 
proposed by Uehling and Uhlenbeck, in particular in the 
appearance in both equations of the differential scatter- 
ing cross section, except for the absence in Eq. (50) of 
density-dependent symmetry-effect terms. Thus, where- 
as the equilibrium solution of the Uehling and Uhlenbeck 
equation yields the distribution law for the “ideal” 
Bose-Einstein or Fermi-Dirac gas, the corresponding 
solution of Eq. (50) gives the Maxwell distribution 
law. The absence of these terms in Eq. (50) is a con- 
sequence of the strict application of the binary collision 
approximation. If the density of the gas is such that 
the wave packets of more than three particles overlap, 
which requires a symmetrization leading to density- 
dependent symmetry effects, then the binary collision 
approximation may not suffice for a description of the 
dynamics of the system. Further study is required for 
the consistent treatment in quantum statistics of the 
transport equations of a degenerate quantum gas” or 
dense gas. 

We have postulated the independence of the pair 
distribution function of dilute gases on the relative 
distance between molecules outside of the interaction 
range before each of a long succession of short time 
intervals r. This postulate corresponds to the assump- 





2M. Kac, Proceedings of the Third Berkeley Symposium on 
Mathematical Statistics and Probability (University of California 
Press, Berkeley, 1956), Vol. 3. 

21 R. Brout, Physica 22, 509 (1956). 

2 J. G. Kirkwood, J. Chem. Phys. 15, 72 (1947). 

*3 Bogolubov and Gurov (see reference 1), and Mori and Ono 
(see reference 2) have succeeded in taking into account the 
density-dependent symmetry-efiect terms, but their derivations 
are subject to the two limitations: one is the use of the Born 
approximation for the determination of the scattering cross section 
and the other is the restriction to the case of spatially uniform gas 
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tion of random a priori phases** in the usual derivations 
of quantum-mechanical transport equations.* This 
postulate for dilute gases may be considered to discard 
correlations accompanied by closed collision cycles in 
successive binary collisions, and can be justified in the 
limit of large volumes and numbers of molecules.”® 

Recently two articles have appeared with the ob- 
jectives of the present analysis. Kiimmel’s® approach 
parallels those of Yvon** and Born and Green”’ for the 
derivation of the classical Maxwell-Boltzmann equa- 
tion and is subject to similar criticism.** These authors 

*L. Van Hove, Physica 21, 517 (1955). 

25 This situation was clarified by Brout* in the classical deriva- 
tion of the master equation, and holds in the quantum-mechanical 
case as well [H. Mori (to be published) ]. 

26 J. Yvon, Actualities scientifiques et industrielles (Hermann et 
Cie, Paris, 1935). 

27M. Born and H. S. Green, A General Kinetic Theory of 
Liquids (Cambridge University Press, New York, 1949). 

28 J. De Boer, Repts. Progr. in Phys. 12, 305 (1949). 
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assume, after postulating a binary collision mechanism, 
that the pair distribution or transformation is inde- 
pendent of time, i.e., 0fy/dt=0. This assumption is 
unnecessary in our work and appears to restrict the 
Maxwell-Boltzmann equation, in classical as well as 
quantum statistics, to certain kinds of stationary trans- 
port processes. The approach of Sdenz® is more closely 
related to ours; here too, however, an unnecessary, and 
we believe invalid, assumption is made. Séenz postulates 
that the distribution functions have merely a macro- 
scopic dependence not only in configuration space but 
in momentum space as well. Specifically he assumes 
that the singlet distribution functions are slowly varying 
in the momenta up to | po| (absolute value of the mean 
momentum of the molecules) and negligibly small 
beyond such values. This seems physically unrealistic, 
especially at lower temperatures where the distribution 
functions are sharply peaked. 
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With the aid of the new notion of center of matter density, we give a relativistic treatment of the behavior 
of finite-size masses of rotating fluid. This treatment is based on an analysis of the relative motion of this 
center of matter density and the more familiar center of mass. In this way, we obtain a clear physical inter- 
pretation of the equations studied by Mathisson, Weysenhoff, and Miller. We also show that more general 
types of motions are possible, related to additional degrees of freedom of the relativistic fluid droplet. These 
degrees of freedom provide a framework for a theory of the quantum numbers of the elementary particles 
(isotopic spin, strangeness, etc.) which will be developed in a subsequent paper. 


I. INTRODUCTION 


N a series of very interesting papers, Mathisson,} 
Miiller,? Weysenhoff,? and Pryce‘ have developed a 
relativistic theory of the motions of rotating masses of 
matter. Their equations are deduced from the con- 
servation of energy-momentum and angular-momentum 
tensors. From these conservation assumptions they 
demonstrate the possibility of qualitatively new types 
of motion resulting from the coupling of a mean velocity 
with the total angular momentum of the system. 
However, they do not make it clear to what this mean 
velocity refers. In fact, Méller suggested that these new 
motions are purely formal, or in other words, that the 
mean velocity defined in these theories refers only to 
the behavior of fictitious and purely mathematical 
“center of gravity” points. 


1M. Mathisson, Acta Phys. Polon. 6, 163 (1937). 

2C. Moller, Ann. inst. Henri Poincaré 11, 251 (1949). 

3 J. Weysenhoff, Acta Phys. Polon. 9, 7 (1947). 

4M. H. L. Pryce, Proc. Roy. Soc. (London) A195, 62 (1948). 





Moreover, in all these papers, the deduction of the 
equations of motion is based in a very essential way on 
the assumption that the time-like components of a 
certain angular momentum vanish in the mean rest 
frame of the body, or in other words, that: 


Magu? =0; (1) 


where IWag is the antisymmetric tensor for the total 
internal angular momentum, and 1%, is the four-velocity 
with “.u*=1. This assumption however has not been 
justified by any specific physical arguments; so that it 
constitutes a further somewhat arbitrary mathematical 
restriction on the theory. 

In the present paper, we shal] give a relativistic 
treatment of the general problem of the behavior of a 
mass of conserved fluid that is in some kind of rotational 
motion. We shall begin by giving a clear physical 
interpretation of the meaning of the time components 
of the angular momentum. Then with the aid of the 
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new concepts of center of matter density, defined along 
with the already well-known concept of center of mass, 
we shall see that the ambiguity of the meaning of the 
motions described in the above quoted papers can be 
removed. Indeed, it will become clear that in our 
interpretation of the theory, the equations of Weysen- 
hoff, Moller, etc., refer to the relative motion of the 
center of mass and center of matter density. Further- 
more, we shall see that motions are possible which are 
more general than those treated by Weysenhoff and 
Moller, with the result that Eq. (1) need no longer be 
satisfied. We then obtain a set of equations for these 
more general cases, and we show that the motion cannot 
be fully determined without further physical assump- 
tions replacing Eq. (1). 

In another paper we develop an example of one of 
these more general theories, leading to a classical motion 
equation of the same form as the Dirac relativistic 
equation in quantum mechanics. When this classical 
equation is quantized in the usual way, one obtains a 
set of quantum numbers similar to those which have 
been proposed recently® for the elementary particles. 


II. RELATIVISTIC FLUID MASSES 


The difficulty of treating rotating masses in the theory 
of relativity is connected with the impossibility of 
defining a relativistic rigid body in a consistent way.® 
We may, however, overcome these difficulties of formu- 
lation by considering instead relativistic fluid masses, 
which are kept together by appropriate internal tensions 
that tend to hold these masses in some stable forms.’ 
Relative to such stable forms, the body of fluid may be 
subjected to all kinds of internal movements, such as 
rotations, vibrations, creation and destruction of inner 
closed-vortex structures, etc., each corresponding to 
different possible physical motions. 

At first sight, a general treatment of the problem of 
describing the behavior of such masses raises in- 
superable difficulties. If we attempted to treat of all 
the details of these possible complex motions, we would 
find ourselves blocked not only by mathematical diffi- 
culties, but also by the fact that we do not even know 
in general what the fluid equations are. Fortunately 
another point of view is possible if we are willing to 
restrict ourselves to an over-all average description. 
In this case, if we suppose that however complicated 


5 See for example, J. Schwinger, Phys. Rev. 104, 1164 (1956) or 
B. D’Espagnat and J. Prentki, Nuclear Phys. 1, 33 (1956). A 
promising attempt has been made to consider elementary particles 
as stable excited states of our model of fluid masses; see P. Hillion 
and J. P. Vigier, Compt. rend. 246, 399, 564 (1958) and Hillion, 
Lochak, and Vigier, Compt. rend. 246, 710, 896 (1958). 

6 Many authors have discussed this problem and have proposed 
various solutions, but these proposals are in any case very com- 
plicated and it is not yet clear whether they are completely free 
of contradictions. See, for example, J. L. Synge, in Studies Pre- 
aniet to R. von Mises (Academic Press, Inc., New York, 1954), 

y wat. 
. 7H. Poincaré [Acta Math. 7, 259 (1885) ] has shown that rotat- 
ing fluid masses with internal tensions tend to go into stable 
equilibrium forms, one of which is a rotating torus. 
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the motion may be, there is a conserved energy- 
momentum tensor density 7, (which of course contains 
the tensions that hold the body of fluid together), it is 
possible to define certain average properties of the 
motion, independently of the complex details that we 
ignore. These average properties can be treated mathe- 
matically and lead to a description of the general 
features of the motions of relativistic rotating fluid 
masses. 

The assumption of a conserved energy-momentum 
tensor density takes the form 


aT ,».=0. (2) 


We assume further that the energy-momentum tensor 
is symmetric (as has been the case for all fluids treated 
so far). This means that 


T= ais (3) 
As a result, the angular-momentum tensor 
Liyyrn=Xpl nx— XT pr (4) 


satisfies the conservation equation 
DLinsjr=0 (S) 


(where the bracket, [uv], indicates an antisymmetric 
pair of indices). 

On the basis of Eq. (2) one can easily show® that if 
the fluid body is localized (so that 7,, vanishes outside 
a space-like three-dimensional limited region) the total 
energy and momentum integrated over all space in any 
specified Lorentz frame are constants. In other words, 


Ga= J Pad V =constant (6) 


and 
dG,/dt=0, (7) 


where dV represents the element of volume. 

Moreover, it also follows from Eq. (2) that &, 
transforms as a 4-vector under Lorentz transformations. 
On physical grounds we suppose that G, is a time-like 
vector; otherwise there would have to be a Lorentz 
frame in which the fluid had momentum but no energy. 

We shall assume further that we can define at each 
point of the fluid mass a 4-vector density j, satisfying 
the conservation equation 


6*j,=0. (8) 
This 4-vector density can be written 
jJu=Du,, 


where “, (u,u*=1) represents the components of the 
local unitary 4-velocity and D=(j*j,)! the invariant 
matter density. 

§ Moller, reference 2. We use Méller’s notation where Greek 
indices such as uw vary from zero to three, and Latin indices i 


vary from one to three only. However, we are using the metric 
(1, =f, ~i, —1) 
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The “matter density” jo is proportional to the 
quantity of matter in a given region, which could, for 
example, be the number of molecules, while the vector 
ji Tepresents the rate of flow of this matter across a 
unit area in the direction of the coordinate vector 7. If 
the fluid consists of charged particles with a constant 
ratio of e/m, then the density of charge will be p= joe. 
But whether the fluid is charged or not, there will be a 
set of quantities j, satisfying Eq. (8). 

The quantities j, clearly will be important for the 
determination of the way in which the body of fluid will 
change its shape, size, position, and orient ition in space. 
Indeed, one can in principle deduce all these properties 
on the basis of the fundamental hydrodynamic equa- 
tions satisfied by the local flow velocity,’ which is just 


0; (x,t) = j:(x,t)/jo(x,!). 


Hence, if we wish to treat any of these properties of 
the motion of the fluid, we shall evidently have to study 
the behavior of the j,. 

In the nonrelativistic limit, the mass density T0/c 
and the matter density jo are proportional. But in the 
relativistic domain these two quantities may be dif- 
ferent. For if the fluid is in motion, the kinetic energy 
E contributes a term E/c’ to the mass; and in any case 
the internal tensions which are contained in the tensor 
T,, may make a similar contribution. 

The essential features of the distinction between mass 
density and matter density arising in the theory of 
relativity may be brought out most clearly in terms of 
the conceptions of center of mass and center of matter 
density. We shall discuss the center of matter density 
in the next section; and here we shall consider only the 
center of mass which is defined as 


GoxXi= f Tose V, (9) 


where Go= fT oodV is the total energy of the body (the 
Latin subscript i refers to space-like indices). 

The most interesting property of the center of mass 
is that it moves at a constant velocity proportional to 
the total momentum. To prove this, we write 





dx; OT wo 
Go—= | —«dV. (10) 
dt al 
But by the conservation equation (2) we have 
dX; 0T9; Ox; 
g—-- f vdV= { Ty—WV=G,, (11) 
dt Ox; Ox; 


where we have integrated 0’7o; by parts and used the 
vanishing of To; outside the fluid body. This gives 

dX ;/dt=S:/So, (12) 
 *A number of such sets of equations have already been pro- 


posed ; see A. Lichnerowicz, Théorie de la gravitation et de L’ Electro- 
magnétisme (Masson et Cie, Paris, 1955), Chapt. III and IV. 
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which is the usual relativistic relation between the 
velocity of a particle and its momentum. 

If we integrate the time components of the angular- 
momentum density L (y»),=2%,7,,--%,7 4, over the total 
volume of the liquid droplet, we obtain the total angular 


momentum, 
Le fff Leonsav. 


In the same way, we can show that L,, is a constant. 
For 


d 0 0 
a eee 1 Re 
dt at Ox; 


(14) 


since Lty»),=0 on the surface of the droplet. From the 
conservation of Lj,,),, it follows that L,, is a tensor. 

The center of mass has a close relationship to the 
time-like components of the angular momentum. To 
see this, we obtain from Eqs. (13) and (4) 


(13) 


La= f Lused¥ = f (eeTu—x0ToddV. 


If we integrate at a constant value of the time coordi- 
nate x9 we obtain [using Eqs. (12) and (6) } 


Lio= GoXi— GiXo. 


If we choose Xo=0 then the time component of the 
angular momentum is proportional to the center-of- 
mass coordinate. More generally, we have, by inte- 
grating Eq. (12), 


(15) 


GoX := GiXotai, 
where a; is a constant. We then obtain 
Lin= a4. 


Thus, we verify the constancy of the time component 
of the angular momentum which we have already 
derived from the conservation law directly. 

The space components of the angular momentum are, 
of course, just the usual moments of the momenta: 


Lj= f (x;Tjo— X07 io) dV. (16) 


It can be seen from Eq. (15) that the center of mass 
varies from one Lorentz frame to another.” For 
example, let us choose the origin of our space-time 
coordinate system such that Xo=0 and X;=0 (so that 
the origin is at the center of mass and Lo; is zero). If 
Xo, X; were a four vector, then evidently under a 
Lorentz transformation we would obtain for the new 
coordinates Xo’=X,’=0 and Lo; would also have to ~ 
be zero. To show that this cannot be true consider the 


10 See p. 2 Papapetrou, Méller, etc. 
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infinitesimal Lorentz transformation (which consists 
only of a change of velocity with no rotation) : 


Xo =Xo—€0:Xi, 

Xi =X;—€0Xo, 
with €;0= —e€o;. We obtain immediately 
Lio’ = Liot eolia= €orL in, 


since L,.o>=0. Now Ly: is just the space-like part of the 
angular momentum. Hence, if the fluid body is spinning 
(so that L,+0), then Lio’ will not be zero. 

We conclude from the above that the center-of-mass 
coordinates do not transform as a four-vector, and that 
in different Lorentz frames, the center of masses cor- 
respond to physically different points. 


III. CENTER OF MATTER DENSITY 


We shall now define the center of matter density. In 
analogy with what was done with the center of mass, 
one would be led to assume that this center (Y,) is 
given by 


Y Jo= J ioxav, (17) 


where Jo= f jodV is the total amount of matter in the 
droplet (which is a scalar constant because of the 
conservation equation). The time derivative dY;/dt 
would then be given by 


dv; th YA | 
P nit f ae J (—"*) sav f jdV. (18a) 
dt al OX; 


Thus, the velocity w; of the center-of-mass density is 


dY, fidV Jn 
eo" Se 


me a: gee es 


I= f jv. 


The difficulty with this definition is that the quantities 
Jo, J; do not form a four-vector, because J; depends on 
the volume element corresponding to the chosen 
Lorentz frame. (On the other hand, we recall that the 
velocity of the center of mass is proportional to a four- 
vector.) As a result, we cannot obtain for example an 
unambiguous definition of the frame in which the center 
of matter density is at rest. 

We can remove this ambiguity by defining the total 
current J, and the center of matter density Y; ac- 
cording to Eq. (18), but in the special Lorentz frame 
IIo in which the center of mass is at rest" (so that 
G:=0). This frame does have a unique meaning because 
the total momentum is a four vector. Then if we wish 
to know J; and Y, in another frame II’ we simply take 





(18b) 


where 


1 We are here using a suggestion of T. Takabayasi. 
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their values in the frame IIo and Lorentz transform them 
according to the transformation laws of a four vector. 
In other words J; and Y, are defined by (18) only by 
integration over the volume element associated with 
the frame II». 

To express this definition of (Y,) in more detail, we 
first denote by the superscript zero all quantities which 
refer to the frame IJ in which the total momentum G; 
is zero. The velocity of the center of mass in the frame 


is then 
w,?(f) = J 8 (P)/J 0°. 


From this we can define a four-velocity (where we 
choose units such that c=1): 


»°(P)=JP(P)/D(P), 


(19a) 


(19b) 
with 
D(P)=[—-J,0(0)I™ (0) 


(where J,=i/J). The four-velocity »,° is then evidently 
unitary; that is v,°°%*=1. 
On the other hand, the four-velocity of the center of 
mass will be 
Uy= G./Mo, (20) 
with 
Me= —C,S*. 


To go to an arbitrary frame, for example the laboratory 
frame =, one simply makes a Lorentz transformation 
with the velocity u,. This transformation is defined by 


Xp= Liv Qyrk,”, (21a) 
with 
uUju; 
aij= it, 
1+ 
(21b) 
Ao = — Gon = 1, 


ao0= Uo. 


Then in the frame = the center of matter density has 
the coordinates 
uyurY (0) 
Y,= Y,°(f)-—— 
1 





= u,°, (22a) 
+uo 
and 
Yo= ul? — ux Y ,°(0°) ; 

where Yo represents the time coordinate of the center 
of matter density in the frame 2. The above equations 
provide a parametric representation of the trajectory 
of the center of matter density in =, the parameter 
being ?°. 

The velocity of matter density in 2 can be obtained 
by Lorentz transformation of (19b). This gives 


1 (SJ ,°—MoJ 0 
2;(Yo)=— e428 ; 
Do Go(Mo+So) 
g’J,° 
MoDo 


(22b) 





(23a) 


v(Yo)=— (23b) 
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Notice that the time parameter appearing in the above 
equations is still . We could transform to the parame- 
ter ‘= Yo with the aid of Eq. (22b). However, it will be 
more convenient to use the proper time r of the center 
of matter density as a parameter. Then r is defined by 
the relation 


dr 1 M Do) 


d¥o Vo 9) 





IV. INTERNAL ANGULAR MOMENTUM 


Thus far we have defined the angular momentum 
relative to points fixed in space. We wish now to define 
an internal angular momentum analogous to the non- 
relativistic angular momentum relative to the center of 
mass. In the relativistic theory, the center of mass 
varies from one Lorentz frame to another. Moreover, 
the center of mass and the center of matter density are 
not in general the same. Thus there is an ambiguity 
with regard to the point relative to which the inner 
angular momentum of the fluid droplet ought to be 
defined. This ambiguity could be removed for example 
by choosing as the point relative to which the inner 
angular momentum is to be taken the center of mass 
(X,,). This is in fact one of the possibilities that Mller! 
considered. However, as we shall see in Sec. 8 such a 
choice leads to results having little physical sign:ficance 
w.th regard to the motion of the droplet as a whole. 
We shall choose instead for this purpose the center of 
matter density (Y,); for this point reflects in a better 
way the average velocity of the droplet. If the angular 
momentum relative to this point is taken, then the 
resulting equations will, as we shall see, describe the 
fluctuating motion of the droplet as a whole, relative to 
that of the center of mass which moves at a constant 
velocity. Thus, a general description of the over-all 
motion of the fluid droplet is obtained. 

In accordance with these considerations, we define 
the inner angular momentum of the fluid droplet as 


My» _ ftc. a - Tyo (x,— Y,) T yo jd iB ( 24) 


We can express 9N,, in terms of L,, with the aid of 
Eq. (13). We have 


| = f (xT 0—2yT yo) dV 


‘ f [(x,—¥,)To— (%—Y,) To dV 
+ f (V,T0—Y,T,0)dV, 


since Y, is a constant in the integration, we then obtain 


Ly=MytYV,G,—YV,G,. (25) 
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As L,, is a tensor, it follows from (25) that 91,, is also 
a tensor. By differentiating (25) with respect to the 
proper time 7 and by noting that dG,/dr=0 we obtain 


IM y»/dt = Gut»—G rp. (26) 


This is one of the basic equations postulated by 
Weysenhoff. 

It is particularly instructive to consider Eq. (26) in 
the special frame 2 in which v;=0. This we shall call 
the rest frame of the particle, because it is the frame in 
which the center of matter density is at rest. In that 
frame we choose a set of axes such that Y;=0 and 
Yo=0 for the moment of interest. Then we have 
dY/dt=1. We then obtain for the time component of 
the angular momentum: 


Ly=Miot Y.Go— YS: 


=Mio—Git, 
since 
Lio= GoX :— Gil. 
This yields 
GoX i— Gil =Mio— Gil, 
and thus (27) 


Mio aan X Go. 


The above relation shows that in the frame Yo the 
time component of inner angular momentum is pro- 
portional to the vector joining the center of mass and 
the center of matter density. This interpretation of 
Mo will be seen to play an important role in the further 
development of the theory. 


V. BRIEF REVIEW OF WEYSENHOFF’S THEORY 


We now proceed to give a brief review of the 
Weysenhoff theory, in order to lay the foundations for 
a discussion of its physical significance in terms of our 
fluid model. 

The basic starting point is Eq. (26). Now Eq. (26) 
consists of six equations determining the antisymmetric 
tensor dM ,,/dr in terms of G, and v,. Moreover, there 
are four more equations coming from the conservation 
of the total momentum, 272. : 


dG../dr=0. 


There are still, however, no equations to determine the 
time variation of the »v, (of which only three are 
independent, since v,=1). In order to determine 
those equations, some further hypothesis is needed. 
Such a hypothesis is essentially a supplementary as- 
sumption connecting the center of mass and the center- 
of-matter density. 
In the Weysenhoff theory, the supplementary 
assumption js 
My»v”=0. (1) 


By going to the rest frame of the particle 2» (where 
v'=0, m=1), we see that the above reduces to the 
three conditions, 


Mos = 0. (28) 
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Thus, Eq. (1) which at first sight seems to contain four 
conditions, is seen actually to contain only three. And 
by Eq. (27) it follows that, in this frame, 


X,;=0. 


Thus, Weysenhoff’s assumption implies, in our theory, 
that in the rest frame Zo the center of mass and the 
center of matter density coincide. It is clear from this 
that Weysenhoff’s assumption serves to complete the 
definition of the equations of motion of the particle. 
To obtain the equations of motion in detail, we first 
multiply (26) by v’. This gives (with v’v,=1): 


Gu= (G,0")0,+0'dM »/dr. 


Now because 91,,0”=0 we have 


(29) 


dv” 
+9l,,—=0. 
dr dr 


AM y» 


Ge 


Equation (29) then becomes (writing G,v”=m) : 
Gu=mt,—M dv" /dr, 

which gives, when multiplied by dv*/dr, 

dv* dv” 


— Mig — —. 
dr dr 


dv# dv* 
Su = m0, — 
dr dr 


But because v“v,=1, the first term on the right-hand 
side vanishes; while because of the antisymmetry of 
M,» the second term also vanishes. Thus we obtain 
(d/dr)(G*v,) =0; and G’v,=constant. In fact G’v, plays 
just the role of a rest mass. Thus we have, from (29), 


dv’ 
Gu= mv,— Myy—. 
r 


(30) 


This is one of Weysenhoff’s set of equations. 

To obtain the other set of Weysenhoff’s equations, 
we differentiate Eq. (30) with regard to 7 noting that 
dG,/dr=0. This yields 


dv, dMy, dr’ d*y’ 
m———— ——M,,— =0. 
dr dr dr dr’ 


By applying (28) and G,(dv*/dr) =0, we obtain 
dM yy dv” 


dr dr 


and are left with 


(31) 


The physical meaning of these relations can be further 
clarified by the introduction of a spin vector” s, defined 
The need for the introduction of a spin 4-vector density, 
instead of a tensor density Wu» has been stressed by De Broglie 
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by the relation 
Syp=Mys 0 = Fe prapt“ON 4, 


The vector s, is a space-like vector, for we have 
evidently 
Syv4=0. 


In the rest frame we get 
Si=Feij IM (€:jn= €:jx0), 


which implies that the spin is the space dual of the 
angular momentum in the rest frame. 
Reciprocally we can write SWag in terms of s and v. 
The preceding relation gives evidently 
7" = €:jK5', 


which can be written in the covariant form: 


Ms» = €prapS*v?. (32) 
The above implies the identity 
€apurdl4” = 2(SaVg—SpVa). (33) 


From Eq. (19), it is then possible to calculate the 
derivatives of s,. We find immediately ; 


ds, dv’ dm 
—_ = bene a°8——+ *) 
dr dr dr 





dv” 
= Sera s0*— +G*v*v"— gts") 
dr 
dv” 
a Fé prop P—. 
dr 


By utilizing the decomposition (32) of S**, we obtain: 
ds, dv’ 


—=—(5,0,— 5,0") 


dr dr 


dv’ 
“(es 
dr 


where we have also used v’(dv,/dr) =0. 
In terms of the spin components s,, Eq. (29) then 
becomes 


(34) 


dv’ 
Gu=mv,— €nrapS*—, 
T 
which can be written as 


Gu=Miyp— Pu, (35) 
if we introduce the four-vector 
dv’ 
Pu ov €yvag—S*v? (36) 
T 





[Théorie des Particules de spin } (Gauthiers-Villars, Paris), p. 54). 
It has also been introduced independently of us by F. Halbwachs, 
Compt. rend. 243, 1022, and 243, 1098 (1956). 
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orthogonal to s, and v,. The quantity p, evidently 
represents the usual energy momentum of rotation in 
the rest frame. 

The Weysenhoff equations (31) can then be ex- 
pressed in a simplified form. We obtain, after a simple 
calculation, 


dp, dv, 
—_ = m— 
dr dr 
dv’ dv’ ds* 
= €pvap——S*v8 + €yvap — 7b, (37) 
dr’ rt dr 
Multiplying (37) by s,, we then obtain: 
dv, 
m—s*=0, (38) 


r 


which, when inserted into (34) yields the relation: 


ds,/dr=0. (39) 


This shows that the spin s, of the droplet is a constant, 
according to the Méller-Weysenhoff theory. 
From (37) and (38), we then obtain 


dv, d*v’ 
M—= Eyvag——S*V*. (40) 
dr dr’ 


Equation (40) constitutes a set of second-order 
differential equations for the velocity. These equations 
imply that, unlike what happens with Newton’s laws 
of motion, not only are the initial values of Y; and 
dY;,/dr arbitrary, but so also are those of dv,/dr 
=@Y,/dr*. As a result, new motions are possible that 
are not contained within the framework of Newton’s 
laws. These new motions must, however, be consistent 
with (30) and (35) from which they were derived by 
differentiation. 

To investigate the solutions to (40), it will be 
adequate to consider what happens in a special frame, 
namely that in which the space components G; of the 
momentum are zero. For because of the Lorentz in- 
variance of the theory, another solution of these 
equations corresponding to a nonzero value of GS; can 
always be obtained by — transforming the solu- 
tion corresponding to G;= 

As the velocity of the ais of mass corresponding 
to each frame & is given by the relation dX ;/dr=G,/Go, 
we see that in the frame IIo where G;=0 (inertial rest 
frame of Weysenhoff) the center of mass is at rest. In 
IIo the space components 2, are then the components of 
a space vector v which represents the velocity of the 
center of matter relative to the center of mass. 

The velocity v, also has a time component v= 
Since dJo/dr=dD/dr=0, we obtain dvo/dr=0. 

We see also that in the special frame IIy the acceler- 
ation of the center of matter is a space-like vector 


Jo/D. 
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dv/dr and the general relation »,(dv*/dr)=0 can be 
written v,;(dv'/dr =0; which implies that the two vectors 
v and dv/dr are orthogonal. 

In IIo the components of the four-vector p, are 


Pi =mv,, Po = MVy— So. 


The relation p,s*=0 which follows from (36) can be 
written as —#mv,s‘+pos°=0. From v,s*=0 we then 
deduce v;s'= —vo59, so that we find 


—mvs°+ pos =0, 
or equivalently : 


S°(po— mr) = —s°Go=0. 


As Gox¥0 we see finally that s°=0 in IIo which implies 
that s, is a space-like vector in that frame. Then 
v“s,=0 becomes vs'=0 and we get s*(dv,/dr) 
=5,(dv,/dr) =0 (because of dvo/dr =0). This shows that 
the three vectors v, dv/dr and s form an orthogonal 
instantaneous system of axes which generalizes, to our 
case, the Darboux-Freinet moving system of axes. The 
integration of the laws of motion results immediately 
from these considerations. The space-like components 
of p, in the frame Io can be written as 


dy dvi dv! 
Pi= Md;= €:0j4—S!U* + E5504 —S°V* + €:jx0—S*P 
dr dr dr 
dv! 
= €:jn0—S*0*, 
dr 


since dv°/dr and s° are zero. In ordinary vector notation, 
this relation becomes 


dv 
mv=0( —xs), 

dr 
The above equation implies that the motion of the 
center of matter remains in a plane orthogonal to s,. 
As s and 2% are constants in IIo (since ds,/dr=dvo/dr 
=(), this motion reduces to a circular uniform motion 


with an angular velocity w=m/|s|. 1f we multiply (41) 
vectorially by s, we obtain 


dy 
mrxs=mn( xs) xs 


dr 


dy dv 
= (s-—)s— eo 
dr dr 


dv 
=—s_, 
dr 


(41) 


since, by Eq. (37), s is orthogonal to dv/dr. This shows 
that: 
dy m 
—=—8XV. 
dr 3 
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Weysenhoff’s equations therefore completely determine 
the time rate of change of v (once the momentum, ,, 
is determined). 

We conclude that in IIo Weysenhoff’s equations imply 
that the center-of-matter density executes the above- 
mentioned uniform circular motion around a fixed 
center of mass. This gives a clear physical meaning to 
the motions described by the Weysenhoff equations. 

Finally we remark that if the external forces are 
acting on the fluid droplet, their effect can be taken 
into account by adding them to the energy-momentum 
conservation equation (2), so that we have 0’7,,=F,, 
where F, is the applied force. External torques can be 
taken into account in a similar way. This, in fact, has 
already been done by Mller. 


VI. PHYSICAL MEANING OF THE 
WEYSENHOFF MOTIONS 

Thus far we have seen in Sec. IV that Weysenhoff’s 
assumption 1,,2”=0 leads to interesting new kinds of 
circular motion. Mathematically speaking, the new 
motions are possible because Eq. (40) permits arbitrary 
initial values of dv*/dr as well as of » and Y*. But in 
Newtonian mechanics dv*/dr can differ from zero only 
if there is an applied force. We must now see what are 
the physical conditions in the fluid which could lead to 
nonzero values of dv’/dr even in the absence of an 
applied force. 

We can obtain a better understanding of this problem 
by going to the Lorentz frame Y» in which the space-like 
parts 2; of the velocity are zero (while 2% is unity). 
Equation (29) then takes the form 


Gi= —M,,d0"/dr. 


Thus a nonvanishing acceleration will imply that the 
momentum and velocity are not collinear, so that even 
when the mean matter current is zero, there is still some 
momentum. 

To show how this situation could come about, 
consider a mass of fluid in its rest frame (so that the 
total current is zero). Now suppose that this fluid is, 
to begin with, in a symmetrical and uniform rotational 
motion about its center of matter density. Then, as is 
evident from the symmetrical distribution of the energy, 
the center of mass will coincide with the center of matter 
density and Weysenhoff’s condition will be satisfied. 
However, there will be no acceleration since the mean 
momentum is zero because of the symmetry. Thus the 
fluid will simply continue to rotate about a fixed point. 

If this fluid is viewed from another Lorentz frame in 
which the body of the fluid moves with a velocity v, 
the part of the body in which rotational and transla- 
tional velocities add will then be moving faster than 
the part in which they substract. Thus the energy 
density will be higher on the former side than on the 
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latter; and as a result, the center of mass will move 
away from the center of matter density.” 

In this way, we see qualitatively, the origin of the 
relation dv/dr=(m/s*)sXv since dv/dt is just pro- 
portional to the difference between these two centers. 

However, it is clear that as long as the distribution 
of velocity in the rest frame is symmetrical, there will 
be no net acceleration. We may however, suppose a 
further disturbance in the rotating mass of fluid; for 
example, localized vortices which do not contribute to 
the net current, but which do contribute to the energy 
density. Such a vortex would have two effects on the 
net motion. 

First, it would displace the center of mass away from 
the center of matter density. Secondly, it would con- 
tribute to the mean momentum, since it would place a 
high mass density in a region of high velocity. Thus the 
mean momentum could fail to be zero even when the 
mean current was zero. 

Of course, to satisfy the Weysenhoff condition 
without reducing.to the trivial case of rectilinear 
motion, it is necessary to bring the center of mass back 
to the center of matter density, without bringing the 
momentum back to zero. This could be done by sup- 
posing further vortices on the opposite side of the body 
which lead to an energy density that cancels the 
moments of the original vortices in the determination 
of the center of mass, without canceling their mo- 
mentum completely. To show that this is possible, 
consider two vortices on opposite sides of a diameter of 
the body. Let 7; be the distance of the first vortex from 
the center of matter density, r2 that of the second. Let 
W, be the energy of the first vortex, W2 that of the 
second. Then we choose W7;= Wrz in order to satisfy 
to the Weysenhoff condition. Now the momentum of 
the first vortex will be p»>= Wu; where u, is the local 
mean stream velocity around the vortex, while that of 
the second vortex will be po=Woue. If the angular 
velocity w were a constant throughout the body (so 
that it was rotating as if it were rigid), then we would 
have u,;=or,; and Ue=wr, so that p:t+pe would be 
w(Wywit+Wor2)=0. But suppose w were a function of 
r. This would imply, of course, a nonrigid rotation (of 
a type which is evidently quite common in fluids). 
Then we would have 


pitpro= w(r) Wy, —w (12) W r2= [w(r1) —w(r2) |Win, 


which is in general not zero. We see then that the 
Weysenhoff condition would be satisfied by suitable 
distribution of motions in the fluid. Of course, it could 
also be satisfied with much more complex distributions, 
but the principle is essentially the same. 

We can now easily see qualitatively the reason for 
the Weysenhoff motion; for the velocity of the center 
of mass is proportional to the total momentum. Thus, 

18 The center of matter density will also be displaced, (because 


it too is not a four-vector). But a simple calculation shows that 
it will suffer a smaller displacement than that of the center of mass. 
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in the frame where v;=0, G; is not zero, so that the 
center of mass will move and separate from the center 
of matter density. Since the fluid body tends to main- 
tain a certain shape, this process cannot continue 
indefinitely without some change in the pattern of the 
fluid motion and internal tensions, which leads to 
acceleration of the center of matter density. Indeed, 
if the fluid satisfies the Weysenhoff condition (1) for 
all times, then the distribution of motion will be such 
as to lead to an acceleration of the center of matter 
density which satisfies the Weysenhoff equations. Thus, 
the Weysenhoff assumption implies certain restrictions 
on the general features of the internal motions of the 
fluid body. 


VII. EXTENSION TO MORE GENERAL MOTIONS NOT 
SATISFYING THE WEYSENHOFF CONDITION 


We have seen that the Weysenhoff condition (1) 
represents a certain state of the internal motion of the 
fluid. The most general state of motion evidently need 
not satisfy this condition. We shall now formulate the 
problem of how to treat this more general type of 
motion. 

First of all, we no longer require that the time 
component of the angular momentum vanish in the 
rest frame. It then becomes convenient to split the 
angular momentum into two parts, one of which is 
purely space like, and the other which is purely time 
like. To do this, we first define the four-vectors: 


t,=M,,v’, 
Sp= Myr VD = Fe prapV’M*, 


where M,,’ is the dual of M,,. 
We note that because of the antisymmetry of M,,, 
we have 


(42) 


v,/*=0, (43a) 
and similarly 


(43b) 


Thus, ¢, and s, are both vectors whose time component 
vanish in the rest frame. Hence they have a total of six 
independent components. Since IM,, also has six 
independent components, this suggests that it should 
be possible to express SN,, completely in terms of s, 
and /,. This is indeed possible, and the expression is 


(44) 


v,s*=0. 


Myr =t2,—t,0 y+ €yvag (Sev? — shy), 


To verify this, one need merely to go to the rest 
frame (where v;=0 and v=1 while fo and so are zero). 
For since (44) is a tensor relation it will be true in 
every frame if it is true in any one frame. But in the 
rest frame we have, from (42), 


Myo=t;. 


Since }€orag(Satg—Sga) =O in the rest frame, the time- 
like components of (44) are identical. 
To deal with the space-like components, we take the 
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dual of both sides of (29). This gives 
FE prap MF = Eyyagl*V+-S,V,— Spy. 


In the rest frame, the time components of this relation 
reduce to: 
Eoin = — 5; 


which is also an identity. Thus Eq. (44) is proved. 

The Weysenhoff theory then corresponds to the 
choice /,=0. 

If we wish to make a more general choice, we are 
then faced with the problem of determining the equa- 
tion of motion of the ¢,; for as we saw the original 
equations (26) on which the Weysenhoff theory is 
based are just sufficient to determine the equations of 
motion when /, is chosen equal to zero. To proceed 
further we shall therefore need some additional physical 
hypothesis. In terms of the model of the fluid droplet, 
such a hypothesis implies that in the rest frame, the 
center of mass and center of matter density are no 
longer the same. It is evident that by means of a suitable 
distribution of vortex motions, any conceivable relation 
between /, and s, is possible. In a later paper, we shall 
consider a specific model leading to the relationship, 
t,=Xs,, where \ is a pseudoscalar. It will be seen that 
this relationship leads to a particularly significant 
generalization of the Weysenhoff equations, which when 
quantized can be applied to the treatment of many 
different elementary particles as different states of the 
same rotating fluid mass. 


VIII. COMPARISON WITH TREATMENTS OF 
OTHER AUTHORS 


We shall now compare our treatment of this problem 
with that used by others. 

First of all, an essential new step proposed here was 
the introduction of the concept of center of matter 
density. We recall that because this center is not a 
four-vector, it was necessary to evaluate it in a definite 
Lorentz frame; namely IIo, the one in which the quanti- 
ties G; vanished. 

As we have already pointed out in Sec. IV, however, 
there exists another natural center, namely the center 
of mass. Previous work on this problem has been based 
on defining the point Y, of Eqs. (25) and (26) as the 
“center of gravity” which is the center of mass evalu- 
ated in the rest frame. 

However, as we have seen from Eq. (12), the velocity 
of the center of mass is proportional to the momentum. 
If we evaluate the angular momentum relative to the 
“center of gravity,” Eq. (26) then reduces to 
dM,,»/dr=0. Thus, all components of the angular 
momentum remain constant; the center of gravity 
moves at a constant rate; and Weysenhoff’s equations 
reduce to the trivial case of uniform rectilinear motion. 
Hence, the whole treatment loses its interest, and 
nothing qualitatively new is learned about the motion 
from the Weysenhoff equations. 
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In order to give more physical relevance to the 
Weysenhoff equations, two types of proposals have 
been made. 

(a) Médller? has shown that these equations could 
describe the motion of a certain set of purely mathe- 
matically defined ‘“‘pseudo centers of gravity,’’ whose 
connection with any aspect of the motion of the body 
has not been defined, 

(b) It has been shown that under suitable conditions 
points fixed in the body will undergo the Weysenhoff 
motions. 

Possibility (a) is evidently not satisfactory, since it 
describes no real physical properties of the motion. 
Possibility (b) also is not entirely satisfactory, especially 
for a fluid where elements undergo complex motions 
and where it is arbitrary to choose a particular element 
to describe the behavior of the mass of fluid. 

Our proposal of a center of matter density provides 
a natural reference point to describe the behavior of the 
fluid; for the matter current determines the general 
motion of the fluid, while the center of mass is a point 
which moves at a constant rate. By studying the motion 
of the center-of-matter density relative to that of the 
center of mass, we obtain a general idea of how the 
fluid motion differs from uniform rectilinear motion, 
without the need for going into a detailed treatment of 
all the complex motions inside the fluid body." 

We also give a clear interpretation of the Weysenhoff 
condition IN,,0”=0 for it means that in the Lorentz 
frame in which the spatial components of the mean 
velocity are zero, there is no time component to the 
internal angular momentum, so that in this frame the 
center of mass and the center of matter density are the 
same. As we have seen in the previous sections, this is a 
possible state of motion of the fluid droplet, and one 
which could readily be set up. As we have also seen, 


4 These details could for example be treated by considering 
moments of the first energy-momentum and current densities 
higher than the first. But since such moments are not conserved 
in general, their effects tend to be lost by random mixing processes 
analogous to collisions in the Boltzmann equation in statistical 
mechanics. Thus, the conserved moments not only satisfy equa- 
tions that are independent of the higher moments, but also 
describe the major part of the “bulk” properties of the fluid 
averaged over some period of time. 
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however, more general states of motion are possible. 
Thus our physical interpretation of these equations 
opens up the possibility for studying a broader range of 
motions. Indeed, as we shall show in a later paper, some 
of these new possibilities correspond to a set of classical 
equations which, when quantized, lead to a generali- 
zation of the Dirac equation. In these generalized 
equations, there is a new set of quantum numbers very 
similar to those (such as isotopic spin and strangeness) 
which have been used recently for classifying the various 
types of elementary particles. Thus, the new quantum 
numbers can be interpreted as representing states of 
rotation and internal excitation of a relativistic liquid 
droplet. 

This general theory of rotating relativistic droplets 
is also interesting from another point of view. It 
provides a clear physical model for the “molecules” 
which could constitute relativistic fluids with spin, 
that is, fluids characterized at the macroscopic level 
by a continuous distribution of internal angular mo- 
mentum. By adding to G, and M,, suitable tensions 
©,, representing interactions between the rotating 
droplets which constitutes such fluids (so that the total 
energy-momentum tensor of such a fluid can be repre- 
sented by DG,v,+0,, where the total current is Dv, 
and the internal angular momentum D9,,), we can 
formulate new types of relativistic hydrodynamics. 
The theory of these types is now being developed. 
Indeed, it has already been shown that they provide a 
model for the hydrodynamical representation of the 
Dirac and Kemmer wave equations,'® thus furnishing 
a physical basis for the causal interpretation of rela- 
tivistic wave equations. 
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In a previous paper we have developed a theory of electrical transport phenomena for a simple quantum- 
mechanical model. That treatment was based on an expansion in powers of the strength of the scattering 
mechanism. In the present paper we consider the same model, but obtain the transport equation in powers of 
the density of scatterers without restricting ourselves to weak scattering potentials. The expansion involves 
scattering operators for single centers, pairs of centers, etc., in a manner in many ways analogous to the 
virial expansion of equilibrium properties. The lowest order terms yield the usual Boltzmann equation. The 
first correction, in density, to this equation is explicitly given. For the case of spherically symmetric scatterers 


the solutions of these equations are also obtained. 





I. INTRODUCTION 


N a recent paper! we have given a theory of the trans- 
port equation which describes electrical conductivity 
for a simplified but physical model of a real substance. 
The model is as follows. We have a closed system with 
particles, say electrons, which can carry a current. These 
electrons are treated as free and independent except for 
their interaction with an external electric field, and 
with a collection of fixed but randomly located im- 
purities. By assuming that the interaction between the 
electrons and impurity centers was weak, we were able 
to show that to the lowest order in perturbation theory 
the diagonal matrix elements’ of the density matrix 
satisfy the usual Boltzmann equation. (The off-diagonal 
elements were expressed in terms of the diagonal ones.) 
In higher orders it was found that the usual Boltzmann 
equation was not valid, and the corrections were calcu- 
lated up to A‘, where A is some dimensionless measure of 
the strength of the interaction of the impurities with the 
electrons. As was already noted in I, however, all the 
correction terms were at least of one order smaller in the 
density of scattering centers than the “Boltzmann 
terms,” so that in the low-density limit the usual 
Boltzmann equation recovered its validity. 

It is the first purpose of this paper to establish this 
result independently of perturbation theory on the 
potential. In doing this, we shall set up a general method 
of approach which enables us to obtain (in principle at 
least) the transport equation to any desired power of n, 
the density of scatterers. To illustrate the method in 
detail, the first-order terms in » (which yield the usual 
Boltzmann equation), and the second-order terms are 
computed. The latter are already so complicated that it 


* Part of this work was performed while the authors were 
summer guests at the Bell Telephone Laboratories, Murray Hill, 
New Jersey. Assistance by the Office of Naval Research is grate- 
fully acknowledged. 

1 W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957). We 
shall refer to this paper as I in what follows. 

2 That is, diagonal in the representation of plane waves with 
periodic boundary conditions. 
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is probably not feasible to push the method any 
further. 

It should be mentioned at this point what the basic 
technique is. We have found that it is possible to arrange 
the solution of the equation for the density matrix in 
such a way that it involves first the effects of a single 
scatterer, then of pairs, then triplets, etc., just as in a 
virial expansion of equilibrium properties. It is then 
seen that this is a density expansion. The mathematical 
entities which enter the transport equation are just the 
“scattering operators’ (on and off the energy shell) for 
an electron on a single center, on a pair of fixed centers, 
etc. These quantities are assumed known in principle, 
though of course in practice it may be very difficult to 
find them exactly, or even to find reasonable approxi- 
mations to them. 

In Sec. II, the general theory of the density expansion 
is developed. In Sec. ITI, the “collision” terms (that is 
the field-independent terms of the transport equation) 
are calculated to the first and second order in the 
density. In Sec. IV the “field” terms of the transport 
equation (that is those terms proportional to the ex- 
ternal electric field) are calculated to the zeroth- and 
first-order in the density. In Sec. V the final transport 
equation is given to an accuracy which enables us to go 
one step beyond the lowest order in density. For spheri- 
cally symmetric scattering centers, the solution is given. 
Finally in Appendices A, B, and C some of the details 
not included in the text are treated. 


II. GENERAL METHOD 


We first recall briefly some of the formulas from I. 
Let the total density matrix for an ensemble of electrons 
be pr. Further, let the electric field be turned on at a 
rate 

E,(t)=E,fe*'. (1) 


3 We give only a few of the many references in this field. B. A. 
Lippman and J. Schwinger, Phys. Rev. 79, 469 (1950); J. M. 
Jauch and F. Rohrlich, Theory of Photons and Electrons (Addison- 
Wesley Press, Cambridge, 1955), Chap. 7; K. M. Watson, Phys. 
Rev. 103, 489 (1956). 
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Then we may write 
pr=pt fer, (2) 


where p is the equilibrium density matrix and f is of the 
first order in the electric field strength. The matrix f 
(which we shall often also refer to as the density matrix) 
satisfies the equation 


(H, f)—is f=C. (3) 


Here H is the total Hamiltonian in the absence of the 
electric field, and C is the commutator 


C= [p,H 1], (4) 
A= —eF x. (5) 
The Hamiltonian H may be written 
H=H +H’, (6) 
where 
Ho= p’/2m, (7) 
H’=2 i ¢(r—n), (8) 


¢(r) being the interaction energy of an electron with an 
impurity center located at the origin and the r; the 
locations of the V impurity centers (r and r; are position 
vectors). Finally, for completeness, we shall give the 
equilibrium density matrix. Either the Maxwell-Boltz- 
mann or the Fermi-Dirac function may be chosen. For 
the sake of definiteness we shall think of the Maxwell- 
Boltzmann distribution (as in I): 


p=Ke-*, (9) 

K-=Tr(e~##), (10) 

but everything goes through just as well for an arbitrary 
distribution. 

Now in I, (3) was solved as follows. It was written in 


the plane-wave representation (with periodic boundary 
conditions). The normalized eigenfunctions are 


Ve= (1//Q)e™, (11) 


where & is the volume of the container. The allowed k, 
are given by 


ha=(20/L)na, (12) 
where 
Na=0, +1, +2, +3, +++, +o, 
and 
= L'. 

Further 

HAwW.=ewr, (13) 
with 

€ag™ k?/2m. 


(Units are again chosen so that #=1.) 

In this representation it was found that the diagonal 
and off-diagonal elements of f behaved very differently. 
The k, k’ matrix element (k#k’) of (3) enabled us to 
express fix (k#k’) in terms of fx(=fex), and the 
diagonal element gave rise to the transport equation for 
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fx. The process was actually carried out in I as a series 
in rising powers of X, i.e., by perturbation theory. We 
shall now indicate another method which is valid for 
arbitrarily strong potentials, but which requires an ex- 
pansion in the density of impurities. 

To do this, let us write f as follows 


f=F+4, 


where F is the diagonal part of f and g is the off-diagonal 
part. That is, 


(14) 


Fie = fiber, (15) 
Sew = fen (1—dex). (16) 

Substituting in (3) gives 
(H,¢]—isg=(F,H’]+isF+C, (17) 


since F commutes with Ho. Taking matrix elements of 
this equation, we get 


(LH,g]—isg) ew =Qee, (k¥k’) 
(LH,g))ee=tsfitCi, 
where C; is the diagonal element of C and 
Qiw = (LFA lew tCrw. (R#R’) 


In I, (18) was used to express g in terms of F and then 
(19) became the transport equation. 

For purposes of obtaining a formal solution of (18) 
valid for any strength potential it is convenient to 
rewrite (18) again as an operator equation. To do this, 
the following definitions prove useful : 


(18) 
(19) 


Q0=(F,H’]+C’, (20) 
where C’ is the nondiagonal part of C, i.e., 
Cre =Crr (1—dxx). (21) 
Then, since F is diagonal, 
Qixn=0. (22) 


As it stands (18) is satisfied unless k= k’. We now intro- 
duce a matrix G which has the same off-diagonal 
elements as g, but also suitable diagonal elements. That 
is, we may write 


g=G—T, (23) 
I’ being the diagonal part of G, 
Teer =Gurder. (24) 
Then (18) gives 
((H, G-T']—-is(G—-P))kv=Qev, (R¥R’). 
Or, since I’ is diagonal, 
((H,G]—isG—(HA'T)) cx =QOrw, (R¥R’). (25) 


The quantity I’ is completely at our disposal, and we 
choose it so that (25) is valid even if k=’. That is, I is 
determined by 


(LH’,G)}) cx—isT .=0, 








SR TTI 
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or 


isT ,.= ((H,g ]) xe, (26) 


since the diagonal part of G or H cannot contribute to 
the commutator. Since the choice (26) of ! makes (25) 
valid for all k and k’, we may write the operator 
equation 


[H,G]—isG— (H’,T)=0. (27) 


Further, the “transport” Eq. (19) becomes, very simply 
isl’ .= is fe tCx. (28) 


As in I, f; is regular for small s, so we may drop is f,; and 
obtain for our final transport equation 


isT ,.=Cy. (29) 


This shows that I’, must have, for small s, a 1/s singu- 
larity if (29) is to be valid as s approaches zero. The 
explicit calculations below will show this to be the case. 

The problem has then been reduced to finding the 
diagonal matrix element of the solution of the operator 
Eq. (27). 

Now the advantage of having an operator equation of 
the form of (27) is that it allows for a simple formal 
solution valid for all interaction stréngths. This formal 
solution will then be expanded in powers of the density. 

We may write (27) as 


[H,G]—isG=A, (30) 
where 


A=0+[A' I). 


If we regard A as known, Eq. (30) is satisfied by the 
following expression 


(31) 


1 wo 
c-— f R*(E)AR-(E)dE. (32) 
2dr J_, 
In this expression 
R+(E)=1/(E—H+ie), (33) 
with 
e=s/2 (34) 


is the well-known resolvent or Greens function operator 
for our problem. It is often convenient to define an 
operator R(z) where z is a general complex variable by 


R(z)=1/(s—A). (35) 
Then 
R*(E)=R(E+%e), R-(E)=R(E-—ie). (36) 
From the Hermiticity of H it follows that 
Rt(z) = R(z*), (37) 


where the dagger means Hermitian conjugate. Therefore 
(R-)t= Rt. (38) 


Multiplying both sides of (35) by (s—#) on the left or 
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on the right, we obtain at once the operator identities 


1 1 
R(z)=——+——-#'R(2), 


d d 
’ (z) : (39) 
R(z)=——+ R(z)H’—, 
ait ea” 
where 
d(z)=2—Hp. (40) 


These identities will prove useful in what follows. 

The expression (32) for G is most easily verified in the 
representation which makes H diagonal. In this repre- 
sentation 


Ay, = €Wy- (41) 
Using (41), (30) yields at once 
Guy =Apu'/(€u— Ew — 15). (42) 


On the other hand, (32) gives 
i ws 1 1 





Guy = 


Pere A py’ 
dr J _» 


E f 
E—e,+te E—€,—te 


Carrying out the indicated integration (by closing the 
contour in the lower half of the Z plane, for example), 
we obtain (42) again, so that (32) is really the solution 
of (30). 

We note next that (27) is a linear equation for G. 
That means that if Q consists of two parts, 


0=0%+0®, 
then 
G=G%+G, 


r=re+re, (43) 


rT and © being the diagonal parts of G® and G®, 
respectively. G” and G® satisfy 


(H,G®]—isG® —(H’T®)=Q®, (44) 
(H,G® ]—isG® — (H’ T®)=Q, (45) 
For our case we take 
Q°=(F,H’)], 
QM=C" (46) 
We shall consider G® first. Equation (32) gives 
1 © 
GY =— f R+LU,H’|R-dE, (47) 
2dr J_. 
where 
U=F-T™®, (48) 


U is diagonal in the & representation. 

We next introduce—exitus acta probat—in place of R 
the scattering operator T. In terms of T, (47) will simplify 
considerably. The scattering operator is defined formally 
as follows. 


T(z) =d(z)R(2)d(z) —d(z), 
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or 
(49) 
1 1 1 
R(s)=——+——T (s)—. 
d(z) d(z) d(z) 


If H’ were a localized scattering potential, the limit 
T xx (€xt+te), as e—0, would fully determine the scat- 
tering.‘ For the present, however, we shall only need 
some formal properties of T(z). 


From (37), we have at once that 
Tt (2)=T(s*). (50) 


Further, inserting (49) in (39), we obtain the identities 


1 1 
-u'(1+-r), r= (1+7- Ja 
d d 
(The variable z or E will often not be written explicitly.) 


Finally, it is convenient to introduce 7*+(£) defined by 


T+(£)= (52) 


(51) 


T(Exie). 


Now inserting (49) in (47) and making use of (51), we 
have 
Ds ce ees 
GY= -f ae |U—T- ——]t—U 
dar J _« : 
1 U 1 
root! 6s 
at dd & 


where we have also used the fact that U commutes with 
d. Taking diagonal matrix elements of (53), we obtain 


jf” dE 
rv =— f ——} U (Tx —T ex") 
Qn 9_» dtd 





Piet Tee Uw 


k’ |d,+|? 





(54) 


— ie 


Now 7;,,+(E) regarded as a function of the complex 
variable E is regular in the upper half-plane,® the 
singularities of T [from (49) ] being the same as those 
of R. (Those of R are found most easily in the repre- 
sentation (41) where we have an explicit expression for 
R.) Similarly T.,-(£) is regular in the lower half of the 
E plane. Therefore we have 


Txt Tix 
f dE -0- f dE 
dytd,* x dy a 


—2o a) 


(55) 








since in one case we can close the contour in the upper 
half plane and enclose no singularities while in the other 
we can close in the lower half plane. We can now rewrite 
(54) as 

4 See B. A. Lippman and J. Schwinger, reference 3. 

5 See K. M. Watson, reference 3. 
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i 1 1 
r,.e=— J in| vf ri] er 
Ur J dtd; dy-dy- 


ao 





1 1 
eae 
dytd, d,*d,* 








eet Te 1p Uy 
eS 


W |dyt|?\dyt|? 
Taw Text 

rae 
dr d,* 


Tie tT ei Ue 








e 7” dE 
--{ - U; 
aldy" 2 


+2 
k’ |dy* 2 








. (56) 


The final simplification comes from the identity 


€ a 
1=- f RtR-dE, 


T V2 


(57) 


which is most easily seen by doing the integration in the 
representation (41), or by using (32) for the special 
A=1. Inserting (49) in (57) and taking the diagonal 
element, we have 


e ¢” dE a cube T ie’ Te ‘k 
fal Blt Sty Bi 
|d,*|? 2 di- d,* k’ 


The first integral may be performed at once, giving m/e, 
so that (58) becomes 

















sig? a& t2a5.. aa" Tet T ee 
0=- — > Fen ae | ee 
wd, (dt\*l ds dyt © |dyt|? 


(This result is very closely related to the well-known 
optical theorem of ordinary scattering theory, and will be 
investigated further in Appendix C.) Multiplying (59) 
by U; and subtracting from (56), we obtain our final 
result for T,, ie., 


ss een Tee 


aw? _« are e ee 








r=¥ - x —U;), 


or 


iT MO =P wr Sex (Ur — Ux) 





=D Jewel (fe—f)— Ce —-Te™)], (60) 
where 
2ie fr” Tee tT ee 
Ja f d—E—__——.. (61) 
ew 4i- |dyt|?|dy*|? 


Equation (60) is not an explicit expression for T,. 


In fact, if we replace the summation over k’ by an 
integration, (60) becomes an integral equation for T,. 
However, if we want a density expansion this fact gives 
us little trouble. Since we anticipate that in the dilute 
limit the usual Boltzmann equation is valid, we may 
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conclude [via (29) ] that Ji, will have as its lowest 
order term something Jinear in n (this will be verified 
below). Therefore Eq. (60) may be made the basis of a 
systematic iteration procedure in which first T, is 
ignored on the right-hand side of (60). That is, assume 
we have somehow gotten a density expansion for J x’, 


Tce =F vO ttS ev Ot+---, (62) 


where J;x° is proportional to m, Jz to n’, etc. 
Further put 


isl ,Y=A,M+A,O4---, (63) 


where once again A, is proportional to n, A, to n?, 
etc. 

Substituting (62) and (63) in (60), we obtain on 
equating terms of the same order in n: 


AM=D Tne fur — fr), (64) 
- 
ApM=D4 Teer (far— fi) 
k’ 
1 
Irv (Ay -A,%|, (65) 


1€ 


etc. 

All that is required is the expansion (62) of Jxx. It 
may be pointed out that (65) seems to imply that A, 
gets singular as s or e—0. This is only apparent however; 
we shall see in the detailed calculations given below that 
the first term of (65) also has a singularity which just 
compensates this. 

We come finally to the crucial part of our entire 
analysis, the density expansion (62). This is obtained by 
means of what we shall call the virial expansion of the 
scattering operator T. The derivation of this expansion 
is given in Appendix A. The result may be stated as 
follows 


1 1 
T= Oit— LD’ Oia t— LDL’ Qimat:::; 
l 2! Im 3! lmn 


where /, m, n, --- are indices labeling the N scattering 
centers. The prime on the summation means all the 
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indices are unequal. The Q’s are given by 


Q.=T,, (67) 
QOim= T; = (Qi+Qm) ised Tia vi Toe le (68) 
Qimn= Tima (Qim+QmntQnitQitQmtOn) 
=T an— Tin Taxa Tart TitTat lus (69) 
etc. 


The T;, Tim, etc. are the scattering operators if only 
the center at r; is present, if only those at 7), rm are 
present, etc., respectively. (See Appendix A for the 
formal definitions.) 

The expression (66) is an identity. We have however 
arranged things so that the first term refers to properties 
of a single center, the next to those of any ‘wo centers, 
etc. As in the theory of equilibrium properties this type 
of arrangement gives rise to a density expansion. 

We now must substitute (66) in (61). If we do this 


_and again collect those terms which refer to a single 


center, those which refer to two centers, etc., the result 
is—after some algebra—again quite simple. Let us put 


1 
Tiet Te =D ah ay X im 
l | lm 





go - ~~!’ Ximat:::. (70) 
lmn 
Then we find 
X= (Tit) ee (Tr) ee= | (Tee |?, (71) 
X tm= (T im*) exe (T tm ek — (X 1 +#- Xm) 
=| (Lim*) exe |?— | (Tit) ex |?— | (Tmt) ex |, (72) 
X imn= | (T imn*) eee . 
—(X m+ X mat X at tX rt XatXan); (73) 


and so forth. 
As we shal! see, the decomposition (70) gives rise in 
fact to a density expansion. Anticipating this we may 





(66) write 
Dil (Ti) ew |? Tit) ex’ i 
on fa a 
‘det |?|[de* |? |dy-t|? 
, (75) 





te? 0? Do imL| (Tim*) x |?— | (Tit) ee |?— | (Tmt) ee |?) 
Fuze 
T |dy*|?|dy*|? 


—2 


etc. The evaluation of these expressions up to and 
including Jx%"® will be carried out in Sec. III, and by 
means of them T,™ will be obtained to the second 
order in n. 

To complete the discussion of the left-hand side of the 
transport Eq. (29), we need T',. From (45), (46), and 
(32) we have 


ry =— f dELR*(C’—(T®,H’))R- Jee. (76) 


TV» 





The second term in the integrand may be treated by the 
identical procedures that led from (47) to (61), so that 


er” 
isl’, = —- J dE(R*C’R-) xx 
T Y_w 


-> Jee Te O—T,). (77) 
k’ 


Again, let us put 


isT 2 =B,O+B,O4+---, (78) 
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B,™ being linear in the density, B,® quadratic, etc. 
Then, just as in the discussion following (60), since J,» 
starts with terms linear in m, to the lowest order in » the 
last term of (77) may be ignored. This can be made, 
exactly as before, part of a systematic expansion in 
powers of n. Therefore it only remains to obtain a 
density expansion for the first term on the right-hand 
side of (77). 
Let us write, using (49), 


f dE(Rt*C’R>) xx 


> 1 Tret(C’) ewe (Cereb ere 
-f dE E( + ) 
|dy*|?L & d,* dy 


k’,k’? etd ger 











since (C’),.=0. 

We now make once again a “virial” expansion for the 
integrand. This is done by using (66) and noting from 
Appendix B [Eq. (B7)] that we may write 


1 
C=E Coat TE! Chint 
l ! lm 


Inserting these in (79) and collecting together terms 
which refer to only a single center, those which refer to 
two distinct centers, etc., we obtain a series of the form 


€ ses 1 
-- f dE(R*C'R-) ne => rity Vimt+:-+, (80) 
T/_» l | lm 


where 


f° d& 
wJ_. |dy*|? 


(a 
k’ dyt 








(Cr) ee (L perk 
dy ) 
(Tit) eee (Cy) ere (TO) eek 
. (81) 
dyrtd ye 





k’,k’’ 


The higher order terms are not difficult to write down, 
but they are very unwieldly. For our purposes, the 
leading term (81) will be sufficient. As we shall see, the 
decomposition (80) gives rise to a density expansion, so 
that 

BywO=4+2 Ya 


pO=N vf at 


(82) 





[baw (CE) |? 
lde*[?|de* |? |dy*|? 
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To summarize the results of this section we may say 
that the left-hand side of the “transport equation” (29) 
can be expanded in powers of the density 

is ,=A,V+A,O+---+B,94+B,2+4---, (83) 
A, and A;® being obtained from (64) and (65), B,® 
from (82). 

The A terms in (29) are linear in the distribution 
function f;, and we shall refer to them as the “collision” 
terms. The B terms and the commutator C;, are linear in 
the electric field, and we shall cal! them the “field” 
terms. The transport equation then has the form 


LF =eE OM ak, (84) 


where £;/ is sonje linear operator acting on the diagonal 
elements of f, and M4: is some function of k. From all 
that has gone before, we know that 


Lp=n(LO+L,9+---), (85) 
Mat =M a+ Mar +Mar+:::, (86) 


the superscript indicating to which power of » the term 
is proportional. It therefore follows that, if we expand F 
in n, its first term is O(1/n) and we may write 


F=(1/n)(FO+F®+.---). (87) 


Substituting (85), (86), and (87) in (84) and equating 
equal powers of m, we obtain 


£,F = cE OM a, 
LYFVX+ L£,OFO = cE YM a, 


(88) 


(89) 
etc. 

Equation (88) is the lowest order transport equation. 
It requires a knowledge of the collision terms to the first 
order in n, and the field terms to the zeroth order. As we 
shall see in Sec. V, this is the ordinary Boltzmann equa- 
tion. Equation (89) enables us to calculate the first 
correction to F, It requires knowledge of the collision 
terms to m? and of the field terms to ». The main labor of 
this paper lies in the calculation of the relevant quanti- 
ties entering into (89). 


III. CALCULATION OF THE COLLISION TERMS 


To obtain the collision terms to O(n?), we need J xx 
and J, as given by (74) and (75), from which A,” 
and A,” may be calculated from (64) and (65). Be- 
cause of the presence of the 1/e in (65), knowledge of 
Jxx™ is required up to and including terms linear in e. 
We begin with Jx,. By Eq. (C4) of Appendix C 


(Ti) ee Hert yt, (90) 


where /* is the scattering operator for a single scatterer 
located at the origin. Equation (74) then becomes 


eet (E)txex (E) 





n— [ae (E—ext+ic)(E—extie(E 


(91) 
— €,—t€)(E—€x—ie) 
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We can evaluate the integral in (91) most easily by Eq. (93) becomes 
contour integration. The integrand has, in the complex 
E plane, the following singularities (Appendix C): 7,0 =2jev 
simple poles at E=e,-bie, exbie, €x tie; branch cuts 
starting at +7e and extending to + parallel to the 





2 | (1) [| (R’) |? 














real axis. Now since we are integrating along the real ja [ten *(ex) |? | |taer* (ex) |? 
axis, the value of the integrand is not changed if we - oman . 
: é - x(x—is x(x+1s 
move the branch cuts in any way which does not make ( ) ( ) 
them cross the real axis. This is convenient to do because [LO | tee *(4) |?/dE Jem: 
the poles of the integrand now no longer lie on the branch —te : 
cuts. The situation is given in Fig. 1, where the branch x(x—is) 
lines have been rotated to the imaginary axis. By de- (0| tee t(E)|2/0E ]e=ey 
forming the path of integration, we may now write . (96) 
x(x+is) 





- Writing 
f-S+f+fef. (92) 1 x ee 
—2 v1 12 13 14 ‘ =——_+1—__, 
x—is x?+s? 2°+5° 
The integral around the branch cut (ya) is the most Eq. (96) becomes 
difficult to evaluate. However, the integrand on y, is 
perfectly regular (€, and €, are fixed and assumed not 
zero) as e—>0 so that the result is independent of e. 


However, J; contains an extra factor of ¢ [from 
(91) ], so that the error in neglecting y, is O(¢). To the 


Jay iN} 8 Z| (b|8)|*| | 
b 























s 
order (in m) which we are considering, we only need Fal baw Cea) P+ Itaw*Cew)') 
Ji to O(e€), so that it is permissible to drop the y4 
integral. Evaluating the 71, y2, and 3 integrals by wg [ | ¢xu* (ex) |?— | ten * (er) |? 
residues we have +is 
ats x 
Tne =2ieN YE | (b]b) |2| (#10) |2 [9 | tex *(E) |?/OE Jee +[0 | tex t(E) |?/0E Je: 
- " a 
bene (€x/t)tere(€x—tS) (97) 
x(x—is) 
Oe Me 
fee lew Mar u(ex — 45) , (93) E- PLANE 
x(x+is) 
where (| 5) is the Fourier transform of the bound state 
function ¥, associated with a single center [see Ap- 
pendix C, (C20), (C23) ]. Further, «=wxx =€.—€x, and 
Eptte é, tle Ey the 
e * e 


tex (ext) = lim ty 4 (€x+in). (94) 
70+ 





The form (93) which arises out of the contour integra- 


tion is unsymmetric, and it is convenient for later i 4" Ne V3 
purposes to transform it somewhat. 


Writing 
ten (€x*)tere(€x—15) 
7 
= lim gx (ex piet+in—ielty 4 (€,—ie—ie) Aly. 


7—0* 
=the (extern (€x) 
O| tet (EB) |? 
-if{ P 
OE 











+0(e), (95) Fic. 1. Contours for the evaluation of (91). The heavy dots 
wath represent poles and the heavy lines branch cuts. 
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In (97) we have again dropped a term of the order of s?._ (84). The leading term of Ji» is obtained by letting 


In the limit of s—0, we have s—0 and is, by (98), 
$/(x*+s*) = 26(x). (98) J cx =i N28 (wee) | tent (€x) |?+O(s) 
=iNw yy +O(s) (101) 


We can take this limit for the last two terms of (97) 
since they are already of the order of s. Doing this, and where w,,' is just the exact transition probability per 
noticing that unit time for the scattering of an electron in state k’ to 
|tent(ex) |2— | tant (ex) |? the state h by a single scattering center.‘ 
; Incidently it should be mentioned that this result can 








th! ek x be obtained much more simply by noting that 
| (99) € 1 
OE a im (=. lat]? =6§(E—e;,). (102) 
we see that the entire square bracket in (97) cancels, Inserting this in the integral (91) gives (101) at once. 
leaving us with The more elaborate derivation given is necessary to 
P obtain the O(s) terms. 
Tew =iN4 s | (b|d)|?| #1) + From (101) and (64), we have 
b 5 
A,M=iN ¥ wee (fer — fe). (103) 


X (| tau? (ex) |?+ | tae? (ew)|? tion. (100) In order to calculate A,” we need J,.. By (65) we 


need it only up to the zeroth order in e. (There will be 

Since ¢ is proportional to 1/2 and (|) to 1/+/2, the terms in 1/e which of course we must retain.) Jix is 

dependence of J;.x on the size of the system goes as__ given by (75). Unlike (74), (75) depends on the positions 

n/Q. If the summation in (64) is replaced by an integra- of the scatterers. However, just as in I, it can be shown 

tion we have another factor of 2/(27)*, so that Ji. that for a sufficiently large volume (75) may be replaced 

gives rise to an integral operator which is proportional — by its ensemble average, i.e., its average over all possible 
to n. This checks the assumption made in discussing _ positions of the scatterers. Thus, we may put 


DL! (Tim*) ae »—<(|(Ti )—{| (Tmt) ex |?) 


Oa =f dE (104) 
|dt|?|dy-*|? 














where the symbol { ) indicates the ensemble average. the multiple scattering expansion® (C12), which gives 


[See I, Eq. (37).] | + 2_1(T + 54 + 2 
The detailed justification of (104) is quite straight- (Tam) une |?— | (Tat) ewe |? | (Tm*) an 




















forward. Making use of the results of Appendix C [ (C4) (Tit) exe (Ti) kk (T ms) kak 
and the multiple scattering expansion (C12) ], we see =| (ret) we th it 
that each term of (104) gives rise to a term in (75) of ws dk 
exactly the same form as the terms of I, Appendix B, (Tit) eee (Tm) eka (T i) kak 
Eq. (B1), for which we have already justified the use of 05 je a 
the ensemble average. dky 
Since the ensemble average for any pair /m is the (Tit) eky(Tmt) kik’ (T i) ere 
same, we may write + 
ie = dkyt 
Jip P=N(N- 1)— f dE (T +) eer (Tmt) kerk’ (Tn) k’k 
T V6 + 
; dky* 
(| (Tim*) ex |®)—¢| (Lit) we |?)— (| (Tm*) ee’ |?) cs i 
x ads") . (105) ‘EY (T it) ekr(Tmt) kik’ (Tm) k’ko(T i) kok 
ky, ke dkytdkg~ 


It is difficult to go much further without some 
knowledge of the two-center scattering operator T 1,*(£). + (beom) +L. (106) 
The reason for this is that in order to do the integral 


(105) we need to know the nature of the functional apie! eee of a bound ge — t has : be 
: ole) the multiple scattering series will certainly be invalid since 
dependence of the integrand on £, after the ensemble higher and higher powers of ¢ enter. However, just as in the dis- 


averaging. This is best obtained by again making use of cussion of Jx, we see that the bound states of Tim and ¢ only 
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Here we have written the first few terms down explicitly, 
and have indicated the remainder by Lyx. The meaning 
of this decomposition is the following: the terms Lyx’ 
have an ensemble average which is a smooth function of 
E, and which tend to a well-defined limit as e—0.’ 

We would like to emphasize the fact that the calcula- 
tion of the ensemble average of Li, requires only a 
knowledge of the usual scattering operators, that is, 
T im, T 1, Tm in the limit of infinite volume. To see this, 
we imagine L;., expressed in terms of the (finite volume) 
scattering operators by (106). It may then be verified 
from the explicit expansion of T 7», that in this expression 
one may pass to the limit of infinite volume without 
affecting the ensemble average of Li. Substituting 
(106) in (105), we obtain 


tN? (Le + De +L icee® 
FL ce O +Linck: 


Tice = 


2°47, 4,%), (107) 


where 


@ 7? (Lix(E)) 
Rye Wipe, 
wi,  |dut|?|dy*|? 


«a 


(108) 


| tear | tee 


(109) 


—® 


hes ——— 
= fae “|dyt || |dyt| d- 
+1?) terre 
oa fr dE 
KR a asl 


2\ dy. +] 2| | dx +! |2 
Since (Lyx(E)) is a smooth function of E, the 
technique described in connection with (102) enables us 
to evaluate it at once. We have 


pO= (275 ( Wkk’ Lex’ (ex))) 


(110) 


+2 
' 


(111) 


(112) 


This gives rise to a term in A, which is o of the form 
of A,“ with N being replaced by N?/2 (the number of 
pairs) and 295 (wer) | tenet (ex) |? by 25 (wee)( Li (€x)). 
For this reason we shall refer to the contribution from 
(112) as the “true” two particle scattering contribution. 

It is easy to see from the — expression for (Lx) 
that it is proportional to 1/0*. It therefore gives a 
contribution to £; which is proportional to n’. Similarly, 
it is seen at once that the other terms in (107) also give 
a contribution which is proportional to n°. 

The integrals (109) and (110) cannot be evaluated so 
simply because of the extra factor of 1/d,~, which be- 
comes very large at E=«. They are best evaluated by 


give rise to a term proportional to e. Since we only need J," to 
the zeroth power of e, the bound states contribute nothing to our 
result. In the evaluation of the integrals we may therefore use the 
multiple scattering expansion, but treat ¢ as if there were no bound 
states. 

7 The other terms correspond to the part of the scattering from 
two centers which does not drop off sufficiently rapidly with the 
distance between centers for the ensemble average to exist in the 
limit «0. 
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using the same contour integration techniques as were 

used in evaluating Jin. For Zix™ this gives at once 
ifa(ex) isa(ex’) 

+——— |+0(s), 
(x+is)? 


(113) 


Typ =- 


xl a—is 


where 


a(E) = tex (E*)ty.(E—is)tex(E—is). (114) 


Writing (113) as 


“sa | is 
hvo=-| + Joven 
xla—is (x+is)* 


siete [ee] (115) 
(x-+is)2L x 





to the order in s we need, the last term of (115) vanishes. 
This may be seen as follows: 


1 N) 258 
P - "7 
(x+is)? 2®+5? (x°+5°)? 


However, 





s 
lim oe 75(x), 


s0 42+ 5 


s* T 
lim ————=-4(x), 
0 (x2452)2? 2 


2xs 
lim =—-76'(x), 
30) (a?+-s?)? 


(119) 
and [a{e,’) —a(e,) ]/x remains finite as x0, so that 


in| s———] ta) - 1d (x)=0. (120) 


(x+is)? 


Therefore 


tf 1 is 
I =-( +—— ated 
a\x—is (x+is)* 


(—— =) 
€k 


(x?+-s?)? 


+33? 

= ma(e;,)8’ (x) +ia( pe, 
(x?-+s?)? 
using (119). From (117) and (118) we see that for small 
s the last term of (121) behaves like 1/s. 

Using now the same type of symmetrization as that of 
(95), and a little algebra, we obtain 
O[8(E— ew) |ten*(E) "en (E)J 


na et 4 ening 
Ba vd 
“2-32? 


(121) 


I= 


(122) 


rm + (ex) tee (ex), 
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and 
A[5(E— ex) | tat (E) "tere (E)] 
TppO=r 
dE ‘ae 
: — + 2 ae 
era (ex) | tern (€x). (123) 


Finally, we may treat Ji: in a similar fashion. The 
contour integration gives at once 








Tpp®=s (es) 
k’’ | xz(x—1s) (s+is) 
B(e€x’) B(x) 
: ; ag (124) 
yx(y—is)(x+is) zy(z—ts)(y+is) 
where 
X= €k— Ek’, V= En — Ex’, (125) 
Z=en—€x, x+y+2=0, 
and 


B(E)=tee (Et) tern (E—is) lier (E*) tere (Eis). (126) 
Writing 
1 


xz(x—1ts)(s+is) 





Tye =s Do ate] 
rd 





1 1 
+ + 
yx(y—is)(x-+is) zy(s—is)(y+is) 
[B(exn)—B(ex)]  Blex)—B(ex) | 
yx(y—is)(a+is) sy(s—is)(y+is)}’ 





(127) 





atty+z?+ 6s? 
5 
VU +s) (+s) (e+s% 


ly = 





| tame (ex) |?| Carrer (ex) |?— | bene® (exe) |?| barre (exe) |? 


1 
taer*(en) tera)? 200(3)P(~) 
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and making repeated use of the type of analysis which 
follows (115), we obtain 


x 2+y+2?+ 6s 
Tp =>, § B(x) 


k’ | (a2+5?) (y?+5") (2+5") 





B(ex)—B(ex) 
(x+is)? ; 


+275(y) (128) 


When we use (117), (118), and (119), this becomes 


+ y+2?-+ 6s? 
maz se 
vl (+s) (yP+s)(e+8) 








OB(E 
+29i8(296)| ) 
OE E=ek 


5) 
4 








2 eee 


—278(9)P(- }, (129) 
x 


x 


where P(1/x) is the Cauchy principle value of 1/x. 
Using again the same sort of symmetrization as in 
(95), and noting that 





e+y+2+ 6s? 4? ty 
s =—i(y)5(x)+0(1), (130) 
(x?+-s*) (y?-+5")(2+57) 5 


we find at once 


x 


(131) 





We now must put all these expressions together to 
compute A,;®. From (64) and (65) 


A,M=> Kw (fer— fr), (132) 
k’ 
where , 
Kaw =Jiv®+— Dee ee 


is k’’ 
FS ig OF 7 0 OF gee OSD pre}, 
From (100) and (107) this may be written as 


(133) 


Kw itl Tee OFT ee tT 
Fee OAL ce + Tie 


(134) 


t= Do (Cewone Foneo ek — ORR TKR) . 
AY kK’ 








x 





We next have to show that the apparent 1/s singu- 
larity in Kxx cancels out, and then calculate the limit of 
the remainder as s—0. We shall first rewrite Iku” 
a Pe Put 

tex (E) =Ax(E)+iri (EB), 


text (E) = A,(E) —ir:(E). 
0(5(E— ex )Ax(E) | tex *(E) =") 
OE E=ek 









Then 
Tv +10" =2al 





+33? 
—| tine (ex) |r (ex). 


(x?+-s)? 





—2 (135) 
Noticing that 
+3s* 2 


ies —+P( (136) 
(252)? a2ts? (x2-ts2)? atts? -) 
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where Substituting (139) in (135), we have 
, 1 : v— sz 1 
rt: in a 2)2 Tee 4D ge © = —- Y onw oun +20 n(x) 
te) 1 
= tim—| Real ais a | (137) x[— —€x’)| bens + (B)| a 
x x+is ~~~ 
we may write ak E=ek 
+33" ‘tae *(ex)|2 1 1 
| teat (€x —2ri(e fo(-)u +(e )2+P(-) 
(2+s)2 k(€x 9 hii k ; 
. 1 +(e.) |2— | feat 2 
—|ten*(ex) |' +P (- )lesee)) | ten* (ex) |?— | tent (ex) | 
~ (ae s*) x x “ 
1 
= tous? |24.|¢,.,+(¢,,)|2 
pres we (ex) |?+ | tant (ex) |?) \(R |b at (140) 
1 ) ie 
plete |? | tet (ex) ] Similarly 
1 1 
+P(-)|nv*(a) Tee +] ce = —- DS ono nn +24 dy (ex) 
x sk” 
Tkk’ ae +(F)}2 
=" | (8) [21 810) |2 ja ve be aie) 
S b OE Eek 





+P(-) | ten (ex) |?— | tent (ex) |? , ' 
x x —2rv(ex)| *(-) later) P=) 


+P(-) [tex *(ex)|?. (138) : 


| tens? (ex) |?— | tenet (ex) |? 


In deriving (138) we have made use of (100). From x 
the optical theorem (C33), we have 





aAs(E) -E| e101] (141) 





2r.(ex)=>_ courts ’ (C33) 
kr’ E=ek 


v7 


If all these results are substituted in (134) we find 


so that we may write : 
y indeed that the 1/s terms drop out and—after very 











—— (ex) rae) considerable algebra—we are left with the following 
| tene* (ex) |?re(€x result : 
(x°+s*)? 
1 Kx =iN{T pe + Qc + Qe P+ @eu™}, (142) 
=— PF one orn +298(x) | ten t(ex) |? 
Sk” where 
0A;(E) ; 1 i" 1 
Pt - ' 2 
x| OE js n(e9| (-) imu («)| Cre Si > 


k’’ | (x—is) (y+is) (s+is) 
1 
(x+is) (y—is) (s—is) 





+(°) tent (ex) |?— | teee* (ex) |? 
x 





penne (139) 
. X | tan (ex) || terra (ex) |?, (143) 

















ELECTRICAL TRANSPORT PHENOMENA 


Cee P= 4 | tens (ex) |? 
1 
x | ra2(0)@)-re(ePr(-) }+ | tent (ex) |? 
x 


1 
| -rav-(n)s"e)—re(exdP'(-)], (144) 
x 


1 Ax(ex) — ir(€x) 
--| ne *(en) | - higatasbabib ciate atime: 


1 


Jo lmar(a)) 


(€x—€x"—15)? 





| Axe (ex) — ire (ex) 
x] —- 


(€4:— €x—15)? 


|-ce , (145) 


Qrn™ =—DY {wee [| (k’’ |b) |?#— | (k| b) |? ]| (k’|b) |? 
kK’ 


were [| (|b) |?— | ("| b) [7D] (1) |73. 


The first three terms in (142) also appeared in I, 
where they were computed to the fourth order in A. The 
last term, which refers to bound states, did not appear 
at all in the perturbation theoretic calculations of I. 

Again, as in I, @xx may be roughly interpreted via 
(145) as being due to a shift in the unperturbed energy 
of a state k by an amount NA,(e) and a natural lifetime 
for this state of }ox wee’. 


(146) 


IV. CALCULATION OF THE FIELD TERMS 
The field terms eZ ,°M a of (84) may be written 
CEM ak=Cr— (BEY + By + - r *) (147) 


from (29) and (83). We only want (147) to the first 
order in , so that all we need is 


(0) — C,., 


eEOM ak =_ C,© —B,™, 


CEM ak (148) 


(149) 


The commutator C is investigated in detail in Ap- 
pendix B. From (B30) we have 


C. =ieE,°0p"(€x)/Oka, (B30) 


so that 


M ar =idp"(€x)/Oka. (150) 


The expression for C, is given by (B31). Before we 
make use of this, however, it is necessary to evaluate 
B,™. By means of (81), (82), (B35), and (C4), we have 
at once 


e 7” dE tem tPeee® Pare *tern 
B, =—NieE,!- f | + 


T —o | at |? k dyt dy 
bene P er yr bier 


dyrtd ye 








, (151) 


k’,k’’ 
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where 
(k|b) 3(b| k’) 
Pre*=D = a(e9| — —(b| k’)+(k| 5) 
Oka Oka’ 
a. 2 
+|—t+ ee’, (152) 
Ok, Oka’ 
it ? tee (E) tee *(E) 
Dyw=-— ze) = | (153) 
2ri dydy = dytdy* 


The integral in (151) may be evaluated by contour 
integration as inall previous cases. After some simplifica- 
tions this yields 


tint (€x)Pere® 
4p = — NieE,° {3 





eee 





x+is x—1s 
tin? (€x) Pere tern (€x) 
k’k!” (x+is) (s+1%s) 


+E (kB) |? ¥ (6H) Pew-n(e"|0)} (154) 
b yb? 


Therefore, by (B31), we have 


p(x) 


| (k{b) |? ADax 
M, nin HE» VMS Sane 


Oka Oke 








tant (ex) Pere 
5|——— 
k x+is 
ten? (€x) Penta ne (€x) 
(x+-is) (s+is) 


® Peer tern (ex) 
+ | 


x—1s 





bh’ .&’’ 
+> | (k|b) |? ~ (OR) Parw-9(8"|8) (155) 
b Ce ad 


Putting (152) in (155) we find—after some work—that 
the p°(e€,) terms cancel out completely. This is to be 
expected since if only the single-center bound states 
were occupied there could be no conductivity. We then 
have 


Op” (€x) aD rr 
Ma =iv | + 
Oke ke 





dp"(€x’) 
=F TI (&5)|*| |e) |= ——- 
b ik’ Ok 


a 





Bo ec 


, es 
-+- 
x+is 


x—15 
tert (en) P er ne terre (€x) 


nl , (156 
en (x+is) (2+is) ae 
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, a¢ @). 
Pix t= | ——+— [Due. 
Oka Ra. 


This expression is easily seen to be proportional to the 
density n. 

It does not seem possible to go appreciably further 
with (156), without a more detailed knowledge of the 
single-center scattering operator ?. 


where 







































V. THE TRANSPORT EQUATION 


We now collect the results of the previous sections in 
order to obtain the transport equation in the lowest 
order in the density, and the first correction to it. From 
(85) and (87) the lowest order equation is 


1 
—A Pi = cEM . 7. 
n 


(157) 


Making use of (103) and (150), (157) becomes 


dp" (€x) 
DL Qwee( fer — fr) =eE* ik 
re 


a 





(158) 


This is just the usual Boltzmann equation in our 
notation, and we have therefore proved that in the limit 
of low density it is valid. 

The next order is given by (86). Making use of (132), 
this becomes 


1 
iL Qwee (fe — fx) 4+- > Kw (fe fx) 
k’ nm k’ 


=eE°Mai™. (159) 
If we think of f, as given [ obtained by solving (158) ] 
then the second term on the left-hand side of (159) may 
be regarded as an inhomogeneity. Therefore (159) as an 
equation for f,™ is exactly of the same form as (158) for 
fx, with a somewhat different inhomogeneity. 

In general these equations are integral equations, and 
nothing can be done until more is known about the 
kernel wx. If, however, the scattering centers have 
spherically symmetric potentials, then, as is well known 
for (158), the equations may be solved at once. This is 
because in this case w,, is invariant under simultaneous 
rotations of k and k’ and M.x, being a vector, must be 
of the form ku (|k|). Therefore f, must have the form 


fx vs cE ka ( | k | ). (160) 


The fact that w,x contains a 5(wx%) then enables one to 
take a(|k|) outside the summation and solve for it at 
once, giving 





dp° 1 
a°(|b|) ene 


. (161) 
Q Oe; > weel(k-k’)—F] 
k’ 
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The identical process may be carried out for f,“ since 

it involves the same kernel w;;’. Therefore for the case 

of spherically symmetric scattering centers the solution 

of the transport equation can be obtained explicitly. 
Writing 





fr =cE.Ska™ (|k), (162) 
we obtain at once 
a (|k|) 
1 
eM ax ——{(k-k’)0(| |) —#a(| 1) ] 
‘ “ _ (163) 


12 > wee (k-k’— ?) 
k’ 


Here M,. and Ky are defined in (156) and (142), 
respectively. 

The order of magnitude of the m’ correction, for a 
simple case, has been mentioned at the end of Sec. III 
of I. 


APPENDIX A. EXPANSION OF SCATTERING 
OPERATOR 


The scattering operator JT satisfies the operator 
equation 


1 1 
r=n'(1+-7) = edt ei-T (Al 


Now define a sequence of operators T;, Tim, *++ which 
satisfy 
1 
r= (14-71), (A2) 
1 
T im= (ort en)(14+-T1), (A3) 


1 
T imn= (git ent-on)(1+-Tim), etc., (A4) 


where /#m#n, etc. T; is the scattering operator if only 
one scatterer were present and located at 71, Tim is the 
scattering operator if scatterers were present only at r, 
and rm, etc. 

Now we shall try to solve (Al) in terms of the 
operators defined by (A2), (A3), and (A4). To do this 
let us write for T the following expression : 

1 1 
P=) at a Cute 2’ Qimat:::, (AS) 


i lmn 


where Q; depends only on the position of the /th scat- 
terer, Qim on the / and m scatterers, etc. The prime on 
the summation means that none of the indices are to be 
taken equal (in the second term /=m, in the third 
l=m=n, etc). Further, Qimn is assumed completely 
symmetric in all the indices since any nonsymmetric 
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part would vanish under the summation. If we substi- 
tute (A5) into (A1), we get equations for the Q’s. That 
is, 

1 1 
} Ort 2D Omt— 2’ Oimat:°: 
: | lm 


l 3! lmn 


1 1 
=F ot en(E 04-5! Oat - (a6) 


Equating terms in (A6) which refer to one center, then 
those which refer to two distinct centers, etc., we obtain 


£(o- ¢i- ort) =0, (A7) 


1 1 1 1 1 
ala ar Gr ce | 


etc. 
Comparing (A7) and (A2), we see that (A7). is 
identically satisfied if we choose 


Q.:=T:. 


In (A8), if we symmetrize the second term we see that 
(A8) is satisfied when 


(A9) 


1 1 1 
Cam va Ort er Ont (ort om) Qin. (A10) 


Comparing (A10) with (A3) and (A2), we see at once 
that 


Qim=T im— (QitQm)=Tim—Ti-Tm. (A11) 
Similarly 
QO imn= Timn—(Qimt+QmntQ ni tQitQmtOn) 
=T tan— T tm— T mn— Ti tT itT mt Ti (A12) 


It is very easy to continue this process and establish 
expressions analogous to (A12) for arbitrarily many 
centers, but for our purposes the two terms (9) and (11) 
will suffice. 


APPENDIX B. EXPANSION OF THE COMMUTATOR 


We obtain in this appendix an expression for the 
quantity 
C=—cE1p,ra] 


analogous to the “virial” expansion used for the other 
quantities of interest. From Eq. (9) we see that we must 
expand ¢~§#, This is done most conveniently through 
the identity 


(B1) 


e~ Ae 
e- 6H = —— dz nee 
2m’, 2-H mv, 


(B2) 





dzR(z)e~**, 


where ¥ is the contour shown in Fig. 2, and ¢ is the 
smallest eigenvalue of H. 
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Z-PLANE 
7 
£ +@ 
Pon RE 
be Hh 
+ © 
Fic. 2. Contour + for Eq. (B2). 
Upon using (49), (B2) becomes 
1 1 1 1 
ca as| +——T(s) lem 
2mil, ‘'d(z) d(z) d(z) 
1 1 
=¢-6Ho4+— | dz—-T(z)——e*, (B3) 
2riv, d(z) d(z) 


on evaluating the contour integral for the first term. 
Making use of (66), we now have 


1 
p=po=L pit DX’ pimt---, (B4) 
l 2! lm 
where 
po= Ke #Ho, (B5) 
K it & 
pi=— | ds-Tre-*s, 
mid, &@ d 
K 1 1 
oe Naeger dz-(T im— t T.)-«™, (B6) 


etc. The expansion (B4) is not quite a density expansion 
since the quantity K itself as determined by (10) 
should also be expanded in powers of the density. 
Substituting (B4) in (B1) we obtain 


1 
C=Cot+dD Crt yd Cmts, (B7) 
l | lm 
where 
Co= cE. po,Xa |, (B8) 
C.=eE."[p1,%0 |, (B9) 


etc. Therefore C has also been developed in a virial-like 
expansion. 
In the k representation, C is given by 


oe 
Cowie —+ Jou, 
Oka ORa’ 


[see I, Eq. (A19) }. 
Important for the discussion of I’, is the fact that 
since po is diagonal in the k-representation so is Co, and 





(B10) 
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therefore 
C=d CHIE Clb (B11) 
The diagonal elements of C are given by 
Oper 
(B12) 





Cc p= eE,” ’ 
Oka 
[see I, Eq. (A22)]. 
We shall push the evaluation of these formulas one 
step beyond the lowest order, since this is all we need 
for the purposes of this paper. Let us write to this order 





K=K,(1+N5), (B13) 
where Ko is determined by 
Ko '=tr(e9*9) =>, ec F#, (B14) 
Further, let us define 
p°(Ho) = KoeF#, (B15) 
Then 
po= (1+ N5)p°, 
and 
Pokk’ = (1+.N6)p°(€x)bxx. (B16) 
Therefore, to the order in question, 
pr = (1+N6)p°(€x)bxx 
1 Di(T i) ex 
— | a). (B17) 
ri Y Pia 
The constant 6 is determined by 
D pee=1. (B18) 


Now we have (see Appendix C for properties of the 


scattering matrix) 
(Td ee =e Ot, 


(B19) 


where ¢ is the scattering operator for a single center 
located at the origin. Therefore (B17) may be written 





per’ = (1+N5)p°(€x)bxx- +Sie-Dee, (B20) 
with 
Seve =D ek), (B21) 
1 ten’ 

Di. =— dz p*(z). (B22) 

rid, didy 

The quantity 6 is given by (B18) as 

= ->: Dy. (B23) 


Since ¢,x is proportional to 1/2, Dix is proportional 
to 1/0? and therefore 6 is proportional to 1/Q, giving a 
correction proportional to the density of impurities, as 
anticipated. 

From Appendix C we know that ¢,4/(z) is a regular 
function of z except for isolated simple poles on the 
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negative real axis (corresponding to possible bound 
states), and a branch cut along the positive real axis. 
Call ¢* the value of ¢ at a distance ¢ above the positive 
real axis, and ¢ its value at e below. Further let the 
residue of ¢ at a bound state €,(<0) be r‘”. Then, 
deforming y so that it encircles the poles at €, and is 
within € (e—0 eventually) of the real axis above and 
below, we obtain 


rep 1 


Div =X p(En) a 
b of PT «dui 


- ten’ (E) text (E) 
x f dEp w/( - ). (B24) 








dy-dy = dgtdy* 
The first term can be simplified by noting that 
rex = (€n—ex) (€n—ex) (R{5)(|R’), (B25) 


where 


(418)= f vatvadr= (4) (B26) 


¥» being the normalized bound state wave function. 
Therefore 


Diw=X p°(e») (kb) (b|’) 


1 » ty’ (E) tnt (E) 
+— faze) - | 
2ri Yo dydy— = dytdy* 


=D» p"(es)(k|b)(b|k’) + Dew. 


Not much more can be done with the integral Dy, 
without further knowledge of the scattering operator /. 
For the diagonal elements of pix, we have 


prr= (1+N56)p°(€x) + NDux 
= p"(€,) + N5p" (ex) +N Dux. (B28) 


The second and third terms are proportional to n, the 
first is independent of n. Therefore 





(B27) 











Cy. =1eE Op r/OkRa=ChO+C™, (B29) 
Cy =ieE "0p" (€x)/Oka, (B30) 
: Op" (ex) 
C, = NieE,% 
Oka 
0|(k|b)|? ADex 
+E ee) ——+—" |, (as) 
b Oka Oka 
The off-diagonal elements are given by 
pre =SreDer, (R#k’) (B32) 
so that 
0 0 
Coy Heke Se(—+ Pr (k~k’) (B33) 
Oka Ok,’ 
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since S;x is a function of k—k’ alone. Using (B27), we 
have finally 


Cee Zick? > eo P et, (B34) 
where 
a(k|b) abl’) 
Pret=D e)|— (b| k’)+(k| b)— | 
b Oke Oka 
bin tee 
+ —+——) Drs. (B35) 
Oka Oka’ 


APPENDIX C. PROPERTIES OF THE 
SCATTERING OPERATORS 


We begin by discussing the scattering operator T, for 
a single scatterer located at r;. From Appendix A, Eq. 
(A2) we have 


1 
i= e:( 14-11). (C1) 
d 
Taking matrix elements, and remembering that 
(grew ten PP orlg, (C2) 


(where ¢,« is the matrix element of the potential for a 
scatterer at the origin), we have 


(Ti ewe =e onl ogy 
1 ‘ 
HD pace —ew OT) re, (C3) 
k’’ dye 
This is satisfied by the ansatz 
(Tice =e i(k Brith ps, 


(C4) 


where / is independent of r;. Substituting (C4) in (C3), 


we obtain 
1 
‘= o( +1), 
d 


so that ¢ is just the scattering operator for a scatterer 
located at the origin. 

Similarly, starting with the scattering operator Tim 
for scatterers at r, and r,,, we can easily show (by just 
writing out the Eq. (A3) for Ti) that 


(T im) x = T xe (rem RPh, 


(CS) 


(C6) 


where r=fm—fr1, the distance between the two scat- 
terers. Tyx(r) is just the scattering operator for a 
particle being scattered by two centers; one at the 
origin and one at r. 

The quantity 7;,, may be expressed in terms of T; 
and T,, as follows.* Define operators M; and M,, as the 





8 See, for example, K. M. Watson, Phys. Rev. 89, 575 (1952). 
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solutions of the coupled equations 


1 
M,=14+-T,»M nm, (C7) 

d 

1 
M,=1+-T.M). (C8) 

d 

Then 

Tin= TM i+ Taf... (C9) 


Equation (C9) is verified by simply substituting (C9) in 
(A3) and making use of (C7), (C8) and (C1). 

These relationships may be used to obtain the so- 
called multiple-scatlering expression for T;,. Assuming 
that 7; and T,, are in some sense small, we can solve 
(C7) and (C8) by iteration, obtaining 


? inh Weurtod of 
Mist ctelecleled etek, CW 
} elaiey de” Siu Saye ie 


OS Ry hae OR 
Mm=1+-Tit+-TrTat-TrTw-Tit+:::. (C11) 
4 £24 ©E% 


Substituting in (C9) gives 


1 1 
T im= T+ Tat ee Pets 


: ie : 9 
tT ToT tT aT Tat hilt (C12) 
a 64 d d 


We shall also need some analytical properties of the 
scattering operators. Making use of (49) for the case of a 
single scattering center, we have 


1 
t=d——d—d, (C13) 
z—h i 
where 
h=Hot+ ¢, (C14) 


the Hamiltonian of a particle in the presence of a single 
scatterer at the origin. Call the eigenfunctions and 
eigenvalues of h, y,, €, respectively ; i.e., 





hh, =e, = (Hot+ ey». (C15) 
In this representation (C13) becomes 
dyyd yy 
tee => ——dyy. (C16) 
ew! 3— Er" 


Transforming this back to the k-representation, we 
obtain 


a oe 
tiv =D 


i ——d 8x, 
vt S3—€E, 


(C17) 
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where 
dae= [vatabndr, dere [vetdbedr. (C18) 


Since y; is an eigenfunction of d, we may write 
diy = (kl vedi, 
k ( ud )di. (C19) 
dy ye = (v" |R’)dy, 


where (k|v’’) are the usual transformation coefficients 


(ele) [vaNerdr (C20) 


Therefore 


tiv =didy > 


, 
y 


(&| »””)(v""|k’) 


—didix. (C21) 


Z— €y"" 


Now in general the spectrum of / will consist of two 
parts: a set of bound states «,(<0), and a quasi- 
continuous spectrum (continuous in the limit of an 
infinite volume) ¢,(>0). Thus we may write (C21) as 


k|b)(b| k’ 
nyndraf EO 


Z— €p 
(k a)(o k’ 


[aa C(22) 
¢ §—& 

Therefore ¢;,," has simple poles at z=». The residues at 
these poles are 


raw) =[dide (k|b)(b|k’) Jemen 
= (eo— ex) (€s— ex) (R| b)(b| k’). 


The contribution to ¢,,- from the “continuum” e, has a 
more complicated analytical behavior. If, however, we 
assume that the transformation coefficients (k|o) are 
smooth functions of the energy (they will depend in 
general on other parameters as well) then in the limit of 
infinite volume the sum over o may be replaced by an 
integral. It is clear that as long as z is not on the positive 
real axis the denominator never can vanish, so that this 
contribution to ¢;. is perfectly regular. Right on the 
positive real axis (C22) has no meaning. Immediately 
above the positive real axis we have z= E+in(n—-0"). 
Then 


(C23) 


1 1 








1 
—P —inb(E—e,), (C24 
fst) in6(E—e,), (C24) 


o- rs E-—€,+in 
so that (C22) takes on a definite value there. Immedi- 


ately below, z= E—in and 


1 1 1 
ss +P( )+in6(B—«). (C25) 
E—e,—19 ~~ te 








5 €e 


Therefore ¢,,(z) changes its value abruptly as we cross 
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the positive real axis but is analytic everywhere else in 
the finite z plane (except at the simple poles e,). In the 
limit of infinite volume ¢;.,-(z) has a branch line along the 
positive real axis. 

We also need the behavior of ¢ for very large |z|. This 
is found by iterating (C5): 


1 1 
t=et¢-ot¢e-¢-et:::; 
d dd 


(C26) 

Qek'' Ok’ k’ 
tere = pee +, ———— 
kt’ 


s=— €x" 


For fixed k and k’ and localized scattering centers 
gree Will decrease rapidly as |k’’| increases and 
the summation will converge long before €, is com- 
parable with |z|. Therefore for large |z| we have 
zz Pee’ Pk k’ 
k’’ 
tex: (8) = gexee- +——++ : : 


Zz 


(¢*) ee’ 


z 





T°, (C27) 


a Peet 


That is, for large |z| and fixed k, k’, txx-(z) is simply a 
constant. 

The analyticity arguments given here are admittedly 
heuristic. For the case of a one-dimensional 6-function 
potential, we have explicitly verified the above men- 
tioned analytical properties of ¢. A more complete 
treatment is beyond the scope of this paper, however. 
The interested reader is referred to our colleague R. 
Jost. 

We conclude this appendix with the generalization of 
the usual Optical Theorem which we shall need. If we 
apply (59) to the case of a single scatterer located at the 
origin, we obtain 











2é 7*® GE {tut tas | ten |? 
=— —4+—+¥5 (C28) 
win |dyt|*ldit dy & |dyt|? 
=i[ter(ex—is)—tar(ext+is) ]+> Okk’ (C29) 
k’ 


on evaluating the first two integrals and using (91). 
As s approaches zero, this becomes, on using (101), 


O=i[ten(ex-) —ter(ext) J+> Wkk’- (C30) 
k’ 
We may write (C30) as‘ 
2 Im[ti.(ex-) J=>d Wkk’, (C31) 
k’ 


which is the usual Optical Theorem. 
We need the correction to this of order s, which is 
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i(tex (€x) —ten*(€x)) 
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then one could easily see that 








O[ tent (E)+tex- (2) J 0A,(E) 
+4 +2 re =0. (C32) 2ri(ex)=> cunts] (C35) 
OE E=c, *’ k’ €k 
From (134) this may be written replaces (C33). Therefore we have 
0A;,(E) a : 
2ri(ex)= 2 cuts . (C33) Le cee = Lik ky (C36) 
. nibs which becomes for s—0 
If we had started the derivation with the identit 
7 ya Wik =>, Wk’ ky (C37) 
he ee k’ k’ 
inte f R-R+E, (C34) 
TY « a well-known identity. 
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Semiconducting Properties of Mg.Si Single Crystals*t+ 


R. G. Morris,f R. D. Repin,§ anp G. C. DANIELSON 
Institute for Atomic Research and Department of Physics, Iowa State College, Ames, Iowa 


(Received November 4, 1957) 


High-purity m-type single crystals of the semiconducting compound Mg.Si were prepared from melts of 
stoichiometric proportions of the constituents in graphite crucibles; p-type crystals were obtained when 
the melt was doped with silver or copper. Carrier concentrations in the saturation region were as low as 
8X 10'* cm= for n-type and 4X10!” cm~ for p-type samples. Electrical resistivity p and Hall coefficient R 
were measured from 77°K to 1000°K. Hall mobility R/p showed a temperature dependence in the intrinsic 
range of approximately 7 for all samples. At 300°K, R/p was as high as 406 cm?/volt-sec for n-type and 
56 cm*/volt-sec for p-type material. The ratio of electron mobility to hole mobility was approximately 
five. The energy gap, determined from the least-square slopes at high temperature of the curves 
log(RT}) vs 1/T, was 0.78 ev. The electron mobility at any temperature in the range 77° to 400°K can 
be explained quantitatively by a combination of scattering by optical modes and scattering by ionized 


impurities. 


INTRODUCTION 


HE compounds Mg:X, where X is silicon, 

germanium, or tin, are semiconductors having 
the antifluorite structure. Single crystals of n-type and 
p-type Mg2Sn have been studied by Blunt eé al.’ 
Winkler? has investigated polycrystalline MgSn, 
Mg2Ge, and Mg,Si and Whitsett and Danielson* and 
Nelson‘ have studied single crystals of n-type Mg,Si. 
A complete analysis of Hall and resistivity data re- 
quires both n-type and p-type material, and measure- 


* This work was performed in the Ames Laboratory of the U. S. 
Atomic Energy Commission. ; ; 

t+ Based in part upon a dissertation submitted by Robert G. 
Morris to the Graduate School, Iowa State College, in partial 
fulfillment of the requirements for the degree of Doctor of 
Philosophy, 1957. 3 y 

t Present address: Eidgenossische Technische Hochschule, 
Zurich, Switzerland. 3 

§ Present address: U. S. Navy Electronics Laboratory, San 
Diego 52, California. 

1 Blunt, Frederikse, and Hosler, Phys. Rev. 100, 663 (1955). 

2 U. Winkler, Helv. Phys. Acta 28, 633 (1955). 

3. R. Whitsett and G. C. Danielson, Phys. Rev. 100, 1261(A) 
(1955). 

‘J. T. Nelson, Am. J. Phys. 23, 390(A) (1955). 


ments on single crystals are more likely to yield carrier 
mobilities unobscured by the effects of grain boundaries, 
eutectic inclusions, and dislocations. The present paper 
reports results of resistivity and Hall effect measure- 
ments on high-purity n-type and p-type Mg,Si single 
crystals.° The following paper* reports results for 
Mg:Ge. 


PREPARATION OF SAMPLES 


Sublimed magnesium with a purity of 99.99% or 
higher, supplied by Dow Chemical Company, and 
Sylvania transistor-grade silicon were used to prepare 
Mg;Si single crystals. Stoichiometric proportions of 
Mg and Si were melted together in a graphite crucible 
with a spectrographically-pure graphite liner 6.4 cm 
long and 1.6 cm in inside diameter. Thermocouples 
were placed in the crucible wall near the top and bottom 


5R. G. Morris, Ph.D. thesis, Iowa State College, 1957 
(unpublished). Preliminary results appear in Bull. Am. Phys. 
Soc. Ser. IT, 2, 120 (1957). 

6 Redin, Morris, and Danielson, Phys. Rev. 109, 1916 (1957), 
following paper. 
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of the melt. The melting point of Mg,Si is 1090°C. 
The melting required about one hour and was carried 
out under two or three atmospheres of argon in order 
to reduce the loss of magnesium. A temperature 
gradient of 25°C/cm was established in the melt with 
the top at the higher temperature. The melt was then 
solidified in one more hour and the ingot cooled 50°C /hr 
to room temperature. 

Samples 1 mm by 1 mm by 4 mm to 2 mm by 2 mm 
by 10 mm were cut from ingots prepared in this way. 
These samples were always n-type. Samples that were 
p-type were obtained when the melt was doped with 
0.2 to 0.02% by weight of silver or copper. Doping 
with aluminum or iron did not produce p-type samples. 
Table I gives, for each of the different samples, the 
average doping-agent concentration and the impurity 
concentration obtained from the Hall coefficient in the 
saturation temperature range (corresponding to com- 
plete impurity ionization). Since p-type ingots were 
generally nonuniform, the average doping-agent con- 


TABLE I. Saturation carrier concentrations. 





: 





Average 
doping-agent 
concentration 


Saturation 
carrier 





in the melt concentration 
Sample Doping agent (cm) 3 
n-type 19B-1 none 3.5X 1017 
22B-1 none 8X 1016 
22B-3 none 107 
23B-3 none 3X 1017 
27B-1 none 10'7 
p-type 25B-2 silver 3.7 X 1038 7X 1017 
26B-1 copper 7.1X 1018 4X 10" 








centration did not correspond closely to the impurity 
concentration in the sample. 

Laue back-reflection x-ray photographs were made 
at three points along a sample and compared. Matching 
or nearly matching patterns indicated that all the 
samples were single crystals. X-ray analysis gave a 
lattice constant of? a=6.35 A in good agreement with 
the value 6.338 A obtained by Winkler? and by Klemm 
and Westlinning.® 


RESISTIVITY AND HALL EFFECT 


Electrical resistivity » and Hall coefficient R were 
measured from 77°K to 1000°K by conventional dc 
methods. A sample holder with phosphor-bronze con- 
tact probes was used in the temperature range 77°K 
to 300°K; for higher temperatures the sample was 
remounted in a Lavite holder with stainless steel 
supports and tungsten or molybdenum probes. Measure- 
ments at these higher temperatures were carried out 
with the sample under two or three atmospheres of 
argon in order to retard evaporation of magnesium. 

Voltages were measured in a sequence suggested by 
Lindberg® in order to eliminate all spurious emf’s 
other than that due to the Ettingshausen effect. An 
estimate of the error in the Hall coefficient resulting 
from the Ettingshausen effect, according to the method 
of Johnson and Shipley,” indicated an error less than 


7P. Farrell (private communication). 

8 W. Klemm and H. Westlinning, Z. anorg. Chem. 245, 365 
(1941). 

® Olof Lindberg, Proc. Inst. Radio Engrs. 40, 1414 (1952). 

10 V. A. Johnson and F. M. Shipley, Phys. Rev. 90, 523 (1953). 
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Fic. 2. Resistivity of 
p-type Mg,Si. Different 
sample holders were used 
above and below 300°K. 
The change in probe loca- 
tions and slight nonuni- 
formity in impurity distri- 
bution caused the small 
breaks at 300°K in the 
curves for sample 25B-2. 
Sample 26B-1 was heated 
to 1000°K between meas- 
urements taken below and 
above 300°K, and this heat 
treatment caused the large 
breaks at 300°K in the 
curves for this sample. 
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4% below 800°K and less than 10% from 800°K to 
1000°K. 

Results for the resistivity are given in Figs. 1 and 2; 
the Hall coefficients are shown in Figs. 3 and 4; Figs. 
5 and 6 show the quotient R/p. The curves log(R/p) 
vs logT, where 7 is the absolute temperature, exhibit 


5 6 7 8 9 
1000/T °K 


slopes at temperatures above 500°K between —1.9 
and — 2.9, depending on the sample. 

The ratio of the electron mobility to the hole mobility 
b=un/up was obtained from the graphs of the Hall 
coefficient vs 1/T for p-type samples according to a 
method given by Breckenridge ef al." From the equation 
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1 Breckenridge, Blunt, Hosler, Frederikse, Becker, and Oshinsky, Phys. Rev. 96, 571 (1954). 
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Rmmax/Reat= — (b—1)?/4b, where Rmax is the peak ab- 
solute value of R after the sign change and Ry is the 
value of R from the flat saturation region of the curve, 
the mobility ratio 6 equals 4.2 and 5.0. An alternative 
method similar to one outlined by Shockley” gives the 


Log T(°K) 
2.4 2 


equation (b—1)?/b=—R;/Reat, where R; is obtained 
from the extrapolation of R7? in the intrinsic region 
to the temperature where the Hall coefficient changes 
sign. This equation gives b=5.0 and 5.2. An average 
of the four values gives b= 4.8. 
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2 W. Shockley, in Electrons and Holes in Semiconductors (D. Van Nostrand Company, Inc., Princeton, 1950), p. 218. 
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The expressions for the Hall coefficient and the 
resistivity are given by" 


R= —G(Mun?— puy?)/e(Mpn+ pty)’, (1) 
p= 1/(neunt peuy), (2) 


where G is a factor depending on the scattering me- 
chanism and the applicable statistics, e is the absolute 
value of the electronic charge, and m and p are the 
electron and hole concentrations. In the intrinsic 
range » and p are approximately equal and each is 
proportional to 7! exp(— AE /2kT). The quantity AE» 
is the energy gap at 7=0°K; the energy gap at any 
temperature is assumed to be linear in the temperature: 
AE=AE + constT. If u, and uw, vary with the tempera- 
ture in the same manner, say as 7%, plots of both 
In(RT?) and In(p7**) vs 1/T will have as their slopes 
AE)/2k. AE from the slopes of least-square straight- 
line fits to the curves log(RT') vs 1/T are given in 
Table II along with AE) from the graphical slopes of the 
curves log(pT**t!) vs 1/T for three assumed values of a. 

The experimental value of a was between —1.9 and 
—2.9 from the (R/p) curves. Table II indicates that 
AE, obtained from the slopes of log(p7**) vs 1/T for 
a between —2.0 and —2.5 would indeed be consistent 
with those obtained from the slopes of log( RT) vs 1/T. 
The values of AZ» obtained from the Hall data are 
considered more reliable since they do not depend on 


18 See, for example, W. Shockley, in Electrons and Holes in 
Semiconductors (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1950), Chap. 8. 
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a, but only on the assumption that (un—yp)/(unt+up) 
is temperature independent. 

Winkler? obtained 0.77 ev for AE in polycrystalline 
Mg.Si by using the same analysis. Whitsett and 
Danielson’ took a=—1.5 and found AEo=0.48 ev 
from the slope of logo »s 1/7. The consistency of the 
present values of AZ» obtained from Hall data and 
from log(p7T*+!) vs 1/T, where a is near the observed 
value of temperature dependence for (R/p) and for 
Hn, points to the validity of AE»>=0.78 ev. 


MOBILITY 


Simultaneous solution of Eqs. (1) and (2), the 
charge conservation expression n= p+, the equation 
Rsat=—G/eN, and the definition b=yn,/u, yields 
expressions for m, p, up and un. The equation for yu» is 


le eee * 


TABLE II. Energy gap obtained from Hall and resistivity data. 











Pa -) 
rom slope 
= eo log (pT®*4) vs 1/T 
Sample log(RT!) vs 1/T a=—1,5 —2.0 —2.5 
n-type 19B-1 0.81 0.70 0.75 0.85 
22B-1 0.79 0.69 0.75 0.89 
22B-3 0.74 0.70 0.76 0.82 
23B-3 0.86 0.68 0.77 0.84 
27B-1 0.79 0.69 0.77 0.83 
p-type 25B-2 0.70 0.71 0.78 0.84 
26B-1 0.80 0.72 0.77 0.82 


Average 0.78. 
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Fic. 7. Approximations to the experimental electron mobility. 
The fit in the range 77° to 400°K requires a dielectric constant of 
20; the fit in the range 400° to 1000°K requires a dielectric 
constant 3. 


N is the compensated impurity concentration; G was 
taken as 32/8. uw» is shown as a function of the tempera- 
ture in Fig. 7 for one sample. At 300°K, uv, was 350 
cm?/volt-sec. The temperature dependence of yu, for 
T>160°K was 7-**. Similar departure from the 7-?- 
dependence predicted by acoustical-mode lattice scat- 
tering theory“ has been observed by Blunt ef al.! for 
Mg.Sn and by Winkler’ for Mg.Sn, MgoGe, and Mg.Si. 

An attempt to explain the temperature dependence 
of the mobility has been made. The mobility ratio 6 
and the scattering factor G were taken as constant 
with temperature. Since the antifluorite structure has 
more than one atom per unit primitive cell (viz., three), 
one might expect scattering of charge carriers by 
optical-mode lattice vibrations. The scattering theory 
applicable to crystals with parabolic energy surfaces 
and two atoms per unit cell has been developed by 
Howarth and Sondheimer.® The mobility 4o may be 
obtained from their Eq. (43) for the conductivity. For 
the case where Maxwell-Boltzmann statistics apply, 
Mo can be expressed by the equation 


wo= 40M €?hO(RT)(2/7—1)x (0/T)/30%e(2em,)!, (4) 


where Q is the primitive unit cell volume, M is the 
reduced mass of the atoms in the unit cell, € is the 


4 F. Seitz, Phys. Rev. 73, 549 (1948). 
16D. Howarth and E. Sondheimer, Proc. Roy. Soc. (London) 
A219, 53 (1953). 
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high-frequency dielectric constant, & is Boltzmann’s 
constant, 6 is the Debye temperature for the material, 
Q is the effective ionic charge, m,, is the electron mass, 
and x(@/T) is a slowly varying function given by 
Howarth and Sondheimer. The inclusion of €) in Eq. 
(4) is a correction due to Callen.'® 

Equation (4) represents the mobility due to scattering 
of electrons by polarization waves in the case of two 
atoms per unit cell. In the fluorite structure two of the 
three atoms per unit cell are identical, have half the 
charge of the third and are symmetrically placed with 
respect to it. By using the method of Frélich’’ one 
may then write the polarization per unit cell in the 
same form as for two atoms per unit cell except that it 
is a factor of two greater. For Mg.Si, 20 must be used 
instead of Q since Mg is divalent. = Fe where F is an 
ionicity parameter: 0< F<1. The scattering matrix 
element for Mg,Si is thus increased by a factor of 
2X2=4; and the scattering probability is increased 
and thus the mobility [Eq. (4)] is decreased by a 
factor of (2X 2)?=16. The reduced mass for the mode 
having an electric moment is 1/M = 1/2m,+1/mp, where 
m, and mz are the atomic masses of magnesium and 
silicon, respectively. 

A plot of T*(e/7—1)x(6/T) vs 1/T is given in Fig. 8 
for four values of @. The experimental mobility curve 
is also given, drawn to the same scale. It is seen that 
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Fic. 8. Temperature dependence of electron mobility 
caused by scattering by optical modes. 


16 Herbert B. Callen, Phys. Rev. 76, 1394 (1949). 
17. Frdéhlich, Proc. Roy. Soc. (London) A160, 230 (1937). 
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for 0=400°K the optical-mode curve approximates the 
shape of the experimental curve between 125°K and 
300°K. No reasonable value of 6, however, leads to an 
optical-mode curve which will have a slope comparable 
to the experimentally observed slope for higher 
temperatures. 

For 6=400°K, consistent with an estimate of 430°K 
from the melting point of Mg,Si,'* Eq. (4) becomes 


po= 0.02264 ,Ti(e/7 —1)x (6/T), (5) 


where A,=e9’/F?. The parameter m, was determined 
from the general expression for log(RT') for 1/T=0, in 
combination with the relation b= (m,/m,)!. Winkler’s? 
value of the temperature dependence of AE(—6.4(10)~* 
ev/deg K) was used to obtain m,=0.46 m, where m is 
the electron rest mass. 

Acoustical-mode scattering or a combination of 
acoustical-mode and ionized-impurity scattering can- 
not at all explain a temperature dependence steeper 
than 7- since they vary only as 7-! and T+, respec- 
tively. Combinations of optical-mode and acoustical- 
mode scattering gave only poor mobility fits to the 
experimental curve. A combination of optical-mode 
and ionized-impurity scattering was more successful. 
The Conwell-Weisskopf"® expression for the mobility 
due to scattering by ionized impurities is in the present 
case given by 


ur=0.0610A 2T?/In(1+3.52XK 107"), (6) 


where A,=e; ¢ is the static dielectric constant. The 
quantity « was taken as 14 in the denominator of Eq. 


' 18N. F. Mott and H. Jones, in The Theory of the Properties of 
Metals and Alloys (Oxford University Press, New York, 1936), 
pp. 12-15. 

19 FE, M. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950). 
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(6), where the logarithm is relatively insensitive to e. 
The value of A» which provided a good fit to the 
experimental curve justified this choice. 

The resultant mobility was approximated by 


1/u=1/uot1/ur, (7) 


and solved for A; and A» when two experimental values 
of » and JT were substituted. A reasonable fit to the 
experimental curve, when A;=550 and A2=355, 
gave «=18.8. For ee (as in the case for valence 
crystals), F=0.8; the fit is shown in Fig. 7. The fit 
offers a quantitative explanation of the experimental 
electron mobility from 77°K to 400°K especially since 
a value of dielectric constant near 20 agrees with « 
values for other semiconductors, tabulated by Winkler.” 
At higher temperatures, electron-hole scattering may 
become important. A combination of electron-hole 
scattering with acoustical-mode or with optical-mode 
scattering gave the fits also shown in Fig. 7. The 
Conwell-Weisskopf formula [Eq. (6) ] was adapted for 
electron-hole scattering when the impurity concentra- 
tion was replaced by (mp)! and the electron effective 
mass replaced by m,m,/(m,+m,), where m,=0.87m 
is the effective hole mass. The formula u.= A ;7~ was 
used for the mobility due to acoustical scattering. 
Electron-hole scattering produces a steep mobility 
curve, but for 400°K <7 <1000°K fits to the experi- 
mental data requires €~3 for either electron-hole plus 
optical-mode or electron-hole plus acoustical-mode 
scattering. A value of nearly three for the dielectric 
constant seems to be unreasonably low in light of the 
knowledge of other semiconductors. It appears that an 
explanation of the temperature dependence of the 
mobility; especially at high temperatures, must await 
a determination of the true shape of the energy surfaces. 
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Semiconducting Properties of Mg.Ge Single Crystals* 


R. D. Repiy,t R. G. Morris,{ anp G. C. DANIELSON 
Institute for Atomic Research and Department of Physics, Iowa State College, Ames, Iowa 
(Received November 4, 1957) 


Single crystals of Mg2Ge have been obtained from melts of the constituents, and Hall effect and electrical 
resistivity measurements have been made from 77°K to 1000°K. Undoped crystals were n-type and had 
saturated impurity carrier concentration as low as 3X10 cm™; silver-doped crystals were p-type and 
had saturated impurity carrier concentrations roughly proportional to the amount of added silver. The 
room-temperature Hall mobilities were observed to be 280 cm?/volt-sec for electrons and 110 cm*/volt-sec 
for holes. The hole mobility observed in the extrinsic region (120°K to 350°K) of the highest purity p-type 
sample and the mobility difference observed in the intrinsic region (350°K to 700°K) of the n-type samples 
varied with temperature as 7-*“, The mobility difference was found to decrease faster than 7? above 
700°K. The width of the energy gap at absolute zero, as determined from the temperature dependence of 
both the resistivity and the Hall effect in the intrinsic region, was 0.69+0.01 ev. 





INTRODUCTION 


HIS paper reports the results of a study' of the 

Hall effect and electrical resistivity of n-type 
single crystals of Mg2Ge. Magnesium germanide is a 
member of the series Mg2Si, Mg2Ge, Mg2Sn, and Mg»Pb. 
These compounds have the antifluorite structure and 
all except Mg2Pb are semiconductors. The results of 
measurements on Mg,Si are given in the preceding 
paper. Polycrystalline samples of all the members of 
this series were studied by Busch and Winkler? and 
Winkler. For Mg2Ge Busch and Winkler obtained an 
energy gap of 0.74 ev. The mobility obtained from the 
ratio of the Hall coefficient to the electrical resistivity 
was found to vary as 7~*-> between 700°K and 900°K. 
Whitsett and Danielson‘ made Hall effect and electrical 
resistivity measurements on a single crystal of Mg2Ge. 
It had an impurity electron density of 3X10'7 cm™. 
They concluded that at high temperatures the Hall 
mobility varied as 7-? and on this basis found an 
energy gap of 0.63 ev. 

The single crystals of Mg.Ge were prepared in the 
same way as were the Mg,Si crystals described in the 
preceding paper.’ Sublimed magnesium with a stated 
purity of 99.99% was obtained from the Dow Chemical 
Company. Germanium of the same purity was obtained 
from the Eagle Picher Company. The melt was doped 
with silver to obtain p-type samples. 
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ELECTRICAL MEASUREMENTS 


Hall effect and electrical resistivity measurements 
were made by standard dc methods from 77°K to 
1000°K. The results are given in Figs. 1 and 2. All 
samples had a negative Hall coefficient in the intrinsic 
region. The silver-doped samples had a positive Hall 
coefficient at low temperatures. A magnetic field of 
10 kilogauss was used. No field dependence of the Hall 
coefficient was observed up to 16 kilogauss. The im- 
purity concentrations in the samples as determined 
from the Hall coefficient in the saturation region are 
listed in Table I. Vp is the donor concentration and 
N« is the acceptor concentration. The amount of silver 
added is also given. It appears that nearly all of the 
silver that was added to the melt was effective in 
producing acceptor levels. Since it was not known 
how well the silver was distributed through the melt, 
this is only an order of magnitude estimate. The source 
of the donor levels is not known. The measurements 
do not extend to temperatures low enough to determine 
accurately the impurity levels. The slow rise of the 
Hall coefficient below room temperature suggests the 
presence of at least two impurity levels in both the 
p-type and n-type samples. 


MOBILITY 


The ratio of the Hall coefficient R to the resistivity 
p is given in Fig. 3. This ratio may be called the Hall 
mobility. In the extrinsic region, | R| /p=Gu, where yu is 
the conductivity mobility of the impurity carriers and 
G is a factor depending on the scattering mechanism 
and the applicable statistics. The value 34/8 was used 


TABLE I. Impurity concentrations. 











No-Na Silver added 
Sample No. (cm) (atoms/cm!) 
7B-1 3.2X 10% none 
7B-3 2.5 10! none 
11B-1 3.1X 1018 none 
9B-1 —2.4X 10!" 7.4X 10" 
8B-1 —2.5X 1018 3.5X 108 
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Fic. 1. Temperature de- 
pendence of the Hall co- 
efficient in MgGe. 
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for G throughout. The low-temperature behavior of 
the electron Hall mobility in samples 7B-1, 7B-3, and 
11B-1 (see Table I and Fig. 3) was unusual in that the 
mobility did not increase with increasing purity as 
determined from the Hall effect. It is possible that 
samples 7B-1 and 7B-3 had more neutral impurities 
such as dislocations or had many compensated donors 
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Fic. 2. Temperature de- 
pendence of the resistivity 
in MgoGe. 
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and acceptors. These types of impurities would reduce 
the mobility without decreasing the Hall coefficient. 

The data for sample 9B-1 in the temperature range 
120°K to 350°K could be represented by 


Mp= 0.848 X 1077 ?*, (1) 
In the intrinsic region np and R/p=—G(un—py). 
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Fic. 3. Temperature de- 
pendence of Hall mobility 
R/p in Mg2Ge. 
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As can be seen from Fig. 3, all of the samples approached 
the same curve at high temperatures. The data of 
samples 7B-1 and 7B-3 in the temperature range 
350°K to 700°K could be represented by the expression 


Mn—Mp= 2.28X 10°T-2, (2) 


All of the samples showed a more rapid decrease than 
T° above 800°K. This rapid decrease was caused by 
a decrease in the Hall coefficient and not by an increase 
in the resistivity. In this temperature region the 
resistivity was proportional to (u,+m,) and the Hall 
coefficient was proportional to (u,—pp)/(unt+up). 
These facts suggest that the rapid decrease was due 
to uw» approaching uw, rather than to u, and yu, both 
decreasing rapidly. To obtain the electron mobility 
the expression for the hole mobility found for sample 
9B-1 was assumed to hold above 350°K, and Eqs. (1) 
and (2) were added to give 


n=3.13X10°'T”, (3) 


The electron mobility over the entire temperature 
range is plotted in Fig. 4. The dashed lines represent 
the experimental results as obtained from the data 
for sample 7B-1 below 300°K, and from Eq. (3) above 
300°K. The T-* dependence above 300°K does not 
agree with the ordinary formula for acoustic-mode 
scattering. The bend in the electron mobility curve 
between 200°K and 300°K was suggestive of the 
behavior one would expect for strong optical-mode 
scattering and this possibility was considered. An 
expression for the mobility when the scattering is by 


3.1 


the optical modes of the lattice vibrations based on 
the theory of Howarth and Sondheimer is given in the 
preceding paper. The constant coefficient and the Debye 
temperature @ were used as parameters to fit this 
expression to the experimental mobility. The best fit 
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Fic. 4. Electron mobility, un, and hole mobility, u» in Mg2Ge. 
Mp =0.848X 1077 in the range 120° to 350°K and is assumed to 
hold for higher temperatures. The dashed portion of the u, curve 
is obtained by addition of up to uz—wp=2.28X 10’T~ as obtained 
in the range 350° to 700°K from Fig. 3. 
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Fic. 5. Approximation to the experimental electron mobility 
(dashed curve) by a combination of scattering by optical modes 
(uop) and an arbitrary high-temperature scattering mechanism 
(u~T-4), 


was obtained for 6=200°K and this fit is shown in 
Fig. 5. The Debye temperature for Mg2Ge is not known. 

In order to make the theoretical mobility approach 
a T~ dependence at high temperatures, it was necessary 
to assume that a second scattering mechanism was 
producing a mobility with a 7~** temperature de- 
pendence. One scattering mechanism which would 
give this high-temperature dependence is electron-hole 
scattering. This type of scattering was considered for 
the case of germanium by Morin and Maita.* They 
found that it had only a small influence on the observed 
mobility at high temperatures. The magnitude of 
electron-hole scattering depends essentially on the 
dielectric constant and the intrinsic concentration of 
electrons and holes. The dielectric constant of Mg2Ge 
was not known, but it would not be expected to differ 
too much from that of germanium. The intrinsic con- 
centration of electrons and holes was very nearly the 
same for MgGe and germanium. Therefore, electron- 
hole scattering would not be expected to be important 
in Mg2Ge. Therefore, although optical-mode scattering 
could possibly explain the low-temperature data, it 
does not seem possible to explain the high-temperature 
data by existing theories. 


ENERGY GAP 


In the intrinsic region (m=), the energy gap at 
absolute zero, Ao, may be determined from the slope 
of a plot of log( RT") vs 1/T or from the slope of a plot 
of log(pT**!) vs 1/T (see preceding paper). The as- 








6 F. J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954). 
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Fic. 6. Temperature dependence of log(p7~4). Energy gaps 
obtained from the slopes are listed in Table IT. 


sumption has been made that both the electron mobility 
and the hole mobility vary as 7*. For Mg»Ge this 
appears to be true between 350°K and 700°K where 
a=-—2. Such plots are shown in Figs. 6 and 7. The 
energy gap, as obtained by least-squares fits to the 
data in the linear region, is given in Table II. 

In the case of sample 9B-1, the intrinsic region was 
too short to apply the above analysis. Therefore, a 
different procedure was followed. It was assumed that 
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Fic. 7. Temperature dependence of log(RT!). Energy gaps 


obtained from the slopes are listed in Table II. 
























1920 REDIN, MORRIS, 
TEMPERATURE T (°K) 
io 1000 __700 500 
= T T 
E o- 78-1 
r X- 9B-1 4 
10% J 
= F J 
: 4 4 
% r J 
2 
$ he 2 
a a 
- = 4 
~ - = 
Sf 7 
i J 
pL z 
5 7 
on 
1 j 1 4 
05 1.0 is 2.0 25 3.0 
J000/T (K™) 


Fic. 8. Temperature dependence of (np/T*)?. The energy 
gap obtained from the slope is listed in Table IT. 


all the acceptors were ionized, so that 


n= p—Na. (4) 
The hole density is then given by 
p=[1/ep(untuy) +N ann/ (un+up). (3) 


The experimental resistivity values for sample 9B-1 
were used to evaluate p. The value of V4 was obtained 
from Table I with the assumption that V4 was much 
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greater than Vp. The mobilities u,, and u, were obtained 
from Eqs. (2) and (3). The electron concentration was 
then obtained from Eq. (4) and a plot of log(mp/T*)! 
vs 1/T was made. This plot is shown in Fig. 8. The 
energy gap obtained from a least-squares fit to these 
data is given in Table II. A similar plot for sample 
7B-1 is given in Fig. 8. Sample 8B-1 was not analyzed 
because of its low purity. These methods of obtaining 
the energy gap are not entirely independent since the 
temperature dependence of the mobility which was 
used in analyzing the resistivity data was obtained 
from the ratio of the Hall coefficient to the resistivity. 
A simple average of the seven values of the energy gap 


TABLE II. Energy gap AZ» (ev). 








From plot of From, plot of 





Sample No. log(pT +4) vs 1/T log(RT}) vs 1/T 
9B-1 0.69 tee 
11B-1 0.70 0.67 
7B-1 0.70 0.68 
7B-3 0.69 0.69 








was made and the standard deviation was computed. 
This gave AEy>=0.69+0.01 ev. 

The effective masses can be estimated from the 
values of log(RT?) and log(pT*+4) at 1/T=0, the tem- 
perature dependence of the energy gap, and the 
relation pn/up=(m,/m,)~'. Winkler? gives for the 
temperature dependence of the energy gap: 7.6 10~ 
ev/°K. From these expressions the effective masses 
were found to be: m,=0.18m, m,=0.31m, where m is 
the free-electron mass. 
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A formal theory of mobility is presented: that does not depend on the existence of a transport equation. 
In particular the Hamiltonian describing the electron plus scattering system is not decomposed into an 
unperturbed part plus a perturbation. Only the applied field is treated as small. Our result is shown to 
reduce to the usual transport result when the scattering perturbation is weak, without assuming the existence 
of a relaxation time. Further verification of the validity of our result is obtained by using it to demonstrate 
a complex Nyquist theorem. Mathematical convergence factors introduced in previous theories are shown to 
arise naturally here by allowing a weak interaction between the electron plus scattering systems and the 
universe. The relation between a many-electron treatment and the one-electron treatment is demonstrated 


for the case of Fermi as well as Boltzmann statistics. 





1, INTRODUCTION 


ANY authors! have recognized that the usual 

transport theory for the mobility of electrons 
may not be valid if the coupling between the electrons 
and the lattice vibrations’ is too strong. In the first 
place, it will no longer be possible, precisely, to consider 
the electrons and lattice as separately in equilibrium 
when no fields are present. In the second place, the 
Boltzmann transport equation may no longer be valid: 
The usual transport equations deal with probabilities 
of occupancy of certain states, and not with probability 
amplitudes, or phases. In other words, after each 
collision, the electron must lose all phase information 
before having the next collision.’ This condition can 
be obeyed only if the average time between collisions 
is long compared to the “duration” (i.e., forgetting 
time) of a single collision. 

When the coupling is too strong for the above 
conditions to be met (e.g., if the time between collisions 
becomes comparable to the reciprocal of the Debye 
frequency) one has a complicated many-body problem 
to solve. The purposes of the present remarks are the 
following: 


1. To call attention to the fact that even though a 
transport theory for the strong-coupling case does not 


1R. Kubo, Can. J. Phys. 34, 1274 (1956); M. Lax, Phys. Rev. 
100, 1808 (1955); H. Mori, J. Phys. Soc. Japan 11, 1029 (1956); 
H. Nakano, Progr. Theoret. Phys. Japan 15, 77 (1956); R. P. 
Feynman (private communication). 

2 The approach to be used in the remainder of this paper is 
applicable to any scattering mechanism, e.g., impurity scattering 
(or even the motion of electrons in impurity bands), but we speak 
of lattice vibrations as the scattering mechanism in order to have 
a definite physical oo of the problem under discussion. 

3L. Van Hove has demonstrated in detail, for the case of 
sufficiently weak coupling, how this phase information is lost, 
and has in the limit of weak coupling established the validity of 
the usual (Pauli) transport equation; see Physica 21, 517 (1955). 
W. Kohn and J. Luttinger [Phys. Rev. 108, 590 (1957) ] have 
made the same assumptions as Van Hove and have also demon- 
strated that validity of the Pauli transport equation in a simple 
straightforward manner by making legitimate approximations in 
the density matrix equation. The loss of phase is therefore also 
demonstrated by Kohn and Luttinger, although in a less direct 
way than Van Hove’s explicit examination of the solution to the 
density matrix equation. 


exist, one can derive a formally correct expression for 
the mobility by treating only the external field as small 
as discussed by the authors of reference 1. 

2. To indicate enough of the proof of the generalized 
mobility expression to understand how irreversibility 
results from a treatment that starts from the reversible 
Liouville equation. 

3. To give a proof, not (I believe) heretofore 
presented, that the generalized mobility reduces to the 
usual mobility in the weak-coupling limit—even in 
case when a relaxation time does not exist. 

4. To verify that our result is in agreement with the 
Nyquist theorem. 


2. PERTURBED DENSITY MATRIX 


In this section, and the two following, we shall, for 
simplicity, adopt a one-electron viewpoint. The 
generalization to a many-electron viewpoint is easy to 
carry out formally, and is presented in Sec. 5. The 
density matrix obeys an equation of the form 


idp/dt+[p, H+-V(t)]+i(p—po)/r=0 = (2.1) 


where H is the Hamiltonian of the electron plus the 
scattering system plus the interaction between the 
two and V is the interaction with the external applied 
field. (We have used units in which #=1.) The last 
term represents the fact that the crystal is not isolated 
but may interact weakly with the surroundings in 
such a way that in the absence of a field the system 
approaches the equilibrium density matrix: 


po=Z™ exp(—6H) 
or po=[1+exp6(H— Ep) }'=p¥, (2.2) 


where B=1/(kT) and Z=tracelexp(—G@H)]. The 
second form applies when Fermi statistics is necessary 
and Ep, the Fermi level, is chosen so that trace p’ = NV 
=the total number of electrons. 

The use of a one-electron viewpoint is equivalent to 
the assumption of an assembly of electrons that do 
not interact directly, or indirectly, except through the 
requirements of the Pauli principle. The fact that 
correlations introduced by antisymmetry requirements 
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can be taken into account simply by using p” as the 
equilibrium density matrix in a one-electron description 
is established in Sec. 6. 

The interaction with the universe is needed to 
prevent the crystal from heating up indefinitely, if an 
electric field is applied over an infinite cime. It also 
serves the purpose of damping out oscillatory transients 
which would otherwise appear in p. For calculating 
conductivity, one needs a solution accurate only to 
first order in the electric field. To this order, no heating 
effects occur. Also transients can be circumvented by 
building up the field from ‘=—« very slowly—by 
assuming a time dependence of the form exp(at) and 
taking the limit as a—0. Thus a derivation can be 
based on the equation with no interactions with the 
surroundings if handled with care (i.e., first let the 
electric field E approach zero, and then let the process 
become completely adiabatic). 

We shall prefer, however, to retain the interaction 
with the surroundings, as a more physically meaningful 
viewpoint. The same solution is then obtained as in 
the case of no interaction with the surroundings, 
with the mathematical convergence factor exp(at) 
replaced by the physical convergence factor exp(t/r). 

If the term in [p,V (¢) ] in (2.1) is regarded as known, 
Eq. (2.1) can be solved exactly subject to the initial 
condition-p(— ©) = po: 

t 
et Teil (t’—t) 


x [p(t’),V (U) Je dt’, 


If the external potential V is regarded as small, one 
may solve (2.3) by interaction p=pot+pitp2+::-, 
where the term p; is linear in the applied field, p2 is 
quadratic, etc. For the purposes of calculating the ohmic 
conductivity, only p; is needed and this is given precisely 
by 


pif eine iBT ng, V(t—1"") Je#*’'dt!", (2.4) 


0 


p=prtie f 
(2.3) 


where we have introduced /’/’=/—?’. If we assume that 
V(t) has a single frequency dependence, 


V (j)=e*'V,7 
then (2.4) can be rewritten in the form 


x 


pi(lje~ iwt — if e iwtp—t Te ‘Ht p0,V Je” ‘dt, (2.5) 


0 


where the double prime has been dropped on the right- 
hand side. We see therefore that p; exp(—iwt) is 
independent of time, i.e., a steady state has been 
reached at any finite time. 

The factor exp(—t/r) is just a convergence factor 
which arises because the crystal is not isolated but 
interacts with the universe. The result for p; is not 
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sensitive to 7 (unless the latter is unusually short) 
and we may write more simply 


pesmi f ete iY po, V je# dt, (2.6) 
0 


with the understanding that w has a small negative 
imaginary part which may be allowed to approach 
zero after it has served its function of causing otherwise 
oscillatory expressions to vanish ac the upper limit. 


3. THE CURRENT 


When the Hamiltonian H is invariant against an 
arbitrary displacement, we can show easily that the 
current density j(r) becomes independent of r, i.e., 
uniform. It is therefore sufficient for us to calculate 
the volume average current density j. If there are n 
noninteracting particles per cm*® of charge e, the 
current density j is given by 


j=ne(v)4=ne trace[ vp |, (3.1) 


where 
v=(4,H //i. 


Note that the use of the unperturbed density matrix 
po in (3.1) yields vanishing current. 

If no magnetic fields are present, and if the interaction 
between the electron and the scattering system does not 
depend on the electron momentum, then #*/2m will 
be the only part of H that does not commute with r 
and we can replace (3.2) by v= p/m. 

For the case of a uniform applied electric field, we 
can write 


(3.2) 


V (t)= —eE(#)-r, 


where E(¢) = Ey exp(iw/). 

Substitution of the perturbed density matrix p; into 
(3.1) leads to an expression for the current of the 
usual ohmic form: 


(3.3) 


j=o-E, (3.4) 
where the dyadic @ is given by 
tO ee 
o=— -{ e~*** trace{ p[po, e~#'re#* }}dt, (3.5) 
m 1 0 
or 
o= (ne?/m)-, 
where 


<= -if dit exp(—iwt) trace{ p(t)[po,r]} (3.6) 


represents a dyadic relaxation time and 
p(/)=exp(iH1)p exp(—iH12) 


is the Heisenberg operator for the momentum. 
It is sometimes convenient for purposes of interpreta- 
tion to rewrite (3.6) in the form 


(3.7) 


.= -if exp(—iwt) trace{[r,p(t) Joo}dt. (3.8) 
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If, for example, no scattering occurs, then p(/)=p, 
[r,p ]=il, and 


.= if exp(—iwt)dt= 1/iw, (3.9) 
0 


where the small imaginary part in w assures convergence 
of the integral and 1 is the unit dyadic. Thus we 
obtain the conductivity of a free-electron gas: 


(3.10) 


o=ne"/(imw). 


Since the conductivity o always appears in conjunction 
with a dielectric constant ¢ in the combination 
o+i(we/4), (3.10) is equivalent to the usual result, 


(3.11) 


Ae= —4rrne2/me”’, 


for the contribution to the dielectric constant of the 
free-electron gas. 
If scattering occurs that 


is describable in some 


approximation by a _ viscous energy-independent 
damping: 

p(‘)~p exp(—t/r), 
then 


e~lr/(1+iwr). 


4. PROOF OF EQUIVALENCE OF THE USUAL TRANS- 
PORT THEORY RESULT IN THE CASE OF 
WEAK COUPLING 


The reduction from a density matrix equation to a 
transport equation requires the destruction of the phase 
information contained in the off-diagonal elements of 
the density matrix.’ Our reduction of p [Eq. (3.6) ] 
to the usual transport results requires two steps: (1) 
weak coupling; (2) the elimination of phase coherence 
in Eq. (3.6). In order not to duplicate previous work, 
we shall make the approximation of weak coupling 
and try to express our results in such a form that the 
conclusions of Van Hove concerning phase destruction 
can be applied directly. 

Equation (2.6) with the 
can be rewritten in the form 


insertion V=—eE(t)-r 


e ei eat Opo 
pi=——E(?) f ete ty, = (4.1) 

m 0 OV 

where dpo/dv is defined by the equation 
Opo/dv = —im[ r,po ]. (4.2) 


If we work in a representation in which v= p/m is 
diagonal, the current (3.1) is given by 


j= nef vd*v{v|p1| v), (4.3) 


so that only the diagonal matrix element of p; is needed. 


4 W. Pauli’s original derivation in Festschrift Zum 60 Geburtstage 
A. Sommerfeld (S. Hirzel, Leipzig, 1928) simply made the random- 
phase assumption before the start of each collision. 
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Equation (4.1) yields for this matrix element 


e D 
(v|pi|v)=— BO: f e “atl (le iHt! y’\dy’ 
m 0 


| Opo| 


OV 


So far, the equations are rigorous. We now wish to 
obtain the limiting behavior of the above expression 
as the coupling strength A goes to zero, where 


H=H +d; Ho=p?/2m. (4.5) 


This limit must be taken with care since the. expression 
exp[_ (Ho+AH;)t] contains X/ and ¢ is integrated over an 
infinite domain. However, ¢ does not occur in po so 
that it is permissible to let 0 in po(H) = po(Ho+AHj) ;sx 
therefore po™po(Ho) and dpo/dv are diagonal in the 
Vv representation. Thus Eq. (4.4) can be rewritten in 
the form 


e Da 
(v|pi| ¥) = ——E(A) f exp(—iwt)dl 
m 0 


x Wov,v'Dav'apo(w’) ‘av’, (4.6) 


where 


W (v,v’,t)= | (v| exp(—iH)| v’)|? (4.7) 


has the significance of the probability of finding the 
electron at v at time / if it was with certainty at v’ at 
time zero. 

Instead of trying to reduce (4.6) completely to the 
classical form, we shall bring the usual transport theory 
into a form directly comparable to (4.6). For this 
purpose, the classical transport equation can be 
written in the form 


0 f/dt+[eE(t)/m]-0 f/av+K f=0, (4.8) 
where K is a linear operator and K/ is an abbreviated 
way of writing the collision terms. 

To bring (4.8) into a form analogous to (4.6), we 
must regard the electric field as a perturbation and 
solve to first order in the electric field. Thus we may 
write f= fot fit--:, where fo is independent of the 
field and /; is linear in the field. Equation (4.8) can be 
rewritten in the form 


0 f:/dt+K fi=o= —[eE(t)/m]-0 fo/dv. 


To solve Eq. (4.9), we introduce Green’s function 
W(v, v’, t—?’) that has the following properties: 


(4.9) 


(1) W vanishes for ¢</’, 
(2) W=6(v—v’) for t=?/+9, 
(3) oW/dat+KW=0 for t¥/’, 


(4.10) 


i.e., W is the probability at a later time / of an electron 
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having the velocity v if it started with velocity v’ 
at the earlier time /’. The necessary jump in W from 
t=t/—0 to ¢’+0 can be incorporated automatically 
by stating that W obeys 


aW /at+KW =5(v—v’)6(t—?). (4.11) 


The solution to (4.9) can then be written in the form 
t 
ptv= fav f dt’ W(v,v’, t—t')o(v’,t’), (4.12) 


where the upper limit ¢ arises because W vanishes for 
t’>1. If we insert t’’=t—?', make use of E(t) = exp (iw) 
X E(0), and later drop the double prime (4.12) becomes 


Fn 
flv)=——B- f ae wf W (v,v’,t) 


Xexp(—iwé)dt. 





(4.13) 


Equation (4.13) is identical with (4.6) if we identify 
po with fo [which has already been done in replacing 
po(H) by po(Ho) | and if we identify the W’s appearing 
in the two equations. 

It is clear from their definitions that the two W’s 
have the same physical meaning. The work of Van Hove 
demonstrates that the W defined by (4.7) obeys the 
classical transport equation (4.10) in the weak coupling 
limit so that the two quantities are indeed identical. 
(In fact an elementary proof based on Weisskopf- 
Wigner perturbation theory will be presented in a 
future publication.) 


5. NYQUIST NOISE 


The classical expression’ for the noise power G(v)dv 
in the frequency interval dy associated with a fluctuating 
function J(t) is given by 


2\| p?? 
G(») = lim (=) f I(t)e2xtgy 
—{7T 


where the factor 2 arises because of the convention 
that the total dissipated “power” is given by 


1 T « 
lim — f P(t)dt= f G(v)dv, 
TO 7 0 0 


so that G(v) includes the contribution from frequencies 
v and —». For a bibliography of early work, including 
derivations of (5.1), the reader is referred to Rice® 
and Wiener.* A recent illuminating derivation of (5.1) 
based on an analysis of the measurement process has 
been given by Ekstein and Rostoker.? 


2 


» (5.1) 





(5.2) 


5S. O. Rice, Bell System Tech. J. 23, 282 (1944) ; 24, 46 (1945). 

®N. Wiener, Acta Math. 55, 117 (1930); J. Math. Phys. 5, 
99 (1926). 

7H. Ekstein and N. Rostoker, Phys. Rev. 100, 1023 (1955). 


MELVIN LAX 


For quantum mechanical systems, /(t) is to be 
regarded as an operator. and the expression (5.1) 
must be made Hermitian, i.e., 


1 pi? pi? 
Gop(o)= lim — f Crore) +10) 
T% ‘eb yr Yar 


Xexp[—iw(t—t’) ]didt’, (5.3) 
where w=2xv. The mean value of the operator Gop(v) 
must be taken with respect to a quantum-mechanical 
state ¥, or more properly an average should be taken 
over an ensemble of states: 


G(v)=trace[Gop(v)po ], (5.4) 


when po is the equilibrium density matrix Z— exp(—8#H). 
The operator /() is the Heisenberg operator 


I(t)=exp(iHt)I exp(—iH1). (5.5) 


Equation (5.3) may be generalized to include correlation 
spectra between components of the current by replacing 
I(t) by I,(t) and I(t’) by I,(t’), where r and s take any 
of the values x, y, z. The off-diagonal elements of G,,(v) 
can be complex since an “out-of-phase” contribution to 
the correlation is possible. The invariance of traces 
against unitary transformation, and in particular a 
negative time displacement of amount ?’, permits G,,(v) 
to be rewritten in the form 

2 


G,.(0)= f exp(—iul)at 


” x trace{{I,(t)1.(0)+14(0)1-(t) Joo}. (5.6) 


If the trate (5.6) is written in the energy representa- 
tion, and the summation indices n,n’ are interchanged 
in the second term, Eq. (5.6) becomes 


G,s(v) _ 2rd n, n' (Pn+Ppn’)dw— (E.— Ew)) 
X(n|I,|n’)(n'|I,|n), (5.7) 


where p,=Z' exp(—BE,). (Degeneracy is permitted 
among the states m. For simplicity of notation we do 
not introduce other quantum numbers.) 

The x component of the current, /,, is given by 


I,= Le" i2= jolyL,, 


where L, is the length of the specimen between 
electrodes, j, is the x component of the volume average 
current density [see Eq. (5.11)], and L,L, is the 
cross-sectional area of the electrodes. Equation (5.7) 
for G,z(v) is then identical to Ekstein and Rostoker’s 
Eq. (15). 

The complex Nyquist theorem can be written in the 
form 


Gre(v) = 2RTLV re(w)+ V or(—w) ][46w coth($8w)], (5.9) 


T=2X,V,2; 


(5.8) 


ae %,V,2, 


where the last factor is the quantum mechanical 
correction, and the admittance Y(w) at the frequency w 
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is related to the conductivity ¢(w) by 
Fits (w) ” (V/L,Ls)ors (w), 


where V is the volume of the specimen. 

Callen and Welton® and Ekstein and Rostoker have 
given derivations of the real part of (5.9) in which the 
admittance is obtained by a calculation of the power 
dissipation. (Such a calculation yields Reo but not Ima) 
As a check on our work, we shall take our expression 
(3.5) for the conductivity and verify the Nyquist 
relation. 

Our expression (3.5) for o is based on a one electron 
treatment. However our entire treatment applies 
formally also to the many-body case if we simply 
regard H as a many-electron Hamiltonian and use the 
Boltzmann form po=(1/Z) exp(—8H) for the equili- 
brium many-electron density matrix. Two minor 
changes in detail takes place: the interaction with the 
field—er-E is replaced by—Ce;r;-E and the volume 
average current density is calculated from 


(5.10) 


i= (Lieivs)/V, (5.11) 
instead of nev. Thus Eq. (3.5) is replaced by 
o= (Vif dt exp(—iwt) 
0 
Xtrace{>-e;v.(t)[0,>-e;rj]}. (5.12) 
i i 
If we introduce the variables Q, (s=2,y,2), with Q, 


defined by 


Ty = (L,) ty esi, 


such that ee the conductivity, can be written 
more compactly as 


n= L,L,(Vi) f " exp(—iwt) 
’ x trace{I,(t)[[p0,0, ]}. 


I, implies that 


(5.13) 


In the energy representation, Q,= 








(n’|Q,|2)=i(n'|I,|n)/(E,— En’), (5.14) 
so that Eq. (5.13) becomes 
_ te L, 
tte ear gr En’)t 
it ar er (5.15) 


where we have reinserted the convergence factor 
exp(—t/r) associated with the interaction with the 
“universe” as discussed in Sec. 2. Taking the limit as 
1/70, we find that 


3LV re(w)+ Y.,(—w) J=a ia 6(w— Ent Ey’) 


x {n| I,| n'){n' | I, | n)(pn'— pn)/(En— Ew). (S. 16) 
8H. B. Callen and T. R. Welton, Phys. Rev. 83, 34 (1951). 
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If we note that 


(Bw)+1 
Nine) 
exp(8w) — 1 


is independent of the summation indices m,n’ when one 
replaces E,—E,, by w because of the delta function, 
the Nyquist theorem (5.9) follows immediately. 

It is to be noted that in the above derivation the 
Hamiltonian H may contain interactions between the 
electrons. Also Fermi statistics may be obeyed. Correla- 
tions introduced by statistics and by interactions 
undoubtedly affect the noise, but they affect the 
conductivity in precisely the same way, preserving the 
validity of the Nyquist theorem.* 


Pn+Pn’ 
(5.17) 





Pn’—Pn 


6. MANY-BODY TO ONE-BODY REDUCTION 
If the Hamiltonian H can be split into a set of terms 
H=>SH;,, (6.1) 


such that H; depends only on electron j, the motions 
of the electrons are uncorrelated except through 
statistics. 

For the case of classical Boltzmann statistics, r; and 
r; are truly uncorrelated. In Eq. (5.12) only the terms 
i=j contribute, and they all contribute equally 
resulting in a factor V. When N/V is replaced by the 
density , Eq. (5.12) reduces to the one-body formula 
(3.6). 

For the case of Fermi-Dirac statistics the motions of 
the electrons are correlated even when the Hamiltonian 
as in (6.1) contains no interactions. It is not clear, 
then, that the conductivity can be calculated as in 
Secs. 2 and 3 by one-body methods making only the 
modification of replacing the initial density matrix by 


po= p* = {1+exp[8(H1— Er) }}", (6.2) 


where H, is the one-body Hamiltonian. 

We shall therefore verify that our one-body result is 
a consequence of the many-body conductivity formula 
(5.12). For the purposes of the proof it is most con- 


* Note added in proof.—The equations of this section remain 
valid in the presence of a magnetic field. However time-reversal 
symmetry implies that the Hamiltonian is invariant under the 
operation K of taking the complex conjugate and reversing the 
vector potential A: 


KH(A)K=H*(—A)=H(A). (5.18) 
Thus the states |m)=|n(A)) can be chosen to be invariant 
under K. But J,(A), which is proportional to —iw —eA, reverses 


sign under K (i.e., velocity is odd under time reversal). It follows 
then that 


(n(—A)|I.(—A)|n’(—A))=—(n’(A)|7.(A)|n(A)), (5.19) 
and from Eq. (5.16) we obtain the Onsager relations, 
Yr(w,A) = V+.(w, —A). (5.20) 


The combination 
Y+s(w, A)+ Yr(— ®, A) = V+s(w,A)+ Y;.(—w, —A) 


is real when A=0 so that there is no out-of-phase noise except in 
the presence of a magnetic field. 
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venient to work in a second-quantized notation. The 
Hamiltonian (6.1) is then replaced by 


H=DeNi=DLeata, 


where the ¢;, are the eigenvalues associated with the 
one-body Hamiltonian H, and a, a,t and the usual 
Fermi destruction and creation operators. In this 
respresentation we may write 


Drj=Liael| rl kata, 
LaH=dX. m(n| p| m)an'(t)dm(t), 


(6.3) 


(6.4) 
where 


Om(t)=Gm exp(—temt), Gnt(t)=antexp(tent). (6.5) 


In the second-quantized notation the total number of 
particles is not fixed and one must use a grand canonical 
ensemble: 


po=expl —BH+yuN ], (6.6) 
where 
N=)>,0,'ax, (6.7) 
or, for the noninteracting case: 
po= exp[ —8>-x(ex— Ev)axtay |, (6.8) 


when Er=yu/8=the Fermi energy is chosen so as to 
yield the desired density for (V)/V. 
The conductivity (5.12), with the help of (6.4) and 

(6.5), can now be written: 

€ i 
o=—— ) (n|p|m)<e|r|k) 

m Vi lknm 

X trace{an'dm[po,ai'ax }} 


wa 


x f exp(—iwt)di exp[i(en—€m)t]. (6.9) 
0 
The trace can readily be evaluated in the representa- 
tion in which the V,=<a,ta, are all diagonal: 
trace{@n'am|_po,ditaic ]} =Snxdmil_f(€m) — f(ex) |, 


where 


(6.10) 


f(e= ; 
exp[8(e— Er) ]+1 





(6.11) 


The creation and destruction operators have now 
all disappeared and we must perform sums over states 
|k) that are eigenstates of the one-body Hamiltonian 
H;, into which H is decomposed by (6.1). The notation 
can now be simplified by writing 


(n| p|m) exp[i(€n— €m)e } 
= (n| exp(iH,t)p exp(—iH;t)|m) 


= (n| p(t) |m), (6.12) 
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and 


(m |r| &)Cf(m)— f(x) J= (m|[o?,r]|k), (6.13) 


where p* is defined by (6.2). Thus 


o=——] exp(—iwt)dt 
mViv » 
XL (kl p(t)|m)(m![p",r]|k), (6.14) 
m,k 
o-—_| exp(—iw/) trace{ p(t)[»”,r]}, 
mVir 


where the trace is now over one-body states, and the 
Fermi energy is chosen sc that 
V— tracep’ =n. (6.15) 


Equation (6.14) is identical to our one-body result 
(3:5). 


7. SUMMARY 


We have demonstrated that an assembly of N 
noninteracting electrons in a volume V will have the 
conductivity 


e ) 

o(s)=—_ f dt exp(—iwt) trace{ p(t)[po,r]}, (7.1) 
mihV 5 

where 


p(t) =exp(iHt/h)p exp(—iHt/h), 


and H is the Hamiltonian describing one electron plus 
the scattering system plus the interaction between 
the two. For Boltzmann statistics, 


po=p®=N exp(—8H)/tracelexp(—BH)]; (7.2) 
and for Fermi statistics, 
po= p* = {exp[6(H— Er) ]+1}-, (7.3) 


where our formulas are now both written with the 
convention trace po= N for comparison. 

For the many-body case [see (5.12)] one simply 
takes (7.1) and replaces p(t) by }>:p,(/) and r by Dor;. 
H is now interperted to be the many-body Hamiltonian 
(possibly including interactions between electrons). 
The complex Nyquist theorem is verified for this general 
many-body case including interactions and a mag- 
netic field. 

The conductivity (7.1) is shown in Sec. 4 to reduce 
to the usual transport result for the case of weak 
coupling without assuming the existence of a relaxation 
time. 
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The band structure of crystalline KCI{has been calculated in an LCAO (linear combination of atomic 
orbitals) approximation. Interactions between free-ion Hartree-Fock functions are calculated directly from 
molecular-type integrals without reducing exchange interactions to an exchange potential. The structure 
of the filled bands of KCl is obtained by solving secular equations on a cubic mesh of points in k space. The 
valence band is found to be quite narrow, about 1.5 ev wide, but the band-structure results do not explain 
the observed x-ray emission data for KCl. The band structure is recalculated in less detail as a function of 
interionic distance. Numerical quantities for the band-structure calculation are used also to calculate the 
cohesive energy of KCI at its normal interionic distance by Léwdin’s method. Inclusion of the second- 
neighbor interactions here is found to raise Léwdin’s equivalent of the repulsive energy from 18.9 kilo- 
calories per mole to 26.2 kilocalories per mole and thus to raise the total cohesive energy above the experi- 


mentally-determined value, in line with expectation. 





1. INTRODUCTION 


CCORDING to the results of x-ray measurements, 
crystalline KCl has a cubic lattice with K+ and 
Cl ions occupying alternate lattice sites. The electronic 
structure of the crystal is expected to be closely related 
to that of the free ions. Both of these ions are iso- 
electronic with neutral argon, and both have 1S, closed- 
shell electronic wave functions in their ground states. 
The KCI crystal is expected to have a ground-state 
wave function which also is closed-shell, being a singlet 
and having the full symmetry of the nuclei. This 
closed-shell structure is expected because of the large 
first excitation energy of about 7.65 ev which is ob- 
served for KCl. 

In view of these features a Hartree-Fock procedure 
probably would give a reasonably good approximation 
to the ground-state wave function and total energy of 
the crystal. In addition, the array of the resulting 
Hartree-Fock one-electron energy parameters probably 
would give a fairly good representation of the structure 
of the filled energy bands of KCl. Since the Hartree- 
Fock procedure for a crystal is too difficult to be 
performed, however, an actual calculation of the band 
structure must involve some further approximations. 
In the existing calculations for such crystals':? the 
exact Hartree-Fock operator is replaced by just its 
kinetic energy operator and a simple periodic potential. 
Recent investigations have shown that calculated band 
structure may depend quite critically on details of the 
starting potential, however. 

The present calculation also represents an approxi- 
mation to the Hartree-Fock procedure, but it obtains 

* The research reported in this document was supported in part 
by the Office of Naval Research, and in part by the Army, Navy, 
and Air Force under contract with Massachusetts Institute of 
Technology. 

+ Based on a thesis submitted in partial fulfillment of the re- 


quirements for the degree of Ph.D. at the Massachusetts Institute 
of Technology. 

t Staff Member of Lincoln Laboratory, Massachusetts Institute 
of Technology, Cambridge, Massachusetts. 

1D. H. Ewing and F. Seitz, Phys. Rev. 50, 760 (1936). 

2 W. Shockley, Phys. Rev. 50, 754 (1936). 


the structure of the filled bands without resort to a 
one-electron potential. The method is based directly 
on the use of a single determinant of one-electron 
functions, each of which is an LCAO (linear combi- 
nation of atomic orbitals), and the interactions which 
are used to determine the functions and their energies 
are calculated directly from many-center integrals 
between the atomic orbitals.* Exchange effects are 
included automatically. 

The band-structure calculation is performed fairly 
accurately for one value of the interionic distance (the 
normal value), and then more approximately for several 
other values. Numerical quantities determined for the 
band calculation at the normal distance are used also 
to redetermine the cohesive energy of KCl by the 
method of Léwdin,‘ but in a more accurate approxi- 
mation. Unless otherwise specified the work to follow 
is in atomic units: atomic units (a.u., or Bohr radii) for 
length, rydbergs for energy, and e, the magnitude of 
the electron charge, for charge. 


2. LCAO APPROXIMATION FOR KCl 
(a) Basis of the Approximation 


In the present calculation the Hartree-Fock functions 
for a KCI crystal are approximated by linear combi- 
nations of all of the occupied free-ion Hartree-Fock 
functions for K+ and CI,’ centered on appropriate 
crystal lattice sites. This is the LCAO approximation 
mentioned above. It is expected to be fairly good for 
the reasons to be discussed. 

In the first place the largest overlap integral between 


3 This approximation might be called tight binding, except that 
that name generally connotes the use of a one-electron potential. 
The name LCAO is used here because it implies the direct use of 
one- and two-electron integrals between atomic functions, at 
least in the usage of current molecular work. 

‘P. -O. Léwdin, thesis, Uppsala, 1948 (unpublished). See also, 
P. -O. Léwdin, Advances in Physics, edited by N. F. Mott (Taylor 
and Francis, Ltd., London, 1956), Vol. 5, p. 1. 

5 For Cl- see D. R. Hartree and W. Hartree, Proc. Roy. Soc. 
(London) A156, 45 (1936); for K*+ see D. R. Hartree and W. 
Hartree, Proc. Roy. Soc. (London) A166, 450 (1938). 
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any two of the free-ion Hartree-Fock functions which 
are separated by a normal KC] lattice distance is only 
0.07, as compared to one for maximum overlap. By the 
usual arguments, such small overlapping indicates 
narrow bands of energy parameters, and it indicates 
crystal Hartree-Fock functions which are nearly equal 
to linear combinations of just degenerate free-ion 
functions. These effects have been discussed by Slater 
and Shockley® in their analysis of the band structure 
of NaCl. The most important deviations from this 
simple result can be corrected by letting the crystal 
Hartree-Fock functions be approximated by combi- 
nations of all the occupied free-ion functions, as is done 
here. 

In the second place, with the proposed LCAO ap- 
proximation for the crystal Hartree-Fock functions, the 
resulting approximate Hartree-Fock determinant is just 
equivalent to a determinant of the free-ion Hartree- 
Fock functions themselves, according to a well-known 
transformation theorem.’ Léwdin has calculated the 
cohesive energy of KCI (and other alkali halides) on 
the basis of just such a determinant of free-ion Hartree- 
Fock functions. The success of his calculation (and the 
recalculation in Sec. 6), provides another measure of 
justification for the equivalent determinant of approxi- 
mate Hartree-Fock functions which is used here. 

Additional justification for the LCAO approximation 
is provided by the large first excitation energy of KCl, 
by the emission and absorption spectra of KCl,* and 
by the cellular band structure calculations for LiF? 
and NaCl,’ since all of these indicate that the filled 
energy bands of KCI should be fairly narrow and hence 
that the crystal functions should be made up largely of 
just free-ion functions. 


(b) Equations 


The equations for one-electron functions and energies 
in the LCAO approximation used here are obtained as 
follows. Let the usual large region for periodic boundary 
conditions contain NV unit cells and 2M electrons, M of 
each spin. The approximate wave function for the 
crystal in its ground state then will be symbolized by 
W(1,2,---7,---2M), where 7 stands for the space and 
spin coordinates of electron 7. This function is taken 
to be a single determinant made from M doubly- 
occupied, orthonormal, one-electron space functions. 
Because of crystal translation symmetry these one- 
electron functions can all be taken to be Block functions 


6 J. C. Slater and W. Shockley, Phys. Rev. 50, 705 (1936). 

7See for instance F. Seitz, The Modern Theory of Solids 
(McGraw-Hill Book Company, Inc., New York and London, 
1940), p. 301. 

8L. G. Parratt and E. L. Jossem, Phys. Rev. 97, 916 (1955). 
See also the summary of earlier work in H. H. Landolt and R. 
Bornstein, Zahlenwerte und Functionen (Springer-Verlag, Ger- 
many, 1955), sixth edition, Vol. 1, Part 4, pp. 786 and 864. In 
addition the author is indebted to Professor Jossem for communi- 
cation of results from his as yet unpublished work on the Cl- Kg 
emission of all the alkali chlorides. 
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¥:(k|r), where k is the usual wave vector (having V 
discrete values), and where i runs over all the occupied 
bands. In the present LCAO approximation each of 
these Bloch functions is to be written as a linear com- 
bination of Bloch sums of the Hartree-Fock space 
functions for the free-ions ; thus each function is written 


¥i(k|r)=Dom Cmi(k)bm(k |r), (2-1) 
where b,,(k|r) is the following Bloch sum: 
bm(k|r) = (fm/N4)D ™ e** Roy, (r— R,). (2-2) 


In the latter equation u»,(r—R,) is a real, free-ion space 
function of type m (specifying quantum numbers and 
ion type) centered on lattice site g at R,; the superscript 
(m) to the summation sign indicates that the sum is to 
run over only those sites g on which a function of type 
m can be located (all K* or all Cl sites) ; and the factor 
fm is equal to i (the square root of minus one) if #», is 
odd on inversion and one if “, is even on inversion (it 
is included so that the matrix elements between Bloch 
sums will be real). 
Let the Hamiltonian for the 2M-electron crystal be 


H=W+);j Fj+L’;, 9 Giz, (2-3) 


where W is the Coulomb interaction energy of the static 
nuclei, where F; is the one-electron operator for 
electron j, giving its kinetic energy and its Coulomb 
energy of interaction with the nuclei, where Gj, is the 
two-electron operator giving the Coulomb interaction 
of electrons j and j’, and where the prime on the second 
sum means j’ cannot equal 7. On the basis of this 
Hamiltonian, Hartree-Fock space-functions for the 
crystal satisfy the following set of equations: 


Pypi(k|rs) +2 f Groys(k|11)p(2|2)dos 


4. f Grspi(k|r2)p(2| 1)doy=«:(k)yi(k|n), (2-4) 


where ¢;(k) is the Hartree-Fock energy parameter for 
the function y,(k|r) and where p(2|1) is given by 


p(2 | 1)= Le, kw’ We (k’ | tr) *Wir (k’ | tr). (2-5) 


As Léwdin has shown,‘ when the functions y in Eq. 
(2-5) are constructed as LCAO of the type used here, 
the quantity p(2|1) can be written out in a way which 
does not involve the coefficients of the atomic functions. 
Let the overlap integral between free-ion functions 
tm(t—R,) and u,(r—R,-) be symbolized by 


A(mR,| nR,,) = f tin(t—R,)*tg(t—R,)d0;_ (2-6) 


this integral can be thought of as one element in the 
MXM matrix of all the overlap integrals. According 
to Léwdin’s result, then, Eq. (2-5) for p(2|1) can be 
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written 


p(2 | 1)=Loman Doo 41 (mR, |mRgy) 
X tm (t2— R,)*un (r:i—R,), (2-7) 


where A~'(mR,|nR,-) is an element in the MKM 
matrix which is the inverse of the overlap matrix. The 
validity of Eq. (2-7) depends on the following facts: 
first, the functions y are mutually orthonormal ; second, 
the functions w are linearly independent; and third, the 
number of derived functions y is the same as the number 
of starting functions u. 

If all the two-center overlap integrals are small 
compared to one, as they are for KCl, the overlap 
matrix A differs only slightly from the unit matrix. In 
this case the inverse overlap matrix just defined also is 
very nearly equal to the unit matrix. In view of this 
the following definitions are useful : 


Amn=Sant Sma; (A) an= Sant Pn; (2-8) 


where dm», is the Kronecker delta, and where for brevity 
each index m or n temporarily is taken to designate site 
as well as quantum numbers for the free-ion functions 
u (this shorter notation will be used interchangably 
with the original notation through the rest of this 
paper). These definitions will be used in Sec. 3. 

Substitution of Eq. (2-7) into Eq. (2-4) gives the 
following set of Hartree-Fock-like equations for one- 
electron functions and their energies: 


Fii(k | r) 
+E. meld na 2f Gistthl rita (2)um (2) 


~ f Gta) (2) "Vik bo 
=e(k)yi(k]m), (2-9) 


where a short notation for free-ion functions is used 
again. Solving Eqs. (2-9) above for general functions 
y would be a possible first stage in a self-consistent 
Hartree-Fock procedure which could lead finally to the 
exact Hartree-Fock functions and their energy parame- 
ters. In the present calculation, however, the functions 
y are assumed to be given by the LCAO approximation 
of Eq. (2-1). Equation (2-9) then yields the following 
sets of equations for the unknown coefficients, one set 
for each value of the wave vector k: 


> al A mn (k) — €:(k) Amn (k) Jens(k)=0, (2-10) 


where H»,»(k) and Amn(k) are matrix elements of 
energy and overlap, respectively, between the Bloch 
sums b»(k|r) and },(k|r). Letting Mma(k) stand for 
either of these matrix elements, either element is given 


by 





k-R, 
Muah) =E,™| iy M (mR, |n), 
pm sink -R, 
iets , (2-11) 
Pn=—Pn 


where p» is the parity (plus or minus one) of the 
function #m, and where M(mR|n) is an element of 
energy or overlap, as is appropriate, between a function 
u, and another function “», which is on a site at R 
relative to the site of wu, as an origin (for brevity the 
location vector of the origin site is not written in M). 
An element of overlap between free-ion functions is 
given by Eq. (2-6), and an element of energy is given 
by the following equation: 


H(mR|n)= f ta(ts—R)*| Fr 
+2 f Gro(2|2)dee|ua(nidan 


= f Gin(s-R)*9(2 1) (t2)dv,dv2, (2-12) 


where p(2|1) is the approximate quantity in Eq. (2-7). 
This energy element is built up from one- and two- 
electron, one-, two-, three-, and four-center integrals 
of the same type as are encountered in complicated 
molecular problems. 

In the foregoing discussion, Eqs. (2-10) for the ap- 
proximate one-electron functions and their energies are 
obtained by making substitutions in the Hartree-Fock 
equations. Equations (2-10) cannot be obtained directly 
by the variation procedure as the Hartree-Fock 
equations are obtained, however, because the deter- 
minant V(1,2,---2M) is invariant under all variations 
of the coefficients c,;(k) which leave the functions 
¥i(k|r) in the determinant mutually orthonormal. 
Despite this, Eqs. (2-10) do have a meaning. The 
functions and energies determined by these equations 
are just those for which Koopmans’ theorem’ can be 
applied to predict the total wave functions and energies 
of the crystal with one electron missing. Stated in other 
words, Eqs. (2-10) can be obtained by a variation 
principle applied in the case of the crystal minus one 
electron; for this it should be assumed that the total 
wave function is either a single determinant made up 
from linear combinations of free-ion functions or a 
configuration series in the basis of the free-ion func- 
tions.’° The functions and energies determined by Eqs. 
(2-10) therefore have the same important significance 
with respect to the band structure of KCI as the true 
Hartree-Fock functions and energies do, although in a 
lower approximation, and in this sense they approxi- 
mate Hartree-Fock functions and energies. 

The problem now is reduced to calculation of the 
elements of energy and overlap of which Eqs. (2-10) 
are made up. The reader who is not interested in the 
details of this work may proceed directly to Sec. 4. 


® T. Koopmans, Physica 1, 104 (1933). 

Tn this connection a theorem due to Meckler on performing 
configuration interactions in equivalent bases is useful; see A. 
Meckler, J. Chem. Phys. 21, 1750 (1953). 
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3. MATRIX ELEMENTS OF ENERGY AND OVERLAP 
(a) Nature of the Energy Elements 


First let us analyze an element of energy between 
free-ion functions as given in Eq. (2-12). In atomic 
units (with Rydbergs for energy) the one- and two- 
electron operators appearing in this equation are 


F\=-—VY—d, 2Z,/r1g and Gy=2/ri2, (3-1) 


where V,’ is the Laplacian operating on the coordinates 
of electron 1, Z, is the nuclear charge of the ion at site 
g (nineteen for K+ and seventeen for Cl“), ri, is the 
distance of electron 1 from site g, and rj2 is the distance 
between electrons 1 and 2. 

An analysis of the energy element is facilitated by a 
consideration of the crystal charge density. In the 
present approximation the electronic part of this 
charge density is just equal to —2p(2|2); let us sym- 
bolize this charge density by p(2). On the basis of Eq. 
(2-7) for p(2|1) and Eq. (2-8) for A~ the charge density 
p(2) can be split into two parts as follows: 


e(2)=Li, Po(2)+Ppov(2). (3-2) 


In this equation p,(2) is the spherical electron charge 
density of a free-ion at site g, given by 


Po(2)= —2). p(on site g)uy(2)*up(2), (3-3) 


and poy(2) is what will be called the overlap charge 
density, given by 


Pov(2)= — 22) », ¢ Papttp(2)*ttq(2). (3-4) 


On a particular’site g, the free-ion electron charge 
density p,(2) and the nuclear charge Z, together give a 
net charge of z,, which is plus one for K+ and minus 
one for Cl-. Since the sum of z, over the two ions in a 
single unit cell is zero, the sum of nuclear charges and 
free-ion charge distributions throughout the crystal 
gives a net charge of zero. As will be described later, 
the overlap charge density p.,(2) is neutral also; hence 
the complete crystal is neutral, as it should be. 

The overlap charge density describes a shifting of 
electron charge from the density predicted by a simple 
superposition of free-ion charge densities. This shift 
decreases the electron charge density in regions of 
maximum overlap between pairs of free-ions, and it 
compensates by forcing an increase in the electronic 
charge in the region of a nucleus. This redistribution 
of charge arises from orthonormalizing the one-electron 


functions, and it can be described as an effect of the’ 


exclusion principle. In the present approximation it is 
essentially this redistribution of charge which provides 
the repulsion between ions in the crystal (see Sec. 6) 
and which causes the crystal energy bands to rise as 
the interionic distance decreases below its normal 
value (see Sec. 5). 

Let us now return to the analysis of the general 
energy element given in Eq. (2-12). After substitution 


for F,, Giz, p(2|2) and p(2|1) in that equation, the 
energy element can be written as a sum of terms which 
are convenient for calculation, as follows: 


H(mR,|n)=[(KE+C+EX)+(CPI+CCC 
+OVC+CEX+OVE) ](mR,|n). (3-5) 


Each term in this expression should individually bear 
the indices (mR,|n), but for brevity the indices are 
written only once for all. The individual terms are 
defined as follows: 


KE(mR,|1) = f tn*(t:—R,)[—Vit}un(ts\dn; (3-6) 
C(mR, | n) = > ners of mats R,| - (2Z9*/r19°) 


‘. f pe (2)(2/rs)de a(n, (3-7) 


where the origin is designated as site 0; 


EX(mR,|n) =—Dio'=0,9 
x f fun ier-Reoo (2 1) (2/ri2)un(t2)dridv2, (3-8) 


where p,’(2|1) is what will be called the exchange 
function of the ion at site g’, defined by 


po’(2|1)=)0p(on site g’)up(2)*up(1) ; (3-9) 
CPI(mR,|n)= f #.*(11—R,) 
X0-Doo'x0, o289°/rig’ Jun (t1)dr1; (3-10) 
CCC(MR,|n)=Evrnne f tat(t-Ry) 


XxX [- 2Z,'(g’ | 119)/Tig’ |un(ti)d01, 


where Z,'(g’|r) is the effective-nuclear-charge-for- 
potential minus 2, for an ion of the type at site g’ (it 
is a function which approaches zero rapidly with in- 
creasing r), and where 71, is |r:— R,-| : 


OVC(mR,|n)= funt(es-R,)| — ff /r 


Xon(2)de | ua ; (3-12) 
CEX (mR, |) = —Yo 90, if funtirs- R,) 
X pq (2|1)(2/riz)un(2)dvidv2; (3-13) 





(3-11) 
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Taste I. Parameters B and b specifying the analytic radial functions P,:(r) for the final free-ion Hartree-Fock functions. Each 
function Pn»i(r) is of the form 


Prilr)= z _[2ae'ee ten}, where @n(b,r)=[b?"*1/(2n) !Jir"e~r. 


The function in curly brackets is a nodeless part of the function Pri(r). All the nodeless parts of each function are given in the table, 
Each nodeless part is symbolized as follows: +B," !(b:"’')+Bz"'#(by""")+-- 











nl n’=1 n!'=2 n! =3 
Cl 3p none +0.0009162(22.314)+0.109634 (8.4758) — 0.434233 (2. ware —0.554674(1.6658) 
+0.211019(4.2435) —0.221689 (0.92436) 
Cr 3s +0.136317 (11.9700) —0.036350(11.9700) — 0.474747 (5.28481) +0.2033042(4.17031)+0.724822 (2.50768) 
+0.2892075(1.51175) 
K+ 3p none +0.0326356(13.4132)+0.432421 (5.80137) —0.1959866 (5.80137) —0.658190(2.93199) 
— 0.397249 (1.84562) 
Kt 3s +-0.132348 (14.9166) — 0.656603 (5.77856) +0.237170(5.77856) +0.681630(3.31794) 
+0.417020(2.26585) 
Kt 2p none +0.0514901 (15.2448) +-0.583429 (8.11418) none 
+0.400579 (5.54331) 
K* 2s +0.0012533 (41.049) — 0.956261 (7. 36055) — 0. ie005S8(6. 27633) none 
+0.396536(14.9166) 
Kt 1s +0.464074(20.9557) none none 
+0.541205 (16.5026) 








and, finally, 
OVE(mR,|»)=— ff uat(rs—R,) 


X poy(2| 1) (2/ri2)tn(t2)drdv2, (3-14) 
where poy(2|1) is what will be called the overlap ex- 
change function, defined by 


Pov(2|1)= Do», ¢ Papttp(2)*uq(1). (3-15) 


The terms KE, C, and EX as defined above involve 
only contributions from site g and the origin; they are 
atomic or diatomic terms depending on whether R, is 
or is not zero. The remaining terms CPI, CCC, OVC, 
CEX, and OVE, all depend on the presence of the atom 
or atom-pair in the crystal. The mnemonic significance 
of the initials used for all these terms is as follows: in 
the order in which they appear in Eq. (3-5), they stand 
for kinetic energy, Coulomb, exchange, crystal point 
ion, crystal Coulomb correction, overlap Coulomb, 
crystal exchange, and overlap exchange. 

For the particular case of a one-center energy element, 
H(m000|n), the terms KE, C, and EX add up to just 
the free-ion Hartree-Fock energy, €m, if m equals m and 
to zero if m does not equal m. Another simple contri- 
bution to the energy element can be extracted from the 
term CPI. The potential function in square brackets 
in Eq. (3-10) for CPI is just the Madelung potential, 
the potential due to all the ions in the crystal considered 
as point ions, excluding the origin ion. For KCI an 
expansion of this potential about the origin ion in 
spherical harmonics contains a spherical term and 
spherical harmonics of order four and higher. Since the 
free-ion functions “, and u, are built from spherical 
harmonics only of order zero and one, the spherical 
term in the Madelung potential provides the entire 
contribution to CPI(m000|). Inside a sphere of radius 
a, where a is the interionic distance, this spherical term 





is just equal to the Madelung energy, 202a/a rydbergs, 
where a is the Madelung constant" and 2 is the net 
charge of the origin ion (plus or minus one). Term 
CPI(m000| n) then can be set equal to (292a/a)5mn plus 
a correction term, ACPI(m000|), which is the integral 
of the difference between the actual spherical part of 
the Madelung potential and 22a/a outside a sphere of 
radius a (it is zero if the function “, is zero outside that 
sphere). With these results a one-center energy element 
from Eq. (3-5) may be rewritten as 


H(m000| 2) =[ém+202a/a Jomnn-+[ACPI+CCC 
+OVC+CEX+OVE](m000|n). (3-16) 


(b) Calculation of Preliminary Quantities 


Most of the actual calculations of the present work 
were performed on the Whirlwind digital computer 
with programs which had already been developed for 
other molecular and crystal problems. The techniques 
employed here were dictated largely by the nature of 
the programs available. 

First the necessary Hartree-Fock functions for K* 
and Cl- were obtained in analytic form by fitting the 
tabulated Hartree-Hartree radial functions with a 
series of Slater orbitals.'* The parameters for the final 
functions are given in Table I. The Hartree-Fock free- 
ion energy elements for these analytic functions then 
were calculated on Whirlwind using the same techniques 
which were to be used throughout the calculation of 
matrix elements (described below). The resulting energy 


11 See, for instance, C. Kittel, Introduction to Solid State Physics 
Oeke Wiley and Sons, Inc., New York, 1956), second edition, 


p. 7 

2 A fit by Léwdin was used for the Cl- 3p pee and new 
fits were used for the functions Cl- 3s, Kt 3p, Kt 2p, Kt 3s, 
K+ 2s, and K+ 1s. Interpolated numerical tables were used for 
the other Cl- functions. The fitted functions for each ion were 
adjusted slightly to make them mutually orthonormal (and 
orthogonal to the numerical inner functions in the case of Cl). 














1932 


L. P. HOWLAND 


TaBLE II. Free-ion Hartree-Fock-type energy elements H (m,/,m,|m2lem:2) between the analytic functions of Table I. The original 
Hartree-Fock values for all the diagonal energy elements are given in the rows labeled HF. All energies are in rydbergs. 











mil | male: 3s|3s 3s|2s 2s|2s 3s|1s 2s|is Is|is 3p|3p 3p|2p 2p\|2p 
K* analytic: —3.9281 +0.014144 —29.427 +0.0077 +0.1426 — 267.505 —2.3417 — 0.0064 — 23.476 
Kt HF: —3.930 —29.44 — 267.55 —2.341 — 23.49 
Cr analytic: —1.4744 —0.3060 
Cl- HF: — 1.454 — 20.47 — 209.1 —0.2971 — 15.39 








elements are presented in Table II, and the diagonal 
elements in the table are used as the values of €» in 
Eq. (3-16). ; 

The most important of the integrals required for the 
crystal calculation were evaluated by the well-known 
expansion method of Barnett and Coulson,” as adapted 
by Corbaté for Whirlwind.“ In Corbaté’s adaptation 
the radial expansion functions are generated in nu- 
merical form given the input atomic functions in 
analytic form; radial integrations then are done by 
Simpson’s rule. The particular integrals calculated here 
are discussed below. 

Using the expansion technique and the analytic 
functions of Table I overlap integrals between the free- 
ion functions were calculated. The normal interionic 
distance of KC] was taken to be 3.122 angstroms, or 
5.9007 a.u.!® Overlap integrals were calculated for all 
possible pairs of functions out to quite large separations. 
From the results, the overlap integral between a par- 


TABLE III. The independent, nonzero elements of overlap, 
A(mR|n), and of inverse overlap, A~!(mR|n), in the second- 
neighbor, outer-function lg for KCl. The interiouic 
distance, a, is 5.9007 a.u. The code for the function index is as 
follows: z, x, y, and s stand for Cl 3p2, 3px, 3py, and 3s, and z, 
x, y, and s stand for K+ 3p2, 3px, 3py, and 3s. The vector R is 
given by its components measured in units of a. The values of 
S(mR|n) and P(mR\|n) can be obtained from the values below 
by use of Eqs. (2-8). 











R mn A(mR|n) A71(mR|n) 
000 ZZ 1.000 000 1.029 038 
ss 1.000 000 1.008 997 
000 22 1.000 000 1.012 478 
ss 1.000 000 1.020 794 
001 xx 0.017 939 —0.014 702 
az —0.070 841 0.071 761 
Sz —0.025 275 0.024 855 
Zs 0.061 050 —0.055 014 
ss 0.012 060 —0.008 875 
101 12 —0.019 168 0.016 963 
zx 0.030 576 —0.025 635 
SZ —0.014 354 0.012 697 
yy 0.011 408 —0.009 126 
ss 0.002 578 —0.001 500 








13M. P. Barnett and C. A. Coulson, Trans. Roy. Soc. (London) 
A243, 221 (1951). 

4 F, J. Corbaté, thesis, Massachusetts Institute of Technology, 
1956 (unpublished). 

18 This value of the interionic distance is appropriate to KC] at 
about —180 degrees centigrade, as the original purpose of the 
KCl work was an investigation of the V: color-center absorption, 
which is observed at that temperature. 


ticular pair of functions, both on the z axis, was found 
to vary exponentially with separation distance down 
to the nearest distance at which the pair of functions 
occurs in the normal lattice and to somewhat smaller 
distances. This dependence is the basis for the calcu- 
lation of band structure as a function of interionic 
distance in Sec. 5. The final values of the independent, 
nonzero overlap integrals which actually are used in 
the present calculation are listed in Table ITI. 

On the basis of the overlap calculations and of energy 
element estimates, the inner free-ion functions (func- 
tions with principal quantum numbers of one and two) 
of both K+ and Cl- were assumed not to overlap any 
other functions in the crystal. The assumption is quite 
good for the inner Cl- functions but only fair for the 
inner K* functions. In this approximation Eqs. (2-10) 
need only be solved with m and m running over the 
eight indices of the outer free-ion functions (Cl- 3pz, 
3px, 3py, and 3s, and Kt 3pz, 3px, 3py, and 3s); this 
will be called the outer-function approximation. Fur- 
thermore, the only elements of overlap and energy 
between these outer functions which are taken as non- 
zero are the following: all the one-center elements; the 
two-center elements between a Cl- and a K* function 
which are first neighbors (to be called CIK elements) ; 
and the two-center elements between two Cl- functions 
which are second neighbors (to be called CICI elements). 
This will be called the second-neighbor approximation. 
The overlap elements listed in Table III are the inde- 
pendent, nonzero elements which are required in the 
outer-function and second-neighbor approximations. 

The inverse-overlap elements (A~')m, [and hence 
the elements P», which come into Eqs. (3-12) and 
(3-14) ] are calculated from the overlap integrals in 
Table III. As can be proved by group theory, each 
inverse-overlap element (A~')mn has all the symmetry 
properties of an integral of the crystal potential between 
the two free-ion functions u», and u,. Furthermore, as 
Léwdin has shown,‘ each element (A~)m, can be ex- 
pressed as a power series in the elements S,, which are 
defined by the first of Eqs. (2-8). On the basis of esti- 
mates made with this series, each element (A~')ma can 
be considered negligible if the corresponding overlap 
integral Ama is negligible; tlius the second-neighbor, 
outer-function approximation can be extended to 
elements of inverse-overlap. The list of independent, 
nonzero inverse-overlaps to be determined therefore 
corresponds exactly to the list of overlaps in Table ITI, 
and there are fourteen such elements. The working 
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TaBLE IV. The independent, nonzero elements of energy H(mR|n) and all the terms contributing to those elements for KC] in the 
outer-function, second-neighbor approximation. The interionic distance, the code for the function index, and the notation for R are 


the same as in Table III. All energies are in rydbergs. 








(a) One-center elements H (m000|m): 





























mm ém+t02a/a ACPI ccc OVC CEX OVE H 
wz —0.8983 0.0013 —0,.0139 0.0662 —0.0347 0.0028 —0.8766+ 0.002 
ss —2.0667 0.0000 —0.0027 0.0806 — 0.0086 — 0.0087 — 2.0061+ 0.002 
zz —1.7494 0.0000 —0.0161 0.0217 —0.0184 0.0081 — 1.7540+0.002 
ss —3.3358 0.0000 —0.0137 0.0247 — 0.0238 0.0155 —3.333140.002 
¢ (b) Two-center CIK elements H (mo001 | n): Aol ed 
mn KE Cc EX CPI ccc Ovc CEX OVE H 
xx —0.0027 —0.0147 —0.0274 0.0026 0.0000 — 0.0005 0.0000 0.0077 —0.0351+0.002 
uz 0.0017 0.0608 0.1241 —0.0029 0.0000 —0.0011 0.0000 — 0.0307 0.1518+0.0025 
8z 0.0135 0.0172 0.0523 — 0.0008 0.0000 — 0.0008 0.0000 —0.0142 0.0672+0.002 
zs -—0.0120 —0.0999 —0.1404 0.0106 0.0000 —0.0010 0.0000 0.0278 —0.2149+0.0025 
ss —0.0100 —0.0144 — 0.0317 0.0013 0.0000 — 0.0001 0.0000 0.0104 —0.0445+0.002 
(c) Two-center CICI elements H(mi01 |n): 
47 0.00013 —0.01259 0.02368 0.01788 0.00044 —0.0005 0.00210 — 0.00635 0.0248+0.0012 
zx —0.00128 0.01953 —0.03526 — 0.02882 —0.00411 0.0005 — 0.00624 0.00964 —0.0460+0.0012 
yy -—0.00115 0.00694. —0.01158 — 0.00852 — 0.00068 0.0003 —0.00208 0.00349 —0.0133+0.0015 
SZ 0.00359 —0.00503 0.02478 0.01232 0.00054 — 0.0008 0.00149 — 0.00506 0.0319+0.001 
ss —0.00196 0.00139 —0.00570 — 0.00224 —0.00116 0.0001 — 0.00049 0.00220  —0.0079+0.001 











values of these fourteen elements were obtained here by 
setting up and solving on Whirlwind a set of fourteen 
simultaneous equations. These.equations were obtained 
in a straightforward way from the basic equation AA 
equals 1.6 The calculation was repeated with larger 
sets of equations in order to test the assumptions about 
negligible elements. The best set of the fourteen desired 
inverse-overlap elements are listed in Table III. 

The atomic and diatomic integrals besides overlap 
which were evaluated accurately for the crystal calcu- 
lation are the following : the one- and two-center kinetic 
energy and nuclear attraction integrals, the one-center, 
two-electron integrals, and the two-center, hybrid and 
exchange integrals. Only integrals involving outer 
functions were calculated, and the expansion method 
was used throughout. The values of the final integrals 
and of other integrals to be described below are omitted 
from the present paper, but they are available upon 
request.!? Due to a combination of factors involving 
convergence, integration mesh, and the number of 
exponentials in the analytic functions of Table I, it is 
not feasible to obtain adequate two-center Coulomb 
integrals directly by the expansion method. Coulomb 
integrals which are adequate for many purposes were 
obtained by neglecting the mutual penetration of the 
interacting charge distributions, however.!” In this 
approximation the desired Coulomb integral is replaced 
by the Coulomb interactions of the multipoles for the 


16 This follows a procedure suggested by S. O. Lundquist and 
P. O. Froman, Arkiv Fysik 2, 431 (1950). 

17 A complete table of the one-, two-, and three-center integrals 
calculated here has been deposited as Document No. 5492 with 
the ADI Auxiliary Publications Project, Photoduplication Service, 
Library of Congress, Washington 25, D. C. A copy may be secured 
by citing the Document number and by remitting $2.50 for 
photoprints or $1.75 for 35-mm microfilm. Advance payment is 
required. Make checks or money order payable to: Chief, Photo- 
duplication Service, Library of Congress. 


two charge distributions. The errors in the approximate 
integrals thus obtained were compensated when neces- 
sary by methods to be described in Sec. 3(c) [in the 
discussion of CCC (m000| m) ]. 

Certain three-center integrals also were obtained by 
the expansion method. These were the integrals of a 
spherical potential V(r) on the origin against a function 
um at R, and a function #, at R,-. In the integrals which 
were calculated V(r) is 2/r, 2Z,'(K+|r)/r, or 
2Z,'(Cl-|r)/r Ssee Sec. 3(a)]. These integrals were 
calculated by expanding each of the free-ion functions 
about the origin in spherical harmonics with its own 
location vector as the z axis for its own expansion and 
by rotating the spherical harmonics of one expanded 
function to the coordinate system of the other. The 
coefficients for rotation of the spherical harmonics were 
generated on Whirlwind" on the basis of formulas due 
to Wigner.'* Infinite series result for each three-center 
integra! in this method, and the convergence of these 
series often is quite poor, especially for integrals of the 
extensive potential 2/r. Final values for the integrals 
were obtained by extensive extrapolation." 


(c) Calculation of Energy Elements 


The general formula for a one-center energy element 
is given in Eq. (3-16). In the outer-function approxi- 
mation the only such elements which must be calculated 
are diagonal. The terms contributing to these elements 
are discussed below, and the final values of the elements 
with their uncertainties and the values of the contrib- 
uting terms are listed in Table IV(a). The uncertainties 
arise mostly from integration errors and from neglecting 
the effects of inner free-ion functions. 


18E. P. Wigner, Gruppentheorie und ihre Anwendung auf die 
Quantenmechanik (Friedrich Vieweg und Sohn, Berlin, 1931), 
p. 182, p. 232. 
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From Eq. (3-16) the principal contribution to the 
one-center energy element H(m000|m) is €m+22a/a. 
The energy parameters ¢, are given in Table II, and 
the Madelung constant for KCI is 1.747558." The 
remaining terms contributing to H(m000|m) are all 
overlap-dependent and small; they are discussed 
individually below. 

The term ACPI(m000|m) is appreciable only if the 
function “,, is significantly large in regions outside a 
sphere of radius a, the first-neighbor lattice distance. 
Because of this the contribution is only appreciable 
when “,, is a Cl- 3p function; in this case the correction 
term is essentially just 2Z,’(CI-|a)/a. 

The term CCC(m000|m) is given by Eq. (3-11). 
For calculation the right side of this equation can be 
rewritten as >°9’(g’#0)CCmmm(g’), where CCmm(g’) is a 
two-center Coulomb correction term whose definition 
should be clear on comparison to Eq. (3-11). The terms 
CCimm(g) were calculated by a modification of the usual 
expansion method for Coulomb integrals. In this 
modification a Cl- ion always is taken as the displaced 
ion, because of its size. The charge density on the 
displaced Cl- ion is then written out analytically using 
the parameters of Table I, but only those parts of the 
resultant expression are retained which penetrate 
significantly into the origin charge density. The quan- 
tity CCmm(g) then is taken to be the difference between 
the interactions of the origin density and the partial 
displaced density when the latter is treated exactly and 
when it is treated as a nonpenetrating, displaced multi- 
pole. These two interactions are calculated easily and 
fairly accurately by the expansion method. 

The term OVC(m000|m) is given by Eq. (3-12). As 
examination of Eq. (3-4) for the overlap density poy(2) 
shows, a part of OVC can be obtained from the accurate 
one- and two-center two-electron integrals and the 
quantities P,, in Table III. These contributions account 
for the effects of part of the overlap charge density. 
The remainder of the overlap charge density can be 
replaced by an appropriate array of point charges, and 
its contributions may be calculated approximately, as 
described below. 

The complete overlap charge density in Eq. (3-4) 
consists of negative charge in spherical distributions on 
crystal lattice sites (different charges for K+ and Cl- 
sites), and positive charge in two-center overlap dis- 
tributions between the sites. The net overlap charge in 
a spherical distribution on site g is —2)_ (on site g) Py», 
which will be symbolized by goy(g), while the net overlap 
charge in the overlap distribution between sites g and 
g is —4>,(on g)>-,(on g’)PopApe, which will be 
symbolized by goy(g,g’). It can be shown that the charge 
Gov(g) must equal —43)>°,-(g’~g)qov(g,g’), and the 
neutrality of the overlap charge density follows from 
this. When the approximate values of P and A from 
Table III are used, however, the left and right sides of 
this equality differ by about one percent. To avoid 
difficulties, then, the working value of each charge 
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Gov(g) is taken to be the value calculated from the 
charges gov(g,g’). These values for goy(g) turn out to be 
—0.190 and —0.116 electron charges for g a Cl- and a 
K+ site, respectively. In the point charge approximation 
for the overlap charge density that density is replaced 
by the charge qov(g) on each lattice site g and the charge 
Gov (g,g’) on a line between each pair of sites g and g’. 
The exact location for each charge gov(g,g’) is deter- 
mined by calculating the center of gravity of the two- 
center overlap charge distribution between sites g and 

For the calculation of OVC(m000|m), then, part of 
the overlap density is included accurately, and the 
remainder is approximated by the point-charge array 
just described. To obtain the contribution to OVC 
arising from the point charge remainder, the primary 
density —t#m*(1)%m(1) is treated as a negative point 
charge at the origin, and the charges in the point- 
charge array are grouped to give an infinite NaCl-like 
array and an array of high-order, neutral multipole 
distributions. The desired contribution is evaluated 
easily in this approximation. As shown by the results 
in Table IV, OVC(m000|m) is generally the largest of 
the overlap-dependent contributions to a one-center 
energy element. 

The term CEX(m000|m) given by Eq. (3-13) is 
obtained easily from the accurate two-center exchange 
integrals. 

The term OVE(m000|m) given by Eq. (3-14) is the 
exchange interaction of the primary exchange function 
with the overlap exchange function p.y(2|1). As ex- 
amination of Eq. (3-15) for the overlap exchange 
function shows, a part of OVE(m000|m) is obtainable 
from the accurate one- and two-center two-electron 
integrals and the quantities P,, in Table III. The 
remainder of the overlap exchange function provides 
only small contributions to the over-all term 
OVE(m000|m). These are included by approximating 
the more important many-center integrals as Coulomb 
interactions between appropriate point charges. This 
is the last of the terms contributing to a one-center 
energy element. 

The general formula for a two-center energy element 
H(mR|n) is given in Eq. (3-5). The terms contributing 
to such an element are discussed below, and the final 
values of the elements with their uncertainties and the 
values of the contributing terms are listed in Table 
IV, (b) and (c). 

The terms KE(mR|n), C(mR\|n), and EX(mR|n) 
as given in Eqs. (3-6), (3-7), and (3-8) all are obtained 
easily from the standard two-center molecular integrals 
discussed in Sec. 3(b). As shown by the values listed in 
Tables IV, (b) and (c), the term EX is the most impor- 
tant of all the terms contributing to each two-center 
energy element, and its sign determines the sign of the 
element (the seemingly large contributions C and CPI 
in the CICI elements necessarily tend to cancel one 
another, as will be shown). 
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The term CPI(mR|mn) given by Eq. (3-10) is calcu- 
lated differently depending on whether the pair m, n 
designates a CIK or a CIC! element. In the CIK case 
the potential energy due to the primary chlorine as a 
point ion is added and subtracted to the potential in 
the square brackets in Eq. (3-10). The term CPI then 
is given by the Coulomb interaction of the primary 
density with the KCI crystal as a crystal of point ions, 
excluding the primary K* ion, minus its interaction 
with the primary chlorine as a point ion. The latter 
interaction is calculated easily from the accurate, two- 
center nuclear-attraction integrals. The former is 
calculated by expanding both the Madelung potential 
and the primary Cl function about the K* site as an 
origin and evaluating the lead terms in the resultant 
infinite series. As shown by actual calculation of several 
terms in this series, the term (2a/a)A(mR\|n) which 
arises from the spherical term in the expansion of the 
Madelung potential is the only significant contribution 
to CPI from this infinite series. 

In the case in which the pair m, n designates a CIC] 
element, the above method for calculating CPI(mR|m) 
is not expected to be good due to poor convergence of 
the infinite series. For this case the contributions of the 
two nearest K+ ions to CPI are calculated explicitly by 
use of the accurate three-center integrals involving the 
potential 2/r, and the contributions due to all further 
ions are found to be negligible. The net charges of the 
two potassiums which are included neutralize the net 
charges of the two primary chlorines, and, as a result, 
the term CPI(mR|m) tends to cancel an important part 
of the corresponding term C(mR|), as was anticipated. 

The term CCC(mR|n) given by Eq. (3-11) is entirely 
negligible in CIK elements, and in CICI elements its 
only significant contributions are from the two nearest 
K* ions. The latter contributions are calculated by use 
of the accurate three-center integrals of the neutralized 
nuclear charge for potential of a potassium ion [see 
Sec. 3(b) ]. 

The term OVC(mR|n) given by Eq. (3-12) is the 
Coulomb interaction of the primary charge density 
with the overlap charge density poy(2). As with the 
corresponding contribution to one-center energy ele- 
ments, a part of this term is given by combinations of 
standard two-center integrals and the quantities Py, 
in Table III. The remainder of the term is calculated 
approximately by considering the primary charge 
density —um*u, to be a point charge of magnitude 
—A(mR|n) located at its own center of gravity and 
by finding the interaction of this point charge with the 
remainder of the overlap density as an array of point 
charges. As shown by the results in Table IV, the terms 
OVC are all small, but the smallness results from the 
cancellation of the two-center contributions against the 
remainder contributions. 

The term CEX(mR|n) given by Eq. (3-13) is entirely 
negligible in CIK elements, and it is small in CICl 
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TABLE V. List of & points. The values of k are given by the 
components kz, ky, and k,, and each component is given in units 
of x/4a. 











k-point rk k point k k point k 
1 eof 12s) 26 —0,8/5,8/5 
.. 2°" & SS 27. —«0,9/5,9/5 
S ts 6S a 28 ~—0,11/5, 11/5 
c €« ww Ge 29 —-0,12/5,12/5 
. ae ae ae 30 —-0,13/5,13/5 
S “Et “6: ta 31 —-0,14/5,14/5 
7 Off 19 1223 32 —-0,8/5,10/5 
8 0,1,3 20 2,2,2 33 0,7/5,11/5 
9 O14 21 1/21/2,1/2 34 0,4/5,14/5 
10 02,2 22 3/2,3/23/2 35 1/5,9/5,9/5 
11 023 23 1,5/2,3/2 36 ~—-.2/5,9/5,9/5 
12 0,2,4 24 ,6/5,6/5 37 1,9/5,9/5 








elements. Its values were obtained by approximating 
many-center integrals as interactions between ap- 
propriate point charges. 

The term OVE(mR|n) given by Eq. (3-14) can be 
broken into two parts, one which is easily calculable 
from the accurate two-center integrals, and another 
which is small and can be estimated by the use of 
approximate two-electron integrals. This is the last of 
the terms contributing to a two-center energy element. 


4. BAND STRUCTURE AT THE NORMAL 
INTERIONIC DISTANCE 


(a) Calculation and Results 


In the present calculation the electronic structure of 
KCI is determined by solving the set of eight simul- 
taneous equations (2-10) in the outer-function, second- 
neighbor approximation. The set of equations is solved 
for representative values of the wave vector k lying in 
the central Brillouin zone of KCl. This Brillouin zone 
is the well-known Wigner-Seitz truncated octahedron; 
it is illustrated in Fig. 1(a). The coordinates of k space 
in this figure are given as é, 9, and ¢, equal to ak., aky, 
and ak, respectively, where a is the interionic distance; 
the alternative coordinates £, £2, and &; in the figure 
will be used later. An independent segment of the zone 
is illustrated in Fig. 1(b). Its volume is one forty-eighth 
that of the entire zone, forty-eight being the number of 
operations of the cubic point group. 

The representative wave vectors chosen for use in 
the present calculation are the twenty which define 
points on a cubic mesh of interval x/4 in the inde- 
pendent segment of the central Brillouin zone, plus 
certain others which are required for particular details. 
The first twenty & points are illustrated in Fig. 1(b), 
and all the points are listed in Table V. None of the 
first twenty points is general. 

Equations (2-10) have been solved on Whirlwind for 
all the wave vectors listed in Table V, and the solutions 
in complete form (energies and coefficients) are avail- 
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able upon request.!® In general these solutions bear out 
the expectations expressed in Secs. 1 and 2. Each final 
one-electron function is made up predominantly of a 
linear combination of some particular set of degenerate 
free-ion functions, and each band of one-electron 
energies is narrow compared to the energy differences 
between the bands. The energy parameter results are 
summarized. in fairly complete form in Figs. 2 and 3 
and are discussed in some detail below. 

In Fig. 2 the seven highest energy parameters for 


E(k) in Ryddergs 


“174 


~1.76 
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& Points 


Fic. 2. Band structure of KCI at the normal interionic distance 
(5.9007 a.u.). The values e(k) plotted vertically for each k point 
are the highest seven roots of the eighth-order secular equations. 
The & points are identified in Fig. 1(b) and in Table V. The 
degeneracy of each root is given unless it is one. 


1 A complete table of one-electron energies and functions for 
KCl at the & points listed and at the normal interionic distance 
can be obtained from the Library of Congress by the procedure 
which is outlined in footnote 17. This table is in the same docu- 
ment as the table of integrals described there. 








ie oe a qr __the dotted lines which 
A are parallel to the ¢ axis. 


(b) 


each wave vector are plotted on a vertical energy scale, 
and the vertical scales for the different wave vectors 
are arranged close together across the page to allow 
easy comparison. By the choice of indexing the k points, 
they run in short sequences along lines in k space 
parallel to the k, axis. Energy curves are drawn through 
these sequences in the figure. 

The order of the energy bands of KCI in Fig. 2 is just 
that predicted by the order of the free-ion, Hartree- 
Fock energy parameters plus or minus the Madelung 
energy. The filled band of highest energy, the valence 
band, is Cl- 3p. From data in the figure this band has 
a total width of 0.112 rydberg or 1.52 ev. Proceeding 
downward in one-electron energies, the next bands are 
K+ 3, with a width of 0.029 rydberg or 0.39 ev and 
about 0.8 rydberg below the bottom of the valence 
band; Cl 3s, with a width of 0.033 rydberg or 0.45 ev 
and about 0.23 rydberg below the bottom of the K+ 3p 
band; and K+ 3s (which is omitted from the figure), 
with a width of less than 0.001 rydberg and about 1.3 
rydbergs below the bottom of the Cl- 3s band. 

In the outer-function approximation the energy 
bands corresponding to inner free-ion functions have 
no width at all, and they are given by the appropriate 
free-ion Hartree-Fock energies plus or minus the 
Madelung energy. To the scale of Fig. 2 this result 
almost certainly is valid for the inner-function Cl- 
bands, and from the narrowness of the K+ 3s band, it 
probably is correct for the inner-function Kt bands 
as well. 

Let us go on to consider the details of the valence 
band. In Fig. 2 the minimum of this band in the 
independent segment of the Brillouin zone is seen to be 
a nondegenerate energy at the zone boundary in the 
[1,1,1] direction (& point 20). It is quite distinct in 
that all the other energies on the cubic mesh of k points 
are appreciably higher than it. The minimum is illus- 
trated further in Fig. 3(b). 

The maximum of the valence band in the independent 
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segment appears to be a nondegenerate level at k point 
10, inside the Brillouin zone and along the [0,1,1] 
direction. This maximum is not distinct, however, since 
the maximum energies for points 18 and 20 are only 
slightly below it. Inclusion in the calculation of inter- 
actions between free-ion functions on more distant 
neighbors might result in a shift of the calculated 
‘maximum from point 10 to one of these other two 
points. The maximum energies at these three points 
are distinctly higher than the energies at the other 
points on the cubic mesh, however, and a more accurate 
calculation probably could not shift the band maximum 
to one of these other points. From Table V or Fig. 1(b), 
the points 10, 18, and 20 in question are seen to lie 
along a straight line parallel to the &, axis; this line, 
when extended, connects the centers of two adjacent 
hexagonal faces of the Brillouin zone, and point 10 is 
its midpoint. Taken together the twelve lines like this 
are edges of a cube inscribed in the truncated octahedron 
which is the Brillouin zone; this cube is indicated by 
dotted lines in Fig. 1(a). 

Even if a band maximum actually occurs for a wave 
vector in the [0,1,1] direction, however, there is no 
reason of symmetry why it should be exactly at point 
10. To obtain detailed information about the location 
of the band maximum, Eqs. (2-10) were solved at 
k-points 24 through 37 (see Table V) near point 10. 
Some of the resulting energies are included in the curve 
of Fig. 3(c). As shown by the results, the maximum 
band energy still occurs along the [0,1,1] direction, 
but at 3; [defined in Fig. 1(a) ] equals 0.631 x, rather 
than exactly at £; equals 0.707, which is point 10, The 
actual value of the maximum band energy then is 
—0.7862 rydberg, rather than —0.7870 rydberg, as 
obtained at point 10. 

In view of the results above, a surface of constant 
energy for an energy somewhat below the Cl 3p band 
maximum is a tubular framework almost describing 
the inscribed cube of Fig. 1(a), but having the tubes 
bent slightly toward the origin while their joints are 
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fixed at the cube corners. For a higher energy this 
surface of constant energy breaks into twelve ellipsoids, 
each centered on one of the equivalent maxima. For 
the ellipsoid centered in the [0,1,1] direction the prin- 
cipal axes are parallel to the £, &, and £3 axes (direc- 
tions [1,0,0], [0,1,1], and [0,1,1], respectively), which 
are shown in Fig. 1(a). The corresponding components 
of the diagonalized effective mass tensor were found to 
be 10.0, 0.93, and 2.0 electron masses, respectively. 

The results discussed above all are based on solutions 
of Eqs. (2-10) in the outer-function, second-neighbor 
approximation. In this approximation the equations 
are of order eight because the eight Bloch sums built 
from the eight different types of outer free-ion functions 
are allowed to mix to form each one-electron function 
¥:(k|r). As shown by the results obtained, however, 
the functions y,(k|r) which have energies in the Cl- 3p 
band are built up predominantly of Cl 3p free-ion 
functions with only small admixtures of the other types 
of functions. To separate the effects of these small 
admixtures, a third-order secular equation also has 
been solved for each of the wave vectors 1 through 23 
in Table V. The third-order equation is obtained by 
allowing only Cl- 3p Bloch sums to mix, but using the 
same matrix elements between them as were used before 
(these would be changed only slightly if CIK contri- 
butions were neglected fully). Energies in the Cl- 3p 
band obtained by solving this third-order secular 
equation are plotted in Figs. 3(a), (b), and (c) along 
with those obtained by solving the eighth-order equation. 
The principal feature to note is that the band width 
predicted by the third-order equations is too large by a 
factor of about two. 

The uncertainty in the final results ‘obtained by 
solving the eighth-order equations is difficult to esti- 
mate. The significant uncertainties in a particular 
energy parameter arise from the following sources: 
omission of interactions with inner free-ion functions, 
omission of interactions between second-neighbor K+ 
functions and interactions between all functions 
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separated by more than the second-neighbor distance, 
and uncertainties in the values of the energy elements 
which are actually included in the calculation. In view 
of the estimated errors arising from these causes and 
in view of the nature of the equations to be solved, the 
uncertainty in a particular energy parameter probably 
is about +0.015 rydberg. The absolute errors of energy 
parameters in different regions of reciprocal space are 
not independent, however, and a more accurate calcu- 
lation based on the same model probably would give 
an energy band only slightly different though somewhat 
displaced from the band obtained here. 


(b) Discussion of Results 


The theoretical work most comparable to that 
presented here is Shockley’s cellular calculation for the 
Cl- 3p band of NaCl.’ Shockley obtains a Cl- 3p band- 
width of about 4 ev for NaCl, while the present calcu- 
lation gives about 1.5 ev for KCl. The narrower band 
of the present calculation is somewhat more in line with 
expectation, since narrow bands are observed in the 
appropriate x-ray emission spectra of the alkali- 
halides.*® 

The difference between the band widths probably 
has several causes. In the first place Shockley’s best 
results are obtained with the Cl-—Nat matching 
conditions either neglected or included only approxi- 
mately. In the present work the third-order equations 
in which only Cl- 3p Bloch sums are allowed to mix 
involve an analogous omission of CI-— K* interactions 
(except as they are built into the CIC] energy elements), 
and these solutions give a band width of 2.9 ev (see 
Fig. 3), almost twice the final calculated band width. 
By implication, then, Shockley’s relatively wide band 
might be largely a result of inadequate treatment of 
the Cl-—Na* matching conditions. As a second cause 
of the difference in band widths, the KCI calculation 
is based on Hartree-Fock functions for Cl while 
Shockley’s calculation is based on potentials obtained 
from the more extensive Hartree functions. A part of 
the difference between the calculated band widths for 
the two crystals may well be real, of course, since 
interactions between the second-neighbor Cl- functions 
are relatively more important in NaCl than in KCl, 
but this probably cannot account for the entire 
difference. 

Except for scale and the absolute values of energies, 
the Shockley NaCl valence band and the new KCl 
valence band are quite similar. Since Shockley did not 
calculate energy curves for the [0,1,1] direction in 
reciprocal space, however, it is not possible to compare 
the locations of the predicted band maxima. In view 
of the fact that for KCl] an energy maximum occurs in 
the [0,1,1] direction away from k equals zero even in 
the third-order solutions, it is quite possible that in an 
extended Shockley-calculation for NaCl the same thing 


would occur. 
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Another theoretical study which is somewhat com- 
parable to the present work is the cellular calculation 
for LiF by Ewing and Seitz.! The valence band of LiF 
is F~ 2 rather than Cl 3p, and exchange effects were 
neglected in this calculation. In spite of these facts, 
however, the final curves of the valence band energies 
of LiF in the [1,0,0], the [1,1,1], and the [1,1,0] 
directions bear many resemblances to the corresponding 
curves for KCI in Fig. 3 and to Shockley’s [1,0,0] and 
[1,1,1.] curves for NaCl. In the [1,1,0] curve for LiF 
in particular the upper branch of the band rises as k 
increases from zero, as the corresponding KCI branch 
does. This result tends to support the suggestion made 
above that the NaCl band maximum also might occur 
in the [1,1,0] direction. Instead of going through a 
maximum inside the zone as the upper KCI branch 
does, however, the LiF branch goes to a maximum at 
the zone boundary. In addition, the LiF band has a 
width of about 0.4 rydberg or 5.5 ev. 

The principal experimental work to which the present 
results can be compared is the study of the x-ray 
emission spectrum of KCl made by Parratt and 
Jossem.* This emission spectrum was observed in 
ranges around the Kg emissions of the free ions K+ and 
Cl, and similar results were found in the two regions. 
Theoretically some part of the spectrum observed in 
the Cl Kg region should arise from band-to-band 
transitions of the crystal-minus-one-electron in which 
a hole in the Cl 1s band jumps to the Cl 3p band. 
From the experimental results this spectrum consists 
of a high, narrow peak called §;, at the low-energy end 
of a lower, broader band called 6,. There is some reason 
to believe that the §; peak by itself represents the band- 
to-band transitions.” This peak has a width at half 
maximum of 1.20 ev, and it also is quite smooth, at 
least on its low-energy side. 

With energies and functions determined by the 
present type of calculation, a theoretical spectrum for 
the Cl- Kg band-to-band emissions can be determined. 
This has been done here by interpolating to obtain 
valence-band energy parameters on a mesh half the 
size of that described earlier and by simply counting 
energies in subdivisions of the band to get a rough 
density-of-states curve. The latter curve would have 
roughly the same form as the desired Cl- Kg emission 
spectrum if the effects of natural line-broadening and 
of the experimental apparatus were negligible, since 
the transition probability is fairly constant through 
k space, and since the Cl 1s band is flat. This theo- 
retical density-of-states curve exhibits a dip near the 
middle of its 1.5-ev energy range, but, on the the basis 
of values given by Parratt and Jossem,® natural broad- 
ening and the experimental spectral window would 
smooth out this dip almost completely in the actual 
emission spectrum. The form of the theoretical density- 
of-states curve is not inconsistent with the form of 


*L. G. Parratt (private communication). 
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Fic. 4. Structure of 
the valence band of KCI 
as a function of the in- 
terionic distance a. Each 
curve represents a par- 
ticular energy at a par- 
ticular & point as a func- 
tion of a. Values of the 
band width at intervals 
of 0.5 a.u. are given 
below the curves. The 
individual curves are 
numbered 1 through 8 
in order of decreasing 
energy at 7.0 a.u. The 
k point for which a par- 
ticular curve occurs and 
the degeneracy of a par- 
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found from the table 
included in the figure. 
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the observed 8; peak, therefore. When corrected for 
natural broadening, however, the theoretical curve 
predicts an emission spectrum with a width at half- 
maximum of about 1.32 ev, and this is appreciably 
larger than the true width of 0.78 ev obtained by 
Parratt and Jossem for the 6; peak after correction for 
their spectral window. 

The experimental K+ Kg emission spectrum of 
Parratt and Jossem is more readily explained by the 
present theoretical results than is the Cl- Kg spectrum 
discussed above. In view of the difficulties in explaining 
the latter, however, the K+ Kg agreements may be 
fortuitous, and they will not be discussed here. 


5. BAND STRUCTURE AS A FUNCTION OF 
INTERIONIC DISTANCE 


(a) Description of the Calculation 


To provide some information about density-de- 
pendent effects in KCI as well as about band structure 
in general, the band structure of KCI was recalculated 
as a function of the interionic distance. For this the 
matrix elements of energy and overlap between free-ion 
functions (those in Tables III and IV) were taken to 
vary in simple analytic ways as functions of the 
distance. 

On the basis of the observations mentioned in Sec. 
3(b), the two-center overlap integrals all were taken to 


5.5 6.0 6.5 7.0 


INTERIONIC DISTANCE a (au ) 


vary exponentially with distance. The exponential 
factor for a given integral was obtained by fitting one 
exponential to the curve of each overlap as a function 
of distance. The two-center energy elements each were 
taken to vary as an exponential divided by the inter- 
ionic distance, and the exponential factors were chosen 
to be the same as those for the corresponding overlap 
integrals. The overlap-dependent contributions to each 
of the one-center energy elements [the second set of 
brackets in Eq. (3-16) ] were taken to vary together 
as an exponential divided by the interionic distance, 
and the exponential factors were derived from those 
for the overlap integrals. All of the elements were made 
to equal the accurate elements at the normal interionic 
distance of 5.9007 a.u. The elements obtained by use 
of these analytic approximations probably are rea- 
sonable for interionic distances greater than about 5 
a.u. The second-neighbor, outer-function approximation 
may not be very reasonable for distances less than 5.5 
a.u., however. 


(b) Results and Discussion 


With the approximate elements discussed above the 
band structure of KCl was calculated for interionic 
distances from 4.5 to 7.0 a.u. at intervals of 0.5 a.u. 
The eighth-order equation (2-10) was solved only at k- 
points 1, 5, 10, and:20 (see Table V), since it was judged 
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Fic. 5. The upper four filled bands of KCl as a function of the 
interionic distance a. The values of the free-ion Hartree-Fock 
energy parameters are given at the right of the figure; the bands 
approach these parameters in the limit as the interionic distance 
approaches infinity. 


by Fig. 2 that the results for these points would charac- 
terize the dependence of band structure on distance 
fairly well. 

The properties of interest in the results are most 
easily found by comparing the solutions of the secular 
equations for a given k point as a function of interionic 
distance. The functions and energies for large distances 
are easily identified with free-ion functions and energies. 
By matching the coefficients for one-electron functions 
from one value of the interionic distance to the next 
smaller value, it is possible to follow a particular energy 
as a function of distance. Smooth curves are obtained 
for the variation of each energy. 

Figure 4 shows the superposed curves of all the 
calculated energy parameters in the Cl 3p band. The 
envelopes of these curves are approximate curves of the 
upper and lower limits of the Cl- 3p band. For interionic 
distances greater than normal in the figure the band 
maximum is at point 10 (or near it), the minimum is at 
point 20, and the energies obtained are rather uniformly 
distributed throughout the band. As the distance de- 
creases from infinity, however, the energies all decrease, 
pass through minima in the neighborhood of the normal 
distance, and then increase rapidly. During this vari- 
ation, the energy for k-point 1 (& equals zero) shifts 
from a value near the band maximum for large dis- 
tances to become the band minimum for distances less 
than 5.0 a.u. Although the results for a distance of 4.5 
a.u. are not reliable, the trends indicate that the band 
minimum at k point 1 becomes deeper and the density 
of states in its vicinity decreases as the distance de- 
creases below 5.0 a.u. In addition, as the interionic 
distance decreases through the neighborhood of 5.0 a.u., 
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an energy at k point 5 takes over the role of band 
maximum from the energy at k point 10. Because of 
the shifting of energies relative to one another in the 
band, the width of the Cl 3p band does not vary 
smoothly with decreasing interionic distance; the 
band widths for various interionic distances are given 
in the figure. 

The upper and lower bounds of all the bands as 
functions of interionic distance have been obtained, 
and they are plotted in Fig. 5. This plot shows many 
similarities to the plot of the NaCl energy bands which 
was constructed by Slater and Shockley.* The reasons 
for the behavior of the bands in Fig. 5 may be under- 
stood by consideration of the analytic forms of the 
elements of energy and overlap. As the interionic 
distance a decreases from 7.0 to 4.5 a.u. the two-center 
elements all increase essentially exponentially, and this 
increase is responsible for the observed broadening of 
the bands. At the same time each Cl band first falls 
because of the negative Madelung energy in the Cl- 
one-center energy elements, and then it rises rapidly 
as the positive, exponentially-increasing, overlap- 
dependent contributions to the one-center elements 
come to overweigh the Madelung energy. The K* 3p 
band first rises due to the positive Madelung energy in 
the K+ one-center energy elements and then rises much 
more rapidly as the positive overlap-dependent con- 
tributions become predominant. The Kt3s band 
probably should behave in the same general way as 
the K+ 3p band, but due to calculation inaccuracies the 
small overlap-dependent contributions to its normal 
one-center energy elemert come out to be negative; 
the magnitudes of these contributions are less than 
their uncertainties, however. 

The rapid rise of the three upper bands in Fig. 5 at 
small distances outweighs the band broadening. This is 
because the overlap-dependent contributions to the 
one-center energy elements vary roughly as the square 
of the largest overlaps while the two-center elements, 
which cause broadening, vary only as the overlaps 
themselves. Orthogonality requirements probably ac- 
count for the particularly rapid rise of the Cl- 3p band. 


6. COHESIVE ENERGY OF THE NORMAL CRYSTAL 
(a) Equations 


The calculation of cohesive energy in the present 
section is performed both for its own interest and also 
to provide checks on the quantities used in the electronic 
structure work of the preceding sections. It is modeled 
after the comprehensive cohesive energy calculations 
of Léwdin.‘ The cohesive energy is defined as the energy 
of the crystal at 0°K relative to the energy of the 
infinitely-separated, static, free ions, K+ and Cl-. The 
fact that the interionic distance which is used here is 
not quite correct for 0°K will introduce only a negligible 
error in the total calculated cohesive energy. 

On the basis of the definitions in Sec. 2 and Léwdin’s 
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Taste VI. The quantum-mechanical cohesive energy of KCI in various approximations as obtained with a determinant of free-ion 
Hartree-Fock functions. Energies are in kilocalories per mole and are obtained for an interionic distance of 5.9007 a.u. 











Approximation Emoa Eoorr Eexeh Es Eow Eeoh 
(A) 1st-neighb., out-fn, Léwdin — 185.8 —16.5 —48.6 84.0 18.9 — 166.9 
(B) 1st-neighb., out-fn, Howland — 185.8 —17.2 —49.5 (89.3) (22.6) ria 
(C) 2nd-neighb., out-fn, Howland — 185.8 —20.4 — 60.0 106.6 26.2 — 159.6 
(D) Exact — 185.8 ie oe 26.2 to ~~28.2 —159.6 to ~—157.6 








work the cohesive energy of KC! in the LCAO approxi- 
mation is given by 


Eoon= Eetstat+ Eexen t+ Es, 


where the three terms on the right are 


(6-1) 


Eeistat = W+E | 25. a(n Evrae walt) 
X (—2Z 9/119’) m(1)d01+2> m(on g) 
XE a(not on g)(Glmm|pp)}, (62 


Eexeh= 2 ol — Lim(on g)> p(not on g) 


X(G|mp|pm)], (6-3) 
and 
Es= Yoo Lim(On g) don Pam{2(F | mn) 
+¥ », L2(G| mn| pg)— (G|mq| pn) |Pop 
+2% o[2(G|mn| pp)—(G|mp| pn) ]}. (6-4) 


In these equations (F|mmn) is the integral of the oper- 
ator F; between functions u,», and “,, and (G|mn| pq) 
is given by 


(G|mn| pq) = f f tin (1) *tbn(1)Grtt(2)* 


X tq(2)dvid02. (6-5) 


The three energy terms above are called the “electro- 
static energy,” the “exchange energy,” and the “S- 
energy,” respectively. 

The electrostatic energy given by Eq. (6-2) represents 
the total Coulomb energy of interaction of all the free- 
ions in the lattice (electrons plus nuclei). It can be 
split up as follows: 


Eetstat= Emaat Eoorr; 


where Emaa is the Madelung energy, which is equal to 
—2a/a per unit cell, and where Exorr is Léwdin’s cor- 
rection energy, which can be obtained from the effective 
charges for potential of the K+ and Cl ions and from 
the Coulomb correction terms CCmm(g), which were 
discussed in Sec. 3(c). The exchange energy given by 
Eq. (6-4) can be obtained as a sum of two-center 
exchange integrals, which were discussed in Sec. 3(b). 
The S energy given by Eq. (6-4) can be rewritten to 
contain the energy elements Hm, of Eq. (2-12) ex- 


(6-6) 


plicitly. This is desirable both for ease of calculation 
and ‘to provide checks on the energy elements. The 
S energy then is given by 


Es= a n Peklan (6-7) 


where 
Oma= 2H ma— OVCan—OVEmn.- (6-8) 


This equation for the S energy is not very satisfactory 
for calculational purposes, however. A product PamQmn 
in the equation is negative if the functions m and n are 
on the same site (in which case m equals m) and positive 
if they are on different sites; the final S energy is an 
undesirable difference between large numbers. A better 
equation is obtained by the following considerations. 
From the definitions of Pam and Snm in terms of (A) am 
and Anm, it can be proved easily that 


Pam= —San— Lp E[PapSpmt+SapP pm]. 


On substitution of this expression for each one-center 
element Pam in Eq. (6-7), the S energy becomes 


(6-9) 


Es=3X0'o.0’ Lm(on g)2 n(n g’)PamT mn, (6-10) 
where 
T mn= 2Qmn— 2 p(on g and g’)[SmeQpn 
+QmpSpnj. (6-11) 


Equation (6-10) for the S energy is satisfactory because 
each contribution Pam7 mn is positive. The differences 
which occur in Eq. (6-7) have been transferred into the 
quantity 7», as shown by Eq. (6-12), and in this form 
they can be taken in such a way as to avoid difficulty. 

As described above, then, all of the quantities in- 
volved in Eq. (6-1) for the cohesive energy can be 
calculated simply from quantities which were deter- 
mined in the course of the work on band structure. 
This has been done here only within the outer-function, 
second-neighbor approximation which was used for the 
band calculation. 


(b) Results and Discussion 


The results of the calculation described above are 
presented in Table VI. In addition to the quantities 
already defined, a quantity E.,, the overlap energy, 
also is included in'the table. This energy is the sum of 
the three overlap-dependent terms, Eoorr, Eexch, and 
Ez; it is listed because it corresponds quite closely to 
the repulsive energy of the Born-Madelung type of 











1942 


calculations.» The notation in the first column of the 
table indicates the approximation in which the results 
are obtained. 

From the results of the present outer-function, 
second-neighbor calculation in row C of the table, the 
Madelung energy is seen to be the predominant term 
in the cohesive energy. The correction and exchange 
energies are both negative also, but the S energy is 
positive and of such a magnitude that the total overlap 
energy is positive. It is this positive overlap energy 
which keeps the ionic lattice from collapsing under the 
influence of the ionic attractions. The overlap energy 
is positive because the S energy is large and positive, 
and the S energy arises from the existence of the overlap 
charge density, which in turn is an effect of the exclusion 
principle. 

The cohesive energy and its individual components 
have been calculated again in a lower approximation 
by omitting the second-neighbor, CIC] contributions to 
Evorr, Eexch, and Es almost completely. The values thus 
obtained are shown in row B of Table VI. The values of 
the correction and exchange energies thus obtained are 
exactly the values appropriate to a first-neighbor, 
outer-function calculation of the cohesive energy, as 
the notation in the first column of the table indicates. 
The value of the S energy thus obtained contains some 
dependence on the second-neighbor, CICI overlapping, 
however, since the CIK elements of inverse-overlap and 
energy of Tables III and IV were used without cor- 
rection. The values of both the S-energy and the overlap 
energy in row B therefore are given in parentheses. 

Léwdin’s results‘ for the cohesive energy of KCI are 
given in row A of Table VI; the values shown are 
obtained by interpolating Léwdin’s published values 
to the interionic distance 5.9007 a.u. As is indicated in 
the first column of the table, Léwdin’s results are 
obtained in the first-neighbor, outer-function approxi- 
mation. The new values of the correction energy and 
the exchange energy in row B of the table are seen to 
agree fairly well with Léwdin’s corresponding values 
in row A. The observed differences of two and four 
percent are reasonably explained by the slightly different 
functions used in the two calculations. The value of the 
S energy in row B does not agree very well with 
Léwdin’s value, but the difference in the values is 
compatible with the sign and probable size of the CIC] 
contributions to the value in row B. The agreement 
with Léwdin’s results is taken as providing a rough 
check on some of the numerical quantities used in the 
band-structure calculations of the preceding sections. 

On comparison of the second-neighbor results in row 
C of Table VI with Léwdin’s first-neighbor results in 
row A, the CICI interactions are seen to provide an 
appreciable contribution to Eoy and E.,. They provide 
about 7.3 kilocalories per mole as compared to the 18.9 

21M. L. Huggins, J. Chem. Phys. 5, 143 (1937). See also the 


discussion in M. Born and K. Huang, Dynamical Theory of Crystal 
Lattices (Clarendon Press, Oxford, 1954), p. 19. 
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kilocalories per mole which the CIK interactions 
provide. 

In an exact calculation of Eon, interactions between 
more distant neighbors in the lattice and interactions 
which involve inner free-ion functions would have to 
be included also. Such interactions would raise the 
overlap and cohesive energies to even higher values 
than those given in row C of Table VI, but probably 
by not more than about 2 kilocalories per mole. The 
values of the overlap and cohesive energies in an exact 
calculation on Léwdin’s model therefore should lie in 
the ranges indicated in row D of Table VI. These ranges 
are included in the table to emphasize that the accurate 
cohesive energy as predicted by Léwdin’s model (the 
single determinant of free-ion functions in the crystal) 
must be even higher than the value obtained in the 
present calculation. It should be added that there is a 
calculational uncertainty of about one kilocalorie per 
mole in the values in row C of the table and that this 
uncertainty carries over to the range values indicated 
in row D. 

The experimental value of the cohesive energy of 
KCl is given by Huggins”? as — 167.8+2 kilocalories 
per mole. Since the exact value of Léwdin’s quantity 
Econ is between —159.6 and --157.6 kilocalories per 
mole, Léwdin’s model appears to give a cohesive energy 
which is between 8.2 and 10.2 kilocalories per mole too 
high. The source of this error can be seen by consider- 
ation of the problem of calculating the cohesive energy 
of an alkali halide in a general quantum-mechanical 
way, as shown below. 

In principle the cohesive energy of an alkali halide 
should be calculated by performing complete con- 
figuration interactions for both normal crystal and 
separated free ions (with static nuclei), by subtracting 
the total energy of the free-ions from that of the crystal, 
and by adding the zero-point energy for lattice vibra- 
tions to the result. In practice the configuration inter- 
action for the crystal is too difficult to be performed. 
The required difference between the configuration- 
interaction energies can be approximated, however. It 
can be considered as equal to the Hartree-Fock energy 
of the crystal minus the Hartree-Fock energy of the free 
ions plus a correction which is defined by the equality. 
This correction is just the contribution to the cohesive 
energy which arises from correlations of the motions 
of electrons in the two systems. 

This correlation contribution is essentially just the 
energy due to the correlation of electrons which are on 
different ions in the crystal; thus it should be about 
equal to the van der Waals energy of interaction for 
ions in the crystal. On the basis of these remarks the 
complete cohesive energy of KCI should be given 
approximately by the following equation: 


U=AEnrt+Evawt Ep, (6-12) 


* New values of —171+3 and —166.4+3 kilocalories per mole 
have been obtained by Morris, but these essentially substantiate 
Huggins’ value. See D. F. C. Morris, Acta Cryst. 9, 197 (1956). 








BAND STRUCTURE AND COHESIVE ENERGY OF KCl 


where U is the total cohesive energy, AEury is the 
difference between the Hartree-Fock energies of the 
crystal and the free ions, Zyaw is the van der Waals 
energy for ions in the crystal, and £,, is the zero-point 
energy of the crystal. 

Léwdin’s quantity E.., can be looked on as an 
approximation to the difference in Hartree-Fock 
energies, AE yr, in Eq. (6-12). If the van der Waals and 
zero-point energies in this equation then are taken to 
be —6.2 and 0.9 kilocalorie per mole, respectively,” the 


total cohesive energy U as predicted by Eq. (6-12) is 


found to be between — 164.9 and — 166.9 kilocalories 
per mole. This result is only between 2.9 and 4.9 kilo- 
calories per mole above the experimental value. This 
final discrepancy should be just equal to the error in 
the energy of Léwdin’s single determinant of free-ion 
functions as an approximation to the true Hartree-Fock 
energy of the crystal. Léwdin’s determinant therefore 
seems to have an energy which is between 2.9 and 4.9 
kilocalories per mole higher than the true Hartree-Fock 
energy. The sign of this error is consistent with the 
definition of the Hartree-Fock energy,” and its mag- 
nitude is seen to be small. The results therefore provide 
a certain amount of justification for the LCAO approxi- 
mation which has been used in the preceding sections. 
23 On the basis of Léwdin’s original results for E.on, the sign of 


the corresponding error is not consistent with the definition of the 
Hartree-Fock energy. 
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It would not be too difficult to repeat the present 
cohesive energy calculation at other interionic distances, 
using the approximations of Sec. 5, but}this has not 
been done. The results of such a calculation probably 
would predict very nearly the same equilibrium inter- 
ionic distance for KCl which Léwdin found by his 
first-neighbor calculation, however. This is because the 
second-neighbor CIC] contributions to the correction, 
exchange, and S energies are all in about the same pro- 
portion to the corresponding first-neighbor CIK con- 
tributions and because, by an accident, the dependence 
on interionic distance of the largest CIC] overlap 
integral is almost the same as that of the largest CIK 
overlap integral. 
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The ionization energy and expectation value of the radius corresponding to the states of several interstitial 
impurities in Ge and Si are calculated. The range of the valence electron of the impurity is divided into two 
regions; an inner region, which is treated microscopically, and an outer region, which is treated macro- 
scopically. The separation radius, which is priniarily a function of the host crystal, is a parameter of the 
calculation. At a critical separation radius a rapid change of ionization energy and wave-function results. 
The calculations are carried out for several impurities in column I of the periodic table. 





I. INTRODUCTION 


HEMICAL impurities and lattice faults in semi- 
conductors usually produce one or more energy 
levels in the forbidden energy gap.’~* The wave func- 
tions corresponding to these levels are localized in the 
vicinity of the imperfection. When the impurity wave 
function is spread out over many unit cells of the 
crystal, as is often the case, then the energy of an eigen- 
state (donor or acceptor) can be calculated by using the 
macroscopic concepts of effective mass and dielectric 
constant.*~? When this is the case, the problem of the 
impurity wave function approximately reduces to the 
solution of Schrédinger’s equation for an electron in 
the field of a positive point charge. The mass of the 
electron is changed to the effective mass and the point 
charge is reduced by the dielectric constant. Solving for 
the 1s state of this system yields an ionization energy of 
— (13.6) (m*/m)(1/«?) ev and an expectation value of 
the radius of (3/2)x(m/m*)ao, where m* is the effective 
mass and «x the dielectric constant; ao is the vacuum 
Bohr radius, 5.3X 10~* cm. This model, the “hydrogenic”’ 
model, gives an ionization energy of about 0.01 ev for 
impurities in Ge and 0.03 ev in Si; the corresponding 
expectation values of the radius are approximately 
100a9. These results are independent of the impurity 
and depend only on the nature of the host crystal. 
In the vicinity of the impurity, however, the macro- 
scopic concepts do not apply, and this region ought to 
be treated differently.* In the case of group III and 
group V acceptors and donors in Ge and Si, this leads 
to relatively small corrections to the energy of the 
impurity state, in good agreement with experiment. 
Fine details of the impurity core are not important in 
these cases since the wave function is spread over so 


1H. M. James, Phys. Rev. 76, 1611 (1949). 

2D. S. Saxon and R. A. Hutner, Philips Research Repts. 4, 81 
(1949). 

3 J. C. Slater and G. F. Koster, Phys. Rev. 95, 1167 (1954). 

4G. H. Wannier, Phys. Rev. 52, 191 (1937). 

5 C. H. Kittel and A. H. Mitchell, Phys. Rev. 96, 802 (1954). 

6M. A. Lampert, Phys. Rev. 97, 352 (1955). 

7 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 

8 W. Kohn and J. M. Luttinger, Phys. Rev. 97, 883 (1955). 

®W. Kohn and J. M. Luttinger, Phys. Rev. 98, 915 (1955). 

10H. Brooks, in Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, Inc., New York, 1955), 
Vol. 7, p. 85. 


many unit cells that only a small fraction resides on 
the core. 

On the other hand, Reiss" pointed out that hydrogen 
does not conform to the “hydrogenic” model. Large 
amounts of hydrogen, possibly as high as 10 cm-*, are 
present in crystals of Ge and Si which are normally 
considered pure.” The hydrogen does not affect the 
electrical properties of the crystal which implies that it 
does not ionize at room temperature. Reiss shows by a 
variational calculation on a simple model that the 
hydrogen impurity level may well be as deep as 1 ev. 
The model consists of a cavity surrounded by a medium 
of dielectric constant x. The radius of the cavity and the 
dielectric constant are the only crystal parameters 
entering the calculation. The crystal periodic (effective 
mass) behavior of the electron is neglected, because in 
Reiss’ calculation the wave function is so concentrated 
around the impurity atom that fine details of the crystal 
are unimportant. The energy of a state depends quad- 
ratically on x, but only linearly on (m*/m). In other 
words, for the shallow levels, the Schrédinger equation 
with m* and « can be considered as the unperturbed 
equation and the contribution of the core as a perturba- 
tion. For deep levels, the periodic crystal potential and 
the dielectric constant are considered to perturb the 
wave function derived from a vacuum Schrédinger 
equation. Such deep-lying impurity states are not 
difficult to understand and appear in fact quite naturally 
in the methodological calculations of Saxon and Hutner® 
and Slater and Koster.’ The difficulty is to decide in an 
actual case whether a level will be deep or shallow. 

The purpose of this paper is to obtain a qualitative 
picture of the dependence of impurity states on the 
properties of both the crystal and the impurity. It is 
primarily concerned with the calculation of energy 
levels and wave functions of the outer electrons of 
impurities in semiconductors. The calculation incor- 
porates the following features in a consistent, though 
only approximate fashion: The host crystal is charac- 
terized by a scalar effective mass m* and a dielectric 
constant x. The impurity atom is described by the 
electron distribution of the core electrons. A parameter, 

"H. Reiss, J. Chem. Phys. 25, 681 (1956). 


2 Thurmond, Guldner, and Beach, J. Electrochem. Soc. 103, 
603 (1956). 
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INTERSTITIAL 


the effective cavity radius, will be introduced to 
separate the microscopic from the macroscopic region. 


Il. IMPURITY POTENTIAL AND WAVE FUNCTION 
1. Hydrogen Impurity Potential 


It is useful to look first at the potential due to a 
single interstitital proton as felt by one electron because, 
in this case, there is no complication due to other core 
electrons of the impurity. One can then write down the 
field in two limiting regions, one far away from the 
proton and one close to it. If one chooses some charac- 
teristic length, ZL, the two limiting forms are 


E=e/xr, r>L 


E=e/r, rKL. (1) 


The impurity potential in the two regions is obtained 
by integration of (1): 


V=—e/kxr, 
V=—e/r+hk, 


The radius, L, is related to the lattice spacing. If the 
integration constant, k, were known, then the impurity 
potential V(r) would be known over all space, except 
in the vicinity of ZL. In that case, extrapolating the two 
limiting potentials into the region, L, will produce one 
continuous potential which could be expected to give 
fairly good results for the energy and wave function of 
the impurity. The relation between the correct and the 
extrapolated V(r) is shown schematically in Fig. 1 
under the assumption that the correct k is known. and 
that the impurity potential is actually spherically 
symmetric. The two extrapolated limiting potentials 
join at a radius, R, which will be called the effective 


r>L 


rKL. (2) 
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Fic. 1. Schematic representation of correct and 
extrapolated potential V(r). 
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cavity radius. No strict physical reality is to be given 
to the effective cavity. 

The extrapolated potential would be a fair repre- 
sentation of the impurity potential if the constant k 
were known. This constant, however, depends on the 
solution of three problems, none of which can be solved 
without calculations so lengthy that they would not be 
in the spirit of the present article. Taken up in turn the 
contributions to & are: 

(a) Integration of the proton field.—If the field of the 
interstitial proton is known, it can be integrated from 
infinity to an arbitrary radius to yield the potential. 
If this integration is carried to a small r(<«Z), the 
contribution to the constant k could be obtained. The 
only region of doubt is the region in the neighborhood 
of the effective cavity radius, R. This involves the 
precise way in which the field changes from dielectric 
behavior into vacuum behavior, a very involved 
problem. Certainly, spherical symmetry is violated in 
the neighborhood of R. 

(b) Crystal field——To the impurity potential must 
be added the periodic crystal field. In the region r>R 
this will be taken into account through the effective- 
mass formalism. In the region r<R, it should be made 
a part of the potential for the electron having the 
actual mass. But in this region the impurity potential 
is generally much stronger than the crystal potential, 
since we are dealing with an interstitial impurity. 
Therefore, in the region r<R the crystal potential is 
approximated by a constant contribution to the total 
potential. 

(c) Polarization due to the electron —The polarization 
of the crystal due to the interstitial proton is, of course, 
expressed through the e/xr term in the potential. But 
the electron polarizes the crystal as well. The problem 
of the difference in potential experienced by an electron 
on the two sides of a vacuum-dielectric interface has 
no unique classical solution. If there is an actual cavity 
wall, the difference due to the polarization potential is 
infinite. As a matter of fact, the potential on each side 
of the cavity becomes infinite, negatively on the vacuum 
side and positively on the dielectric side. Actually we 
know, however, that the potential does not behave in 
this fashion. In the neighborhood of R the classical 
potential breaks down in such a way that the potential 
on either side of the cavity differs only by a finite 
amount, k. This constant & is then the third contribu- 
tion to the constant & in the potential V(r). This 
contribution is illustrated in Fig. 2. 

The whole question of the constant k is quite 
analogous to the problem of the potential experienced 
by an electron near the surface of a metal. The classical 
picture of mirror charges breaks down near the surface 
and the potential on either side differs by a constant, 
the “work function,” and not by an infinite amount. 
When the work function is known, from calculation or 
experiment, the potential is known everywhere except 
in the immediate neighborhood of the surface, where it 
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Fic. 2. Schematic representation of potential experienced by 
the electron due to polarization of the crystal by the electron. 
For the classical potential & is arbitrary, since the vacuum and 
dielectric regions cannot be joined continuously. 


can be approximated by extrapolation. In the present 
calculation the constant & takes the place of the work 
function. If k were known, the potential would be 
known everywhere, except in the region around R. 
However, the uncertainties in k due to the three con- 
tributions a, 6, and ¢ are all of similar magnitude, of 
the order of electron volts. The calculation is therefore 
pertormed by using the extrapolated potential (2) with 
k as an undetermined parameter. The effective cavity 
radius R is then a function of k. In practice, it is R 
which will be used as the undetermined parameter. For 
the potential (2), the relationship between k and R 
is given by: 


k=(e/R)(1—1/x). (3) 


A change in the effective cavity radius R of 0.549 
corresponds to a change in k of 2 ev when R is of the 
order of 2.5ao. In view of the foregoing discussion, these 
numbers can serve as a rough estimate of the uncer- 
tainty in the effective cavity radius. 


2. Core Potential for Z¥1 


When the impurity is not a simple hydrogen atom, 
the potential near the impurity has to be modified. 
Instead of the single positive charge, there is a nucleus 
of Z positive charges surrounded by (Z—1) negative 
charges. These make up the core. In vacuum, a fair 
approximation of the core potential is given through 
the Thomas-Fermi-Dirac statistical model. This model 
can still be used here if one makes the assumption that 
the core containing (Z—1) electrons does not extend 
beyond the interstitial cavity and is in consequence 
virtually undisturbed by the crystal. This assumption 
will hold best for cases, where the (Z—1) electrons form 
a closed shell. In general, one could always treat 
electrons which form closed shells as unpertubed and 
treat the remaining electrons by iterative methods. In 
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the present calculation it will simply be assumed that 
the core is undisturbed, and it is to be understood that 
this is a good approximation only for the cases where 
Z electrons form a closed shell plus one, i.e., for column I 
of the periodic table. The calculations will be confined 
to this column.” 

Adopting the formulation of Latter’ which assures 
proper asymptotic behavior of the core potential, the 
potential for r<R is changed from —e/r+k to 


V-(r) iis (e/r)Zg(r) +k, r<R, (4) 
where 
Zg(r)=Ze(r/y) when Z¢(r/y)>1 
= j when Z@(r/y) <1, 
and 


Zo(r/y)=Ze(r/y)+ (9/82")' (Zr/a0) o(r/y) }; 


also y=0.8853ao/Z, and g¢(r/y) is the universal 
Thomas-Fermi function. 

For r>R the potential is still —e/xr. From the 
continuity of V(r) at r=R, the constant k can be given 
as a function of the effective cavity radius R: 


k= (e/R)[Zg(R)—1/«]. (S) 


The discontinuity in the derivative of the potential 
(4) when first ZG(r/y) attains unity, implies in effect 
at this radius a pileup of charge, which, of course, is 
fictitious. This is a common feature of the Thomas- 
Fermi-Dirac potential. In the present calculation the 
potential is changed to —e/xr at r=R. If ZG(R/y) is 
greater than unity, i.e., if the core radius is larger than 
the cavity radius, all the remaining core charge is 
concentrated at the cavity radius. In practice, this 
represents a bigger fictitious concentration than occurs 
in the vacuum Thomas-Fermi-Dirac case. Nevertheless, 
for cases of present interest, R~ 2.5ao, no more than 5% 
of the core charge fails to be contained in the cavity 
and thus is concentrated on the cavity wall. This effect 
is not sufficiently large to change the validity of the 
calculations. It may be considered as a contribution to 
the effective cavity radius. This point will be discussed 
in the last section of the paper. 

The impurity potential for all space is now given by 
the following expression, using (4) and (5): 


eV (r) = — (2/r)Zg(r) + (€/R)LZg(R) —1/«], 
r<R 


eV (r) = — (e/r), r>R. (6) 


The potential V(r) is depicted for several cases of Z 
and R in Fig. 3. 


18 The assumption of the undisturbed core is sensible only in 
the case of interstitial impurities. In the case of substitutional 
impurities several electrons, depending on the valence difference 
between the crystal and the impurity, will be severely disturbed 
by the bond structure of the crystal and the present potential 
does not apply. Some remarks in connection with substitutional 
donors and acceptors are found in Appendix I. 

4 R. Latter, Phys. Rev. 99, 510 (1955). 
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3. Wave Function 


(a) Interior region, r<R.—In the cavity region, 
r<R, the Schrédinger equation to be satisfied by the 
impurity wave function is 


[ (?/2m)A—eV (r)+E;Wi(r)=0, r<R. (7) 


Here V(r) is the potential as defined by (6). The 
crystal potential is already absorbed in the constant 
term k. The wave function must fulfill the usual 
boundary conditions of an atomic orbital at the origin. 
Since V(r) has spherical symmetry, ¥;(r) will be ex- 
panded in spherical harmonics. 

(b) Exterior region, r>R.—In the exterior region, 
r> R, the periodic crystal potential U(r) must be added 
to the impurity potential V(r), so that the Schrédinger 
equation becomes 


[(h?/2m)A—eV (r)—U(r) +E; ]¥-(r)=0, r>R. (8) 


In this region V(r) represents a very shallow well, 
and the effective mass formalism applies. By letting 


¥-(r)=F(r)u(r), (9) 


where u(r) is the Bloch function at the bottom of the 
conduction band," one obtains 


[ (h?/2m*)A—eV (r) +E, |F(r)=0 r>R. 


The crystal potential has been eliminated by intro- 
ducing the effective mass m*. This is a good approxi- 
mation as long as the envelope function F(r) is slowly 
varying compared to a typical lattice spacing. Although 
the effective mass is actually a tensor, obtainable by 
cyclotron resonance experiments, a scalar effective mass 
is used in (10) because the tensor mass would make the 
equations nonseparable. The numerical value of the 
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Fic. 3. Impurity potential V(Z,R). To clarify the notation: 
V (29,2), for example, is the impurity potential for Cu, Z=29, 
with an effective cavity radius R=2.0ap. 


15 Strictly speaking ¥e= (1/1/N) Zin” Fi(r)u‘(r) in the case of 
Ge and Si, because there are several equivalent minima, but, 
because of the high degree of symmetry of the interstitial cavity, 
the ground state is represented by (9). 
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scalar effective mass m* is chosen by an energy criterion. 
The complete tensor equation has been solved variation- 
tionally under the “hydrogenic”’ assumption that —e?/xr 
is the potential all the way to the origin.®* We choose 
m* such that the energy for the scalar “hydrogenic” 
equation is identical to the tensor “hydrogenic” result 
of Lampert.® This gives, for Ge, (m*/m) =0.17; and for 
Si, (m*/m) =0.31. 

At the effective cavity radius, R, the interior wave 
function Y; must be matched to the exterior ¥., which 


gives 
(Vii) r= (Wel We). (11) 


In the present calculation the contribution of the 
Bloch function to the logarithmic derivative at r=R 
has been neglected. The effect of this approximation is 
discussed in Appendix II. The matching conditions 
are now 


(yi /Pie=(F'/F)p. (12) 
Defining a function pni(r) : 
pult) Vi"(6,¢)=H(r), r<R (13) 
=F(r), r>R, , 


the Schrédinger equation to be solved is 


[ (h?/2m) —eV (r) — (h?/2m)1(1+-1)/r? +E; Joni(r) =0, 


r<R 
[ (h?/2m*) —eV (r) — (h?/2m*)1(14+-1)/P +E; ]pni(r) =0, 
r>R_ (14) 


where V(r) is given by (6) and p,i.(r) satisfies the 
usual boundary conditions of radial atomic orbitals. 
Thus pni(r) has (n—/—1) nodes. 


III. CALCULATION AND RESULTS 
1. Numerical Procedure 


The solutions of the eigenvalue problem (14) were 
obtained by numerical integration on an IBM 704 
computer. A subroutine by Edelman'® was used as the 
basis of the program. The integration proceeds basically 
by a Milne method. The increments of the independent 
variable are adjusted by a precision criterion. The 
eigenvalue E; corresponding to the (n—/—1) node 
solution of pni(r) is narrowed down to a preassigned 
number of significant figures. Beside the wave function 
and eigenvalue, the expectation value of the radius and 
the square of the radius were also computed. 

The computations were carried out for both Ge and 
Si as the host crystal. For Ge the effective mass ratio 
(m*/m) was taken as 0.17 and the dielectric constant 
x as 15.8. For Si, (m*/m)=0.31 and «=12.0. The 
effective cavity radius R was varied from 1 to 3 ao 
units. (The actual interstitial cavity radius is usually 


16. Edelman, “A subroutine for the solution of systems of 
first order ordinary differential equations on the ‘704’ calculator,” 
presented at IBM 704 computer seminar, Endicott, New York, 
August, 1957. 
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Fic. 4. Ionization energies of impurities in Ge. 


considered to be about 2a.) The impurity wave func- 
tions calculated were H(1s), Li(2s), Na(3s), Cu(4s), 
Ag(5s), and Au(6s). 


2. Results 


The results of the computation are contained in 
Figs. 4-8. Figures 4 and 5 show the ionization energy E; 
as a function of the effective cavity radius, R, for several 
interstitial impurities. The marked points in the figure 
are computed energies. The host crystals are Ge and 
Si, respectively. In each figure E;= — (m*/m) (1/x*) and 

«= —4(m*/m) (1/x*) have been indicated for reference. 
These are the n=1 and m=2 levels of the “hydrogenic” 
model. The radius (vV3/8)a, where a is the lattice con- 
stant, has also been marked for reference in Figs. 4 
through 8. This radius corresponds to half a nearest- 
neighbor distance in the crystal. 

Figures 6 and 7 show (r), the expectation value of 
the radius as a function of R computed with the wave 
functions of the same impurities. The “hydrogenic” 
n=1 and n=2 expectation values, (r)= 3x(m/m*)a and 
(r)=6x(m/m*)ao, are indicated for reference. Figure 8 
shows [¥pni(r) |! as a function of r for two effective 
cavity radii, R= 2.0a9 and R= 2.5ap. There is no physical 
significance to the cube root of the wave function. It is 
chosen merely for convenience of plotting. The func- 
tions in Fig. 8 are not normalized, but rather have the 
same initial slope. The vertical mark on each of the 
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two curves indicates the location of effective cavity 
radius. The impurity is Cu; the host crystal Ge. 

The most striking feature of these results is the 
sudden change of the ionization energy and expectation 
value of the radius once a critical effective cavity 
radius, R, is reached. When R becomes sufficiently large, 
the wave function rapidly changes from “hydrogenic”’ 
to vacuum behavior. In the critical region the rate of 
change of £; with Ris as high as 10 ev/ao and the rate of 
change of (r) with R as high as 300. The mathematical 
reason for this rapid change is best understood in 
connection with Figs. 8 and 3. Both wave functions in 
Fig. 8 are 4s functions and therefore have three nodes. 
In the interior region, r<R, the potential is so large, 
that the wave functions are virtually unaffected by the 
energy eigenvalue. When the function for R=2.0ao 
reaches the cavity wall, it has noded three times, but 
its logarithmic derivative is still positive. It can there- 
fore match into a “hydrogenic” 1s function, which is an 
appropriate solution for r>R. The resulting energy and 
expectation value are E;~ —0.01 ev and (r)~100do, the 
usual “hydrogenic” result. On the other hand, the wave 
function for R=2.5a 9 has a somewhat deeper well in 
the region r<R as can be seen from Fig. 3. This causes 
a larger second derivative of the wave function. The 
cavity wall is also reached at a larger radius. The two 
effects combine to make the logarithmic derivative of 











SILICON 
0.001 T T 
m* 
= 0.31 
K 12.0 
0.01 
m*\ 1 
E aye «(-) xe 
> 
a 
2 
w b 
| — 
VALENCE BAND 
10 4 - - - : ~ 
0.5 Ke) 15 30 3.5 











2.0 25 
R IN 0, UNITS ———o 


Fic. 5. Ionization energies of impurities in Si. 


INTERSTITIAL 





the wave function negative at r=R. The interior wave 
function can no longer match into a “hydrogenic”’ 
function but must decay exponentially. The energy 
eigenvalue and radius are therefore more characteristic 
of the vacuum behavior of Cu. They are E;~ —3 ev 
and (r) = 4ap. 

Another, more physical, reason for the sudden shrink- 
ing of the wave function is the fact that in the region 
of the critical radius, the potential V(r) for the interior 
region alone becomes binding for the wave function in 
question, as shown by the change in logarithmic deriva- 
tive when R changes from 2.0a9 to 2.5a9 in the case 
depicted in Fig. 8. The interior potential is very steep, 
and once it is binding it causes a rapid change in the 
ionization energy. 


3. Discussion 


As we have seen, the computation results in numerical 
values of the ionization energy E; and the expectation 
value (r) for several group I impurities, interstitial in 
Ge and Si. The crystal is characterized by a scalar 
effective mass m* and a dielectric constant «x. The 
impurity core is described by a Fermi-Thomas-Dirac 
potential g(r/7). 

In order to evaluate the results, R must be specified. 
It is clear from the discussion in II, Sec. 1, that R is 
not a function of the impurity, but rather of the host 
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crystal, as long as the impurity core is smaller than the 
interstitial cavity and is virtually undisturbed by the 
crystal. This assumption is consistent with the assump- 
tions which go into the derivation of the potential (6). 
As was pointed out in that discussion, the assumption of 
the undisturbed core is almost satisfied. We therefore 
conclude that R is almost, but not quite, independent 
of the impurity and a function of the host crystal alone. 
An estimate of the magnitude of R can be obtained 
through comparison with experimental observations of 
energy levels, if possible, in the critical region where 
the rate of change of E; with R is large. This means a 
deep level. Such donor levels, however, are very rare, 
as is to be expected in the region of large derivative. 
The only level which may meet this criterion is the Au 
level in Ge and Si. This level is at 0.05 ev above the 
valence band!’-!* in Ge and at 0.33 ev above the valence 
band.” in Si. It is not certain that the observed donor 
level is due to interstitial Au. The discussion in 
Appendix I, however, makes it quite plausible that Au 
would give rise to three acceptor levels in the gap when 
it is substitutional and to one donor level, when it is 

17 W. C. Dunlap, Jr., Phys. Rev. 97, 614 (1955). 

18W. C. Dunlap, Jr., Phys. Rev. 98, 1535(A) (1955); 100, 
1629 (1955). 

19 F, J. Morin and J. P. Maita, Phys. Rev. 90, 337 (1953). 


* Morin, Maita, Schulman, and Hannay, Phys. Rev. 96, 833 
(1954). 
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Fic. 8. 4s wave functions (n=4, /=0) of Cu in Ge, for R=2.0ao 
and R=2.5a. The vertical mark on each wave function corre- 
sponds to the effective cavity radius R. The wave functions 
are not normalized, but rather correspond to the condition 


[d (rent) /dr mo = 1/. 


interstitial. If the donor level in Si and Ge is due to 
interstitial Au, then the correct level is obtained if 
R=2.6a9. In any case R>2.4ao in both Ge and Si, 
because Cu has no donor level in the gap although it is 
known at times to occupy interstitial positions in the 
lattice. 

The results are tabulated in Table I. The first two 
columns give the impurity element and the main 
quantum number . Columns 3 and 5 give the ionization 
energy —£; and the expectation value of the radius 
(r), insofar as such numbers can be taken literally,t 
where R has been so chosen as to give the observed Au 
donor level. As has been pointed out, R is not expected 
to be entirely independent of the impurity. If we assume 
a spread of 0.4a» in R, which corresponds to a spread of 
1.6 ev in k, from (4) and (5), then the corresponding 
spread in E; and (r) is given in columns 4 and 6. From 
the Cu evidence, the range 2.4a9<.R<2.8ao is reason- 
able, whether the Au level is due to the impurity in an 
interstitial position or not. 

A not very sensitive check with experiment is the 
observation that, in the whole range of possible R 
values, Li and Na are certainly “hydrogenic,” while H 

TABLE I. Tabulation of results. The ionization energy and 


expectation value of the radius are given for the effective cavity 
radius 2.6a» as well as for the range 2.449 <R<2.6ap. 











" R=2.6a0 2.440<R<2.8a0 R=2.6a0 2.4a0<R <2.8a0 

Host Impurity » —E; (ev) —E; (ev) (r)/ao r)/ae 

Ge H 1 49 4.3-5.4 7 2.8-2.6 
Ge Li 2 0.0092 9,0090-0.0094 138 140-135 
Ge Cu 4 36 1.8-5.4 y 4.7-2.9 
Ge Ag 5 0.014 0.0094-0.60 95 130-7.8 
Ge Au 6 0.63 0.013-2.8 7 110-4.7 
Si Na 3 0,030 0.028-0.032 54 57-49 

Si Cu 4 50 1.3-5.0 3.2 3.8-2.8 
Si Ag 5 0.16 0.030-0.70 20 52-5.8 
Si Au 6 0.72 0.056-2.2 7.6 40-4.3 








t Note added in proof.—The results can certainly not be taken 
literally when — E; becomes comparable to the forbidden energy 
gap. A localized state, such as is described here, cannot exist in 
the valence band. 
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is not, in accordance with the results of Reiss.'! Cu 
exhibits vacuum behavior, while Ag and Au are in the 
critical region. 

The ionization energy calculated for R=0.5ao, for 
the arbitrarily chosen case of the Ag 5s level in Ge, is of 
special interest (see Fig. 4). It corresponds to an 
excited (n=2) “hydrogenic” level. The explanation is 
that the cavity here is so small that not all the nodes 
can be accommodated in it. In that case the last node 
may lie outside the cavity. The inside wave function 
then matches into a 2s “hydrogenic” function, which in 
the spirit of the “hydrogenic” model represents an 
excited state. Of course, the level is not excited in the 
ordinary sense since it really represents the ground 
state of the system. None of the impurities computed 
here exhibits such “excited” levels in the reasonable 
range of R, but the possibility that more complex 
impurities may have an “excited” ground state cannot 
be ruled out. 
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APPENDIX I. SUBSTITUTIONAL DONORS 
AND ACCEPTORS 


The removal of a germanium or silicon atom from 
the crystal interrupts the tetrahedral four-bond struc- 
ture. When an impurity is placed in the vacancy, this 
structure tends to re-establish itself. This means that 
all the electrons of the impurity which are loosely 
bound, i.e., the valence electrons, will be seriously 
distorted from their vacuum distribution. It is possible 
to sketch the potential under the assumption that the 
tetrahedral bond structure is completely re-established. 
The potential will consist of a virtually undisturbed 
closed shell core potential to which has to be added a 
potential originating from the charge distribution of the 
bond electrons. If the net charge of nucleus, core, and 
bond electrons is positive, then this potential is to be 
thought of as acting on the remaining impurity elec- 
trons. If the net charge is negative, this is to be inter- 
preted to mean that the impurity has borrowed electrons 
from other bonding sites. In that case, the missing 
bonds can be treated as positively charged particles 
(holes) on which the potential acts. Schematically the 
interior potential can be written as follows: 


Vi=VetVotk’, r<R,. 


Here V, is the potential due to the nucleus and inner 
core electrons. V; is the potential due to the bond elec- 
trons. Let us say there are g, electrons making up the 
closed shells. There are g electron charges arising from 
the bond electrons (four in the case of the tetrahedral 
bond structure). R, is the substitutional effective cavity 
radius not equal to the interstitial cavity radius. k’ is an 














INTERSTITIAL IMPURITY STATES 


additive constant different from & in the interstitial 
case. As in the interstitial case, V, may be assumed to 
be virtually undisturbed and can be described by an 
appropriate Fermi-Thomas potential. On the other 
hand, V; depends on a detailed knowledge of the charge 
density of bond electrons in the undisturbed crystal and 
is therefore the least well-known part of Vi. 

The exterior potential represents the Coulomb poten- 
tial of the unscreened charge to which has to be added 
the crystal potential : 


V.=—e(Z—gq.—q)/xr+ U(r), r>R,. 


Here Z is the atomic number of the impurity. The total 
charge giving rise to V, is e(Z—q.—q)=eQ. If Q is 
positive, the potential acts on the Q remaining elec- 
trons, which make up the neutral impurity atom. There 
will therefore be Q donor states. 

If Q is negative, then the neutral impurity atom has 
attracted |Q| electrons from other bond sites and the 
potential will be felt by |Q| disrupted bonds or holes. 
The states arising from holes moving in V are acceptor 
states, and there will be |Q| such states. Since the 
potential is felt by a positively charged particle, the 
core part, which is attractive in the donor case, will be 
repulsive in the acceptor case. Electron and hole poten- 
tials are shown in Fig. 9. 

From this simple picture one can then conclude that 
column V elements, substitutional in a crystal with the 
tetrahedral bond structure, will give rise to a single 
donor level because for column V we have (Z--q.)=5 
and for the tetrahedral bond structure, g@=4. This 
gives Q=1. Similarly column III elements will produce 
a single acceptor level. This, of course, is in accordance 
with well known facts. For the transition metals the 3d 
shell is filling up, but is more tightly bound than the 
4s? electrons, which are therefore the valence electrons. 
For these, as well as Zn and Ca, Q= — 2, which produces 
two acceptor states. 

Cu and Au, with a Q of —3, are expected to give rise 
to three acceptor states. These are observed!’ when 
these elements are substitutional in Ge. In the case of 
Au an additiona! donor level 0.05 ev above the valence 
band is observed. This donor level could be due to 
interstitial or substitutional Au. If it is due to inter- 
stitial Au, it is a donor level in the usual sense. If it is 
due to substitutional Au, however, it represents the 
state of a bond electron, since the three acceptor states 
prove that the single Au valence electron takes part in 
the bond structure of Ge. This is not a donor state in 
the usual sense of the word, in which donor and ac- 
ceptor states are states of nonbonding electrons and 
holes. Since the bond structure is certainly strained in 
the neighborhood of the impurity, this concept of a 
bond-donor is not inconsistent, but the Au donor 
state, if it is due to substitutional Au, is unique in this 
respect. 

This Appendix is not meant to give a good potential 
for the calculation of impurity states due to substi- 
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Fic. 9. Schematic representation of substitutional donor and 
acceptor potential. The donor potential, Va, is drawn as the 
potential felt by an electron. The acceptor potential V., is drawn 
as felt by a hole. 


tutional impurities, but is only meant to stress some of 
the ingredients which would go into such a potential 
and to point out the difference between the substi- 
tutional and the interstitial cases. 


APPENDIX II. DISCUSSION OF MATCHING 
CONDITION 


Equation (12) expresses the fact that the inside wave 
function y; is matched to the envelope function F(r) 
and not to the total exterior wave function y,. In order 
to get a better understanding of the error involved, 
we write 

¥-(r, —iV)=u(r, —i¥)F(r). 


Expanding in the momentum operator, this leads to 
e(t)=o(r)F(r)+ui(r)-VF(r)+---, 


where the Bloch function near the bottom of the band 
is given by 


W (kyr) =e****[ u(r) +ik-ui(r)+ - - - ]. 


The matching conditions arising from y,(r) depend 
critically on the Bloch functions. For the case of 
substitutional impurities, the conditions have been 
investigated by Brooks and Fletcher.*!:?? By matching 
at the Wigner-Seitz sphere, they were able to relate the 
Bloch function to the effective mass. For simple bands 
this usually leads to new matching conditions which 
would not produce very significant changes in the 
results which were computed, using (12). 

However, the matching conditions are obviously a 
function of R as can be seen from the expression for y. 

"1H. Brooks and N. Fletcher (unpublished). 


2 N. Fletcher, thesis, Harvard University, Cambridge, Massa- 
chusetts, 1955 (unpublished). 
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Fic. 10. Upper and lower limits of ionization energy. The curve 
marked —£;(m) is the ionization energy when the real mass is 
used throughout; the curve marked — E;(m*), when the effective 
mass is used throughout. The dashed curve is the ionization 
energy, when interior and exterior solutions are matched at R. 
The impurity is H, the host crystal is Si. 


To put reasonable limits on the error, therefore, involves 
a detailed analysis of the crystal wave function near 
the edge of the conduction band. Fortunately, however, 
it is possible to set upper and lower bounds, which are 
adequate for our present purpose, without any involved 
calculations. The main point to realize is that the 
radius at which the matching should occur is, within 
broad limits, quite arbitrary. It is true that somewhere 
in the region of the impurity the effective-mass be- 
havior does not apply, but the transition from effective 
to real mass at exactly the same radius at which the 
inside and the outside potential meet was only a con- 
venience in the computation. The ionization energy is 
not nearly as sensitive to the radius at which m changes 
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to m*, as it is to the radius at which the dielectric 
becomes effective. This is because the effective mass 
appears linearly and the dielectric constant quadrati- 
cally in the energy. It would therefore have been 
equally justified, keeping the potential the same, to 
change from interior to exterior function at a different 
radius as, for instance, at the surface nearest to R along 
which the logarithmic derivative of the Bloch function 
is small. If that surface lies totally outside the sphere of 
radius R, then the correct ionization energy is certainly 
lower than the one obtained by matching at R since 
the crystal potential has now been neglected between R 
and the matching radius. If the surface lies totally 
inside R, the correct ionization energy is higher. Abso- 
lute lower and upper limits are therefore given by 
matching, respectively, at infinity or at the origin, that 
is solving the Schrédinger equation with m or m*. 

The Schrédinger equation with the potential (6) has 
been solved for the case of hydrogen, using m and m*, 
respectively, as the mass terms. The resulting ionization 
energies are shown in Fig. 10. It is seen that even though 
the ionization energy at any particular R can be off by 
a factor of five, the qualitative behavior of the solution 
is unaltered in the steep region, the uncertainty in R 
nowhere being more than 0.44. 

A more careful investigation could probably make the 
limits narrower. It seems almost obvious that since u(r) 
is a crystal periodic function, it would be sufficient to 
take as the limiting matching radii the cavity radius R 
plus or minus a fraction of the lattice constant, depend- 
ing on the harmonic nature of u(r). Also, depending on 
the harmonic nature of u(r) the correct curve will 
either cut the computed curve repeatedly or, if the 
logarithmic derivative of u(r) is a slowly varying func- 
tion of r, the correct curve may stay on one side of the 
computed curve throughout the critical region. Since 
u(r) does not depend on the impurity, the effect would 
then be that all the curves of ionization energy and 
expectation value of the radius would be pushed to the 
right or left. 
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Electrical conductivity following the termination of bombard- 
ment by i.3-Mev electrons has been observed in MgO crystals. 
Depending upon the rate of decay, one of two different techniques 
is utilized to determine the time constants at various tempera- 
tures. Short time constants at high temperatures are measured 
oscillographically, whereas long time constants at low tempera- 
tures are determined by a dc method. In the former case, a single 
exponential function fits the crystal current vs time data, whereas 
in the latter, a departure occurs. This is accounted for by the 
theoretical] analysis which provides a procedure for determining 
the relevant time constant. The post-bombardment time con- 


stant, 7, changes with temperature in accordance with the rela- 
tionship r=79 exp(E/kT) where 7» is essentially constant, and 
E=1.4 ev. The experimental results are interpreted in terms of a 
theoretical model involving shallow and deep traps. Thermal re- 
emission of charge carriers from the former, constituting a single 
level, occurs following bombardment. A second level in addition 
to that at 1.4 ev was determined at 0.7 ev by an extension of the 
technique. The former very likely corresponds to the 2.1-ev 
optical transition observed previously, in which case the charge 
carriers involved in this thermal process are holes. 





I. INTRODUCTION 


HEN, as a consequence of high-energy electron 
bombardment, internal electrons are lifted from 
the filled band to the conduction band of a normally 
nonconducting crystal, such as MgO, an electrical 
conductivity is temporarily induced.’ An essential 
aspect of this phenomenon is related to the fact that 
the charge carriers remain mobile for an extremely 
short time (~10~" sec) before undergoing capture by 
trapping centers in the crystal. 

In the case of trapping levels which lie sufficiently 
close to the conduction band, the trapped electrons may 
subsequently be ejected by thermal excitation into the 
conduction band where they will again drift under the 
influence of an electric field until either recapture by 
other traps or recombination occurs. Thus, under 
appropriate conditions, the induced conductivity might 
be expected to persist after the cessation of the bom- 
bardment. 

Preliminary observations at room temperature had 
revealed no detectable conductivity following bombard- 
ment by 1.3-Mev electrons, and, indeed, the shape of 
the crystal current pulse, as displayed oscillographically, 
was identical with that of the 2-usec primary current 
pulse. At slightly higher temperatures, however, the 
crystal current measured with a dc meter continued 
after the termination of the bombardment. This post- 
bombardment current decreased with time, the decay 
being more rapid as the temperature was increased. 
On the other hand, oscillographic observations even up 
to 300°C, the range covered in an investigation of the 
temperature-dependence of bombardment-induced con- 
ductivity in MgO,? disclosed no detectable tail following 
the 2-usec crystal current pulses. This was consistent 
with the hypothesis that in the range of temperatures 
explored thus far the amplitude of the post-bombard- 
ment conductivity was small compared with that during 

* Assisted by the Office of Ordnance Research, U. S. Army. 

t Visiting Scientist from Socony Mobil Oil Com pany 


1 Pomerantz, Shatas, and Marshall, Phys. Rev. ‘90, “189 (1955) 
2 Marshall, Pomerantz, and Shatas, Phys. Rev. 106, 432 tos). 


bombardment, and the time-constant was relatively 
long. Hence, it was reasonable to expect that a visible 
tail might appear at a sufficiently elevated temperature. 
This phenomenon was subsequently observed to occur. 

The present investigation was undertaken to deter- 
mine whether information regarding the energy level 
scheme of trapping centers in solids could be deduced 
from measurements of the post-bombardment con- 
ductivity, based upon the nature of its variation with 
temperature. 


II. EXPERIMENTAL PROCEDURE AND RESULTS 


Two different experimental techniques were utilized in 
the measurements of post-bombardment conductivity. 
Data at the higher temperature, characterized by rela- 
tively rapid decrease of the crystal current following 
the termination of the primary beam pulse (i.e., decay 
time-constant short compared with the interval be- 
tween successive pulses) were recorded oscillographi- 
cally. At lower temperatures, since the rate of decay is 
slow, the post-bombardment current was measured 
with a dc meter after the electron beam had been 
shut off. 


A. Oscillographic Method 


The experimental arrangement has been described 
previously.':? The targets were those used in the earlier 
investigations. 

Tracings of several oscillograms shown in Fig. 1 
illustrate the development of the post-bombardment 
conductivity tail following the 2-usec pulse. In (a), 
photographed at a target temperature of 287°C, no tail 
is detectable. At 348°C, the crystal current persists 
after the termination of the main pulse, as is seen in (b). 
As the temperature is raised further, the relative ampli- 
tude and the rate of decay of the tail increase. 

In fact, eventually the effects of thermal re-emission 
of trapped electrons produce a visible modification of 
the main pulse itself, as is shown in (c). The nature of 
this change in pulse shape is qualitatively understood, 
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Fic. 1. Oscillograms illustrating the development of post-bombardment conductivity tail following the main pulse. 
Target temperature: (a) 287°C; (b) 348°C; (c) 421°C; (d) 366°C. 


but will not be discussed in this paper since it does not 
affect any of the present considerations. This matter is 
the subject of additional investigation to be reported 
later. 

The character of the variation of crystal current as a 
function of time following the end of the pulse is shown 
in Fig. 2, which is a semilogarithmic plot of data read 
from an enlarged projection, on to a coordinate system, 
of the typical oscillogram reproduced in Fig. 1(d). 
Similar measurement over the range 348°C-421°C 
revealed that, at a given temperature, the data, quite 
fortuitously, can generally be represented by a single 
exponential function, with a time-constant presumably 
associated with one predominant trapping level. 

Only at the highest temperature [see Fig. 1(c) ] does 
a second time constant shorter than the principal one, 
and indicating another trapping level, begin to appear. 

The time constant changes with temperature in 
accordance with the relationship indicated in Fig. 3, in 
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which 7 has been plotted on a logarithmic scale as a 
function of the reciprocal of the absolute temperature. 
The fact that the experimental points are well repre- 
sented by a straight line with a slope corresponding to 
1.4 ev is in accord with theoretical expectation based 
upon a model which will be discussed in Sec. III. 


B. dc Meter Method 


In the measurements of the post-bombardment con- 
ductivity at lower temperature, the oscilloscope is re- 
placed by a micro-microammeter, and the flip-flop 
circuit employed to eliminate space-charge effects in 
the pulsed measurements’ is removed. Instead, the 
accumulation of space charge is avoided by allowing 
the thermal ionization to proceed in the absence of a 

3 Actually, the decay time constant measured under pulsed 
conditions is independent of space-charge considerations, inas- 


much as the rate of buildup of space charge is slow compared 
with the decay rate in this case. 
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field across the crystal. The decay in the conductivity 
is followed by applying a dc voltage of alternate 
polarity for each consecutive measurement, the duration 
of which is restricted to a sufficiently short period to 
preclude an appreciable space-charge buildup. 

A typical set of data is plotted in Fig. 4. Here, a 
single exponential function does not fit all the points, 
as was the case at the higher temperatures. This de- 
parture is satisfactorily accounted for by the theoretical 
analysis to be presented later, in accordance with which 
the data are now plotted as in Fig. 5, with ordinate 1//,. 


The time constant, 7, is then determined from the. 


expression 
In(1/I.+B) =InA+t/r. 


The value of the constant, B, which, when added to 
the experimental points (solid dots) yields a new set 
of points (open circles) which are most closely repre- 
sented by a straight line, is determined by successive 
approximations. The slope of this line then corresponds 
to the value of r. 

This procedure was followed at two different tem- 
peratures only, 121°C and 133°C, hence the results 
have not been plotted in a diagram similar to that in 
Fig. 3. However, as may be seen in Fig. 6, they are in 
excellent agreement with the measurements at higher 
temperatures, on the basis of the band structure mode] 
proposed in the next section. 


III. THEORETICAL ANALYSIS 


The simplest model in terms of which the experi- 
mental results are interpretable is illustrated in Fig. 7. 
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Fic. 2. Semilogarithmic plot of data shown in Fig. 1(d). 
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Fic. 3. Dependence of decay time constant upon temperature, 
oscillographic method. 


It is assumed that a unit volume of the crystal con- 
tains two sets of electron traps: (1) V; shallow traps 
from which thermal re-emission can occur; (2) V2 deep 
traps, all of which have been filled during bombard- 
ment and which subsequently remain occupied during 
the post-bombardment decay. There are also n, trapped 
holes which can be annihilated only by recombination 
with electrons from the conduction band. 

Since the charge carriers are assumed to come from 
a single set of levels, only one type can be involved. 
For the present purposes, the charge carriers are 
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G. 4. Post-bombardment current as a function 
of time, dc method. 
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Fic. 5. Graphical determination of 7, dc method. Solid dots are 
measured values of 1/J,. Open circles represent (1/J-+B) where B 
is empirically determined to yield straight line. 


identified as electrons in the conduction band. It is 
entirely possible, however, that the conductivity is 
attributable to the motion of holes in the filled band. 

Since the role of holes and electrons may be inter- 
changed without affecting the mathematical analysis, 
the conclusions are therefore not contingent upon the 
nature of the charge carriers. 

















iO F 

8 
rm) 
Pay 
z 
° 
° 
w 6F 
o 
° 
« 
4 | 4 
= 
> «4 T= T, exp(E/kT) 
rc) 
Ss E= l.4ev 

2k 

1.4 1.8 2.2 2.6 3.0 
1000/T°K 


Fic. 6. Logio of decay time constant vs 1/7, combined results. 
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Under these conditions, the state of the system is 
represented by the following set of equations: 


n_= —B(Ni—m)n_—ynn_+an, (1) 
ty =B(Ni—1)n_—an, (2) 
n,=Neotn+n_, (3) 


where n_ is the number of conduction electrons per cc, 
n, the number of electrons in shallow traps, 8(Ni—m) 
the trapping probability per unit time, a the probability 
of thermal ejection from the shallow traps, and yn, the 
probability of recombination with trapped holes. 

This system of equations is nonlinear and cannot be 
solved exactly, except for special values of the param- 
eters. However, the measurements of bombardment- 
induced conductivity have revealed that the lifetime of 
an electron in the conduction band is of the order? of 
10~° sec, whereas the present experiments indicate that 
the electron lifetime in shallow traps exceeds 10~* sec 
over the temperature range which has been investi- 
gated. Hence, n_<n, and, except for times of the order 
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Fic. 7. Model of MgO upon which theoretical analysis is based. 


of 10-"” sec after bombardment, 7i_<7i;. By making an 
approximation on this basis, a system is derived which 
can be solved analytically. 

From Eqs. (1), (2), and (3), we obtain 


ty t+nh_= —y(Netnytn_)n. (4) 


Since n_ and 7i_ are negligible compared with m, and 
ti, respectively 
t= —y(Netm)n_. (5) 


Combining this expression with Eq. (2) yields 
any ? 
BNi+yN2— (8-7): 
“ ary(Neo-+m)m 
BN y+ yNe— (8—7)m 


In applying Eq. (7) to the analysis of the experi- 
mental data, the two temperature ranges discussed in 
Secs. IIA and IIB, respectively, will be considered 
separately. 





(6) 
and 


(7) 














POST-BOMBARDMENT CONDUCTIVITY 


A. High-Temperature Range 
(Oscillographic Method) 


Over the range of temperature from 348°C to 421°C, 
the post-bombardment conductivity following each 
primary pulse always decays completely prior to the 
onset of the succeeding pulse, signifying that the NV; 
shallow traps are entirely depopulated between pulses. 
Consequently, the value of m; cannot at any time exceed 
the number of electrons that have been ejected from the 
filled band during a single pulse. Since, as can be 
estimated from the analysis of the bombardment- 
induced conductivity, this number is quite small 
(<K10'*/cc) compared with the estimated number? of 
traps (10'8/cc), both V, and N: are considerably greater 
than m; in this case. 

With 2;<<N, and (8—y)m<«KBNi+yN2, Eqs. (6) and 
(7) become 

a 


_ = ————-m, (8) 
BNi+7N2 
ayN2 
1, = -—_————_1, (9) 
BNityN2 
Equation (9) has the solution: 
n= Ny exp(—t/r), (10) 
where, 710 is the value of m; at =0 and 
n_=C exp(—t/r), (11) 
with 
ano 
Cc=————_. 
‘ BNityN2 
Finally, k 
7=-(1+8N,/yN2). (12) 
a 


From measurements of the relative amplitudes of 
conductivity during and immediately after bombard- 
ment, it is possible to estimate the magnitude of the 
term BN,/yN-2 in Eq. (12), which is found to be much 
greater than unity. Consequently, 


BN, (*) 
T=—| — }. 

yN2 a 
Since the post-bombardment current is proportional to 
n_, the electron density in the conduction band, it will 
decay exponentially with a mean lifetime, 7, given by 
Eq. (13). The value of + can be determined experi- 

mentally by the procedure described in Sec. ITA. 

The temperature dependence of the parameter a, the 
probability, per unit time, of thermal ionization, is 


given by* 


(13) 


a= F8 exp(—E/kT), (14) 


4N. F. Mott and R. W. Gurney, in Electronic Processes in Ionic 
Crystals (Oxford University Press, New York, 1940), p. 108. 
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where E is the thermal energy gap between the NV; 
traps and the conduction band, and F is a slowly 
varying function of temperature which changes so little 
over the range considered herein that it can be treated 
as constant. Consequently, Eq. (13) becomes 


y 


1 


(15) 





exp(E/kT). 


T= 
Ve 


The expression for the trapping probability, y, is 
expected to have the form®: 


y=const exp(— Eo/kT). (16) 


Therefore, 
M, 
a> exp(E+ E)/kT, (17) 


2 


where C is a slowly varying function of 7, and Ep is the 
capture activation energy. However, the very short 
lifetimes observed in bombardment-induced conduc- 
tivity measurements are incompatible with values of 
Eo>0.1 ev. This is of the same order as the experimental 
error in the activation energy determined in Sec. ITA, 
and can be neglected as compared with E. The factor 
C(Ni/N2) in Eq. (15) will vary rapidly with tempera- 
ture only if the trap densities V; and V2 are temperature 
sensitive. Inasmuch as these traps are probably either 
impurity levels or lattice defects which were frozen-in 
during the cooling of the crystal from the me!t, their 
concentration remains substantially constant. Conse- 
quently, the time-constant for the decay of the post- 
bombardment conductivity is expressed by the rela- 
tionship 


r=7) exp(E/kT), (18) 


where 7 is a very slowly-varying function compared 
with the exponential. 

As is shown in Fig. 3, over the temperature range for 
which the approximations discussed in this section are 
valid, the experimental data are quite satisfactorily 
represented by a straight line. This indicates that ro 
can, in fact, be regarded as constant. The slope of this 
curve leads to a value for EZ, the thermal activation 
energy of the trapped electrons, equal to 1.4 ev. 


B. Low-Temperature Range (dc Meter Method) 


In this temperature range (<140°C) there is no 
appreciable decay of the post-bombardment conduc- 
tivity between pulses, and the bombardment is con- 
tinued for many pulses (at least 3X10) before the 
measurements begin. Therefore, it cannot be assumed 
that ™ is small compared to N». However, after a 
sufficiently long time has elapsed fellowing bombard- 
ment, # is certainly small compared to N,, hence the 
term (8—~y)m, in Eqs. (6) and (7) can be neglected. 


5G. Rickayzen, Proc. Roy. Soc. (London) 241, 480 (1957). 
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These relations then become 


a 
_ =—————-, (19) 
BNit+yN2 
and 
n= —————-(No+m)m. (20) 
BNityN2 
The solution of Eq. (20) is 
1/n,= Ns"'LK exp(t/r)—1], (21) 


where 7 is given by Eq. (13) and K is an arbitrary 
constant. Substitution in Eq. (19) yields 


oe re expte/s)—1- 
n= exp(t/r)— 1 
BNit+yN2 " 


Inasmuch as the post-bombardment current, /,, is 
proportional to n_, Eq. (22) leads to the result 


I,=(A exp(t/r)— BT. 


Here, A and B are positive constants which, having no 
particular theoretical significance, can be determined 
only from analysis of the experimental data. Thus, on 
the basis of this model, it is predicted theoretically that 
the experimental data can be represented by an ex- 
pression of the above form if the observations are con- 
ducted after a sufficient time has elapsed to insure the 
validity of Eq. (23). Since it is found that the post- 
bombardment conductivity initially decreases very 
rapidly, the condition ;<<JN, is satisfied down to 
fairly short times. 

If in a plot of the experimental data in the form 
In(1/7.+B) vs t, the points lie on a straight line for a 
single value of the empirically determined constant B, 
the slope of the line corresponds to the value of 7. As 
discussed in Sec. IIB this procedure has been followed 
for two temperatures, 121°C and 133°C, the resultant 
time constants being 1400 sec and 570 sec, respec- 
tively. Measurements were also made at lower tem- 
peratures, but it was impracticable to follow the decay 
of the post-bombardment conductivity over sufficiently 
long periods to determine the corresponding values of r. 

Since the expression for 7, Eq. (13), does not depend 
on temperature, this theory predicts that 7 varies 
exponentially as a function of reciprocal temperature 
over the entire range covered in these measurements 


(22) 


(23) 
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(121°C to 421°C). Experimental confirmation of this 
result is provided by the plot of logior vs 1000/T°K in 
Fig. 6, in which all the measured points lie on a straight 
line the slope of which is identical with that determined 
in the high temperature region (see Fig. 3) i.e. 1.4 ev. 


IV. CONCLUSION 


Experiments performed in this laboratory’ have 
revealed that electron-bombardment produces a strong 
enhancement of the photoconductivity peak previously 
observed at 2.1 ev in unirradiated MgO by Day.’ 
Optical absorption measurements have also indicated 
the existence of this same level.*.* The thermal energy 
gap of 1.4 ev determined by the present technique very 
likely corresponds to the 2.1-ev optical transition. If this 
is the case, Day’s evidence indicates that the charge 
carriers which are thermally ejected from this level are 
holes in the filled band. 

Many other levels, some of which have been detected 
during these investigations, are present in MgO crystals. 
Although no general attempt has been made to resolve 
them, one additional level has been determined in an 
investigation of the feasibility of extending the post- 
bombardment conductivity method to fast decays at 
low temperatures. In this case, the post-bombardment 
current is extremely small compared with the bombard- 
ment-induced current which flows during the primary 
pulse and which paralyzes the amplifier when the gain 
is sufficient for observing the crystal current following 
the termination of the pulse. 

This difficulty was overcome by inserting an appro- 
priate clipping circuit which limits the maximum signal 
imput to the amplifier. Thus over the range 20°C-70°C, 
time constants from 9 ysec to 150 usec, and associated 
with a single energy level, were measured oscillographi- 
cally. When the data are plotted in the same manner as 
in Fig. 3, the slope of the straight line representing the 
experimental points corresponds to an activation energy 
E=0.7 ev, with an uncertainty of about 0.1 ev. 
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Use of Thermal Expansion Measurements to Detect Lattice Vacancies near the 
Melting Point of Pure Lead and Aluminum 
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Dilatometric and x-ray measurements of the thermal expansion of pure lead and aluminum have been 
carried out. between room temperature and the melting point. For lead, the results obtained by the two 
techniques agree within experimental error, which is interpreted to imply that the vacancy concentration 
at the melting point is (in mole fraction) less than or equal:to 1.5X10~*. For aluminum the dilatometric 
expansion appears to be slightly greater than the x-ray expansion. If this discrepancy is real, it corresponds 
to a vacancy concentration at the melting point of aluminum of about 3X10~. The corresponding estimate 
for the formation energy, €,, of a vacancy in lead is ¢,20.53 ev, and in aluminum, ¢=0.77 ev. 





INTRODUCTION 


T is well known! from elementary statistical mechan- 

ics that the mole fraction of vacancies, c, in a 
monatomic solid increases rapidly with increasing 
temperature, in accordance with the relation 


c= etnlke—eol kT (1) 


where ¢, and s, are the energy and excess entropy of 
formation of a vacancy, respectively, while & and T 
have their usual meanings. For the common cubic 
metals, the concentration of vacancies near the melting 
point, 7, (which depends primarily on the ratio 
€,/T »), is still not established with certainty at present. 
Estimates based on indirect methods, such as the 
measurement of various physical properties up to the 
melting point and experiments on quenched specimens, 
are quite diverse. These estimates vary from a mole 
fraction of vacancies at the melting point in the range 
between 10-* and 10-* by Pochapsky? (for Pb and Al), 
MacDonald® (for the alkali metals), Meechan and 
Eggleston‘ (Cu and Au), Jongenburger® (Cu and Au), 
and Gertsricken* (Al, Ag, and Cu), down to values 
below 10‘, based on the data of Kauffman and Koehler.’ 
Other estimates fall in an intermediate range (see for 
example Bradshaw and Pearson’s work® on Au and Al 
and the recent results of Bauerle et al. on Au). Thus, 
the estimates that have been made on the basis of 
indirect methods cover a range of more than two orders 
of magnitude. 


1 See, for example, H. Brooks’ article in Impurities and Imper- 
fections (American Society for Metals, Cleveland, 1955). 

2 T. E. Pochapsky, Acta Met. 1, 747 (1953). 

’D. K. C. MacDonald, Report of a Conference on Defects in 
Crystalline Solids (The Physical Society, London, 1955). 

4C. J. Meechan and R. R. Eggleston, Acta Met. 2, 680 (1954). 

5 P. Jongenburger, Phys. Rev. 106, 66 (1957). 

6S. D. Gertsricken, Doklady Akad. Nauk (U.S.S.R.) 98, 211 
(1954) ; Met. Abstr. 23, 649 (1956). 

1 J. W. Kauffman and J. S. Koehler, Phys. Rev. 97, 555 (1955); 
also see Table I in C. Y. Li and A. S. Nowick, Phys. Rev. 103, 
294 (1956). 

8 F, J. Bradshaw and S. Pearson, Phil. Mag. 2,379, 570 (1957). 

9 J. E. Bauerle and J. S. Koehler, Phys. Rev. 107, 1493 (1957); 
Koehler, Seitz, and Bauerle, Phys. Rev. 107, 1499 (1957). 


The most direct method of obtaining the equilibrium 
concentration of vacancies near the melting point is 
suggested by a theorem due to Eshelby,’ which may 
be stated as follows: Consider a uniform distribution of 
point defects introduced into a crystal, and assume 
that the distortion about each defect may be calculated 
as if the defect were a center of dilatation in an isotropic 
elastic medium. Then, the fractional change in the 
average volume of a unit cell (as measured by x-rays) 
is equal to the fractional change in the macroscopic 
volume of a specimen, provided that the changes are 
calculated relative to the perfect crystal containing the 
same number of lattice points as the imperfect crystal. 
In order to apply this theorem to the case in which the 
defects are vacancies, the change in the number of 
lattice points due to the removal of extra atoms to the 
surface must also be taken into account. The increase 
in the macroscopic dimensions due to this factor is 
then responsible for a discrepancy between the thermal 
expansion as obtained from x-rays and that obtained 
dilatometricaily. Since cubic crystals expand isotropi- 
cally, length measurements may be used in place of 
volume measurements. Accordingly, if / is the length 
of a sample and a the lattice parameter at a temperature 
T while /) and ao are corresponding values at a standard 
temperature 7», the mole fraction of vacancies, c, 
present at temperature T may be expressed as 


c= 3(6l/lo—5a/ap), (2) 


provided that Jo is a low enough temperature that 
c(To) is negligible. Here 6J=/—/p and 6a=a—ao, and 
the factor 3 enters because changes in linear dimensions, 
rather than in the volume, are considered. Equation (2) 
is only valid exactly if the vacancy may be treated as 
an elastic center of dilatation, in accordance with 
Eshelby’s theorem. However, since it is generally 
believed"” that the relaxation of atoms about a 








10 J. D. Eshelby, J. Appl. Phys. 25, 255 (1954). 
11H. B. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942). 
2G. J. Dienes, Phys. Rev. 86, 228 (1952). 
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vacancy is small in the common metals, the accuracy 
of this equation should be quite high. 

If the higher range of estimates of c(7,) quoted above 
[i.e., c(7m)210-*] were correct, there would be no 
difficulty in detecting the difference between 6//lo 
and 6a/a by standard dilatometric and x-ray tech- 
niques. On the other hand, if the lowest estimates quoted 
were valid, detection of the vacancy contribution 
would be much more difficult, if not impossible, using 
the most precise of present-day methods. Accordingly 
an attempt was made to detect the difference between 
41/lo and 5a/ao with the use of the best possible tech- 
niques. Lead and aluminum were selected because 
they are cubic metals of relatively low melting points 
and because of the fact that they do not oxidize to an 
extent that would interfere with the measurements, 
even in an air atmosphere. (Very recently, similar 
measurements on lead were reported by Van Duijn 
and Van Galen,” but the precision attained was not 
comparable to that of the present measurements, and 
the x-ray experiments covered a temperature range 
only up to 40°C below the melting point.) 


EXPERIMENTAL PROCEDURE 


The specimens were single crystals of pure lead 
(99.998%) and of pure aluminum (99.997%) grown 
by the Bridgman technique. 

The length measurements were made by means of a 
quartz dilatometer based on that of Siegel and Quimby" 
but modified so as to use an optical lever in place of a 
microscope. The dilatometer was calibrated by means 
of a height vernier and a dial gauge sensitive to 0.0001 
in. The lower part of the dilatometer containing the 
specimen was surrounded by a tubular furnace whose 
temperature was regulated to within 0.5°C by means of 
a temperature controller. The temperature was meas- 
ured by means of a platinum platinum-rhodium thermo- 
couple placed adjacent to the center of the specimen. 
For each reading taken, the furnace temperature was 
held steady for several minutes to insure that the speci- 
men and thermocouple temperatures were the same. 
Most measurements were taken as part of a series of 
readings at successively higher temperatures, since re- 
sults were somewhat more reproducible after the speci- 
men had expanded than after contraction. It was 
consistently found that the specimen length remained 
unchanged when the temperature was held steady for a 
period of about 30 minutes, except for the anomalous 
behavior of aluminum just below the melting point, de- 
scribed in the following section. The precision of the 
dilatometric measurements was about one part in 10°. 

The x-ray measurements were carried out on the 
same single crystals used for the dilatometric measure- 
ments, by means of the high-angle oscillating crystal 
method developed by Murphy and Feder. A high- 

18 J. Van Duijn and J. Van Galen, Physica 23, 622 (1957). 


4S. Siegel and S. L. Quimby, Phys. Rev. 54, 76 (1938). 
16D). Murphy and R. Feder (to be published). 
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temperature furnace for this camera was made by 
wrapping heating coils about the male section of a 
standard quartz taper joint. In addition, a quartz 
funnel-like tube about 5 cm long and containing 
aluminum foil across the opening was attached perpen- 
dicularly to the furnace for the entrance and exit of 
the x-ray beam. For the temperature measurements, a 
thermocouple was imbedded in a small hole drilled 
into the top of the specimen to a distance about 1 mm 
from the incident x-ray beam. The temperature was 
controlled to +0.5°C. In all of the x-ray measurements 
on lead, Ni Ka; and Ni Kay radiation was used; 
the 531 reflection was used from room temperature to 
247°C (giving Bragg angles, @ from 80° to 82°), and 
the 442 reflection from 274°C to 323°C (giving 6 in 
the range 86° to 88°). For the measurements on 
aluminum in the range 25°C to 97°C, Cu Ka radiation 
and the 511 reflection were used (with @ near 82°), 
while from 246°C to 656°C Ni Ka radiation and the 
422 reflection gave Bragg angles decreasing from 88° 
down to 80°. In general the precision of the lattice 
parameter measurement increases with increasing 
Bragg angle; owing to the natural width of the char- 
acteristic radiation, however, the precision even at the 
highest Bragg angles was no better than one part in 
10°. 

Both the dilatometric and x-ray measurements were 
carried out in air, but there was no evidence for any 
deterioration of the specimens due to oxidation. 


RESULTS 


The x-ray method employed in these experiments 
gives, for the absolute lattice constants of lead and 
aluminum at 25°C, the values 4.9509 A and 4.04948 A, 
respectively. The result for lead falls within about 1 
part in 20 000, and that for Al within 1 part in 40 000, 
of the best values of these parameters determined 
previously by the powder method.'® 

The combined results of the dilatometric and x-ray 
expansion measurements on lead are presented in 
Fig. 1. The changes in the length and in the lattice 
parameter are reported relative to 0°C, although actual 
measurements were always started at room temperature. 
In making this adjustment to a reference temperature 
of 0°C, the value 61/lo=7.375X 10-4 at 25°C was used 
(taken from the data of Nix and McNair'’). Figure 1 
shows that, within the experimental error of the 
present measurements, there is no difference between 
5l/lo and 6a/ao near the melting point of lead. It is 
therefore possible to estimate that the difference 
61/lo—5a/ao is no greater than 5X10~*. Applying Eq. 
(1), we may conclude that for lead, c(T »)$15X10~. 

A comparison of the present results with earlier work 


16H. E. Swanson and E. Tatge, National Bureau of Standards 
Circular No. 539 (U. S. Government Printing Office, Washington, 
D. C., 1953), Vol. 1. 

17 F, C. Nix and D. MacNair, Phys. Rev. 60, 597 (1941); 61, 
74 (1942). 
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Fic. 1. Comparison of thermal expansion of lead as determined by dilatometer and x-ray methods. 


is presented in Table I, where values of 4//lo and of 
da/a) at 300°C obtained by previous workers are 
compared with the present data. It should be noted 
that the x-ray data of Stokes and Wilson’ (from 
powdered samples) fall slightly above the present results 
while the dilatometric measurements of Hidnert and 
Sweeney” fall slightly below. Although the recent work 
of Van Duijn and Van Galen" also led to the conclusion 
that there is no discrepancy between dilatometric 
and x-ray expansion data, the equivalence of the two 
sets of measurements could not be established as 
closely as in the present experiments, because of 
poorer precision and cessation of the x-ray measure- 
ments further from the melting point. Although it is 
difficult to read a value for 6//J) at 300°C from the plot 
given by Van Duijn and Van Galen for comparison 
with Table I, it appears as if the value at 300°C 


TaBLE I. Comparison of thermal expansion of lead between 0°C 
and 300°C, as observed by various workers. 











Author (81/lo) X108 (8a/ao) X108 
Stokes and Wilson* tee 9.52 
Hidnert and Sweeney? 9.36 tee 
Present work 9.47 9.47 











® See reference 18. 
b See reference 19, 





18 A. R. Stokes and A. J. C. Wilson, Proc. Phys. Soc. (London) 
53, 658 (1941). 

19P, Hidnert and W. T. Sweeney, J. Research Natl. Bur. 
Standards 9, 703 (1932). 


obtained by these authors is somewhat lower than those 
given in Table I. 

The present dilatometric and x-ray data for aluminum 
are plotted in Fig. 2. Again changes are reported 
relative to 0°C to make the present results more 
directly comparable to the work of others. In view of 
some small discrepancies for different dilatometric runs 
in the range between room temperature and 200°C, 
it was found that the most reliable comparison of 
dilatometric and x-ray results near the melting point 
could be obtained by fixing all data to a value of 
51/lo=5a/ao=4.90X10-* at 200°C. The present dil- 
atometric results are in reasonably good agreement 
with earlier work!” which did not go as high in 
temperature, and with the early data of Hidnert” 
who carried out measurements up to 600°C. Previous 
x-ray measurements of Wilson” on powdered aluminum 
samples also agree with the present results quite 
closely. A comparison of the present data with earlier 
work is given in Table II. 

The data of Fig. 2 show a possible small difference 
between 6//lo and 6a/ao at the higher temperatures. 
The smooth curve in this figure gives the best represen- 
tation of the x-ray data. It may be seen, however, 
that the dilatometric data above 570°C consistently 
fall above this curve. The discrepancy corresponds to a 


* Taylor, Willey, Smith, and Edwards, Metals and Alloys 9, 


189 (1938). 
21 P. Hidnert, Sci. Papers Natl. Bur. Standards 19, 697 (1924). 
% A. J.C. Wilson, Proc. Phys. Soc. (London) 54, 487 (1942). 























difference 61/lo>—65a/ao=1.0X10-* near the melting 
point. If this effect is real, it corresponds to a vacancy 
concentration c(T,)==3X 10, obtained from Eq. (2). 
The discrepancy between the dilatometric and x-ray 
curves of Fig. 2, expressed as a horizontal shift, is only 
2°C. In spite of the fact that the nominal temperature 
is believed reliable to within 0.5°C, it is certainly 
conceivable that part or all of this 2°C shift between 
the dilatometric and x-ray data may represent experi- 
mental error in the temperature measurement, i.e., 
that c(T,,) is actually less than the value quoted above. 

It is important to note that in the case of all dil- 
atometric measurements carried out at temperatures 
more than 5°C below the melting point, there was no 
evidence for creep of the specimens when the tempera- 
ture was held constant over a period of the order of 
30 minutes. In the case of aluminum, some measure- 


TABLE II. Comparison of thermal expansion of aluminum for the 
ranges 0°-500°C and 0°-600°C, as observed by various workers. 














(8l/lo) X108 (81/lo) X108 (6a/a0) X108 
Author at 500°C at 600°C at 600°C 
Taylor et al.* 13.76 tee 
Hidnert® 13.82 17.22 see 
Wilson® +e see 17.23 
Present work 13.75 17.25 17.15 








* See reference 20. 
» See reference 21. 
© See reference 22. 
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Fic. 2. Comparison of thermal expansion of aluminum as determined by dilatometer and x-ray methods. 


ments were made within 3°C of the melting point. 
In this range, the length first approached a definite 
value as soon as the temperature achieved stability. 
This value was found to fit very well on the extrapola- 
tion of the curve through the dilatometric data at lower 
temperatures. However, in a time of the order of ten 
minutes, the specimen showed an additional expansion 
(corresponding to a fractional change in length of the 
order of 10-*) followed by a contraction which increased 
in rate with increasing time. This contraction was 
permanent, i.e., it represents a creep phenomenon. 
The origin of the initial expansion is not clear, however. 
One possible explanation, that the true specimen 
temperature had exceeded the melting point in the 
range where the anomalous behavior took place, 
seemed to be ruled out by the initial expansion as well 
as by the calibration of the thermocouple. 


DISCUSSION 


The failure of the present experiments to detect a 
difference in the thermal expansion of lead as measured 
by dilatometric and by x-ray methods has led to the 
conclusion that, for this metal, c(7)S1.5X10~-*. 


% Although the experiments of Van Duijn and Van Galen” 
also showed no discrepancy between dilatometric and x-ray data 
for lead, these authors concluded, however, that the results of 
their experiments did not rule out the possibility of a high value 
for c(T‘m). This conclusion apparently stemmed from their mis- 
interpretation of Eshelby’s work. 
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THERMAL EXPANSION MEASUREMENTS 


This upper limit disagrees with the much higher 
estimate that Pochapsky’ considered as a possible 
explanation for the anomalous specific heat increase 
in lead near the melting point. It therefore appears 
that this anomalous specific heat increase should be 
related to anharmonic vibrations rather than to 
vacancies. The present estimate for c(7,,) in lead is 
lower than most of the various estimates based on 
indirect methods which were quoted in the Introduction 
for various pure metals. On the other hand, since 
lead has one of the highest ratios of diffusion activation 
energy to melting point among the various pure metals,” 
it seems likely that ¢,/T,, is also relatively high for 
lead and therefore [from Eq. (1)] that c(7,) is low. 
Thus, the results for lead may not be typical of other 
metals. 

In the case of aluminum the value c(T,)~3X 10, 
indicated by Fig. 2, is low compared to the estimate of 
6X 10~ of Bradshaw and Pearson.* The latter estimate, 
however, was made quite indirectly, by extrapolation 
of the results of experiments on the quenching of 
aluminum from below 470°C. Accordingly, the agree- 
ment may be regarded as reasonably good. On the 
other hand, the much higher values suggested by 
Pochapsky’ and by Gertsricken® appear to be ruled out. 

Finally, it seems appropriate to attempt to estimate 
lower limits for the vacancy formation energy, ¢,, with 
the help of Eq. (1). Such estimates can be made 


* A. H. Cottrell, Theoretical Structural Metallurgy (St. Martin’s 
Press, New York, 1955), Chap. 12. 
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reasonably well because the entropy factor, exp(s,/k), 
appears to be known within reasonably narrow limits 
from theoretical considerations. The best theoretical 
estimate of s,/k is probably that of Huntington e¢ a/.”® 
for the case of vacancies in copper, for which s,/k=1.5 
is obtained. If it is assumed that this same estimate is 
valid for lead and aluminum,”* one obtains from the 
upper limit on c(T») of lead quoted above, a lower 
limit on €, viz., ¢20.53 ev. Similarly, a value c(Tm) 
=3X10-* for aluminum corresponds to a formation 
energy ¢,=0.77 ev. The latter value compares favorably 
with the estimate of 0.76 ev by Bradshaw and Pearson.® 

In summary, it may be stated that the present 
results show no evidence for vacancies near the melting 
point in the case of lead, and some evidence for a 
possible vacancy concentration of about 3xX10~‘ for 
aluminum. These results are in striking disagreement 
with estimates in the vicinity of 0.1% and higher 
which some authors have deduced from various indirect 
measurements. It must therefore be concluded that, in 
the case of Pb and Al, an unexpected increase in a 
physical property at high temperatures must be 
explained in terms of the anharmonicity of lattice 
vibrations, rather than in terms of large vacancy 
concentrations. 


25 Huntington, Shirn, and Wajda, Phys. Rev. 99, 1085 (1955). 

26 The error in ¢, resulting from an incorrect choice of s, is 
relatively small. For example, for both lead and aluminum, if 
the estimate s,/k=1.5 is incorrect by as much as 0.5, the corre- 
sponding estimate of ¢, is in error by only 5%. 





Ragen VIE POA STERAPRED SABA! caer 


PHYSICAL REVIEW VOLUME 109, NUMBER 6 MARCH 15, 1958 


Diffusion of Iron, Cobalt, and Nickel in Single Crystals of Pure Copper*t 


C. A. Macxurett 
Physics Department, University of Illinois, Urbana, Illinois 
(Received November 25, 1957) 


The rates of diffusion of radioactive tracers of Fe, Co, and Ni in single crystals of pure copper have 
been measured as a function of temperature from about 700 to 1075°C. The results, obtained by the 
tracer-sectioning technique, are as follows: 


Dye~cu= 1.4 exp(—51 800/RT); Doo+.cu=1.93 exp(—54100/RT); Dyi.cu=2.7 exp(—56 500/RT) ; 


all in units of cm?/sec. An exploratory measurement for a Mn tracer in copper was made at 1069°C with 
the result D=1.49X10-* cm?/sec. 

The results of several current theoretical calculations are compared with the present data: Wert and 
Zener’s correlation of Do and Q is supported by the present work; the basic qualitative prediction of Lazarus’ 
screening theory is borne out by the present results, although the extent of the detailed agreement is not 
clear at this time. The experimental data yielded unexpectedly large diffusion coefficients at low temperatures 
in some cases and several possible causes are considered. Finally, a new experimental method is described 





for determining diffusion coefficients with tracers emitting only very low-energy particles. 





INTRODUCTION 


ECENT theoretical work on tracer diffusion in 

metals includes Lazarus’ screening theory’* 
(relating tracer-impurity diffusion to self-diffusion) 
and the thermodynamic correlation of Do and Q by 
Wert and Zener.*® The screening theory met good 
agreement with the limited amount of accurate, 
relevant data then available, although subsequent 
theoretical work by Blatt? seemed to reduce the extent 
of the agreement. However, the relatively recent 
calculations of Alfred and March® are in complete 
qualitative agreement with Lazarus’ work, although 
there are marked quantitative differences. 

An important feature of Lazarus’ treatment was the 
prediction that, contrary to general opinion at the time, 
tracers of increasing electropositivity would diffuse 
progressively more slowly than a matrix tracer—and 
with progressively larger activation energies. Sub- 
sequent fragmentary data® for a Ru tracer in the silver 
lattice seemed to support this conclusion and a more 
extended investigation seemed called for. The present 
determination of the temperature dependence of the 
rates of diffusion of tracers of Fe, Co, and Ni in single 
crystals of pure copper was carried out in order to 
establish the nature of electropositive-tracer diffusion 
for a convenient lattice and tracers. 


* Supported in part by the U. S. Atomic Energy Commission. 

t Based on a thesis submitted to the University of Illinois in 
partial fulfillment of the requirements for the degree of Doctor 
of Philosophy in Physics. A preliminary account of this work 
has appeared [C. A. Mackliet and D. Lazarus, Bull. Am. Phys. 
Soc. Ser. II, 1, 149 (1956) J. 

t Present address: Metal Physics Consultant Staff, Metallurgy 
Division, U. S. Naval Research Laboratory, Washington, D. C. 

1D. Lazarus, Phys. Rev. 93, 973 (1954). 

2 F. Blatt, Phys. Rev. 99, 600 (1955). 

3L.C. R. Alfred and N. H. March, Phys. Rev. 103, 877 (1956). 

4C. Wert and C. Zener, Phys. Rev. 76, 1169 (1949). 

5 C. Zener, J. Appl. Phys. 22, 372 (1951). 

6 C. T. Tomizuka and C. A. Mackliet (unpublished data). 


EXPERIMENTAL PROCEDURE 


Specimen preparation was similar to that used 
previously by other workers at this laboratory.*~* 
Single crystals were grown by vacuum melting 99,998+% 
pure copper (obtained from the American Smelting 
and Refining Company) in high-purity graphite 
crucibles and by then slowly cooling through the 
melting point. The resultant ingots were etched to 
check monocrystallinity and were cut into cylinders 
about a centimeter long; the diameter was about 1.9 
cm. The newly exposed surfaces were flattened and the 
worked layer removed by alternate application of 
etching and of polishing on successively finer grades 
af emery paper. After an etch in FeCl, the specimens 
were annealed under vacuum for 3 or 4 days at about 
25°C below the melting point. A final etch revealed 
a filamentary substructure in all cases, but only a few 
of the specimens showed any evidence of polycrystal- 
linity and they were discarded. Specimens were then 
electroplated with tracers of Fe®, Co®, Ni®, or, in 
one case, Mn™, using radioisotopes obtained from the 
Oak Ridge National Laboratory. The usual industrial 
baths produced excellent results for Ni and barely 
usable results for Co. A special solution" was required 
for Fe; attempts to electroplate Mn were mostly 
unsuccessful. The thickness of the plated layer was 
estimated as about 310-4 mil (75 A) for Ni and less 
than a tenth as much for the other tracers. Specimens 
were sealed in evacuated Vycor or quartz capsules—a 
quartz flat was usually placed against each face to 
help reduce evaporation of the radioisotope from the 
surface—and then placed in electronically controlled 


7 Slifkin, Lazarus, and Tomizuka, J. Appl. Phys. 23, 1032, 
(1952) ; 23, 1405 (1952). 

8 Sonder, Slifkin, and Tomizuka, Phys. Rev. 93, 970 (1954). 

°C. T. Tomizuka and L. Slifkin, Phys. Rev. 96, 610 (1954). 

10 W. Blum and G. B. Hogaboom, Principles of Electroplating 
and Electroforming (McGraw-Hill Book Company, Inc., New 
York, 1949), third edition. 

1 R. E. Peterson, Anal. Chem. 24, 1850 (1952). 
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furnaces for diffusion. Temperatures ranged from 
about 700 to 1075°C and the corresponding diffusion 
times from about 40 days to 4 hours. The over-all 
excursion of the furnace temperature was about 1°C 
at the higher temperatures, 14°C in most other cases, 
and 3 to 5°C in several extreme cases at the lowest 
temperatures. A calibrated platinum—platinum-rhodium 
thermocouple was used throughout the work and 
frequent measurements of the temperature were made. 

Diffused specimens were quenched, mounted in a 
precision lathe, reduced in diameter to preclude edge 
effects, and sectioned.” From 9 to 18 cuts were taken 
on each face and total penetrations ranged from about 
3} to 20 mils. The slices were analyzed by means of 
several different methods.” The Mn point and the 
Fe-719.2°C and Co-701:4°C points were analyzed by 
gamma counting the dry chips with a typical scintilla- 
tion counter utilizing a Nal crystal and a photomulti- 
plier tube. Co-1077.5°C (face I) and Ni-979.8°C 
(face I) were analyzed by beta counting the dry chips 
with a sensitive end-window Geiger-counter tube. 
All other Fe and Co specimens were solution beta- 
counted with a thin-walled glass immersion Geiger 
counter. Accurately reproducible geometry was main- 
tained in all cases. 

Diffusion coefficients were calculated in the usual 


TasLe I. Impurity diffusion in copper. 











Diffusi 

Temperature oouiieieas 

Tracer (°C) (cm?/sec) 
Mn* 1069.2 1.49X 10-8 
Fe® 1073.7 5.65 10~* 
973.9 1.11 107% 
895.0 2.85 10-” 
895.0 2.87 10-” 
830.5 7.80X 10-" 
779.5 2.67 X10 
719.2 6.55X 107" 
719.2» 6.88 10-” 

Co® 1077.5* 3.43 10° 
1077.5» 3.56X 107% 
983.3 7.64X 107” 
904.4 1.77X10-” 
843.8 5.09X 10-4 
792.7 1.65X 10-4 
744.5 5.31 10-# 
701.4 1.76X 10-" 
Ni® 1075.8 1.98 10~* 
979.8° 3.57X 10-” 
979.8°¢ tee 

900.0 7.87X 10-4 
847.2 2.61X10™" 
791.5 6.82 10-# 
742.6" 1.84 10-" 
742.6 1.94 10-8 








* One face of a given specimen. 
b The other face of the same specimen. 
© See Fig. 5. 


12 The nickel-plated specimens were sectioned and counted by 
means of a special method, the details of which are given in the 
appendix. 
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TABLE II. Temperature dependence of the diffusion coefficients. 











Do y/ 
Tracer Points (cm*/sec) (kcal/mole) 
Fe® first 4 1.4+20% 51.8+0.9% 
Fe last 2 0.13--- 46.7--- 
Co® first 4 1.9343% 54.1+0.14% 
Co® last 3 0.39+0.2% 50.6+0.01% 
Ni® all 6 2.7413% 56.540.5% 








manner from the Gaussian penetration plots. Slice 
thicknesses and penetration distances were determined 
from the slice masses by means of a mass-distance 
ratio calculated in turn from the diameter and density 
of the specimen. Variation of the specimen temperature 
during both the warmup and diffusion periods was taken 
into account by means of a simple relation’* which 
follows easily from the Gaussian character of the 
penetration profile and the exp(—Q/RT) dependence 
of the diffusion coefficient. The actual calculations of 
specific activity, square of penetration, least-squares 
slope, and diffusion coefficient and its error were all 
carried out on: the University of Illinois electronic 
digital computer (Illiac). It should be mentioned that 
in a number of cases not all observed points were used 
in the calculation of the diffusion coefficients. The 
tendency for curvature of the initial portion of some 
penetration plots—especially noticeable for Mn and 
Fe tracers—was apparently connected with the condi- 
tion of the surface during diffusion. Several control 
experiments indicated that such curvature did not 
materially affect the slope of the remainder of the plot 
and the points involved were therefore ignored in 
the least-squares calculation. Similarly, a slight curva- 
ture of the final portions of several plots was believed 
to be of no essential significance and the points involved 
were also ignored. Finally, a small correction (ranging 
from —} to —2%) was applied to the diffusion coeffi- 
cients in order to take account of the fact that it is not 
correct to attribute the average specific activity of a 
slice to the geometrical midpoint. Tables computed by 
Schoen“ were used for this purpose. The temperatures 
and the fully-corrected diffusion coefficients were used 
to calculate Do and Q and their errors, again by means 
of a least-squares calculation on the Iliac. 


RESULTS 


Measurements were made of the rates of diffusion 
of the radioactive tracers Fe®, Co™, and Ni® in single 
crystals of pure copper. One exploratory measurement 
for a Mn® tracer was also made. The diffusion coeffi- 
cients and corresponding temperatures are given in 
Table I; the values of Do and Q appear in Table II. The 


13Tt may be shown that Afr,ar+>[Alr exp(QAT/RT?) ], where 
At is some interval of time and T is the nominal value of the 
absolute temperature. The approximation made in obtaining this 
formula is completely adequate for the range of Q’s, 7’s, and 
AT’s encountered in the present investigation. 

4 A. H. Schoen (private communication). 
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Fic. 1. Typical penetration plots. 


penetration plots shown in Fig. 1 were chosen to give 
a fair indication of the quality of the data. The final 
InD vs 1/T plots are shown in Fig. 2. Because of the 
nonlinearity of the latter plots for Fe and Co tracers, 
calculations of Do and Q and their errors were made for 
both the initial and final portions of these curves, with 
the aim of showing that the differences in slope and 
intercept for the two portions are much greater than 
the statistical errors in the individual values. 

In connection with a discussion to be given later 
concerning the unexpectedly large diffusion coefficients 
found at the lower temperatures in several cases, it is 
necessary to consider the experimental errors that 
might reasonably have occurred in the present work. 
On the one hand, the specific activity and the square 
of the penetration distance were each determined to 
within 1 or 2% in most cases; the error in the time of 
diffusion is less readily determined, but may be 
estimated as perhaps a percent. The error in the slope 
of a penetration plot may then be estimated as definitely 
less than a percent, while the diffusion coefficient 
might have a typical error of a percent or two. 

The temperature, on the other hand, was probably 
determined to within 1°C in most cases, although the 
error may have been as large as 13 or 2°C in several 
extreme cases at low temperatures. If the exponential 
dependence of the diffusion coefficient upon temperature 
is taken into account, then the combined effect of all 
errors may be conveniently stated as follows: the points 
on a InD vs 1/T plot should exhibit a typical scatter- 
from-the-average of a few percent, except that the 
lowest temperature Fe and Co points might exhibit 
a scatter twice that large. 


DISCUSSION 


No very profitable comparison of the present data 
with that obtained by other workers can be made 
because most earlier work involved one or more of the 
following differences and/or limitations: polycrystalline 
specimens; finite concentrations of diffusing material ; 
less accurate experimental techniques. The present 
results will, however, be used to examine several current 


C. A. MACKLIET 





















theoretical calculations concerning some aspects of 
tracer diffusion in metals. 

Wert and Zener’s work‘ on the correlation of Do and 
Q for interstitial diffusion was extended by Zener® to 
cover the cases of self and of tracer-impurity diffusion. 
The final result was Do=a’v exp(AS/R) and AS=)8Q/ 
Tm, Where, presumably, the “entropy of activation” 
AS is positive and the constant of proportionality ) is 
of the order of less than or equal to unity; 8 is to be 
determined from elasticity measurements on the base 
material. For the present data, \ was found to equal 
0.59, 0.60, and 0.44, for Fe, Co, and Ni tracers, respec- 
tively. [8 was taken from Zener’s paper as 0.46, v was 
taken as the Debye frequency (6.6X10" sec), and 
Do and Q were taken from the first, third, and fifth 
lines of Table II.] It might also be noted that \=0.47 
for a Zn tracer in copper,’® and 0.40 for self-diffusion 
in copper’; it varies from 0.35 to 0.51 for self-diffusion’® 
in Ag, Pb, and Au, and from 0.44 to 0.54 for tracer 
diffusion of Cd, Sn, In, and Sb in silver.*:® It is evident 
therefore that most accurate data on tracer diffusion 
in metals do satisfy a relation of the above type reason- 
ably well, with AS 1 and, therefore, AS>0—as predicted 
by Wert and Zener. 

The observed relative constancy of \ may, inciden- 
tally, be used to estimate Do and Q for a Mn tracer in 
copper. Simultaneous solution of Do=a*v exp(\8Q/ 
RT,,) and D=D oexp(—Q/RT) may be carried out 
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Fic. 2. Temperature dependence of the diffusion coefficients. 


15J. Hino, thesis, Metallurgy Department, University of 
Illinois (unpublished). 

16 See the compilation of B. Okkerse, Phys. Rev. 103, 1246 
(1956). 
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DIFFUSION OF 


by using the single observed diffusion coefficient; the 
results, for as extreme a variation in \ as might be 
expected, are 


0.08 exp(—41000/RT) for \=0.40, 


Doma+cu™ 


0.5 exp(—46000/RT) for \=0.60, 


in units of cm?/sec. 

A second theoretical treatment of diffusion is 
Lazarus’ screening theory,! the primary aim of which 
was to determine the amount by which the activation 
energy for diffusion of a tracer-impurity atom differs 
from that of a solvent atom. His procedure was to 
calculate the changes which the perturbing potential 
around an impurity atom would produce in the energies 
required for formation and for motion of an imperfec- 
tion. (A vacancy mechanism was assumed.) Lazarus 
computed the required perturbing potential by solving 
a linearized Thomas-Fermi equation, after the manner 
of Mott."” The result of the latter procedure is a screened 
Coulomb field, with a screening radius, p, independent 
of the valence of the impurity atom. On the basis of 
these and other considerations, Lazarus obtained 
Q(impurity-tracer) =Q(self-tracer)—«Z, where Q is 
the activation energy and Z is the “excess valence.” 
More exactly, 1+Z is the number of electrons given up 
to (or if 1+Z is negative, taken from) the lattice by 
the dissolved impurity atom. The quantity ¢, which is 
a definite function of p in this treatment, is found to be 
positive for the Cu, Ag, and Au lattices, for example. 
For the specific case of copper, Lazarus’ theory yields 
Q(impurity-tracer) = (47.12—3.35Z) kilocalories/mole. 
This result is shown as a solid line in Fig. 3, for a fixed 
screening radius of 0.55 A."” The experimental results 
of the present investigation are indicated along the 
axis for activation energy—but before comparing theory 
with experiment it is of interest to consider several 
more recent papers which have dealt with certain phases 
of Lazarus’ work in more detail. Blatt,” on the one hand, 
retained the screened Coulomb form for the perturbing 





Fic. 3. Comparison of 
the predictions of the screen- 
ing theory with the results 
of the present investigation. 
(The experimental data are 
presented in a manner 
which requires no assump- 
tions concerning the values 
of Z appropriate to the 
various tracers.) 
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17N. F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936). 


Fe, Co, AND Ni 1967 
potential but discarded the usual Thomas-Fermi 
equation in favor of a more accurate approximation. 
He determined the screening radius by requiring that 
the total screening charge equal the valence difference 
(Friedel sum rule). Although Blatt’s calculations were 
carried out only for the silver lattice and are therefore 
not of direct interest, it may be mentioned that a 
marked dependence of p upon Z was found; Q, in turn, 
was essentially constant for Z>0, and varied more 
strongly with Z for Z<0 than had been found by 
Lazarus. Alfred and March,’ on the other hand, solved 
the exact Thomas-Fermi equation for Z= —1, and for 
Z=-+1 to +4, and employed an approximate, two-part 
solution for Z= —1, —2, and —3. They found that in 
the region which is of importance in Lazarus’ approach, 
the perturbing potential may be represented by the 
asymptotic form (aZ/r) exp(r/p); the quantity a is 
of the order of magnitude of unity and varies with Z, 
whereas the screening radius p is in this case fixed 
for a given lattice. Upon employing the remainder of 
Lazarus’ formalism, Alfred and March obtained the 
results shown by crosses in Fig. 3. It is evident that 
there is complete qualitative agreement with Lazarus’ 
work, although the dependence of Q upon Z is much 
stronger for Z<0 and somewhat weaker for Z>0. 

Upon comparing the predictions of the screening 
theory with the present experimental results, it is to 
be noted that Fe, Co, and Ni tracers all have larger 
activation energies than does a self-tracer—in general 
agreement with one of the main results of the screening 
theory. However, the order of increase is the opposite 
of what might have been expected. And the behavior of 
an Fe tracer in diffusing first more rapidly and then 
more slowly than a matrix tracer as decreasing tempera- 
tures are considered, is entirely unexpected. Zn and 
(probably) Mn tracers, on the other hand, have smaller 
activation energies than a self-tracer, a result which is 
reasonable for Zn but surprising for Mn. 

The screening theory in its present form is therefore 
apparently unable to account for the detailed behavior 
of the electropositive tracers in copper, inasmuch as 
rather unusual valences would apparently have to be 
exhibited by the various tracers. Yet it must be noted 
that the predicted results are very sensitive to changes 
in the value of the screening radius, which is itself not 
well defined. Only moderate changes in p are “equi- 
valent” to rather large changes in Z. For example, if 
the “periodic-table” values of Z= —1, —2, and —3 are 
arbitrarily assigned to tracers of Ni, Co, and Fe, 
respectively, and if, in addition, the screening radius is 
treated as an adjustable parameter, then the present 
experimental data would require that p=0.65, 0.55, 
and 0.50 A for Ni, Co, and Fe, respectively. Such a 
range of variation is not unreasonable: Blatt found a 
much larger spread in his calculations; and the exper- 
imental value!’ is hardly determined to within a 
factor of 2. 

In conclusion, it would seem that while one of the 
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general features of the screening theory is in qualitative 
agreement with experiment, the extent of detailed 
agreement or disagreement cannot be determined until 
further information becomes available. Additional 
experimental work in the area of electropositive-tracer 
diffusion in pure metals would seem to be of the most 
immediate value. Measurements of the rate of diffusion 
of a matrix tracer in dilute, homogeneous alloys 
containing small but finite amounts of electropositive 
elements would also be of interest. 

A prominent feature of the present .experimental 
results is the upward curvature of the InD vs 1/T 
plots for Fe and Co tracers at low temperatures. In 
the discussion of errors given earlier, it was concluded 
that the points of the InD vs 1/T plot might exhibit a 
typical scatter from the average of a few percent 
(except for the lowest temperature Fe and Co points, 
in which case the typical scatter might be twice that). 
Since the low-temperature points in question lie 
consistently above the extrapolation of the high- 
temperature data—and by as much as 30%—it follows 
that experimental error is in all probability not the 
source of the deviation and, furthermore, that simply 
drawing the best straight line through all of the points 
for a given tracer is not justified. If it is also noted that 
specimens from several ingots were used for measure- 
ments with each tracer, then the possibility of bad 
specimens is excluded and the upward curvature may 
finally be taken as a significant result of the present 
investigation. 

In the past, “anomalously” large diffusion coefficients 
have frequently been observed at low temperatures. 
Relatively recent work'® has shown that such behavior 
may in fact be attributed to the presence of large-angle 
gain boundaries, in which the diffusion rate may be 
greatly increased. However, all specimens used in the 
present work were well-annealed, excellent single 
crystals. Furthermore, both theory” and experiment” 
indicate that the presence of grain boundaries destroys 
the linearity of a plot of In(specific activity) vs square- 
of-penetration, whereas such linearity was consistently 
observed in the present work. The possibility of 
short-circuiting diffusion along undetected large-angle 
gain boundaries may therefore be entirely excluded. 

Yet it must be noted that all specimens exhibited a 
distinct filamentary substructure. The filamentary 
regions, which could be traced from specimen to 
specimen along an ingot, were of the order of a few 
millimeters in diameter and extended in the direction 
of diffusion. Although no measurements of orientation 
were made, the work of Greninger®” on copper single 


18 See, for example, R. E. Hoffman and D. Turnbull, J. Appl. 
Phys. 22, 634 (1951); M. R. Achter and R. Smoluchowski, J. 
Appl. Phys. 22, 1260 (1951); D. Turnbull and R. E. Hoffman, 
Acta Met. 2, 419 (1954). 

19 J. C. Fisher, J. Appl. Phys. 22, 74 (1951); R. T. P. Whipple, 
Phil. Mag. 48, 1225 (1954). ca 

2A. B. Greninger, Trans. Am. Inst. Mining Met. Engrs. 
117, 75 (1935). 
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crystals and of Teghtsoonian and Chalmers* on tin 
would suggest that orientation differences were of the 
order of a few degrees or less and consisted of slight 
rotations of the various regions about the specimen 
(and. growth) axis. Such structure would in turn 
produce a somewhat larger-than-random number of 
dislocation lines extending parallel to the direction of 
diffusion. Now the work of Hendrickson and Machlin* 
shows that self-diffusion in silver is more rapid along 
dislocations than it is in the matrix, or even in large- 
angle grain boundaries; a similar behavior could 
probably be expected for tracer-solute diffusion™ if 
the dislocation density were large enough. However, the 
present data yielded penetration plots that were 
strictly characteristic of lattice diffusion; and since 
there is no evidence that small-angle boundaries could 
produce a contribution of the lattice-diffusion type, it 
must be concluded that the observed structure most 
probably produced no measurable effects and was not 
responsible for the observed low-temperature deviations. 

A more likely explanation, brought to the author’s 
attention by Lazarus,” concerns some recent work of 
Hart,”® who considered the effect upon the self-diffusiv- 
ity of the randomly distributed dislocations ordinarily 
present in a metal. Hart found that the dislocation 
contribution would resemble that of volume diffusion 
[i.e., would preserve the linearity of a In(specific 
activity) vs square-of-penetration plot] and, in the 
specific case of silver, might increase the diffusion rate 
by roughly 5% at a temperature of 600°C. Although 
the present work concerns tracer-solute diffusion, a 
qualitatively similar behavior might well be expected. 
And, in fact, the effect might be especially pronounced 
for those tracers which fit into the lattice very poorly. 
This view is consistent with the present results: the 
lack of a deviation for a Ni tracer would be traced to the 
relatively high temperatures and to the complete 
miscibility of Ni and Cu (and consequent lack of any 
appreciable degree of misfit); the very noticeable 
deviations for Co and Fe tracers would in turn be 
correlated with the rather small (5% for Co, 4% for Fe) 
maximum solid solubilities, and therefore large degree 
of misfit, of these elements in copper. 

An interesting alternative explanation of the observed 
deviation has been suggested recently by Lazarus and 
Okkerse.”*® They have measured the diffusion rates of 
Fe® and Fe® in silver and find that the variation with 
mass is roughly four times as great as the inverse- 
square-root dependence predicted by reaction rate 


21 E. Teghtsoonian and B. Chalmers, Can. J. Phys. 29, 370 
(1951) ; 30, 358 (1952). 
* A. Hendrickson and E. S. Machlin, Trans. Am. Inst. Mining 


* Met. Engrs. 200, 1035 (1954). 


% See D. Turnbull and R. E. Hoffman, reference 18, for example. 

* DP. Lazarus (private communication). 

26 Edward W. Hart, Bull. Am. Phys. Soc. Ser. IT, 2, 145 (1957), 
and Memo No. MA22, January 1957, Metallurgy and Ceramics 
Research Department, General Electric Research Laboratory 
(unpublished). 

26D. Lazarus and B. Okkerse, Phys. Rev. 105, 1677 (1957). 
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theory. They suggest that diffusion may, at least in 
some cases, partially involve quantum mechanical 
tunneling, which would in turn lead to unexpectedly 
large diffusion rates at low temperatures. 
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APPENDIX: SURFACE COUNTING 


The comparatively very short range”’ of the electrons 
emitted by Ni® not only makes impossible the use of 
solution counting techniques, but also very seriously 
limits the accuracy of conventional end-window 
counting procedures. Fortunately, however, this very 
limited power of penetration suggests a natural alterna- 
tive method in which each slice is counted before, rather 
than after, it is removed from the specimen (see Fig. 4). 
It will be shown below that such a procedure yields 
accurate diffusion coefficients in a manner very similar 
to that usually employed. 

Consider the ideal case of an infinitely thin layer of 
radioactive tracer diffusing into a semi-infinite solid 
for a time /; let C be the specific activity, X the total 
thickness of material removed by previous slicing, and 
x the distance into the specimen as measured from the 
the newly-exposed surface. And of those electrons 
originating at a depth x, let a fraction f(x) emerge from 
the surface with sufficient energy to enter the counting 
tube. It is important to note that although f is a 
function of x and depends upon the counting geometry, 
it is independent of X. 

It then follows that 


“the surface activity” =S(X) 
Rm—d 
=f C(X+2) f(x)dx, (1) 
0 


where S(X) is the total number of electrons which in 
unit time emerge from unit area of the surface and 
enter the counting tube, d is the fraction of the tracer 
atoms which disintegrate in unit time, R,, is the range?’ 


27 For Ni®, a pure beta emitter, the maximum range is roughly 
0.3 mil in copper, 3 mils in water, or 5 cm in air. 


Co, AND Ni 1969 
of the most energetic electrons, and d is that thickness of 
specimen material** having the same absorbing power 
as the air layer and counter window combined. 

If the usual Gaussian penetration C=C» exp(— X?/ 
4Dt) is assumed, and if the approximation® exp[ — (a? 
+2xX)/4Dt]=([1— (x°+2x2X)/4D1] is made, then Eq. 
(1) yields 





ayx+ a2 
s(x)=a( a“ Jea, (2) 
and, consequently, 
d InS(X) 1 2a’ 
———=-—}1+ , (3) 
dX? 4Di X[1—(a)'X+a,’)/Dt] 


where @,'=a,/do and 


Rm—d 
o,=2-f x"f(x)dx; n=O, 1, 2. (4) 
0 
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Fic. 4. Diagram of the surface-counting apparatus. The analysis 
of a specimen proceeds as follows. Part A is securely clamped in 
the lathe chuck and never loosened during subsequent operations. 
The specimen is cemented to Part B which in turn is carefully 
attached to Part A. The specimen diameter is reduced (to avoid 
edge effects) and one cut is taken across the face of the specimen. 
Part B is then removed and placed in Part C for surface-counting 
of the newly exposed face. The sectioning-counting procedure is 
then repeated as required. 


28 For currently available tubes, and with an air layer several 
mm thick, d~0.05 to 0.15 mil of Cu. 

% This approximation is clearly valid for small X because 
(a) x <Rm—d=0.2 mil Cu and (b) for the present data, 4Di~3.5 
mil? for Ni—742.5°C and 10 to 20 mil? for all other specimens. 
For large X, only the term xXmax/2D# is important and this 
quantity was ~} for Ni—742.5°C and from } to } in all other 
cases, so the approximation is valid for all cases except possibly 
the last few slices of Ni—742.5°C. 
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Fic. 5. Comparsion of surface counting and conventional end- 
window counting. A single face of the specimen was sectioned and 
surface-counted. The chips were saved and later counted sep- 
arately by means of conventional methods. For ease of comparison, 
the lower lines were arbitrarily drawn parallel to the upper one. 


The applicability of the new method clearly depends 
upon the values of the a’s—compared not only to one 
another, but also to Xmax and to (Dé). If the a’s are 
small enough, and if the initial portion of the curve is 
ignored, then a InS vs X plot will have the same slope 
as the customary InC vs X? plot. 

Several estimates of the a’s will be made. The first, 
although rather rough, has the advantage of requiring 
no new assumptions: it follows immediately from (4) 
that a,’<0.01 and a,;’<0.1, simply because x<0.2 
and 0<f(«)<1. A more accurate estimate involves 
a direct calculation of f(«). If F(R)dR is the fraction of 
the electrons having a range in dR about R, then 
simple geometrical considerations lead to 


Rm xt+d 
={ 3(:-——)rpar, 5 
fla) fx VFR) (5) 


where it has been assumed that no scattering of the 
electrons occurs. Although such an assumption is 
certainly not correct for the low-energy electrons 
involved, it seems reasonable to conclude that insofar 
as scattering effects do not cancel, they will in fact 
decrease the contribution from lower lying levels, with 
the result that the method will be somewhat better 
than the calculations indicate. 
Substitution of (5) into (4) yields 
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@n= F(R)dR; 
(n+1)(n+2) R 
n=0,1,2. (6) 


Published data®® for F(R) were used to perform a 
direct numerical integration of (6) for n=0 and n=1. 
For a reasonable value* of d=0.09 mil, it was found 
that 140a;’<1. Now the form of Eqs. (6) plus 
the fact that R-—d<R,,—d~0.2 mil, implies that 
20a2’ <a,’ and, therefore, that 2800a,’<1. 

Substitution of these estimates of a,’ and ay,’ into 
Eq. (3) gives 





dinS(X) —1 
——_ = —(1+1/), (7a) 
dX? 4Di 
where 
1+20X 
n> 70x(1- ), (7b) 
2800Di 


and where X and (Dt)! are expressed in mils. Now 
Xmax Was about 3} to 4 mils for Ni-742.6°C and varied 
from about 5 to 9 mils for all other Ni-plated specimens ; 
(Di) was about 1 mil? for Ni-742.6°C and varied from 
about 2} to 5 mil? for the other specimens. It therefore 
follows that the term (1+20X)/2800Di is never 
greater than about 1/30 and Eq. (7b) may be rewritten 


as 
(7b’) 


The following conclusions may therefore be drawn 
concerning a InS vs X? plot for Ni® diffusing into 
copper: (a) for X-0, the curve may rise, perhaps fairly 
sharply; (b) for larger X, the plot should be a straight 
line of slope —1/4Dt. In practice, the InS vs X? plots 
were, in general, accurate straight lines ; and the possible 
tendency for the initial portion of the curve to be 
concave upward was found in most cases. A very direct 
comparison of surface-counting with conventional 
techniques was carried out in one case (see Fig. 5); 
agreement was limited only by the poor accuracy of 
the conventional method. 

In conclusion, it may be stated that for the present 
data on the rate of diffusion of a Ni® tracer into the 
copper lattice, the surface-counting technique yields 
accurate diffusion coefficients in a simple and un- 
ambiguous manner. 

% H. W. Wilson and S. C. Curran, Phil. Mag. 40, 634 (1949). 


3 Values of d=0.06 and 0.12 were also used, but a:’ was 
essentially the same. 


n> 67X miis, for the present data. 
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The temperature dependence of the crystalline anisotropy constants of iron, cobalt, and nickel is discussed. 
It is shown that Zener’s result for iron (i.e., the first anisotropy constant varies as the tenth power of the 
magnetization) also may be derived from molecular field theory. In cobalt a satisfactory agreement with 
experiment is obtained by using Zener’s results together with the postulate that the intrinsic anisotropy 
varies with thermal expansion in the manner recently calculated by the author. For nickel the temperature 
dependence of K; seems to require, in addition to the tenth power of the magnetization, a rultiplicative 
factor that is linear in the temperature. No explanation has been found for this latter term. 





INTRODUCTION 


HE crystalline anisotropy energy of most ferro- 
magnets is a rapidly varying function of temper- 
ature; much more so, for example, than the spontaneous 
magnetization. This fact has stimulated a considerable 
interest in the problem and has lead to a number of 
previous theories which are discussed below. 

The anisotropy energy is described by “anisotropy 
constants” in an expansion of the free energy in elements 
of crystal symmetry. For a cubic crystal at a tempera- 
ture 7, the free energy, in terms of the direction 
cosines of magnetization a@;, is given by 


F=F(T)+Ki(T) (ava??+ar'a3+a27a;3") 
+K2(T)aras’as?+---. (1) 


The energy 


F= F,(0)+K,(0) (ay°a2?+ay’ar3’+a2"a3") 
+ K2(O)ara2’a3*-+ ls (2) 


at T=0 is of special interest since in this case the 
atomic moments are aligned parallel and K,(0), K2(0), 
etc., are a measure of the intrinsic anisotropic coupling 
between spins. 

The discussion for cubic materials will be confined 
largely to the first constant K, since the subsequent 
terms are smaller, and only K, is known experimentally 
over a wide temperature range. The temperature range 
of interest extends to a value somewhat smaller than 
the Curie temperature, since near 7, even the constant 
K, becomes very small and inconsequential. 


(A) Theory of Zener 


The calculations of Akulov! and of Zener’ have given 
a clear understanding of the physical principle involved 
in the rapid decrease of anisotropy with temperature 
in iron. 

Akulov observed that as 7-0 Eq. (1) can be derived 
from Eq. (2) if the spins are thought of as completely 
aligned but precessing about the applied field. For such 
a case he showed that K,(T)/K,i(0) would approach 


1N. S. Akulov, Z. Physik 100, 197 (1936). 
2 C, Zener, Phys. Rev. 96, 1335 (1954). 


zero temperature as the tenth power of the reduced 
magnetization, J/I, in agreement with experiment. 

Zener carried this idea much further by supposing 
that over the whole temperature range there exists a 
short-range ordering of spins about each atom and thus, 
if the a; in (2) are taken to be direction cosines of the 
ordered spins, it is necessary only to average properly 
over all the directions of short-range order to obtain 
(1), where the a; in (1) refer to the bulk magnetization. 
Thus Zener obtained the result 


Ki(T)/Ki(0)= (I/I0)", (3) 


for the complete K, vs T curve, in excellent agreement 
with experiment for iron. 

Some details in this theory will be considered more 
closely in the following section, where approximately 
the same result is derived by a different type of aver- 
aging. 


(B) Work of Van Vleck 


Much of the pioneering work on anisotropy has been 
done by Van Vleck.* In essence Van Vleck starts with 
an approach in which two spins are coupled by pseudo- 
dipolar and pseudo-quadrupolar interactions. The free 
energy is then calculated by developing the partition 
function in powers of 7“ and by treating the above 
interactions as perturbations. 

The key point in the calculation occurs with replace- 
ment of the exchange interaction by a molecular field, 
which allows the unperturbed state to be one in which 
the individual spins are quantized separately. Another 
approximation is made in which a small amount of 
correlation among neighboring spins is introduced. 
Keffer* has pointed out that the lack of sufficient spin 
correlation makes the dipolar part of Van Vleck’s 
calculation depend too strongly upon temperature, and 
the quadrupolar part not strongly enough. 


(C) Other Methods 


A logical extension to Van Vleck’s work is the 
evaluation of the pseudo-polar couplings by means of 


3 J. H. Van Vleck, Phys. Rev. 52, 1178 (1937). 
‘F. Keffer, Phys. Rev. 100, 1692 (1955). 
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spin waves. Such calculations have been made by Pal® 
and Keffer,‘ both of whom obtained the tenth power law 
for the cubic case, and by Kasuya® who obtained a 
sixteenth power law. These results apply only in the 
limited range of low temperatures. 

Pal treats the temperature dependence of cobalt as a 
competition between dipole-like and quadrupole-like 
terms; whereas Vonsovsky’ considers the excitation of 
electrons to higher orbital states. 

Other calculations to be considered later are those of 
Sato and Tino,’ and Brenner.® 


Anisotropy of Iron 


The method used by Zener to derive the temperature 
dependence of anisotropy is a general one, independent 
of the type of coupling between atoms, except that the 
atomic coupling constants are assumed to be inde- 
pendent of temperature. A questionable point in the 
argument is the use of a random-walk distribution 
function to describe the motion of magnetization within 
a small volume element of the crystal. It is desired to 
show that essentially the same result may be obtained 
from molecular field theory. 

For a large crystal the anisotropy energy of each 
eigenstate may be written as the interaction of an atom 
with its surroundings, multiplied by the number of 
atoms. Let the volume of the “surroundings” be desig- 
nated by G. Clearly, G must be as large in linear 
dimensions as the rangé of the anisotropy forces and 
evidently corresponds to the unspecified volume ele- 
ment considered by Zener. The key assumption which 
reduces the problem to a very simple classical one is 
that, for the eigenstates of interest below the Curie 
temperature, the spins in the region G are highly 
correlated. Thus, the local magnetization, J;, approxi- 
mately satisfies J?=IJ,?, where Jo is the magnetization 
of the crystal at T=0. 

For definiteness one may think of the region G as 
containing an atom, and several shells of nearest 
neighbors. The most convincing evidence for presuming 
the spins are ordered in a region of this size is the 
observation, from neutron scattering, that magnetically 
coherent regions of several unit cells in size exist even 
at the Curie point.’ Additional evidence has been 
discussed by Keffer.‘ 

Thus, the anisotropy of the atom at the center of G 
is obtained from Eq. (2) if the a; are replaced by §;, 
which refer to the local magnetization. 

Since the component of magnetization in the field 
direction in G must be the same as the bulk magnet- 
ization J, evidently the local magnetization of magni- 


5L. Pal, Acta Phys. Acad. Sci. Hung 3, 294 (1954). 

6 T. Kasuya, J. Phys. Soc. (Japan) 2, 944 (1956). 

7S. V. Vonsovsky, J. Phys. (U.S.S.R.) 3, 83 (1940). 

8 M. Sato and Y. Tino, J. phys. radium 17, 5 (1956). 

®R. Brenner, Phys. Rev. 107, 1539 \1957). 

1 C, G. Shull, in Les Electrons Dans Les Metaux, edited by 
R. Stoops (Coudenberg, Bruxelles, 1955), p. 227. 
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tude J» can be thought of as precessing about the 
direction of the field with an average polar angle 0 
given by 

(cos@)=I/Io. (4) 


It is necessary to average (2) over this precessional 
motion and over the spread of angles © to obtain the 
bulk anisotropy. At this point, it is not entirely apparent 
that the result will be correctly a component of the 
free energy, but such is shown to be the case in the 
Appendix. The average over the azimuthal angle is 
readily performed,’ leading to 


K,(0)(87°8?+662+8,°8;") _ $K,(0)[1 ba (P, (cos@)) ] 
+K,(0){P4(cos®)) (a2ar?+ay’a3?+a2%a;*), (5) 


and therefore 
K,(T)=K,(0){P,(cos®)), (6) 


where P, is the fourth-order Legendre polynomial. 
Zener calculated (P4) by assuming the local magnetiza- 
tion undergoes a random walk, subject to the side 
condition that (cos@) is equal to the measured J/Jo. 
Alternatively, the averaging may be performed, in the 
manner of Brenner,’ by using a more conventional 
distribution function obtained from molecular field 
theory.* Since the local magnetization isa large quantum 
number, the classical or Langevin function is the appro- 
priate one to use. Thus 


rT 


f P,(cosO)e* °° sin@dO@ 
(P,(cos®))=— 





e* 98 sin@d® 
0 


P,(0/da)Z 
Jean 


(7) 


where Z=(2/a) sinha is the partition function, and 
a(T) is (kT) times the “averaged” interaction between 
the local magnetization and the remainder of the 
crystal at a particular temperature; or in other words, 
the product of (kT)~! and the magnetic moment times 
the molecular field. 

After the differentiation indicated in (7), the result 
may be written as 


| 35/10 105\ 
(Ps(o0s0))=14+—— (—4+—) - (8) 
a a a& JT, 


with J/Io substituted for cotha—1/a, which is the 
explicit expression for (cos@). 


For the present calculation let a be that function of 
temperature which exactly reproduces the observed 


* Keffer (reference 4) also has given results for this type of 
averaging in the general case of an mth-order polynomial. 
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magnetization, i.e., which satisfies 
cotha—1/a= (I/To) meas. (9) 


The results substituted into (8) are plotted in Fig. 1, 
giving good agreement with the measured K,(T) over 
the entire temperature range. In effect, the calculated 
curve of Fig. 1 results from substituting the measured 
magnetization into the calculated expression for (P,), 
written as a function of the calculated magnetization. 
The reason these points are quite different from those 
calculated by Brenner® is that Brenner used the Weiss 
field approximation for a, rather than the experi- 
mentally determined values used here. It is interesting 
to note that this difference in the partition function, 
which introduces only a small error in (cos@), leads to 
a large discrepancy in the average of the anisotropy 
energy. In fact, at-low temperatures, the difference 
between the curve in Fig. 1 and Brenner’s curve is just 
ten times the difference between the usual Langevin 
function and the measured magnetization. The result 
points out the difficulty of a calculation on the temper- 
ature dependence of anisotropy based entirely on 
quantum mechanical first principles, without relating 
the results to other measured quantities. 

It is of further interest to understand why the 
molecular field averaging agrees with Zener’s tenth 
power law. This fact is understood when it is observed 
that over the temperature range of principal interest 
(T/T.<0.8), cotha may be replaced by unity and 


I/Iel—1/a. (10) 
Thus 
fy 10 45 120 210 
(—) ~1—-—+—-—+—-- : -., (11) 
Io a ai) 
while with the same approximation, from (8), 
10 45 105 105 
(P,(cosQ))~1-—+———-+—-—::-, (12) 
ania a. A 


the first three terms in (12) agreeing exactly with those 
of (11), and the succeeding terms having order of 
magnitude agreement. 
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xe o—K, (T)/K, (0) 
x—{I5 (NAs(o)} 7 
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Fic. 1. Comparison of experimental curve, the tenth power 
law (taken from Zener?) and the result of molecular field averaging 
for the temperature dependence of K, in iron. 
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Fic. 2. Comparison of the second anisotropy constant of cobalt 
with a tenth power law. —- —- — Tenth power of the reduced magnet- 
ization, from measurements by H. P. Meyers and W. Sucksmith 
(reference 13). —— Anisotropy as a function of temperature 
according to recent (1954) data of Sucksmith and Thompson. 
This curve differs considerably from the older measurements of 
Honda and Masumoto (1931) and Gans and Czerlinski (1932) 
(reference 12). 


Thus, it is shown that in Zener’s calculation the 
random walk approximation is not a critical part of 
the theory." Near the Curie point the molecular field 
result seems to differ somewhat from the tenth power 
law, but the measurements of magnetization are not 
precise enough to determine which is in better agree- 
ment with the experimental curve. 


Hexagonal Cobalt 


The free energy of hexagonal cobalt has the sym- 
metry 


F=F )+K, sin’?O+ Ke sin‘@-+ - sh (13) 


with © the angle between magnetization and the c 
axis. When averaged over the motion of the local 
magnetization the following expressions result for the 
temperature dependence of the anisotropy constants, 


can-(s'e(2)-B0(2) 


+++ -~Ki(0)(I/Io)’, (14) 
K3(T)=K2(0)(I/Io)°+ - --. (15) 


The above formulas were obtained by using the random 
walk distribution, but no essential difference arises 
from a molecular field function. 


1 At low temperatures it is unnecessary to consider a distri- 
bution function at all, since for small ©, (cos"®) =(cos®)*" and 
thus Ki(T)/K1(0) =(Ps(cos@)) ~P,(I/Io), which is the result of 
Akulov. The experimental anisotropy for iron, in fact, does agree 
with P,(I/Io) up to 7/T.~0.5. If J is written as Ip— AJ, it readily 
may be shown that as 7-0, P,(I/Io)—+1—10(AI/Io), giving the 
tenth power law. 
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Fic. 3. Temperature dependence of K: for cobalt. —— Calcu- 


lated from Eq. (23); © experimental data of Sucksmith and 
Thompson (reference 12); A data from Honda and Masumoto 
as given in reference 12; 1 data from Gans and Czerlinski as 
given in reference 12. 


Experimentally it is difficult to separate K2 from the 
larger K, term in the anisotropy, and the data” of 
various investigators on K2(T) do not agree. This, 
together with the uncertainties in the magnetization 
as a function of temperature for cobalt,” prevents an 
accurate check of Eq. (15). Nevertheless, the most 
recent data by Sucksmith and Thompson” are in rough 
agreement with a tenth power law, as shown in Fig. 2. 

The formula (14) for Ki(T) obviously does not 
describe the experimental points shown in Fig. 3, since 
the latter decrease much more rapidly and change sign 
at about 500°K. It is apparent, therefore, that the 
intrinsic anisotropy, itself, is a function of temperature ; 
ie., the coupling between atoms with parallel spins 
changes with T. To understand such an effect, it is, of 
course, necessary to consider an atomic theory of 
anisotropy. In a recent calculation,“ the author de- 
veloped a theory somewhat along the lines of a model 
illustrated by Kittel’® in which each atom, in conse- 
quence of its orbital angular momentum, has a distorted 
charge distribution that is coupled to the spin. These 
charge distributions interact among each other and 
with the crystalline field to produce the anisotropy. In 
cobalt, the principle interaction was calculated to be 
that between the distorted charge cloud and the 


12 W. Sucksmith and J. E. Thompson, Proc. Roy. Soc. (London) 
A225, 362 (1954). 

13H. P. Meyers and W. Sucksmith, Proc. Roy. Soc. (London) 
A207, 427 (1951). 

4 W. J. Carr, Jr., Phys. Rev. 108, 1158 (1957). 

16C, Kittel, Jntroduction to Solid State Physics (John Wiley 
and Sons, Inc., New York, 1956), second edition, p. 429. 
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crystalline field of the lattice, the result being 
K,(0)=CS22.— (12/7)K2(0), (16) 


where C is a constant and S22 a lattice sum which is a 
measure of the crystalline field. Some years ago it was 
pointed out by McKeehan" that the particular lattice 
sum involved here is highly strain sensitive in the case 
of cobalt. It is tempting, therefore, to attribute the 
change in sign of K; as due to thermal expansion. In 
analogy with (14) let the anisotropy constant be 
described by 


x)-[cs(7)-—Kx0)](=), (17) 


where the term in the brackets is the intrinsic ani- 
sotropy, dépending upon temperature through strain, 
and the factor (J/Jo)* again results from the local 
magnetization not being fully aligned with the field. 
To agree with measurements at 7=0, the constant C 
must have the value 


K(0)+(12/7)K2(0) 
S22(0) 





and thus 
S2(T) 
S22(0) 


ke 0} (- "(18 
=K(0) =). (18) 


Taking K.2(0)/K,(0) =0.28, which is an average value 
from three sets of measurements,” one obtains 





12 
K,(T)= {[x:00.+—xs00) 





K,(T) S22(T) I\? 
= 1480.48] (—) : (19) 
K,(0) S22(0) Io 


According to McKeehan, the lattice sum depends upon 
M, the c/a ratio, in the manner 


S22= 0.00507 —5.42(M—1.633)/1.633, (20) 


if M is close to the value for ideal packing, 1.633. 
Letting M=M>(1+aT), where « is an average thermal 
expansion coefficient for c/a, one obtains 


S22= 0.00507 — 3.32(Mo—1.633)—-3.32MoaT, (21) 








and finally 
K\(T) 4.9M aT fy? 

ml 1 I(-). (22) 
K,(0) 0.00507 —3.32(Mo— 1.633) } \Io 


In the absence of data for the complete temperature 
range, a value 3.5X10~® will be used for a, which has 


16. W. McKeehan, Phys. Rev. 43, 1025 (1933) ; 52, 18 (1937). 
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been measured in the range 33 to 100°C.” For solid 
cobalt the more recent measurements by Owen and 
Jones'* furnish a room temperature value for c/a of 
1.6322. Extrapolating this result back to absolute zero, 
one obtains Mo= 1.6306. Thus, from (22), 


K,(T) 
K,(0) 





IT 3 
~(1-21x10-7)(—) 


0 


“OG 


The above expression, as shown in Fig. 3, is in good 
agreement with the experimental values. A better 
comparison could be made if thermal expansion data 
were available over a wider temperature range. 


Case of Nickel 


The first anisotropy constant of nickel as a function 
of temperature decreases much more rapidly than that 
of iron and corresponds more nearly to a fiftieth power 
of the magnetization. (Frequently, it has been mis- 
stated as varying as the twentieth power.) 

It is unlikely that this rapid decrease can be accounted 
for by the motion of the spins. A priori, it would seem 
that neighboring spins in nickel are correlated as in 
the case of iron. Such would lead to a tenth power law, 
with the additional dependence coming about because 
the coupling constants themselves are a function of 
temperature. One may write 


Ki(T)=ki(T){I/Io)", (24) 


where &; is the anisotropy for parallel spins. 

Equation (24) agrees reasonably well with experi- 
ment” (Fig. 4) if, as in cobalt, &; has a linear dependence 
on temperature, i.e., 


k= K,(0)[1—1.74(7/T.) ]. (25) 


In particular, the positive part of K,; at high tempera- 
tures is reproduced by this type of expression. However, 
a theoretical reason for the postulate (25) is lacking. 

Brenner’ has shown that some linear dependence of 
K, upon T should exist due to thermal expansion, but 
existing data show this effect in Ni is too small to 
account for (25). 

The change in sign of K, at 7/T.=0.6, which 
experimentally is still somewhat in doubt, is a key 
point toward understanding the anisotropy of nickel; 
for if it exists, the empirical relation of Briikhatov and 
Kirensky, which other authors have attempted to 
justify theoretically,* is ruled out. Although the positive 


17 American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., New York, 1957), p. 4-54. 

18 EF, A. Owen and D. M. Jones, Proc. Phys. Soc. (London) 
B67, 456 (1954). 

19R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
Inc., Princeton, 1951), p. 569. 
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Fic. 4. The anisotropy of nickel. The measured values are taken 
from Bozorth (reference 19). 


values of K, are quite small, the magnitude of the 
positive coupling evidently is quite large; otherwise, 
no measurable anisotropy would appear at these high 
temperatures. 


APPENDIX 


The partition function for the whole crystal is given 
by 


Kon Kin 
ae), (26) 


kT 


where Ko, is that part of the total energy of the mth 
eigenstate which is independent of the direction of the 
applied magnetic field H, and K,,s is that part which 
has directional dependence. The symbol s is an abbrevi- 
ation for a;’a:?+-a;’a3;"+a2"a;*, the a’s being the direction 
cosines of H (or the bulk magnetization) with the 
crystal axes. [It is unnecessary in (26) to include states 
for which the bulk magnetization of that state is not 
alined with the field, since measurements of anisotropy 
are made by extrapolating to infinite field. ] 

To obtain K,, one expands the thermodynamic 
function for the free energy in powers of s, 


oF 
P-Fet(—) Stes, 


Os 0 


Z=), exp(- 





(27) 


and, by comparison with (1), 


oF 
Ky, ot an . 
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But statistically F=—kTInZ and therefore, from WN atoms and the #’s refer to the local magnetization 
(26) and (28), about that atom. 
x K For each low-energy eigenstate m, one may picture 
* On ieee the local magnetization as making an angle ©, (defined 
Ki(T)=2 ep(-—*) xs. / ~ exp( —). (29) by I,/Io) with the field direction. Thus, in analogy 
Upon making use of the ideas discussed in the text, 
Kont+Kin (a;a2’+a ra;’+a2"a;3’) 


with (5), 
Kin=K,(0)P4(cos®,). (31) 
Finally, upon replacing sums by integrals, (29) goes 
= N{ Ron t+N“K 1(0)(Bin*Bon?+BinBsn?+BeonBan)}, (30) 
where ko, and N-'K,(0) are appropriate to one of the 


over to 


K,(T)=K,(0) f f(®)Px(cos@)dr / f f(@)dr. (32) 


*In reality the Gibbs’ free energy is desired, since measure- 
ments are made at constant pressure. However, the difference 
between measurements at constant strain and constant pressure 
is negligible for most materials. 


Zener assumed a random walk distribution function 
for {(@); Brenner, a molecular field function. 
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Low-Temperature Magnetic Studies of Uranium Hydride, 
Uranium Deuteride, and Uranium Dioxide 
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A study of magnetization as a function of temperature and magnetic field has been carried out for uranium 
hydride, uranium deuteride, and uranium dioxide at temperatures from 300°K to 1.3°K and in magnetic 
fields from 60000 gauss down to zero field. The apparent saturation magnetization for the samples of 
beta-uranium hydride used is 1.18+-0.03 Bohr magnetons per atom of uranium and for one sample of 
uranium deuteride is 0.98+0.03 Bohr magneton per atom of uranium. The magnetic moment of uranium 
dioxide, limited by what may be antiferromagnetic ordering, is about 0.025 Bohr magneton per atom of 
uranium at 35 000 gauss and 1.3°K. This result makes possible corrections for the moments of UH; and 
UD; on the basis of a known oxygen content or an estimate of the oxide impurity on the basis of apparent 
saturation. A high zero-field remanent magnetization (over 50% of the saturation magnetization for a 
spherical sample) is observed, attesting to the pronounced magnetic hardness of beta-uranium hydride. 
Analytic expressions have been worked out for magnetization as a function of temperature for zero magnetic 
field and 11 500 gauss, leading to a paramagnetic 6 of 180°K and a ferromagnetic 6 of 168°K. An estimate of 
2X 10® gauss is made for the molecular field in UOs. 








INTRODUCTION 


N recent years, much interest has been shown in 
the overlap of wave functions as associated with 
exchange interactions, and how they foreshadow 
ferromagnetism and antiferromagnetism. The formerly 
conventional ferromagnetic and antiferromagnetic sub- 
stances have been in the iron (3d unpaired electrons) 
group; also the rare earth group (4f unpaired electrons) 
bas yielded ferromagnetic! and antiferromagnetic 
substances.’ It is then of particular interest to study 
possible exchange interactions originating in 5f and 
6d configurations in the actinide elements and their 
compounds. The discovery of a ferromagnetic transition 
in uranium hydride* at 173°K heightened the interest 
in the study of some of these interactions. Various 
low-field studies have been made of the magnetic 
1 Banister, Legvold, and Spedding, Phys. Rev. 94, 1140 (1954); 


Elliott, Legvold, and oy Phys. Rev. 94, 1143 (1954). 
2 W. E. Henry, Phys. Rev. 98, 226(A) (1955). 


properties of beta-uranium hydride. The susceptibility 
above the Curie temperature was studied by Trzebia- 
towski, Stalinski, and Sliwa,’ by Gruen,‘ and later by 
Lin and Kaufmann.° Estimates of 2.9 Bohr magnetons 
per atom‘ were made from the low-field susceptibility 
measurements, using 


w=C[x(T+A) }}. (1) 


Here u is the intrinsic moment, x is the susceptibility, 
T the absolute temperature, and C and A are constants. 
In the neighborhood of 173°K, there is a more rapid 
increase in the susceptibility. This, together with 
hysteresis and direct zero-field magnetization measure- 
ments,® confirmed the strong ferromagnetism of 


3 Trzebiatowski, Stalinski, and Sliwa, Roczniki Chem. 26, 110 
(1952) ; 28, 12 (1954). 

4D. M. Gruen, J. Chem. Phys. 23, 1708 (1955). 

5S. T. Lin and A. R. Kaufmann, Phys. Rev. 102, 640 (1956). 

6 W. E. Henry and D. M. Gruen, Phys. Rev. 98, 1200(A) (1955). 
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beta-uranium hydride. Gruen‘ also suggested J=4 for 
the uranium ion. The susceptibility values determined 
by the above authors*~* were. used to estimate saturation 


magnetization by extrapolation from small magnetic: 


fields. In Table I, the magnetization values so obtained 
are listed. From the experimentally determined values 
for the highest available fields, and the curvatures, 
some extrapolations to saturation were made; the 
moments thus obtained are low compared with moments 
calculated from neutron diffraction studies.’ It was 
thus deemed advisable to analyze our previously 
obtained data further and to extend the magnetization 
measurements of beta-uranium hydride to higher 
fields. Also, in order to increase the chance of gaining 
further insight into the behavior of uranium ions, we 
have studied some of the magnetic properties of 
uranium deuteride and uranium dioxide. It is interesting 
to determine whether the deuteride, which has the same 
structure as the hydride, differs in properties in the 
ferromagnetic case as certain pairs of compounds do 
in the ferroelectric case. Even at the higher tempera- 
tures, there is a difference in the susceptibilities of 
uranium hydride and uranium deuteride. Corrections 
for UO, impurity were made by Gruen‘ to his suscepti- 
bility measurements of UH;. These corrections gave 
him an improved value for the saturation magnetization 
even though, as he points out in his article, he had 
to extrapolate from low-field data. The other investi- 
gators®® did not mention corrections for impurities. 
Although the intrinsic moment for UO, calculated by 
Dawson and Lister® from high-temperature suscepti- 
bility measurements is over 3 Bohr magnetons per 
atom of uranium, it seems to follow a Curie-Weiss law, 


x=C/(T+4), (2) 


TABLE I. Approach to the saturation magnetization 
of uranium hydride. 











Estimated 
Highest Highest saturation 
fields Method of measured magnet- 
Source (gauss) determination moment® ization* 
Trzebiatowski, 6450 Calculated from 
Stalinski, and susceptibility 0.7 
Sliwa> 
Lin and Kaufmanne 21000 Calculated from 
susceptibility 0.9 
Gruen? 9000 Calculated from 
susceptibility 1.0 
Naval Research 60000 Direct moment 
Laboratory* (sample motion 
ballistic) 1.18 +0,03 1,2 
Shull and 15000 Calculated from 
Wilkinson neutron 


diffraction 
(not dependent 
on impurity 


content) 1.25 +0.2 1.25 








*® Bohr magnetons per atom of uranium. 
b See reference 3. 

¢ See reference 5. 

4 See reference 4. 

¢ Results of present investigation. 

f See reference 7. 


7C. G. Shull and M. H. Wilkinson (private communication). 
8 J. K. Dawson and M. W. Lister, J. Chem. Soc. (London), 
2181 (1950). 
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with A=233°K at the high temperatures. There are 
indications of an anomaly. Specific heat measurements 
by Jones, Gordon, and Long’ show a peak at 28.9°K, 
perhaps corresponding to antiferromagnetic ordering 
at these lower temperatures. In the vicinity of the 
maximum, the specific heat curve is qualitatively 
similar to that calculated by Van Vleck.” The fit is 
not quantitative, but it is to be remembered that the 
Van Vleck calculation is for simple cubic and body- 
centered cubic structures, and for spin only. Thus, some 
deviation is to be expected because (1) UO» has a 
calcium fluorite structure and (2) susceptibility 
measurements at high temperatures show the intrinsic 
moment to be over 3 Bohr magnetons per atom of 
uranium, indicating that there is only a partial quench- 
ing of the orbital angular momentum. * Also, the broaden- 
ing of the specific heat hump may be due to so-called 
short-range ordering.” Recently, another indication of 
antiferromagnetic ordering has come from neutron 
diffraction studies"* which revealed that at 77°K only 
the lines expected from a calcium fluorite structure were 
observed, whereas at 4.2°K additional lines appeared, 
indicating possible antiferromagnetic ordering. Recent 
unpublished magnetic studies“ in low fields also 
indicate antiferromagnetic ordering. 

In addition to studying the magnetization of uranium 
hydride, uranium deuteride, and uranium dioxide as a 
function of temperature and magnetic field, we study 
the remanent magnetization of uranium hydride and 
uranium deuteride. We attempt to replace extrapolated 
values of the saturation magnetization by actually 
measured values by applying higher magnetic fields 
than have been possible before. 


EXPERIMENTAL PART 


The measurement of magnetization of uranium 
hydride, uranium deuteride, and uranium dioxide 
was carried out as a function of temperature (from 
300°K down to 1.3°K)'* and in magnetic fields'® 


® Jones, Gordon, and Long, J. Chem. Phys. 20, 695 (1952). 

1 J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941). 

‘1 Ralph W. G. Wyckoff, The Structure of Crystals (Reinhold 
Publishing Corporation, New York, 1931), p. 390. 

2F, Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 611. 

is}. G. Henshaw and B. N. Brockhouse, Bull. Am. Phys. 
Soc. Ser. II, 2, 9 (1957). 

4 Through private communication, it was learned that Dr. W. 
P. Wolf of Oxford has also observed a temperature-independent 
low-field susceptibility in the liquid helium range for UO:; see 
a report of a low-field anomaly below 20°K by J. E. Goldman and 
A. Arrott, Bull. Am. Phys. Soc. Ser. II, 2, 119 (1957); see also 
a preliminary report on the magnitude of the high-field magnetiza- 
tion = UO:, W. E. Henry, Bull. Am. Phys. Soc. Ser. II, 2, 237 
(1957) 

15 W. E. Henry and R. L. Dolecek, Rev. Sci. Instr. 21, 496 
(1950); W. E. Henry, J. Appl. Phys. 22, 1439 (1951). 

16 Nitrogen should be pure from oxygen both because the 
oxygen can lead to a faulty temperature reading and to a faulty 
moment reading. 

17 J, R. Clement and E. H. Quinnell, Rev. Sci. Instr. 23, 213 
(1952). 

18 F, M. Bitter, Rev. Sci. Instr. 10, 373 (1939). 
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Fic. 1. Plot of relative magnetization (M/Mo) as a function 
of absolute temperature for H=0 and H=11 500 gauss. M is the 
magnetization at temperatures 7, and Mp is the magnetization 
at absolute zero. 


from 60 000 gauss down to zero field. A sample motion 
ballistic ensemble including a moment lift!’ was used. 
Pure iron was employed in the calibration. Samples 
were protected” and spherical*’*! where the demagnet- 
ization factor cancels the Lorentz polarization in first 
approximation. The samples of beta-uranium hydride, 
uranium deuteride, and uranium dioxide were obtained 
from the Oak Ridge National Laboratory through the 
courtesy of Dr. M. H. Wilkinson. A sample of beta- 
uranium hydride was also obtained from the Argonne 
National Laboratory through the courtesy of Mr. 
Flotow and Dr. Gruen. 


DISCUSSION OF RESULTS 


The magnetization studies were carried out in three 
atomic environments for comparison. Two samples of 
uranium hydride compared favorably. 


Uranium Hydride 


Figure 1 shows a plot of the magnetization of uranium 
hydride as a function of temperature at 11 500 gauss 
and the remanent moment at H=0; normalization is 
at 1.3°K (taken as the absolute zero value, since there 
is less than a 0.2% change in the helium range). 
Analysis of the magnetization results is made in terms 
of a Brillouin-type function, which has been shown to 
apply up to over 99.8% saturation” in paramagnetic 
substances where the field components other than 
applied could be neglected. In the cases of exchange 
interaction, the effective field is compounded of the 
applied field and the projection of the molecular field. 
The molecular field projection is subtracted in the 


19 W. E. Henry, National Bureau of Standards Circular No. 519 
ae Government Printing Office, Washington, D. C., 1952), 
p. 237. 

»C. Kittel, Introduction to Solid State Physics (John Wiley 
and Sons, Inc., New York, 1956), p. 160. 

21L. Onsager, J. Am. Chem. Soc. 58, 1486 (1936). 

2 W. E. Henry, Phys. Rev. 88, 559 (1952). 
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antiferromagnetic case* and enhances™ the applied 
field in the ferromagnetic case. For uranium hydride, 
the energy which is put into the Boltzmann factor 
(which determines the extent of magnetization) is 
not linear in the applied field nor in the magnetization 
as is assumed in the Weiss treatment.”® Using a modified 
Weiss treatment in which the energy is an even series 
in magnetization and keeping only the dominant even 
power, we represent the magnetization (M) as a 
function of temperature (7) with the equation: 


m(1—m?") 
M=M, tanh | (3) 


where Mo is the magnetization at absolute zero, / is 
a reduced temperature (7/6), @ is a Curie temperature, 
m is a reduced magnetization (M/Mo), and N is an 
integer. 

For the H=11500 gauss case, we neglect the 
applied field, which is about 1% of the molecular field, 
in the formulation in Eq. (3). Here N is 5 and @ turns 
out to be 180°K. The upper curve in Fig. 1 shows a 
fit of the experimental points on the curve from 0.2Mo 
to Mo except for points in the liquid nitrogen region 
where there is a suggestion of a departure, perhaps due 
to a double transition. The points (crosses) showing 
marked deviation were taken in a nitrogen bath which 
had oxygen contamination,'* but the other points were 
taken without a liquid bath. Since this experiment was 
done, a pronounced double transition has been found 
in another substance.”® 

For H=0, we also use the modified Weiss treatment. 
Here N=5, as above, but @ is 168°K. This value of @ 
is also the extrapolated value of the Curie temperature 
(lower curve, Fig. 1) although the zero-field magnetiza- 
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Fic. 2. Plot of magnetization as a function of magnetic field 
at T=1.3°K for uranium dioxide, uranium deuteride, and uranium 
hydride. 


23 W. E. Henry, Phys. Rev. 94, 1146 (1954). 

* Henry, Hansen, and Griffel, Trans. Am. Inst. Elec. Engrs. 
T78, 60 (1955). 

2 C. Kittel, Trans. Am. Inst. Elec. Engrs. T78, 405 (1955). 

26 W. E. Henry, Phys. Rev. 100, 1791(A) (1955). 
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tien curve has a small tail which comes down to zero 
at 173°K. Here, short-range order is probably indicated. 
It is also noticed that the low-temperature remanence 
is very high. 

The magnetization of beta-uranium hydride as a 
function of magnetic field for the liquid helium tem- 
perature range is shown in Fig. 2. It is seen that the 
magnetization increases rather slowly with field (for a 
ferromagnetic) even at the low fields, perhaps a result of 
strong anisotropy fields. This would be consistent with 
partial quenching of the orbital angular momentum. 
At 60000 gauss the magnetization seems to be 
approaching an asymptote slightly in excess of 1.18 
Bohr magnetons per atom of uranium, in agreement 
with the results obtained by Shull and Wilkinson’ 
using neutron diffraction. Nevertheless, this saturation 
magnetization is far short of the value expected for 
U++* (5/* ground state) as determined for the chloride 
by Hutchison*’ and collaborators and for the fluoride 
by O’Brien**; U(IV) compounds have been studied” 
by Ghosh, Gordy, and Hill and by Hutchison and 
Herzfeld. Even if a hydrogen bridge structure is 
assumed, leading to an effective U*+***, one would 
expect a saturation magnetization of at least 2 Bohr 
magnetons per atom of uranium. Our low value of 
approximately 1.2 Bohr magnetons per atom of 
uranium for saturation magnetization in uranium 
hydride may be explained by assuming quasi-metallic 
behavior for the uranium hydride. In this case, the 
bottom of the antiparallel energy band could be lower 
than the top of the parallel band. On this basis, the 
statistical filling of the two bands could lead to a 
reduced and nonintegral value, 1.2. An example of a 
similar application of the band picture is seen for 
iron® where the reduction is from an expected 4 Bohr 
magnetons per atom of iron to 2.22. A recent alternative 
picture* is based on mixed states for iron in which 3d 
electrons are promoted to higher states. 


Uranium Deuteride 


The experimental results for the deuteride are 
qualitatively similar to those for the hydride, but 
quantitatively there are differences. There is a slight 
difference in the Curie temperature. The remanence is 
high as for the hydride. Assuming the same high purity 
in both cases, the absolute moment of uranium deuteride 
seems to be less, for all equal conditions of temperature 
and magnetic field, than that of the hydride. Figure 2 


27 Hutchison, Llewellyn, Wong, and Dorain, Phys. Rev. 102, 
292 (1956). 
( osm. C. M. O’Brien, Proc. Phys. Soc. (London) A68, 351 

1955). 

2 Ghosh, Gordy, and Hill, Phys. Rev. 96, 36 (1954); C. A. 
oo Jr., and C. M. Herzfeld, J. Chem. Phys. 23, 1650 
(1955). 

%E. C. Stoner, Proc. Roy. Soc. (London) A169, 339 (1939); 
see also reference 20, p. 408. 

31 R. J. Weiss and J. De Marco, International Conference on 
Current Problems in sn Physics, July 1-5, 1957, Mass- 
achusetts Institute of Technology (unpublished), p. 34. 
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MAGNETIZATION OF UHs 
(BOHR MAGNETONS PER ATOM OF URANIUM) 


Fic. 3. Plot of the ratios of magnetizations [u(UHs)/u(UDs) ] 
of uranium hydride [u(UHs;) ] to the magnetization of uranium 
deuteride [4 (UDs) ] as a function of the magnetization of uranium 
hydride. The conditions are the same for both substances. 


shows a plot of magnetization vs magnetic field at 1.3°K. 
The saturation magnetization approaches a value 
slightly above 0.98 Bohr magneton per atom as con- 
trasted with 1.18 for uranium in the hydride. This 
departure could be due to a slight change in lattice 
constants by the slightly heavier deuterium or it could 
be an impurity effect. Figure 3 shows a plot of ratios 
of magnetization of UH; to magnetization of UD; as 
a function of magnetization of the uranium hydride at 
1.3°K. If there were an inert (noninteracting and 
independent) impurity, macroscopically dispersed 
throughout the sample, this curve would be a horizontal 
line. While x-ray and neutron diffraction analyses’ 
have suggested that the hydride and deuterice are 
relatively pure (their samples were used in this investi- 
gation), contamination is a possibility. Gruen‘ has 
shown that a few percent of oxide can appear in the 
preparation of the hydride. 


Uranium Dioxide 

The high-temperature results are in qualitative 
agreement with values which could be calculated from 
low-field susceptibility measurements of Dawson and 
Lister. At low temperatures, our measurements gave 
much lower moments than the 3 Bohr magnetons per 
atom of uranium implied in the low-field susceptibility 
measurements at high temperatures. We obtained only 
0.025 Bohr magneton per atom of uranium even at 
1.3°K and 35000 gauss. Figure 2 shows the linear 
dependence of the magnetization of UO, on magnetic 
field, in which 


M=7X10-'H (4) 


Bohr magnetons per atom of uranium, where H is the 
field in gauss. If the linear equation is assumed to 
hold up to saturation and if the saturation is assumed 
to be 2 Bohr magnetons per atom, the molecular field 
would be about 3X 10° gauss. 
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SUMMARY AND GENERAL REMARKS 


The magnetization of uranium hydride and uranium 
deuteride has been measured as a function of tempera- 
ture at constant magnetic fields and as a function of 
magnetic field at constant low temperatures. We have 
interpreted magnetization results on the basis of internal 
molecular fields. A strong remanence is obtained and 
may be associated with strong anisotropy fields (a 
possible result of partial quenching of the orbital 
angular momentum) as well as huge exchange interac- 
tions. The high saturation magnetization, 1.18+0.03 
Bohr magnetons per atom of uranium in UH;, may be 
near the correct value and is in accord with the neutron 
diffraction value, which is not dependent on purity in 
first approximation. The lower apparent saturation 
magnetization for uranium deuteride may conceivably 
be due to change in interatomic distances from those in 
UH;, but the possibility of contamination should be 
kept in mind, particularly since the magnetization of 
UO; is very small under the conditions for measuring 
saturation magnetization for the deuteride and hydride. 
Although the measurement of a magnetization of 
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0.025 Bohr magneton per atom of uranium in UO, at 
1.3°K and 35000 gauss can be explained in terms of 
antiferromagnetic ordering under a strong molecular 
field, some consideration should be given to a possible 
reduction in the intrinsic moment through splitting of 
the ground state by interactions similar to that in 
potassium ferrocyanide® in which application of the 
Pauli principle leads to restricted magnetization. In 
view of the small moment of UQOs, whatever the 
mechanism, it is possibly worthwhile to keep open the 
question of saturation magnetization of uranium 
hydride to see if an even higher value than 1.2 Bohr 
magnetons per atom can be determined from absolutely 
pure UH;. Further work should be done to examine 
carefully the possibility of a real difference between the 
magnetization at absolute zero of uranium hydride 
and of uranium deuteride, as a possible difference is 
suggested also by unpublished work® which shows from 
specific heat measurements that the sub-Curie regions 
have different entropies. 


® W. E. Henry, Phys. Rev. 106, 465 (1957). 
8B. Abraham (private communication). 
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The change of resistance in uniaxial tension was measured for several single-crystal specimens of p-type 
InSb over the range 77°K to 350°K. The difference between the donor and acceptor concentrations for 
these specimens ranges from 3X 10° cm to 7X10"? cm. The piezoresistance coefficients were found to 
depend on impurity concentration. The elasto-Hall constant was measured at 77°K for the purest specimens 
and the experimental results indicate that, in the extrinsic range, the large piezoresistance is primarily due 
to stress induced changes in the tensor mobility of the holes. The shear coefficients were found to vary 
approximately linearly with 7~ in the extrinsic range. It is concluded that the valence band extrema occur 
at, or very near, K=0 in the Brillouin zone with energy surfaces similar to those of Si and Ge. 


1. INTRODUCTION 


IEZORESISTANCE measurements have recently 
been helpful in the study of the band structure of 
semiconductors.~* Smith’ points out that the ani- 
sotropy of the piezoresistance effect offers information 
concerning the directions in K space along which the 


t Based on work performed at The Institute for the Study of 
Metals and submitted to the University of Chicago in partial 
fulfillment of the requirements for the degree of Doctor of 
Philosophy. 

* This work was supported in part by the Office of Naval 
Research. 

1C. S. Smith, Phys. Rev. 94, 42 (1954), and private communi- 
cation. 

2R. W. Keyes, Phys. Rev. 100, 1104 (1955). 

3R. W. Keyes, Phys. Rev. 103, 1240 (1956). 

*R. W. Keyes, Westinghouse Research Laboratory Scientific 
Paper 8-1038-P18, 1957 (unpublished). 

® Morin, Geballe, and Herring, Phys. Rev. 105, 525 (1957). 


energy extrema lie for a simple ‘“many-valley” semi- 
conductor. Theoretical predictions** have been made 
about the temperature dependence of the various 
components of the piezoresistance tensor for both the 
“many-valley” model and the “degenerate” model. 
With this in mind, the present work was undertaken 
with the hope that the results would shed some light 
on the band structure of p-type InSb. 

The piezoresistance constants of p-type InSb were 
measured as a function of temperature and impurity 
concentration from 77°K to 350°K. The Hall constant 
and resistivity were measured as a function of tempera- 


6 C. Herring, Bell System Tech. J. 34, 237 (1955). 

7E. N. Adams, Chicago Midway Laboratories Technical 
Report, CML-TN-P8, 1954 (unpublished). 

8 E. N. Adams, Phys. Rev. 96, 803 (1954). 

°C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
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ture so that a determination of the extrinsic tempera- 
ture ranges for the samples studied could be made. In 
addition, the Hall voltage was measured as a function 
of stress at 77°K in order to separate the effect of a 
carrier concentration change on the resistivity from a 
mobility change. 

The work reported here represents a refinement and 
extension of experiments previously published,” where 
preliminary values for the piezoresistance constants 
were reported which are in essential agreement with 
the values reported below. During the course of this 
investigation, it was learned that R. F. Potter was 
engaged in an independent measurement of the piezo- 
resistance constants of m- and p-type InSb. Dr. Potter 
was kind enough to send me his results before publi- 
cation. Insofar as the measurements overlap, agreement 
is satisfactory. 


2. MACROSCOPIC THEORY 


The detailed theory has been presented elsewhere! 
and only the main features will be outlined below for 
convenience. The equations presented are valid for 
cubic crystals with the space groups Ty, O, and O, 
only.! The equations can be generalized to apply to 
other crystals."!:? 

When a stress is applied to a crystal in which the 
current density is kept constant, the stress induced 
change in a resistivity component 6p,; is given by® 


5px; pouP ‘ 
cas a b és Tite! Xe! — ? miiklekl. (1) 


p kl kl 


In Eq. (1) the piezoresistance constants II‘’*' and the 
elastoresistance constants m‘’*' are the components of 
fourth rank tensors, X*' and e*‘ are components of the 
stress tensor and strain tensor, respectively, and p is 
the resistivity of the unstrained crystal. Since dp;;/p, 
X*!, and e* are the components of symmetric tensors, 
Eq. (1) may be written as! 


(5p/p) = (II) (X) = (m) (e), (2) 


where (6p/p), (X), and (e) are six element column 
matrices of the resistivity components, the stress com- 
ponents, and strain components, respectively, and (II) 
and (m) are six by six matrices of piezoresistance 
constants and elastoresistance constants, respectively. 
The elastoresistance matrix can be determined from the 
(II) matrix and the known elastic constants"*-! of InSb. 
There is a one to one correspondence between the 
piezoresistance matrix elements II;; and the piezo- 
resistance tensor components II‘**!, The correspondence 
is completely analogous to that existing between the 
elastic constant tensor components c‘’*! and the elastic 


10 A, J. Tuzzolino, Phys. Rev. 105, 1411 (1957). 

1 R. W. Keyes, Westinghouse Research Laboratory Scientific 
Paper 8-1038-P12, 1956 (unpublished). 

12 R. W. Keyes, Phys. Rev. 104, 665 (1956). 

13 R. F. Potter, Phys. Rev. 103, 47 (1956). 
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constant matrix elements c,;; which is discussed in detail 
elsewhere." 

When the reference axes coincide with the cubic 
axes, the II matrix reduces to a simple form involving 
only three independent quantities, ITy:, [12, and Iq.) 
When the reference axes are not the cubic axes, the 
elements II,;; will be given as a linear combination of 
IIi1, Ti2, and II44. These three coefficients were deter- 
mined by combining longitudinal measurements with 
transverse measurements.! The orientations employed 
for the longitudinal measurements and the pertinent 
equations are identical with those described by Burns 
and Fleischer.’* The orientations used for the transverse 
measurements are similar to those employed by Smith.! 
The piezoresistance effect is reported as fractional 
change in resistivity per unit stress 1/X dp/p. This was 
obtained from the measured fractional change of 
resistance by correcting for the dimensional change.!!* 
For the case of constant current, 6R/R=65V/V where 
R is the resistance and V the voltage between the 
potential leads.! For the transverse measurements, an 
additional correction was applied. This correction 
arises from the “spreading” of the lines of current in 
transverse geometry.' It is also possible to use longi- 
tudinal measurements combined with a hydrostatic 
pressure measurement as the two independent types of 
measurements.!!® This method was used in a pre- 
liminary report of some of the results of this paper.” 

The magnetic measurements consisted of measuring 
the change in Hall voltage due to stress. To determine 
the change in hole concentration in the extrinsic range 
due to stress, the measurements had to be carried out at 
77°K, where the electron concentration is negligible. 
Assuming only one kind of hole, the Hall constant is!® 


R=Ex/jH=r/ep, (3) 


where ¢ is the electronic charge, p is the hole concen- 
tration, Eq is the Hall electric field, 7 is the current 
density, and H is the magnetic field. The quantity r is 
of the order of unity and depends on the scattering 
mechanisms, the statistics of the carriers, and the 
detailed structure of the valence band near the band 
extremum.!* The quantities Eg, 7, and H are mutually 


Fic. 1. Electrode arrangement 
for the elasto-Hall effect measure- 
ments. 





(or) 


4 W. P. Mason, Piezoelectric Crystals and Their A pplication to 

Ultrasonics (D. Van Nostrand Company, Inc., Princeton, 1950). 
16 F. P. Burns and A. A. Fleischer, Phys. Rev. 107, 1281 (1957). 
16H. Brooks, Advances in Electronics 7, 85 (1955). 
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perpendicular (see Fig. 1). From Eq. (3) we have, 
neglecting dimensional changes, 


X Vax Xr? 


where X is the stress and Vy is the Hall voltage. In 
general, (1/X) (6r/r) may be a function of the directions 
of the stress and magnetic field with respect to the cubic 
axes ; therefore, if the elasto-Hall effect (1/X) (6Vz/V x) 
is of the order of magnitude of the piezoresistance effect 
(1/X)(5p/p), one does not know whether the former 
is caused by a change in r or by a change in p. On the 
other hand, if (1/X)(6Vx/Vx)<(1/X) (6p/p), it is 
reasonably certain that both ér/r and 6p/p are small, 
since it is very unlikely that both are large and cancel 
one another. The magnetic field and stress were oriented 
with respect to the cubic axes so that no transverse 
voltage would appear in the direction of the Hall 
electric field as a result of the piezoresistance effect 
alone, i.e., a set of axes which would correspond to the 
principal axes of the resistivity tensor after stressing 
the crystal were chosen. The electrode arrangement for 
the elasto-Hall measurements is shown in Fig. 1. 


3. EXPERIMENTAL TECHNIQUE 


The single crystal ingots of InSb were obtained from 
the semiconductor group of the Chicago Midway 
Laboratories. The InSb was prepared from purified In 
and Sb. This polycrystalline material was zone-refined 
and three single crystal ingots were grown from melts 
doped with Cd, which is known to introduce acceptor 
levels in InSb.!” Laue back-reflection x-ray pictures 
showed that the axis of growth was within 5° of the 
[111] axis in all cases. Samples were cut from the ingots 
in the form of rectangular rods of approximate dimen- 
sions 2 mmX2 mm X 20 mm, with the long axes in the 
desired directions. The cutting was performed with an 
ultrasonic cutting tool. Samples taken from each of 
these ingots were cut from adjacent slices of the ingot 
to keep the resistivity variation between the samples 
to within 30%. These three groups of specimens will 
be referred to as samples A, B, and C from here on 
(see Table I). 

The orientation of each specimen was redetermined 
by means of an x-ray picture and the orientation error 
was found to be about 1° in most cases. Some of the 
samples were etched to study the effect of surface 


TABLE I. Electrical properties of samples A, B, and C at 77°K. 











Resistivity Na-Nob Mobility 
Samples (ohm-cm) (cm~*) (cm? volt! sec") 
A 0.54 3.0X 10% 3.8 XK 108 
B 0.057 6.3X 10% 1.8 X10 
Cc 0.010 6.6X 10!” 0.91 108 








17K. F. Hulme and J. B. Mullin, J. Electronics and Control 3, 
160 (1957). 
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Fic. 2. Cryostat for low-temperature measurements. 


conditions on the experimental results. In all cases, the 
piezoresistance constants for the etched samples agree 
to within experimental error (see Sec. 4) with the results 
for the unetched specimens. 

The Hall, potential, and current leads were soldered 
directly to the specimen with indium. The crystals were 
mounted in small metal grips (see Fig. 2) with sealing 
wax. The mounting of the samples was done manually 
and consequently, when the tensile stress was applied, 
a small amount of shear stress was imposed on the 
crystal whenever the alignment of grips and specimen 
was not perfect. All samples were remounted several 
times and a measurement taken at each mounting. The 
results agreed in all cases to within experimental error, 
indicating that the error introduced by misalignment 
was negligible. The electrical arrangement for the 
piezoresistance measurements was similar to that 
employed by Smith.! The Hall coefficient and resistivity 
were measured in the conventional manner.!® For the 
low temperature measurements a cryostat shown in 
Fig. 2 was used. By adjusting the current in the heater 


18 See, for example, G. L. Pearson and J. Bardeen, Phys. Rev. 
75, 865 (1949). 
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TABLE II, Piezo- and elastoresistance constants for samples A, B, and C at 77°K. The II constants are expressed in units of 
10 cm? dyne™ while the m constants are dimensionless. 














Samples Thu Tis Mii +21 Thi — Mis Tas mi mis (mu+2mi2)/3 (mir —m12)/2 maa 
A 96 —46 4 142 424 33 —14 1.7 23.5 133 
B 93 —44 a 137 365 32 —13 2.0 22.5 115 
C 41 —18 5 59 241 15 —4 23 9.5 76 











windings and the liquid level, a temperature range 
from 77°K to 350°K was available. The cryostat was 
mounted between the poles of an electromagnet for the 
elasto-Hall measurements. Precautions were taken to 
keep the sample from rotating in the magnetic field 
upon applying the stress. 


4. ERRORS 


The temperature was measured with a copper- 
cénstantan thermocouple which was standardized in 
the conventional manner.” The error in temperature 
was less than 1°K throughout the temperature range 
employed. The error in the assumed magnitude of the 
stress, introduced by frictional effects in the pulley 
system, was measured and found to be negligible. The 
II constants were found to be independent of stress 
throughout the stress range employed, which was from 
10® to 10’ (dynes/cm?). For the longitudinal measure- 
ments, 6V could be measured with a precision of 1-2% 
at the lower temperatures, where the resistivity was 
high, and about 5% at the higher temperatures, where 
the resistivity was quite small. For the transverse 
measurements, the errors in 6V were much larger at 
all temperatures because of the small transverse voltages 
compared to the corresponding large longitudinal 
voltages. The error in 6V was about 5% at the low 
temperatures and about 20% at the higher tempera- 
tures, 

To investigate the effect of an impurity concentration 
gradient along the length of the samples, the Hall 
constant was measured as a function of position along 
the specimen length for two different samples. For a 
[111] specimen from samples A, it was found that the 
impurity concentration varied by approximately 60% 
in a distance equal to the distance between the potential 
leads. From Table II, one sees that the II constants 
vary by approximately 10% between samples A and B. 
Furthermore, the impurity concentration of samples B 
is greater than that of samples A by a factor of approxi- 
mately 20. Therefore, a concentration gradient of 60% 
introduces a negligible error in the II constants for 
samples A. For a [110] specimen from samples B, the 
concentration was found to vary by approximately 
30% in a distance equal to the distance between the 
potential leads. A corresponding argument applied to 
samples B and C reveals that the existence of a con- 
centration gradient of this order of magnitude may 


19R. B. Scott, Temperature Its Measure and Control in Science 
and Industry (Reinhold Publishing Corporation, New York, 1952). 


lead to an error in the II constants for these samples 
of about 3%. 

In the magnetic measurements, fluctuations in the 
magnetic field limited the sensitivity of the elasto-Hall 
measurements to 3 uv. Because of this uncertainty in 
6V z, only an upper limit can be quoted for the elasto- 
Hall constant. Fortunately, such a limit suffices for our 
purposes. 


5. RESULTS 


Figures 3 and 4 present the Hall constant and 
resistivity for samples A, B, and C. The Hall coefficient 
shows a reversal of sign at a temperature of about 
161°K, 208°K, and 286°K for’samples A, B, and_C, 
respectively. All three samples are p-type. Table I 
lists the excess concentration of acceptors over donors 
Na—Np and the mobility of the holes u, for samples 
A, B, and C at 77°K. These quantities were determined 
from the Hall coefficient and resistivity by using the 
formulas'* 

Na—Np=r1/eR, 


(5) 
Kp Ra/r, 

and assuming that r= 3/8. The uncertainty in r due 

to the complicated structure of the valence band and 
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Fic. 3. Hall constant as a function of reciprocal temperature 
for samples A, B, and C. 
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Fic. 4. Resistivity as a function of reciprocal temperature 
for samples A, B, and C. 


the various scattering mechanisms may introduce an 
error in N4— Np and yu, as large as 50%. In addition, 
the concentration gradient along the length of the 
samples, discussed in Sec. (4), increases the uncertainty 
in the quantities N4—Np to about a factor of two. 
However, these large uncertainties do not affect the 
conclusions which may be drawn from the experimental 
results for the II constants, since much larger concen- 
tration difference between the groups of samples will 
be compared. The resistivity and Hall coefficient curves 
shown in Figs. 3 and 4 are in satisfactory agreement 
with published results for p-type InSb.”~™ A com- 
parison of the results of a study of the Hall mobility 
of holes in p-type InSb as a function of impurity con- 
centration®® and the mobilities given in Table I, shows 
that samples A are compensated, with Nu+Np 
=3X10'* cm~. A similar comparison for samples B 
and C shows that they are essentially uncompensated. 

Figures 5-7 present II,; and Ij2 as a function of 
temperature for samples A, B, and C, respectively. 
Figure 8 shows the pressure coefficients as a function 
of temperature and Figs. 9 and 10 show the shear 
coefficients IIy,—Iiz and I, respectively. Table II 
presents the piezoresistance and elastoresistance con- 
stants at 77°K. 


2 M. Tanenbaum and J. P. Maita, Phys. Rev. 91, 1009 (1953). 

1 Hrostowski, Morin, Geballe, and Wheatley, Phys. Rev. 100, 
1672 (1955). 

2 H. Fritzsche and K. Lark-Horovitz, Phys. Rev. 99, 400 (1955). 

% Breckenridge, Blunt, Hosler, Frederikse, Becker, and 
Oshinsky, Phys. Rev. 96, 571 (1954). 

* H. Welker, Physica 20, 893 (1954). 

% R.N. Zitter and A. J. Strauss, Chicago Midway Laboratories 
(private communication). 
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Fic. 5. Ui: and Iie as a function of reciprocal temperature 
for samples A. 


6. DISCUSSION OF RESULTS 


Figures 5, 6, and 7 show that II, and Ij: are im- 
purity dependent. However, the curves of II,; as well 
as those of IT,» show a variation with temperature that 
is similar for samples A, B, and C. The behavior of 
II,; and II,2 from 77°K to approximately 150°K, 200°K, 
and 250°K for samples A, B, and C respectively, is 
characteristic of the extrinsic material (see Figs. 3 and 
4). In the extrinsic range, II,, decreases and IIj2 in- 
creases with increasing temperature. In the mixed 
conduction range, II;,; and Ij. for samples A and B 
vary with temperature in the same manner, both 
passing through a minimum at approximately the same 
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Fic. 6. i: and Iz as a function of reciprocal temperature 
for samples B. 
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Fic. 7. Ii: and Ii as a function of reciprocal temperature 
for samples C. 


temperature. For samples A, the pressure coefficient 
1T,: +2112 decreases and becomes negative immediately 
upon raising the temperature about 77°K. No sig- 
nificance is attached to this initial decrease. I,;+2I12 
for samples B and C remains practically constant in 
the extrinsic range, as is to be expected.’ 

The variation of II,,+2II2 for samples A and B in 
the range of mixed conduction is similar to that for 
II,; and IIy2. The pressure coefficient passes through a 
minimum at approximately the same temperature at 
which the minimum for ITj, and Iz occurs. If it is 
assumed that the large pressure effect found in the 
mixed conduction range can be ascribed to the effect 
of the lattice dilatation on the energy gap, the following 
expression may be derived for the change of resistivity 
due to a pressure induced volume change,” 


SInp SE, np (untuy) 1 


y (6) 
dIlnV 6 InV RT (munt+puy) (n+p) 











where » and # are the electron and hole concentrations, 
Mn and yw,» are the electron and hole mobilities, V is the 
volume, & is the Boltzmann constant, T is the absolute 
temperature, and £, is the energy gap. It is assumed 
in the above derivation that the energy gap is the only 
pressure dependent quantity. It is convenient to rewrite 
this expression in the form employed by Potter,” which 
shows explicitly the dependence of the pressure effect 
on the quantity V4— Np. Equation (6) may be written 





3 5E, (a—1) 

note InV 2kTa 

. | 1+ (up/un) 
(a—1)/(a+1)+ (up/Hn) 


where the ¢c;, are the elastic constants of InSb, and 


4np ; 
[14 | 
=a (Na—Np)? 


26 J. H. Taylor, Phys. Rev. 80, 919 (1950). 
27 R. F. Potter, National Bureau of Standards Report No. 5292, 
1957 (unpublished). 


Mut+20 = ( 





» (7) 
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Fic. 8. Pressure coefficient, M1:1+ 2112 as a function of reciprocal 
temperature for samples A, B, and C. 


The above equation possesses a minimum at a tem- 
perature determined by the impurity concentration 
Na-—Np. The minimum shifts to higher temperatures 
as the quantity N4—N>p increases. The experimental 
results for Iq, Ui2, and II,;+2Th2 are in qualitative 
agreement with these facts and therefore, it is rea- 
sonable to assume, with Potter,?’ that in the range of 
mixed conduction, the dominant effect of stress on the 
resistivity is to change the number of carriers by 
changing the band gap. 

The behavior of the shear constant II,,;— I],_. (shown 
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Fic. 9. 111—Tiz as a function of reciprocal temperature for 
samples A, B, and C. 
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Fic. 10. Iq, as a function of reciprocal temperature for 
samples A, B; and 


in Fig. 9) is similar for all three samples. In each case, 
IIj;:—Ty2 varies linearly with 7J~! throughout the 
extrinsic range. In the region of mixed conduction, 
II;:—T]i2 for samples A and B passes through a mini- 
mum and then rises and passes through a maximum 
with increasing temperature. As was mentioned in 
Sec. 4, at these higher temperatures, where the maxima 
and minima occur for samples A and B, the experi- 
mental errors are large because of the small values of 
5V and consequently, the respective magnitudes of the 
maxima and minima are uncertain, but are much larger 
than the experimental error. 

The shear constant IIy, shown in Fig. 10 for samples 
A, B, and C, decreases approximately linearly with T— 
in the extrinsic range and continues decreasing through- 
out the remainder of the temperature range investi- 
gated. The energy gap effect described above gives a 
zero contribution to both shear coefficients. 

The curves for IIy;, y2, i1+2IIy2, and the shear 
coefficients for samples A are in qualitative agreement 
with the concurrent and overlapping measurements of 
Potter,”” which are in the process of publication. His 
p-type samples have electrical properties similar to 
those of samples A. He also finds a minimum for 
II,:—Tli2, although it is not as large in magnitude as 
that found for samples A. He finds a linear relationship 
between both shear coefficients and 1/T in the extrinsic 
range, which is approximately from 77°K to 150°K for 
his samples, just as for samples A. Although the shear 
coefficient II;,—II;: for samples A, B, and C varies 
linearly with 1/T in the extrinsic range, it is evident 
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from Fig. 10 that the measured points for the shear 
coefficient II4, show deviations from a straight line. 

From the results of the elasto-Hall effect measure- 
ments, it was found that the upper limit for (1/X) (6p/p) 
is less than 10% of the piezoresistance effect 
(1/X) (6p/p); therefore, the change in the number of 
carriers caused by a change in the band gap or in the 
ionization energy of the acceptor impurities is negligible 
in the extrinsic range and the large piezoresistance can 
be ascribed to a stress induced change in the tensor 
mobility of the holes. To hope to understand the large 
magnitudes of the II constants at 77°K and their 
temperature and impurity dependence in the extrinsic 
range, we must consider the details of the valence band 
structure of InSb. 

Recent investigations of the valence-band of InSb 
suggest that it is similar to the valence bands of Si and 
Ge.”!.?8-81 The variation of Hall coefficient with mag- 
netic field which Hrostowski e¢ al.” finds for p-type 
InSb is interpreted in terms of light and heavy holes. 
The magneto-resistance data of Frederikse and Hosler”* 
also indicates that two kinds of holes contribute to the 
electrical conduction. 

Kane” calculates the band structure of InSb by 
using the K-P perturbation method and assuming that 
the conduction and valence band extrema are at K=0. 
He finds that the heavy hole band has maxima located 
on the (111) axes, very close to K=0. These (111) 
maxima are probably important only at liquid helium 
temperatures. At liquid nitrogen temperatures, the 
extrema may be assumed to occur at K=0 and the 
band structure will be quite similar to that of germa- 
nium. Kane” calculates the optical absorption constant 
and finds good agreement with the experimental data 
of Fan and Gobeli.* This agreement supports his 
original assumption concerning the band structure. 

Dumke" analyzed the absorption edge data of 
Roberts and Quarrington* by extending the theory of 
indirect transitions to the case where both the valence 
band and the conduction band extrema are at K=0. 
The results of his analysis are consistent with the ex- 
perimental data. 

On the basis of the symmetry properties of the zinc- 
blende structure, Dresselhaus® suggests several points 
in the Brillouin zone as likely points for the occurrence 
of the energy extrema, By comparing the relative 
magnitudes of the elastoresistance constants in the 
extrinsic range with the magnitudes predicted for 
various band models by theory,*:” it was concluded 
earlier” that the valence band extrema of InSb most 


28H. P. Frederikse and W. R. Hosler, National Bureau of 


Standards — No. 4956, 1956 (unpublished). 


2” FE. O. Kane, J. Phys. Chem. Solids 1, 249 (1956). 

%®H. Y. Fan and G. W. Gobeli, Bull. Am. Phys. Soc. Ser. IT, 1, 
111 (1956). 

31 W. P. Dumke, Bull. Am. oe Soc. Ser. IT, 2 185 (1957). 

2 VY. Roberts and J. E. Quarrington, J. Elec. 1, 152 (1955). 

33 G. Dresselhaus, Phys. Rev. 1 , 580 (1955). 

* Blount, Callaway, Cohen, Dumke, and Phillips, Phys. Rev. 
101, 563 (1956). 
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likely occur either at K=0, with the energy surfaces 
similar to those of Si and Ge, or at a general point in 
the zone. 

It is of interest to compare the results shown in 
Table II, and the temperature dependence found for 
the shear constants, with the same quantities measured 
for p-type Si and Ge, where the large piezoresistance 
effect is assumed to be caused by a large change in 
mobility of the holes due to stress.”:* From Table II, 
one sees that m4, is large and about six times are large 
as (my—m,2)/2. Both ma and (my,—m2)/2 are much 
larger than (m,;+2m,2)/3. It is also seen that the 
constants are strongly dependent on impurity con- 
centration. Smith! found similar relationships between 
the relative magnitudes of the shear and pressure 
coefficients for p-type Si and Ge. In addition, he found 
the constants to be impurity dependent. Morin ef al.® 
measured the II constants of high purity n- and p-type 
Si and Ge as a function of temperature and found the 
constants for the p-type material to depend strongly on 
impurity concentration, with some tendency to depend 
linearly on reciprocal temperature in the extrinsic 
range. Morin ef al.' suggest that the strong dependence 
of the shear constants on purity for p-type Si and Ge 
may be due to the different contributions to the 
piezoresistance of the light and heavy holes, with the 
light holes having a greater sensitivity to impurity 
scattering. On the other hand, for InSb, the very large 
change in the constants (see Table II) in going from 
samples B to C, in contrast to the relatively small 
change in going from samples A to B, suggests that the 
effects of degeneracy may be more important. Samples 
A and B are nondegenerate at 77°K, whereas samples 
C are degenerate. 

Adams” theory of the piezoresistance of p-type Si 
and Ge, which assumes classical statistics for the carriers 
and a strong strain induced warping of the energy 
surfaces, predicts that (#;+22)/3 should be small 
compared to m4 and that both mu, and (m—my2)/2 
should be proportional to 7~' in the extrinsic range. 
The magnitudes and temperature dependence found 
for the shear constants of InSb in the extrinsic range 
are reasonably consistent with these predictions. It 
should be pointed out that the theory of the elasto- 
resistance constants for a simple “‘many-valley” semi- 


PIEZORESISTANCE CONSTANTS OF p-TYPE 


InSb 1987 
conductor®’ also predicts a 7—! temperature dependence 
for the shear constants; therefore, the temperature 
dependence cannot distinguish between the two models. 
However, when both the magnitudes and temperature 
dependence of the shear constants are compared with 
the recent theoretical and experimental investigations 
on InSb, as discussed in the foregoing, we conclude 
that the valence band of InSb is quite similar to that 
of Si and Ge, with modifications as suggested by Kane’s 
work, 


7. CONCLUSIONS 


The results of this experiment may be summarized 
as follows: In the extrinsic range, a change in carrier 
concentration caused by a change in band gap or a 
change in acceptor ionization energy is negligible and 
the large piezoresistance is caused by a large change 
in the tensor mobility of the holes. From the relative 
magnitudes of the shear and pressure coefficients at 
77°K, it is concluded that the energy extrema of the 
valence band of InSb most likely occur at, or in the 
immediate vicinity of K=0, with the surfaces of con- 
stant energy resembling those for the valence bands 
of Si and Ge. The temperature dependence found for 
the shear coefficients in the extrinsic range is not incon- 
sistent with that predicted by Adams’ theory, which is 
based on the valence band structure of Ge. 

An explanation for the strong impurity dependence 
of the II constants at 77°K is not available at present. 
An analysis of the large pressure effect found in the 
transition range of conduction indicates that this large 
effect can be explained in terms of the effect of lattice 
dilatation on the forbidden energy gap. 
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Operation of a Solid-State Quantum-Mechanical Amplifier* 
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The operation of an S-band solid-state quantum-mechanical amplifier operated at 4.2°K with a computed 
noise temperature of less than 4.5°K is compared with similar devices and is used as proof of the condition 
of discrete phonon saturation which has been previously postulated. 





HIS paper reports on the operation of an S-band 

solid-state quantum-mechanical amplifier in which 
X-band saturation is used. In most respects the 
amplifier is similar to a device that has been already 
reported.' However, certain modifications that we 
have incorporated and our interpretation of the 
operation of this amplifier make the reporting of 
this experiment worth while. 

Our modifications are the following: 


1. The operating bath temperature is 4.2°K. The 
device has given evidence of operation at higher 
temperatures, how much higher we cannot say at 
this time. 

2. The X-band rf magnetic field is oriented parallel 
to the crystalline c axis, a position that is 90° from 
that previously described.! 

3. The device has been operated as a tunable 
amplifier by using a variation in the static magnetic 
field to tune the operating point. Other operating 
properties of the amplifier, such as gain-band-width 
product, agree essentially with those previously 
reported,! except that the peak power available from 
our device operated as an oscillator is approximately 
15 microwatts. 


Item 3 illustrates the fact that although the cavity 
Q is very high, the crystal magnetic Q controls the 
operation frequency of the amplifier. Figures 1 and 2 
show the swept frequency power output of the S-band 
quantum-mechanical amplifier operated as an oscillator. 
Its beat note with a fixed-frequency S-band klystron 
is shown. The beat-frequency width is approximately 


Fic. 1. Amplitude of maser 
oscillator as a function of 
magnetic field. This is the 
magnetic field tuning curve for 
fixed crystal orientation and 
cavity resonance frequency. 
The crystal consisted of three 
chips with slightly different 
orientation. The operating 
points for two of the chips are 
shown. 
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200 kc/sec, and hence the total amplifier sweep width 
is several Mc/sec. 

The significance of item 2 may be realized by noting 
that with the dc magnetic field along the crystalline 
c axis, the transitions 1-2 and 3-4 arise from the 
component of the magnetic dipole moment matrix 
perpendicular to the ¢ axis (or in the a, b plane), while 
the 1-3 transition arises from the component parallel 
to the c axis. At the operating frequency, the 1-3 
and 3-4 transitions happen to occur at nearly the same 
magnetic field (see Fig. 3). In our work a microwave 
magnetic field pumping the 1-3 transition is parallel, 
predominantly, to the dc magnetic field. Previously, 
the pumping field was oriented perpendicularly, 
predominantly, to the dc magnetic field.! We estimate 


Fic. 2. Beat note between 
the frequency-swept maser of 
Fig. 1 and a fixed klystron. The 
frequency scale can be esti- 
mated, since the maximum 
beat frequency shown is 200 

wee kc/sec, the band width of the 
gotten 'o oscilloscope. 
oe MAGNETIC FIELD 
son (FREQUENCY) —? 
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that in the McWhorter-Meyer experiment the transition 
3-4 is more than 100 times as probable as the transition 
1-3. This situation arises because the filling factor for 
the a component of the pumping field is greater than 
the ¢ component by a much larger factor than 25. 
Also the dipole-moment matrix elements are in the 
ratio 4:1. The 1-3 transition probability for the a axis 
rf field increases from zero slowly with rotation of the 
static magnetic field from the c axis. For the operating 
frequency cited by reference 1 this angle cannot be 
more than 3° and at this angle the 3-4 transition induced 
by the rf field perpendicular to the c axis is still 10° 
times more probable than the 1-3 transition induced by 
the rf field parallel to the c axis. In our orientation the 
transition 1-3 is more probable than the transition 3-4 
by a factor greater than 2.5 from estimate and observa- 
tion. If the conventional picture of the saturation 
process is assumed (i.e., that the saturation is directly 
proportional to the dipole-moment matrix element 
squared and to the corresponding component of the rf 
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field squared at each point in the crystal), the device 
described by McWhorter and Meyer would require con- 
siderably more pumping power than ours for operation, 
since more of the input energy would go into cavity 
losses. Furthermore, the amount of crystal available for 
amplification processes would be markedly reduced 
because pumping would be localized. 

Other workers,’ as well as ourselves,’ have pointed 
out that the conventional picture of spin-lattice 
relaxation in a crystal is not a complete description of 
the microwave saturation effects. The process is not a 
simple spin-lattice relaxation but, as we have indicated, 
phonon-phonon and phonon-bath relaxation processes 
must be considered. The spin-lattice coupling is mainly 
a direct process so that only those lattice nodes that are 

“speaking terms” with the paramagnetic spins are 
capable of directly accepting energy from the spins. 
Since the specific heat of the lattice is insignificant 
compared with the specific heat of the spin system, the 
phonon excitation is anomalous in the region of the 
spin-resonance frequency. Briefly, the phonon “tem- 
perature” in the frequency region near the spin- 
resonance frequency will be. in equilibrium with the 
saturated spins. Any other spin levels with frequency 
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Fic. 3. Energy levels and allowed magnetic-dipole transitions with 
the dc magnetic field along the crystalline c axis. 


differences close to the frequency of the saturated spin 
transitions will be brought into thermal equilibrium 
with the anomalous phonon distribution, and hence the 
other states also will be saturated. This anomalous 
phonon excitation process allows the uniform saturation 
of a crystal with a nonuniform saturating field. It also 
allows the indirect saturation of spin transitions that 
would not otherwise be coupled directly to an electro- 
magnetic field. 

aa der Marel, van den Broek, and Gorter, Physica 23, 361 
. AE, Davis, and Kyhl, Fifth International Conference 


on Low Temperature Physics and Chemistry, Madison, Wisconsin, 
August 30, 1957 (unpublished). 


The fact that both orientations of the pumping field 
with respect to the crystal axis are equally effective is 
an elegant and forceful indication that an anomalous 
phonon distribution must exist in spin-lattice relaxation 
processes. Furthermore, the fact that levels 1 and 2 
can still operate as if they were at a low negative 
temperature must be taken as an indication that the 
anomalous phonon excitation does not extend far from 
the frequency of the spins that are directly saturated 
by electromagnetic radiation. The example which we 
have cited here would still allow the anomalous phonon 
excitation to extend over a region that is significantly 
wider than the spin-resonance width. 

We can cite another example that places even closer 
tolerances on the anomalous phonon excitation width. 
This is the case of the gadolinium solid-state amplifier 
previously reported by Scovil, Feher, and Seidel.‘ 
In this case a series of spin levels is available with 
differences in resonance frequency of 600 Mc/sec, 
under the experimental conditions. The uniform 
saturation of all of these levels, which would result if 
the anomalous phonon excitation extended over a 
greater range than a few hundred Mc/sec, would 
seriously interfere with the operation of the device. 
Stated otherwise, we may say that, unless the anoma- 
lously excited phonons are restricted to a frequency of 
less than a few hundred Mc/sec, new processes would 
have to be evoked to explain the operation of the 
device at all. It is possible that this saturation width 
explains the rather high effective temperature of the 
amplifier which, at first sight, seems attributable to 
overdesign, as has been previously suggested.’ Our 
present S-band amplifier has a computed noise tempera- 
ture of less than 4.5°K. 

We are writing a description of our experimental 
observations on spin-lattice relaxation times, and a 
discussion of the modifications that we believe must be 
made in the generally accepted theoretical position® 
concerning spin-lattice relaxation times.’ A_ basic 
understanding of the spin-lattice relaxation and phonon- 
relaxation processes will allow more definite statements 
to be made as to the possible upper limit for the 
ambient temperature for the operation of paramagnetic 
solid-state amplifiers. 

We wish to thank A. L. McWhorter and J. W. Meyer 
for supplying the crystal used in this experiment. 
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Isothermal Annealing below 60°K of Deuteron Irradiated Noble Metals* 
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Foils of 99.999% pure copper, 99.999% pure silver, and a copper alloy containing 3.78 atomic percent 
nickel were irradiated near liquid helium temperature with 10.7-Mev deuterons. Annealing up to 60°K was 
performed in a series of isothermal steps. During each anneal the decrease of the radiation-induced resis- 
tivity increment with time was observed. Resistivity distribution curves, obtained by assuming that recovery 
processes with a continuum of activation energies are present, show several small peaks followed by a large 
peak. The maxima occur at 0.048, 0.080, 0.091, and 0.113 ev in copper and at 0.045, 0.058, and 0.079 ev 
in silver. The frequency factors for both metals were found to lie between 7.210" and 3.910" sec™. 
Alloying served to broaden the energy distribution of the recovery processes. Changes in the Debye 
characteristic temperature of —(15+1)°K and —(10+1)°K were also observed in copper and silver, 
respectively. Annealing of these changes was about 80% complete at 50°K. The dominant mechanism in the 
low-temperature recovery is believed to be the annihilation of Frenkel pairs, with the interstitials as the 
mobile defects. A trapping model is proposed to explain why all the resistivity increment does not anneal 





out once interstitials begin to move. 





I. INTRODUCTION 


URING the last few years there have been a 
number of experiments designed to determine the 
nature of the low-temperature annealing which occurs 
in irradiated noble metals.! It is observed that if copper 
and silver are irradiated at about 10°K with 1-Mev 
neutrons,” 10-Mev deuterons,’ or 1-Mev electrons,‘ an 
appreciable annealing of the resistivity increment 
occurs at about 30°K. Recent work at the University 
of Illinois shows that the length® and lattice parameter® 
increments anneal out in about the same way as the 
resistivity increment. Blewitt and co-workers’ find an 
anomalously small amount of energy released in pile 
irradiated specimens in this temperature range. At 
temperatures somewhat above 40°K the above obser- 
vations reveal a continuum of annealing processes such 
that each increase in temperature produces a small 
amount of recovery. 
Lomer and Cottrell* have proposed that small im- 
purity atoms can trap the interstitial configuration, and 
Blewitt and co-workers’ have shown that 0.1% of Be, 


*This work was partially supported by the U. S. Atomic 
Energy Commission. 

t Now at Convair, Physics Section, San Diego, California. 
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(Taylor and Francis, Ltd., London, 1955), Vol. 4, p. 381; G. H. 
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Annual Review of Nuclear Science (Annual Reviews, Inc., Stanford, 
1956), Vol. 6, p. 215. 
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Si, and Au in copper can appreciably influence the 
annealing. They have also found’ that the annealing of 
irradiated copper is not influenced by cold work or by 
altering the amount of irradiation by a factor of 50. 
The present research was undertaken to ascertain 
whether or not gold shows the low-temperature drop, to 
determine the frequency factor and the spectrum of 
activation energies on specimens of high purity, to 
discover whether the annealing is significantly altered 
if the purity is increased by an order of magnitude, and 
to determine the effect of irradiation on the Debye 0. 


Il. EXPERIMENTAL 
1. Method and Apparatus 


Resistance versus temperature curves of the un- 
bombarded specimens, as well as thermocouple cali- 
brations, were obtained in the laboratory before 
mounting the cryostat on the cyclotron. During irradi- 
ation the cryostat was separated from the cyclotron 
chamber by a 0.025-mm Duraluminum diaphragm. This 
served to eliminate the adsorption of deuterium and 
other gases on the low-temperature parts of the ap- 
paratus. In previous experiments’ evolution of these 
adsorbed gases caused a rapid rise in temperature during 
annealing following irradiation. No such temperature 
pulse occurred in this experiment. 

During irradiation and subsequent annealing, a high- 
vacuum system maintained a pressure less than 5.0 
X 10-* mm of Hg as determined by a Phillips ionization 
gauge mounted on the outer cryostat wall. The deuteron 
flux was measured by insulating the inner part of the 
cryostat from ground by a Teflon gasket and passing 
the charge collected through an electronic current 
integrator.’ Alignment of the foils in the cyclotron beam 
was accomplished by mounting the cryostat on an 
adjustable stand and maximizing the beam current 


10 A modified version of a device described by H. T. Gittings, 
Jr., Rev. Sci. Instr. 20, 325 (1949). 
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received. During bombardment the Cu and Ag foils 
were maintained at a temperature no greater than 
10.8°K, and the CuNi foil was kept below 21.1°K. 

The isothermal annealing data after irradiation were 
taken without removing the cryostat from the cy- 
clotron. Resistance measurements were made using 
standard potentiometric methods. A Rubicon ther- 
mofree Cat. No. 2767 microvolt potentiometer with a 
Rubicon Cat. No. 3550 photoelectric galvanometer was 
used to measure the voltage across the foils. The 
measuring current for the Cu and Ag foils was 0.1 amp 
and was constant to 1 part in 50000. The measuring 
current for the CuNi foil was 0.02 amp and was constant 
to 1 part in 40 000. 

Instrumental error in a single measurement of the 
resistance of the Cu and Ag foils was +0.1X 10~* ohm. 
The corresponding error for the CuNi foil was +1X 10~® 
ohm. These values are 0.11, 0.070, and 0.36% of the 
maximum observed resistance increment in Cu, Ag, 
and CuNi, respectively. To eliminate the effect of stray 
thermal voltages in the potential leads, the direction of 
the current was reversed and the average of the two 
voltage readings was used. 

The cryostat used in this research was of the same 
design as that used by Cooper® and is described more 
fully elsewhere." However, it was modified by the 
insertion of a “heat switch” between the copper speci- 
men mounting block and the liquid helium sphere. This 
heat switch allowed one to hold the foils at any tem- 
perature from 7 to 78°K without an excessive expen- 
diture of liquid helium.’ This device is shown in cross 
section in Fig. 1. The tube for evacuation of the heat 
switch runs up to the cover plate of the cryostat. To 
increase the pumping speed of the system } in. holes 
were drilled at the top and bottom of the copper 
cylinders. For clarity these holes are not shown in Fig. 1. 

When the heat switch was evacuated (10-* mm of 
Hg), the only conduction path between the block and 
the liquid helium sphere was through the stainless steel 
cylinder, radiation transfer between adjacent cylinders 
being negligible. In this condition it functioned to 
thermally isolate the block and foils from the liquid 
helium, thus permitting the temperature of the block to 
be raised without an excessive consumption of liquid 
helium. When the device was filled with helium gas to 
a pressure of about 0.1 mm of Hg, heat conduction 
between adjacent cylinders became appreciable and 
maximum cooling of the block was obtained. It was 
found that the thermal conductivity of the heat switch 
in its filled condition was about 70 times its conduc- 
tivity while evacuated. 

To raise the temperature of the block and foils, a 
small 60-ohm heater was attached to the block. Since it 
was necessary to make temperature changes as quickly 


DZD. E. Mapother and F. E. L. Witt, Rev. Sci. Instr. 26, 843 
(1955). 

12 We are indebted to D. E. Mapother for suggestion of the 
method and to F. E. L. Witt for construction of the device. 
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Fic. 1. Cross section of heat switch and mounting block showing 
details of thermocouple construction and placement of the foil 
current and potential leads. 


as possible, a key was incorporated in the heater circuit 
so that large current pulses could be sent through the 
heater. When the desired temperature was reached, a 
small current of the order of 5-100 ma maintained the 
temperature constant. By careful manipulation of the 
heater current the temperature of the block could be 
maintained constant to +0.02°K. The time required 
to raise the temperature 1.5°K was about 20 sec at 
20°K and about 40 sec in the 40°K region. 


2. Specimen Preparation and Mounting 


The specimens used in this research were in the form 
of polycrystalline foils. The primary reason for using 
foils rather than wires was the relative ease with which 
foils of the requisite purity could be fabricated. To 
obtain a qualitative test of the purity, the resistivity 
of the mounted specimen at 0°C was compared with 
that at 4.2°K. The ratio po°c/ps.2°x was 1110 for Cu, 
798 for Ag, and 770 for Au. 

The copper was American Smelting and Refining - 
Company’s continuously-cast, high-purity §-in. diam- 
eter rod. This material had a residual resistivity of 
less than 1.3X10-® ohm-cm and a stated purity of 
about 99.999%. The rod was rolled to a 0.004-in. foil 
from which 0.5-mm wide specimens were cut. 

The CuNi alloy was prepared by Horizons, Inc. in 


18 Smart, Smith, and Phillips, Trans. Am. Inst. Mining Met. 
Engrs. 143, 272 (1941). 
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the form of a §-in. diameter rod and was ascertained by 
an independent testing laboratory to consists of 3.78 
at % Ni. Specimens 0.5 mm wide were cut from the 
foil obtained by rolling the rod to a thickness of 0.0025 
in. 
The Ag was Johnson Matthey 99.999% pure 1.2-mm 
diameter rod, catalog No. J. M. 52. This was rolled 
to a 0.0035-in. foil from which 0.5-mm wide specimens 
were cut. 

The Au was obtained from Sigmund Cohn Company 
in the form of 99,999% pure 0.030-in. wire. This was 
rolled to a 0.004-in. foil from which 0.5-mm wide foils 
were cut. 

After cutting, the foils were cleaned and etched to 
remove any surface oxides and then annealed in a high 
vacuum (less than 3.0X10-° mm of Hg) furnace at 
600°C for one hour. After annealing, 0.004-in. copper 
current and potential leads were carefully soldered to 
the specimens, which were then mounted on the copper 
specimen block as shown in Fig. 1. 

It was imperative that the foils be mounted in such 
a manner that good thermal contact with the block was 
obtained and at the same time be electrically insulated 
from the block. To accomplish both these ends the fol- 
lowing method was used. A very thin coating of Duco 
cement was first applied to the front face of the block 
and allowed to dry. The foil was then glued in place 
with an aqueous solution of polyvinyl alcohol, the use 
of which was prompted by the fact that it would not 
disturb the insulating layer of Duco. This method 
satisfied both requirements and permitted easy mouting 
of the foils with the introduction of negligible cold work. 

After the specimens were mounted, the current and 
potential leads were insulated with Fiberglas sleeving 
and clamped to the block with copper bars for the 
twofold purpose of preventing undue strain of the solder 
joints and reducing heat conduction to the foils. 

The block was attached to the bottom of the heat 
switch with a 5-40 screw and a thin layer of G.E. 7031 
varnish. To aid in achieving a uniform temperature 
distribution the foils were enclosed in a copper radiation 
shield as shown in Fig. 1. The rectangular hole in the 
mounting block and the apertures in the block radiation 
shield permitted the deuteron beam to pass through 
without dissipating its entire energy in parts cooled by 
liquid helium. The beam impinged instead on an outer 
radiation shield which was cooled by liquid nitrogen 
and surrounded the entire block assembly. 0.5-mil Cu 
foils placed over the apertures of both radiation shields 
were used to complete the thermal shielding. 


3. Temperature Measurement 


The temperature of the block on which the specimens 
were mounted was determined by means of a platinum 
resistance thermometer soldered into a hole in the 
block with Woods metal. The thermometer was cali- 
brated by the National Bureau of Standards between 
10°K and 500°C. Temperatures below 10°K were 
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accurate to only +0.1°K. Between 10 and 15°K the 
block temperature error was +0.04°K. From 15 to 20°K 
the error was +0.03°K, between 20 and 25°K it was 
+0.01°K, and above 25°K the block temperature error 
was negligible. 

Temperature differences between the block and each 
foil were measured by means of a copper-constantan 
thermocouple between the block and the middle of the 
foil. The block junctions of the thermocouples were 
made by soldering three short lengths of constantan 
wire and a common copper reference wire into a hole 
in the block directly below the platinum resistance 
thermometer as indicated in Fig. 1. The foil junctions 
were made by soldering a piece of copper thermocouple 
wire to the free end of each constantan wire. To permit 
shielding the foil junction from irradiation, the junction 
was not soldered to the foil but rather a small tip of the 
copper thermocouple wire extending past the junction 
was soldered to the middle of the foil as shown in Fig. 1. 
The entire length of the thermocouple wire was shielded 
so no change of calibration could occur due to irradi- 
ation. The three copper thermocouple leads from the 
foils and the reference thermocouple wire were led 
outside the cryostat to the thermocouple measuring 
circuit. 

The constantan used was No. 30 Leeds and Northrup 
thermocouple wire (1938 calibration). The copper was 
No. 30 Leeds and Northrup thermocouple wire (1921 
or 1938 calibration), drawn to 0.004-in. diameter and 
annealed in a high-vacuum furnace. Leeds and Northrup 
thermal-free solder was used for all thermocouple junc- 
tions. 

Thermocouple emf were read with a Rubicon ther- 
mofree potentiometer using a high-sensitivity (0.05 
microvolt/mm) galvanometer. The emf E was expressed 
in the following manner: 


E=a+8atT, (1) 


where a was the emf when both junctions of the ther- 
mocouple were at the same temperature, 8 was the 
thermoelectric power, and AT was the temperature 
difference between the block and the foil. E could be 
read to +5X 10-8 volt. 

To determine a@ for each of the thermocouples, the 
three copper thermocouple leads, before being soldered 
to the constantan wires, were soldered into the hole 
in the block with the reference wire, and their emf’s 
relative to this reference wire were measured from 5 to 
78°K. The voltage a arose primarily from imperfect 
cancellation of the Thomson emf’s in each pair of copper 
leads and was therefore sensitive to the distribution of 
composition inhomogeneities and thermal gradients 
along the wires. Once the wires were installed in the 
cryostat, they were not disturbed other than to permit 
soldering of the junctions. Hence, thermal gradients 
and inhomogeneities were identical during both the a 
determination and the annealing measurements. A 
check was made on the constancy of a by making two 
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separate measuring runs. It was found to be repro- 
ducible within the experimental error of + 1X 10~* volt. 

After @ was determined, the three copper thermo- 
couple wires were unsoldered from the block and the 
foil junctions made as described above. Evidence that 
additional contributions to @ arising from individual 
variations in the Peltier emf generated at the junctions 
were negligible was provided by tests conducted at 
room temperature on a number of thermocouples 
between whose junctions small but identical tempera- 
ture differences were maintained. The emf’s produced 
by these thermocouples agreed to within 1X 10~* volt, 
indicating that variations in all sources of emf in the 
thermocouple circuits were within this range. Since the 
thermocouples were at room temperature, Thomson 
emf’s were small and their variations could be disre- 
garded. The tests thus showed that variations in 
Peltier emf’s from one junction to another were within 
1X10-* volt at room temperature and, since the 
Peltier emf decreases with decreasing temperature, less 
than this at lower temperatures. 

An average value of 8 was obtained from the 8 
values of a number of Cu-constantan thermocouples 
calibrated in this laboratory." The 6 values of these 
thermocouples showed less than 5% variation, and 
since temperature differences between the block and 
foils were quite small (less than 3°K for both the Cu 
and Ag foils), the average value could be used with 
sufficient accuracy. The maximum error in foil tempera- 


144 R. W. Vook (to be published). 
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ture, including all the above mentioned sources of error, 
are tabulated in Table I. 

Table I also lists the probable error in the temperature 
intervals between successive anneals. The values take 
into account the fact that errors arising from variations 
in 8 tend to cancel, since the error in 8 at one tem- 
perature will be very nearly equal to the error in 6 at 
the next higher temperature. 


III. EXPERIMENTAL RESULTS 


Because of improper functioning of the current 
integrator, only a rough estimate of the total bombard- 
ment can be given. However, a careful record was kept 
of the target box beam current during bombardment. 
From the total integrated target box beam current and 
the ratio of total target box beam current to integrated 
flux,!® one can calculate the total flux delivered to the 
foils. The total flux obtained in this manner for this 


TABLE I. Temperature errors in various temperature regions. 


Probable error 
in temperature 
intervals (°K) 


Maximum error in foil 
temperature (°K) 








T (°K) Cu Ag CuNi Cu and Ag 
10-15 +0.15 +0.12 +0.15 +0.06 
15-20 0.07 0.07 0.10 0.05 
20-25 0.05 0.06 0.05 0.03 
25-30 0.02 0.02 0.03 0.01 
above 30 0.01 0.01 0.01 


0.01 


15 Supplied by R. O. Simmons from the lattice parameter experi- 
ment (see reference 6). 
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Fic. 3. Isothermal an- 
nealing curves between 
10 and 35°K of the re- 
sistance increment in 
99.999% pure Ag. 
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experiment was (2.50.3) X 10'* deuterons/cm? Because 
of the uncertainties in the method it was felt that resis- 
tivity increment versus flux curves should not be given 
The total resistivity increments of the Cu, Ag, and 
CuNi foils were 5.61 10-8 ohm-cm, 6.87 10-* ohm- 
cm, and 10.1 10~-* ohm-cm, respectively. 

The isothermal annealing behavior of the resistivity 
increments due to bombardment in the Cu and Ag foils 
are shown in Figs. 2 and 3. These curves were obtained 
by subtracting from the resistance of the foil after 
bombardment the resistance of the foil before bombard- 
ment at the same temperature and converting this 
increment to a difference in resistivity. To convert 
resistance to resistivity, the geometrical factor A/L was 
determined from the ratio po/Ro for each of the three 
foils, where po is the handbook" value of the resistivity 
at 0°C and Rp is the measured resistance of the foil 
at the same temperature. 

Because of uncertainties regarding the relative lengths 
of the bombarded and unbombarded sections of the 
foil, an appreciable systematic error was introduced 
when the observed resistance change was converted to 
a resistivity increment. This error amounted to about 
+3.5%. It is believed that effects due to temperature 
gradients in the Cu and Ag foils were negligible 
because of the high thermal conductivity of the metals. 

The small discontinuities between successive curves 
represent a change in the thermal contribution to the 


16 For the CuNi foil pp) was obtained from J. O. Linde, Ann. 
Physik 15, 219 (1932). 


resistivity and indicate that an alteration in the lattice 
vibration spectrum has occurred as a consequence of 
irradiation. 

Figure 4 illustrates the manner in which the resis- 
tivity increment in the CuNi foil annealed. For com- 
parison, the annealing behavior of pure Cu and Ag is 
also shown. The low-temperature annealing has been 
broadened by the addition of 3.78 atomic % Ni but 
still appears to be centered about the same temperature, 
37°K. No annealing occurs in the Cu between the low- 
temperature drop and 78°K, whereas a small amount 
of annealing occurs in the Ag between the low-tem- 
perature recovery and 78°K. 

Meissner,!” deHaas ef al.,)* and Griineisen” have 
published resistance versus temperature data of various 

TABLE IT. Resistance versus temperature for Cu. Ro= resistance 
at 0°C=5252 pohm. 











T(°K) 10°X(Rr/Ro) (°K) 10°X(Rr/Ro)  T(°K) 10° X (Rr/Ro) 
7.68 0.93 23.46 2.01 43.02 18.73 
9.72 0.94 26.40 2.85 45.98 24.19 

11.31 0.95 30.26 4.64 49.93 32.84 

13.17 0.99 33.18 6.66 54.95 45.86 

16.16 1.09 36.10 9.32 59.88 60.89 

18.67 1.28 40.02 14.12 76.93 124.68 

20.59 1.49 








17W. Meissner, Z. Physik 38, 647 (1926) and Handbuch der 
Experimental Physik, edited by W. Wien and F. Harms (Akad- 
mische Verlagsgesellschaft, Leipzig, 1935), Vol. 11, Part 2, p. 32. 
18 deHaas, de Boer, and van den Berg, Physica 1, 1115 (1933- 
1934) ; W. J. deHaas and G. J. van den Berg, Physica 3, 440 (1936). 
19 FE. Griineisen, Ann. Physik 16, 530 (1933). 
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Fic. 4. Annealing behavior of the resistance increment in the three metal foils used in this research. Resistance 
measurements were made at annealing temperatures. All three foils were held at each temperature for approximately 


one hour. 


pure metals. However, the data are not very detailed 
between 20 and 60°K, and in some cases the purity was 
less than that of the metals used in this research. For 
this reason the resistance versus temperature data 
obtained in this investigation have been tabulated in 
Tables II-IV. 

The Au data in Table IV were obtained in a pre- 
liminary cyclotron run which was unsuccessful in 
obtaining isothermal annealing data but in which 
annealing of the resistivity increment was observed 
upon gradual warm up of the specimen. The annealing 


TABLE IIT. Resistance versus temperature for Ag. Ro= resistance 
at 0°C=6225 yohm. 








T(°K) 10? X(Rr/Ro) T(°K) 102 (Rr/Ro) T(°K) 10? X(Rr/Ro) 





7.10 0.129 23.29 0.571 43.02 4.706 

9.20 0.136 26.27 0.870 45.99 5.720 
10.90 0.142 30.17 1.436 49.97 7.176 
12.89 0.159 33.09 1.999 55.00 9.145 
15.88 0.207 36.05 2.683 59.97 11.196 
18.37 0.284 40.00 3.769 77.02 18.582 
20.39 0.374 











TABLE IV. Resistance versus temperature for Au. Ro= resistance 
at 0°C=5134 pohm. 








T(°K) 102X(Rr/Ro) 








T(°K) 102 X(Rr/Ro) T(°K) 102X(Rr/Ro) 
6.76 0.133 26.84 1.799 42.62 6.976 
9.91 0.146 32.55 3.381 45.66 8.218 

12.78 0.195 33.14 3.564 50.28 10.101 

15.99 0.336 37.26 4.957 60.31 14.360 

20.65 0.739 38.02 5.225 77.63 21.772 

23.40 1.141 40.09 6.002 








was similar to that observed by Cooper.’ The increment 
was constant to about 39°K and above this tem- 
perature showed a small decrease with each increase 
in temperature. 

The energy of the deuterons striking the foils was 
about 10.7 Mev, since about 1.3 Mev was lost in trav- 
ersing the duralumin diaphragm and the two 0.0005-in. 
copper windows in the thermal radiation shields. 


IV. DISCUSSION 


1. Determination of the Initial Activation 
Energy Spectra 


The existence of thermally activated annealing 
processes in metals subjected to radiation damage at 
low temperatures suggests the suitability of assigning 
to each portion of an observed property change P a 
characteristic activation energy E which governs its 
recovery rate through the Boltzmann factor e~*/*?. 
Thus, if the magnitude of this portion of the property 
change is denoted by 9, its recovery rate is 


dp/dt= — Ke-®'", (2) 
where r= 7. Interpretation of the quantity K requires 
specific suppositions regarding the mechanism of re- 
covery. If recovery is assumed to arise from the motion 
of defects by a series of thermally induced jumps to 
traps or annihilation centers at which their contribution 
to the property is reduced, K will be given by 

K= fgA/a= pA/a, (3) 


where g.is the concentration of defects with activation 
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energy £, f is the contribution to the property change 
associated with a unit concentration of free defects 
relative to that associated with the same concentration 
of trapped or annihilated defects, A is an appropriate 
vibration frequency, and a is the average number of 
jumps required for the moving defects to reach anni- 
hilation centers. For coordinated centers such as would 
exist if the recovery process were the annihilation of 
close Frenkel pairs, a will be a small number of the 
order of unity. If the defects diffuse to dislocations, a 
will be a large number. If the defects diffuse and form 
new defects by combination, then two cases may arise. 
First, if the defects which move with a given activation 
energy can combine only with defects of the same 
energy, then a is of the order g-‘""’, where m is the 
number of defects which combine to form the new 
defect. Second, if the diffusing defect can combine with 
defects with other activation energies, then a is given 
by the reciprocal of the existing concentration of these 
defects. The second case is probably more likely to 
occur in practice. These mechanisms will be referred 
to as higher order processes of the first and second 
kinds. 

For a sufficiently dense or continuous distribution of 
activation energies, it is possible to represent the total 
property change P by a “spectrum” of processes p(£) 
such that 


p= f p(E)dE. (4) 


If the value of p(£) before any annealing has occurred 
is po(E), the original value of P before annealing will 
be given by 


Py= [ po( E\dE, (5) 
“0 


and po(£) will be said to constitute an initial activation 
energy spectrum. The first detailed treatment of the 
annealing of such continuously distributed processes 
was given by Primak.”° 

The following remarks will propose a method whereby 
the approximate shape of po(£) may be determined 
from the behavior of P observed during a series of 
isothermal annéals. It will be assumed that the processes 
involved are of identical nature (i.e., that the frequency 
factor A and the mechanism of recovery are the same 
for all processes) and differ only in their activation 
energies. 

a. Determination of Energies 

Because of the exponential dependence of the an- 
nealing rate upon the activation energy, processes 
distributed in activation energy but otherwise identical 


anneal in order of increasing energy, the energy range 
of processes undergoing simultaneous annealing at a 


*” W. Primak, Phys. Rev. 100, 1677 (1955). 
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measurable rate being of the order of a few k7. For 
density functions po(Z) appreciably broader than this, 
the annealing of a process with any given activation 
energy is not accompanied by a significant change in 
the magnitude of the observed property and hence in 
the damaged state of the metal. Thus, even with a 
diffusive mechanism, the value of a in Eq. (3) will 
remain, as for a monomolecular mechanism, essentially 
constant throughout the annealing of such a process, 
and integration of Eq. (2) shows that 


—At 
p(E) = pol E) ep(aer), (6) 


where a(£) is an appropriate value of a for the par- 
ticular process.” After a succession of anneals at 
various temperatures, p is given by 


A 
p= po exp| — anf Sgg Sith tg SI « « tiyetn)| 
(E) 


a 
= pA(E). (7) 


It will be useful to consider the factor 6 as a function 
of E. This is plotted in Fig. 5.°° Although the precise 
shape of the curve will depend upon the annealing 
history and upon the manner in which the quantity 
a(E) varies with energy, it will usually show the 
general features of the curve illustrated—an abrupt 
rise in @ from 0 to 1 within a small energy range of the 
order of 2kT in extent. As time progresses at a given 
temperature, the curve will move to the right with 
decreasing rate and with essentially unaltered form. 

From Eg. (7), the activation energy corresponding 
to a given value of @ is 


—A/a(E) ie 
a) +o exp( a ro(—-—)) 
Ind T1 ‘Tn 
1 1 
tebe sexp(-4(—- ))+«]} (8) 
Tn-1 Tn 


kKa= ra{in 








a 


Fic. 5. The annealing function 6. 


21 The case of a continuum of higher order processes of the first 
kind has been treated by Primak. However, it is difficult to 
imagine a recovery mechanism which would require the postula- 
tion of such a continuum or, if the distribution were genuinely 
continuous, how annealing could proceed at a measureable rate. 
Under such circumstances a will be of the order of (p(E)dE/f)-" 
and will be large without limit since p(£)dE is infinitesimal. The 
exponent in Eq. (6) will then be zero and p/po will have the 
constant value of one. 














The approximate energy of the actively annealing 
processes (i.e., that energy for which @ has a value near 
one-half) at the end of an anneal can be found by the 
formula”? 


P Tn+1Tn 
E=- Ink, 


Tnt+1— Tn 


(9) 


where R is the ratio of the annealing rate at the be- 
ginning of the (7+1)th anneal to that at the end of the 
nth anneal. The value of Inf — A/a() In@] can then be 
calculated and a good estimate of this quantity obtained 
from the average of a number of such determinations. 
Since A will be a large number (of the order of 10"), 
the value thus found will be applicable to all energy 
regions in which a(£) does not differ by a large factor 
from its value in the region where the determination 
was made. This will in general include quite a wide 
range of energies. Once the determination is made, the 
energy corresponding to an intermediate value of 6 
may be calculated by Eq. (8) for any point in the 
annealing history, even in temperature regions where 
good annealing rate measurements cannot be made. 
The second term in the bracket will not be highly 
sensitive to values of /», and, if 


1 1 


ba Dle—1 exp| _ | : ) 
Tn—1 Tn 


(10) 


sufficiently accurate values of the energies may be 
obtained by using estimated values of Fy in the expon- 
ents. In the application to deuteron-irradiated speci- 
mens in this investigation, /,, was more than five times 
larger than the preceding term. 

Considering a constant value of 6=C, the change in 
the energy value associated with the same degree of 
completion of the annealing process occurring between 
two points 4 and B in the annealing history is given by 


—A/a(E) 
AEc4®=(1rp—TAa) In ea -) 
InC 
fei f 
+Tp nf ts exp| —Bet(—-—) ] + 
Ti TB 
1 1 
+44 exp| —Ee"( ——) }---+40] 
1h. 7S 
Re | 
—-—)]+---+4l, 
Th. 74 


(11) 


—ta ln | ty exp| — Ec4 


where @(£) is a suitable intermediate value of a(£) for 
the interval. If the value of a(/) is assumed not to 
vary by a large fraction over the interval, the value 


2 A. W. Overhauser, Phys. Rev. 90, 393 (1953). 
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found for Inf —A/[a(E) InC]} may be used in the 
calculation of AEc. 


b. Determination of po 


At any stage in the annealing process the annealing 
function 6 may be replaced by a step function positioned 
at an energy &’ such that 


p= f p(E)dE= f po(E)dE. 
0 E’ 


The value of £’, like the value of Ec, will assume higher 
values as annealing progresses. Between two points in 
the annealing process, the change in the property value 
P will be 


(12) 


AP=p(E')AEF’, (13) 


where E’ is a suitable intermediate value of E’ for the 
interval. Dividing by the value of AEc for the same 
interval and solving for po(E’), one obtains 


a AP AEc¢ 
pe) =—- —. 
AEFe¢ AE’ 


(14) 


The value of 6(£’) will depend upon the value of 
dpo(£)/dE, being larger for greater values of dpo(Z)/dE. 
In an energy region where dfo(E)/dEF is increasing, 
therefore, values of AF’ will exceed those of AE¢ and 
AEc/AE’ will be less than one. Similarly, in regions of 
decreasing dpo(E)/dE, AEc/AE’ will be greater than 
one. For a rather slowly varying distribution function 
po(E), 0(E’) will have a value near one half and will 
remain essentially constant as annealing progresses. 
Thus AE¢/AE’ will be near unity* and one may write 

po(E')\AP/AEc. (15) 

Since the values of Ec obtained from Eq. (8) relate 
to partially annealed processes and are thus very near 
the corresponding values of E’, for sufficiently small 
annealing intervals we may associate the values of 
po(E") found from Eq. (14) with the arithmetical 
average of Ec found from Eq. (8) for the extremities of 
the interval. 

The process outlined above may be repeated for 
many successive intervals to yield a set of points po(£) 
which will characterize the spectrum of recovery 
processes. The results will not be entirely accurate, 
since in most actual circumstances the conditions 
imposed upon po(Z) and a(£) will be only partially 
satisfied. They can nevertheless provide information 
regarding the approximate intensity and energy dis- 
tribution of important recovery processes and also a 
value of the ratio of the frequency factor to the average 
number of jumps. 

The initial activation energy spectra for the annealing 
of resistivity increments that result from applying the 


*3 For the spectra investigated in this research 1.1>AE,/AE’ 
>0.9. 
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Fic. 6. The initial activation energy spectra for the annealing of resistivity increments in pure Cu and Ag. 


above analysis to the isothermal annealing data ob- 
tained in this research are shown in Fig. 6. The contri- 
bution to the resistivity increment due to the change in 
the lattice vibration spectrum has been subtracted out, 
as explained in Sec. 2 below, so that Fig. 6 represents 
the resistivity-distribution due to defects only. The 
value of In(A/a) was 27+2 for both metals. 


2. Change in the Debye Characteristic Temperature 


The discontinuities between successive isothermal 
annealing curves indicate a change in the lattice vibra- 
tion spectrum which can be most easily represented 
as a change in the resistive Debye characteristic tem- 
perature of the metal. After bombardment the thermal 
part of the resistivity of the foils at any temperature T 
(low enough so little annealing has occurred) can be 
obtained by adding to the thermal part of the resistivity 
of the foils before bombardment the sum of the discon- 
tinuities up to that temperature. The thermal part of 
the resistivity of metals pr is usually represented by 
the Bloch Griineisen formula” as follows: 


2°dz 


K T® rer 
(e7— 1)(1—e-*)’ 


M Qs 0 





Pr= (16) 


where M =atomic weight, © is the Debye characteristic 
temperature, and K is a constant characteristic of the 
metal and its volume. 

Assuming that Eq. (16) is valid, one obtains, on 
multiplying both sides by 7, 


K/Ty\° ser 2°dz 
HO, ata 
M\O0/ J (e*—1)(1—e-*) 
*D. K. C. MacDonald, Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. 14, p. 137. 


(17) 


Since prT is a function of 7/0 only, a plot of prT versus 
T for the foils before and after bombardment will be of 
identical form but will suffer a change of scale because 
of the difference in the Debye characteristic tempera- 
tures. Let ©, be the Debye characteristic temperature 
of the foil before bombardment and @, that of the foil 
after bombardment. Thus, for any fixed value of pr7, 
one has the simple relation 


T,/O1= T2/O» (18) 


at temperatures low enough so little annealing has 
occurred. 
If ©, is written as 02= 0,+AQ9, one obtains 


T.—T; 
16=04( =). 
T; 


Since T2 is less than 7, (i.e., the thermal part of the 
resistivity of the foil after bombardment increases 
more rapidly with temperature than that of the original 
metal), A@ is negative. 

For Cu, the A® calculated in this manner was 
—(15+1°K), assuming 0,=333°K and using values 
of prT below 25°K. For Ag, AQ was —(10+1°K), 
assuming ©,=223°K and using values of prT below 
15°K. The A@ in Cu is comparable to that found by 
Bowen and Rodeback.* These authors plot AO as a 
function of residual resistivity of Cu irradiated at 


(19) 





- liquid nitrogen temperatures with 33.6-Mev w particles. 


For a residual resistivity equal to that of the bombarded 
Cu in the present research, they obtained a AO of 
about —21°K. 


26D. Bowen and G. W. Rodeback, Acta Met. 1, 649 (1953). 
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An estimate of the annealing of the A@ can be 
obtained from the behavior of the discontinuities. Let 
A represent the discontinuity when the temperature 
was increased by AT=7.,—T,; it can therefore be 
expressed in the following manner: 


A=[pr(T2,02)—pr(T1,92) 
—[er(T2,01) —pr(T1,91) J. 


Equation (20) can be written as 


Opr Opr 
o[(2).-@).k 
oT 82 oT @,IT 
d /9pr 
-|—(~)| ATA@ 
OO\dT J IF6 


[- 1 d(prT) 


(20) 


@* d(T/@)? 





ATA@, (21) 
Te 


where 7 and © are suitable intermediate values of T 
and ©. One thus obtains the following expression for 
AO: 

A/AT 


AQ=— 0! _, 
[a*(prT)/d(T/@)*] 


(22) 





The AO versus temperature curves shown in Fig. 7 
were obtained using Eq. (22). The large scatter is due 
to scatter in the A/AT values, so high accuracy is not 
claimed. The second derivative term was found using 
the Bloch-Griineisen formula. In finding the second 
derivative of prT for Ag, allowance was made for the 
deviation of Ag from the Bloch-Griineisen formula 
described by variation in the Debye characteristic 
temperature with temperature.” 

The resistance that anneals out during any one 
isothermal anneal includes a contribution due to the 
annealing of the change in the Debye characteristic 
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Fic. 7. Annealing of the radiation-induced decrease in the Debye 
characteristic temperature. 


26 F. M. Kelly, Can. J. Phys. 32, 81 (1954). 
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Fic. 8. Annealing behavior of the resistance increment in the 
Cu and Ag foils corrected for the decrease in the Debye charac- 
teristic temperature. The uncorrected Cu and Ag curves of Fig. 4 
are shown dashed for comparison. 


temperature. An estimate of this contribution can be 
obtained from the expression 


1 d(prT) 
= —— ——__. (23) 
a@—- @d(T/@) 


Opr 








Thus, if an amount 6(AQ) of the decrease in the Debye 
characteristic temperature anneals out, the resulting 
resistivity change is 


dpr 8(AQ) d(prT) 
§(A@)—=— 
© d(T/@) 











(24) 
a0 


From the A@ annealing curves in Fig. 7, the con- 
tribution given by Eq. (24) was calculated and sub- 
tracted from the resistivity annealed out in each 
isothermal anneal. The resistivity densities in Fig. 6 
result therefore from changes in defect concentration 
only, excluding the effect of the defects on the Debye 
characteristic temperature. This effect was greatest, of 
course, where A® was annealing most rapidly and 
amounted to about a 10% reduction in height of the 
large peaks in the activation energy spectra. 

Similarly, the resistance increments in Cu and Ag 
indicated in Fig. 4, determined by comparing bom- 
barded and unbombarded resistance values at the 
annealing temperature, are too large since the decrease 
in the Debye characteristic temperature results in an 
increase in the thermal part of the resistance of the 
foils after bombardment. Figure 8 was drawn taking 
this into account and shows the Cu and Ag curves of 
Fig. 4 dashed for comparison. The curves are drawn 
only up to the highest temperatures at which AO was 
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measured. Note that a larger percentage of the damage 
anneals out than is indicated in Fig. 4. 


3. Summary 


The major experimental results found in this experi- 
ment are as follows: 


(1) The annealing spectrum in very pure noble 
metals is simple. In the 15°K to 80°K range it consists 
of a number of small peaks followed by a large peak. 
These peaks in the activation energy spectrum are 
reasonably discrete. If one assumes that several point 
defects are produced per primary and that the separa- 
tion distances of these defects are of the order of two 
to ten or twenty lattice parameters, then it is not too 
surprising to find some spread in the activation energies, 
especially since the spread is only of order 0.01 ev. 

(2) The frequency factor (A/a) is large, having a 
value in the range between 7.2 10'° and 3.9X 10" for 
both copper and silver. 

(3) The Debye characteristic temperature decreases 
on irradiation. For copper the decrease after 2.5X 10'* 
deuterons per cm? was 15°K, for silver the decrease 
was 10°K. Most of this change anneals out on warming 
to 50°K. 

(4) Alloying tends to make the annealing more 
nearly a continuous process with a wide range of acti- 
vation energies. 

(5) No large low-temperature drop in resistivity was 
found for pure gold in the range 12 to 50°K. 


V. INTERPRETATION 


The following models have been proposed to explain 
the low-temperature annealing of irradiated noble 
metals: 


(a) Close pairs with interstitials mobile at about 
30°K. 

(b) Close pairs with interstitials mobile at about 
190°K. 

(c) Movement of interstitials as crowdions. 

(d) Interstitials changing character, i.e., point inter- 
stitials changing to crowdions. 

(e) A trapping of interstitials by interstitials as a 
result of the anisotropic interaction potential between 
point defects. 


The structure involved in the low-temperature 
annealing points strongly towards close pairs. It should 
be noted that this does not necessarily mean that inter- 
stitials have cubic rather than uniaxial symmetry. 
Tewordt”’ has calculated the energies required to make 
a point interstitial and a crowdion (i.e., a uniaxial inter- 
stitial) in copper. He finds that the energy to make a 
point interstitial in copper is about 2.55 ev, whereas the 
energy required to make a crowdion is 3.2 ev. He also 
calculated the energy required to form a lattice vacancy 


27L. Tewordt, Phys. Rev. 109, 61 (1958). 
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in copper. This energy he found to be 0.95 ev. Tewordt”’ 
has also calculated the volume changes to be expected 
if one takes an atom from the surface and inserts it into 
an interstitial position. The volume increase found was 
0.84 atomic volume. If a vacancy is created by taking a 
lattice atom out and placing it on the surface, Tewordt 
finds that the volume of the solid increases by 0.51 
atomic volume in copper. 

Let us attempt to use this information first to deter- 
mine the concentrations of displaced atoms produced 
during irradiation and second to decide what happens 
during the prominent annealing process at about 30°K. 

During irradiation the concentration of vacancies 
equals the concentration of interstitials. Now Vook and 
Wert® found that AV/V=1.14X10-*° per deuteron 
per cm’. This value applies to an average deuteron 
energy of 8.5 Mev. 

From Tewordt’s*’ calculations for the increase in 
volume, the fraction of atoms displaced per deuteron 
is related to the volume change as follows: 


f(Av;+Ar,)=AV/V, 


where Av; and Av, are the volume increases for an 
interstitial and a vacancy, respectively, measured in 
atomic volumes. Thus f=0.84X 10~*° per deuteron, so 
that the fractional defect concentration after 10!’ deu- 
terons per cm? would be 0.84 10~. 

Cooper, Koehler, and Marx’ found that the initial 
slope of their curve of resistivity versus integrated flux 
was such that 10’ deuterons per cm? would give a 
resistivity increase of 0.23X 10~® ohm cm. Their average 
energy was near 9.5 Mev. Correcting their average 
energy to that of Vook and Wert and assuming that 
the damage is proportional to the reciprocal of the 
deuteron energy one finds that 10'7 deuterons per cm? 
of energy 8.5 Mev would give a Ap=0.26X 10-6 ohm-cm. 
Hence the resistivity of 1% of the defects would be 
3.0 10-* ohm cm. 

Simmons and Balluffi® have made lattice parameter 
measurements during deuteron irradiation at 12°K and 
during subsequent annealing. They found that the 
fractional lattice parameter increase was 4.1X10~% 
per deuteron per cm?. Correcting this for the fact that 
their deuteron energy was 7 Mev, one finds that 
Ad/d=3.4X10-*' per deuteron per cm? for 8.5-Mev 
deuterons. If the lattice expands isotropically, this cor- 
responds to a AV/V=3Ad/d=1.02X 10-” per deuteron 
per cm’, which agrees well with Vook and Wert. 

Let us next examine the changes which occur upon 
annealing to 60°K. The most obvious assumption is to 
suppose that interstitials combine with vacancies. 
Then Af;=Af,, and the same fractional drops would 
take place in resistivity, volume, and lattice parameter, 
since the annealing would simply wipe out a certain 
fraction of the damage without altering the ratio of the 
number of vacancies to interstitials. The cyclotron data 
certainly support this hypothesis, since 37% of the 
defect resistivity is left, 37% of the lattice parameter 


(25) 











change is left, and 36% of the volume change still 
remains at 60°K. 

There are two problems which one encounters if this 
explanation is adopted: first, the results are not con- 
sistent with the stored energy measurements made by 
Blewitt, Coltman, Noggle, and Homes.’ They irradiated 
copper in the Oak Ridge pile at 21.7°K. The integrated 
fast flux was 4X10!" neutrons per cm’. The resistivity 
drop on annealing a companion specimen to 60°K was 
about 1.73X10~* ohm-cm. Thus Af was 0.577X10~°. 
If it takes 3.5 ev=1.34X 10" cal to produce one inter- 
stitial vacancy pair, then the expected energy release 
would have been AL = 1.34X 10~"X 6.025 X 10” XK 0.577 
xX 10-°= 0.466 cal/mole. The Oak Ridge experiments 
showed a release of energy which was less than 0.2 
cal/mole in this region. This disagreement is probably 
not too serious, since there are minor effects connected 
with the trapping of interstitials which may remove the 
discrepancy. 

Second, why doesn’t the damage all anneal out once 
the interstitials begin to move? It is possible that inter- 
stitials trap interstitials as a result of the anisotropic 
elastic interaction discussed by Eshelby.** He showed 
that for a pair of interstitials in copper, 


E=7.5(ao/r)P, (26) 


where 
r=/4+m'+n'-- 2. (27) 
Here E is the interaction energy in electron volts; /, m, 
n are the direction cosines of the radius vector r joining 
the two interstitials, and ao is the cube edge. The coor- 
dinate axes are taken along the cube axes of the copper 
crystal. Since = +0.40 for a [100] direction the inter- 
stitials repel in that orientation, but '=—0.27 for a 
[111] direction, and hence the interstitials atéract in 
that orientation. Now the interstitials can only move 
along [100] directions. Consequently two interstitials 
may trap one another since the possible atomic jumps 
may lead to an arrangement of higher energy. 
Figure 9 shows the various interstitial configurations 
possible. Keeping one interstitial fixed and calculating 
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Fic. 9. Possible interstitial configurations. ® denotes the fixed 
interstitial. Positions B, D, and E are face center positions. The 
other positions are at cube centers. 





28 J. D. Eshelby, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 3, p. 79. 
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TABLE V. Interaction energy for two interstitials at various 
positions in copper. 


Interstitial Interaction Total energy 
( 


position energy (ev) ev) 
A —().144 —0.144 
B —0.161 —0.048 
C —0.100 —0.100 
D +0.162 +0.275 
E — 0.068 +0.045 
F —0.019 —0.019 


the pair energy using Eq. (26), one obtains the results 
shown in Table V. Some of the positions shown are 
saddle point positions, so that the energy of motion 
(assumed to be unchanged) must be added to the inter- 
action energy to give the total energy of the system. 
This result is also shown in Table V. From the table 
it is clear that two interstitials can trap one another 
in the [111 ] orientation, since on moving in any [100] 
direction from position A the energy increases. Actually, 
a careful atomic calculation of the interstitial inter- 
action should be made, since we are using Eshelby’s 
equation obtained for an elastic continuum at separa- 
tions which are a few atomic distances. It is also of 
interest that this hypothesis provides a simple explana- 
tion of the reason why 85% of the resistivity increment 
anneals out below 80°K in copper after irradiation with 
1.35-Mev electrons.‘ In the electron irradiation the 
number of displacements per primary displaced atom 
is nearly one, so that a vacancy and an interstitial are 
produced close together, and in most cases there is no 
second interstitial present. Hence the above trapping 
cannot occur for most of the Frenkel pairs. 

The frequency factor found in this experiment was in 
the range between 7.2X 10" and 3.9X 10". Actually, it 
may not be the same for the small peaks as it is for the 
large peak, but the present accuracy is not good enough 
to detect a gradual change as one anneals through the 
activation energy spectrum. The important point is 
that the frequency factor is large. This shows that the 
defects which move travel only a short distance. If the 
atomic vibration frequency is 10", then the number of 
atomic jumps made by a defect during an average 
annealing process is at most 10!*/(7.2X 10") = 139. For 
a random walk process this would correspond in copper 
to a defect-sink separation distance of about 12 inter- 
atomic distances. Note that the actual separation 
distance could be as small as 2 or 3 interatomic distances 
if the upper limit for the frequency factor is used. Thus 
the present data indicate that the defects which anneal 
at about 30°K travel only a few atomic distances. This 
is consistent with the general picture that each displaced 
primary produces a number of displaced atoms all of 
which remain in a volume within a few atomic distances 
from their original lattice positions.” 


29 See Seitz and Koehler, reference 1. 








2002 MAGNUSON, 

To summarize, it appears that model (a) gives a 
reasonable explanation for most of the present experi- 
mental data. In addition, a trapping model is proposed 
to explain why all of the damage does not anneal once 
interstitials begin to move. A measurement of the 
stored energy released in cyclotron-irradiated specimens 
during annealing from 15°K to 60°K would be ex- 
tremely useful. 


PALMER, 
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Absolute Energy to Produce an Ion Pair in Various Gases by Beta Particles from S**} 
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A repetition has been carried out of recent experiments in which the absolute average energy Wg required 
to form an ion pair in various gases was determined for the beta particles from S**. The present experiments 
employ a new procedure, which eliminates almost entirely large correction terms necessary in the former 
ionization measurements. The two experiments are in good agreement and yield the modified values of 
35.0, 24.6, and 33.9 ev/ion pair for Wg for N2, C2He, and air, respectively. 


INTRODUCTION 


N a previous paper,' henceforth referred to as J and 
S, results were obtained for Wg, the average energy 
to produce an ion pair in air, ethylene, ethane, and 
nitrogen by the beta particles from S*. Unfortunately, 
the ionization chamber measurements required cor- 
rections of from two to five percent. Although such 
corrections could apparently be estimated with great 
precision, they are nevertheless somewhat disturbing. 
A procedure for eliminating such corrections to a large 
extent was indicated in J and S, and by this method 
additional results have been obtained, which are briefly 
reported here. 

In the previous experiments the S** source was 
deposited upon a thin plastic film supported upon an 
annular mount of aluminum. The two principal correc- 
tions resulted from a loss of measured ionization when 
the beta particles struck the wall of the mount, either 
immediately after their ejection or after being back- 
scattered from the molecules of the gas in the chamber. 
Both of these cases were discussed in detail in J and S. 

It was further pointed out that in measurements 
with gas at sufficiently high pressure the directly 
ejected beta particle could be absorbed before reaching 
the wall, and the backscattered particles, instead of 
hitting the ring, would pass through the central film 
with no serious loss in energy. Accordingly the ioniza- 
tion experiments have been repeated with gas pressures 
high enough to realize to a large extent these conditions. 


+ This work was supported in part by the U. S. Atomic Energy 
Commission. 
1W. P. Jesse and J. Sadauskis, Phys. Rev. 107, 766 (1957). 


EXPERIMENTAL RESULTS 


The technique employed was almost identical with 
that of J and S. The ionization chamber (Fig. 1) was, 
however, made smaller and with sturdy metal fittings 
to withstand a pressure of eight atmospheres. The beta- 
emitting samples previously measured were mounted 
at the center of the chamber, supported directly on the 
collecting electrode post by a thin brass retaining ring. 

The technique of making the ionization current 
measurements was the same as in previous experiments. 
As before, the ionization currents were always measured 
successively with the chamber wall at a positive and 
then at a negative potential with regard to the central 
electrode and the mean current taken. For these experi- 
ments the current difference was insignificant—usually 
one to two tenths of a percent higher for the positive 
wall. One might be tempted to attribute this small 
difference to an acceleration and deceleration of the 
beta particle in the applied field of the chamber. 
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Fic. 1. Schematic dia- 
gram of ionization chamber 
for beta-particle current 
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However, such effects may be very complicated. Thus, 
in somewhat similar measurements in krypton and in 
xenon, the current with a negative wall chamber was 
consistently higher by as much as one percent. The 
reason for this is not as yet apparent. 

The Ws values for the gases used were computed as 
in Table II of J and S. In each case, as in previous 
experiments, a reduction of 0.4% was applied as a 
correction for the absorption of beta-particle energy in 
the sample film. Such corrected Wg values are plotted 
in Fig. 2 as a function of the pressure of the gas in the 
chamber for the gases N», CH4, CoH», and CoH¢. With 
increasing pressure the Wg, values diminish, at first 
rapidly and then more slowly, to reach a constant 
value at higher pressures. The cause of this diminution 
with pressure is believed to be twofold. 

In the first place, at low pressures the measured W 
values are higher because of the energy lost as the beta 
particles strike the walls of the relatively small chamber. 
As the pressure increases, the W values tend to sink to 
a constant value as all the beta energy is absorbed 
within the gas of the chamber. The shape of the curves 
is quite consistent with similar measurements in 
chambers of larger dimensions. 

In addition one would also expect a second and 
smaller effect, a very slow diminution of W with 
increasing pressure, since the pattern of the paths of 
beta particles, Fig. 1 of J and S, shrinks. Thus fewer 
and fewer particles can reach the annular ring either 
directly, as with particle A in Fig. 1 of J and S, or by 
backscattering as with particles B and D. The last two 
particles, of course, with sufficiently high pressure will 
pass through the sample film and thus lose no appreci- 
able energy. 

It is unfortunate that this slower decline in W values 
is to a large extent obscured in Fig. 2 by the superposed 
effect of the particles which strike the chamber wall. 
That such a decline exists is shown by a comparison of 
previously obtained W, values for Nz and C2He with 
the corresponding values at very high pressures in 
Fig. 2. The former values for a maximum pressure of 
162 cm of mercury taken from Table II of J and S are, 
after correction for absorption in the film only, 36.5 
and 25.3 ev/ion pair for No and C2He, respectively. 
Such values are indicated by short horizontal lines at 
160 cm pressure in Fig. 2. These can be seen to be 
considerably above the values 34.9 and 24.5 ev/ion 
pair derived from the horizontal portion of the curves 
for No and C2He in Fig. 2. The differences between 
these sets of values of 4.3 and 3.2% are in reasonable 
agreement with the corrections of 3.4 and 2.4% pre- 
viously applied for the beta-ray energy intercepted by 
the annular ring mount in column 4 of Table LII of 
J and S. 

A calculation has been made to determine the order 
of magnitude of the residual energy lost by a beta 
particle, such as A in Fig. 1 of J and S, in striking the 
wall of the mount at the maximum pressure of 600 cm 
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Fic. 2. Measured values of Wg in ev/ion pair as a function of 
gas pressure. The two sets of experimental points on three of the 
curves represent the results of two different runs. Former values 
of Wg for Nz and C2He are indicated by horizontal dashes at 160 
cm pressure. 


of mercury now used. To this end the curves of Fig. 3 
of J and S are used, where the loss of ionization energy 
can be determined as a function of pressure, as the 
beta particles strike the walls of the much larger 
chamber employed in these previous experiments. The 
present pressure of 600 cm may be reduced to the 
corresponding pressure in Fig. 3 of J and S by multiply- 
ing by the ratio of the mean path length of particle A 
to the estimated mean path length of the particle in 
the J and S experiment from sample to chamber wall. 
For this derived pressure the residual beta-particle 
energy lost is then easily read from the curve of Fig. 3 
of J and S. 

Such considerations lead to the conclusion that at a 
pressure of 600 cm of mercury, particles such as A 
lose about 10% of their total energy to the wall of the 
mount for the gases Ne, CoHe, and C2H» and about 
22% for the gas CH,, whose stopping power is much 
less. Since particles of path A constitute, from solid 
angle considerations, about 2% of the total beta 
particles emitted by the sample, the correction to the 
Wg values at 600 cm pressure would be about 0.2% 
for the three heavier gases and about 0.5% for CHy. 
The effect of such corrections is indicated in column 3 
of Table I, the uncorrected values being shown in 
column 2. To facilitate such a comparison, the W 
values are given to the second decimal place—a pro- 
cedure probably unwarranted by the accuracy of the 
measurements. The correction is seen to be almost 
insignificant for the three heavier gases and very small 
for CH,. For backscattered particles of longer paths, 
as for B and D of Fig. 1 of J and S, no significant loss 
of energy by striking the ring would be expected. 

From each Wg value of column 3 of Table I, it is 
possible to derive an independent value for Ws for air, 
computed as in Table III, column 8 of J and S, by 
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TABLE I. Summary of Wg values in ev/ion pair. 


WILLIAM 


P. JESSE 














Wg values Wg corrected for Corresponding Corrected Corresponding 
from energy loss to value of Wg Ws values 8 for air Ws from relative 
Gas Fig. 2 mount for air JandS JandS measurements 

Ne 34.9; 34.85 33.86 5.0 34.3 35.0 
C.He 24.5; 24.45 33.5¢ 24.7 33.9 24.8 
CoHe 25.7; 25.65 33.6: 25.9 
CH, 27.46 27.2¢ 33.94 27.3 
CoH, 26.2 34.0 26.2 
Mean 33.76 34.0; 


multiplying by the ratio Wg(air)/Ws(gas). Such W 
values for air are listed in column 4. 

For comparison with the results of the present 
experiment, similar values derived by the method of 
J and S are shown in columns 5 and 6. These are to be 
compared with the present values in columns 3 and 4, 
respectively. The agreement in general is good; the 
present method, however, gives slightly smaller values 
of Ws. 

Experiments were also carried out with CH, by the 
present method. Here the horizontal portion of the 
curve gave an almost exact agreement with the cor- 
responding value of 26.2 ev/ion pair in column 5. 
Following the horizontal portion, however, the curve, 
beginning at 450 cm of mercury and extending to 600 
cm, showed a gradual rise of several percent in W value. 
It is possible that such a rise is due to a minute impurity 
in the gas which prevents complete saturation at the 
highest pressures, although increasing the field in 
the chamber by as much as 50% failed to increase the 
measured current. Because of this uncertainty the 
measurements in CH, have not been included in 
Table I. 

In the final column of Table I are retabulated the 
mean Ws values from column 5 of Table I of J and S. 
These are derived from relative beta ionization measure- 
ments in different gases, with the assumption that in 
argon both Wg, and W, have the same value of 26.4 
ev/ion pair. It may be noted again that such values 
agree well with the absolute Wg, determinations, a 
strong argument for the correctness of the assumption 
that W, and Wg are equal in argon 






























The results from the present experiment combined 
with the former results give values of Wg of 35.0 and 
24.6 ev/ion pair for Ne and C.Hg¢, respectively. The 
mean of the seven derived values of Wg in air from 
columns 4 and 6 is 33.9 ev/ion pair. Again it may be 
noted that this is in very good agreement with the 
value 34.0 ev/ion pair derived from relative measure- 
ments. The estimated probable error for these results 
is of the order of one percent. It should be pointed out, 
however, that, while the present measurements tend to 
confirm the accuracy of the previous ionization measure- 
ments, they do not give any new information regarding 
the accuracy either in the counting of the samples or 
in the estimate of the average beta-ray energy in the 
S* spectrum. In the estimate of the over-all error, it is 
therefore assumed that the errors in these last two 
procedures are within the limits already assumed. 
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Dissociative Attachment of Electrons in Iodine. I. Microwave Determination 
of the Absolute Cross Section at 300°K 
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Microwave techniques are used to study electron attachment to iodine molecules during the afterglow 
following a pulsed discharge in an iodine-helium inixture. The helium gas decreases the ambipolar diffusion 
loss of the electrons and assures that the electrons are in thermal equilibrium with the gas during the after- 
glow. It is shown that under the experimental conditions electron attachment is the dominant electron-loss 
process. The measured cross section for electron attachment to iodine at 300°K is og=3.9X 107% cm*. 


TUDIES of the formation of negative ions in iodine 
vapor have been carried out by a number of 
investigators.'~* Hogness and Harkness,’ using mass 
spectrometer techniques, demonstrated that the elec- 
tron capture was the result of dissociative attachment, 

i.€., 
lyfesi-+1. (1) 


Subsequent measurements, using electron swarm’ and 
electron beam‘ techniques, have been made of the 
absolute attachment cross section as a function of 
energy; however, the results are in marked disagree- 
ment with each other concerning both the absolute 
magnitude and the energy dependence of the cross 
section. 

In order to provide an independent measurement of 
the absolute cross section as well as to extend the 
measurements to much lower energies (~0.04 ev) than 
were previously attained, microwave techniques have 
been applied to the study of electron attachment during 
the afterglow following a pulsed discharge in iodine 
vapor. 

I. THEORY 

The rate of electron attachment is determined by 
measuring the decay of electron density from an 
initially ionized gas. Because of the requirement of 
quasi-neutrality (n,-~n_+n,) in the ionized gas, one 
has for a stationary state 


On,./dt= dn_/dt+On,/ dt, (2) 


where n,, n_, and n, refer to positive ion, negative ion, 
and electron concentrations, respectively. If we consider 
negative-ion formation and diffusion as the significant 
processes, the positive ions are governed by the equation 


dn,/dt=D.V'n,, (3) 


where D, is the ambipolar diffusion coefficient. The 
fundamental solution of this equation is 


sel erbietce n,=n,(0) exp(—vopl), (4) 


1 For a discussion, see H. S. W. Massey and E. H. S. Burhop, 
Electronic and Ionic Impact Phenomena (Clarendon Press, Oxford, 
1952), p. 270 ff. 

2 T. R. Hogness and R. W. Harkness, Phys. Rev. 32, 784 (1928). 

3. H. Healy, Phil. Mag. 26, 940 (1938). 

4R. Buchdahl, J. Chem. Phys. 9, 146 (1941). 


where n,(0) is the ion density at =0 and yp=D,/A’, 
A being the characteristic diffusion length of the con- 
taining vessel. It will be shown later in this section 
that the positive ions obey the usual ambipolar diffusion 
law even in the presence of electron attachment. Also, 
it will be shown that the negative ions diffuse much 
more slowly than the positive ions, with the result that 
the rate of change of negative ion density is given by 


dn_/dt= vane, (5) 
where 
Va=NgG ad (6) 


is the attachment rate per electron, o, the attachment 
cross section, m, the neutral-molecule density, and »v 
the rms thermal velocity of the electrons. Thus, 


On,./dL= — vaNe— Vpn. (7) 
If we assume that, at ‘=0, n_(0) =0, i.e., 2.(0)=n,(0), 
the solution of Eq. (7) is 


ne= 


n.(0) 
1—vp/Va 


YD 
exp(— vat) -—— exp(— ro) (8) 


Va 


If the experimental conditions can be arranged so that 
the positive-ion diffusion rate is small compared to the 
attachment rate, then according to Eq. (8) the electron 
density decreases exponentially with time. 

The effect of negative-ion formation on the ambipolar 
diffusion of the positive ions, negative ions, and elec- 
trons can be demonstrated by a simple extension of 
the theory concerning the diffusion of electrons and 
two species of positive ions. The particle current 
density, I, for any of the three types of particles 
consists of a diffusion and a mobility term, i.e., 


Txy=—DxVnxtuxnxEk,, (9) 


where the symbol X may be used to represent the 
electrons, positive ions, or negative ions. D is the 
diffusion coefficient and u the mobility of the particle, 
and E, is the space-charge field set up by a small 
difference in density between the positive and negative 
particles. The + sign in front of the mobility term 
refers to the positive ions and the — sign to the negative 


5 A. V. Phelps and S. C. Brown, Phys. Rev. 86, 102 (1952). 
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Fic. 1. Decay of electron density at 300°K in an iodine-helium 
mixture. The iodine vapor pressures (in mm Hg) are: 0 —1.5 
X10, O—2.1K10-5, +—1X10-7, * —3X10-". The helium 
pressure is 3 mm Hg. 


ions and electrons. If one solves the three equations of 
(9) under the conditions Ty =l'.+T_, D.~1000 D_ or 
1000 D,, and u.-~ 1000 w_ or 1000 w,, one finds that if 
the negative ion to electron density ratio, r=n_/n,, is 
less than 100, then 

D.Vne 


E~-——, 


Ke Ne 


(10) 


which is the usual ambipolar space charge field. The 
current equations (9) then may be simplified to the 


forms 
pb 
2D, ( 14), (11a) 
Me 
My 
r~-—2D_ “a+y) [om (11b) 
Me 
T~—2D,(1+r)Vn,. (11c) 


Thus, the ambipolar diffusion coefficient of the positive 
ions is given by D,~2D,; i.e., in the presence of the 
usual ambipolar space charge field which aids the 
diffusion of the positive ions they move at twice the 
free positive ion diffusion rate. The negative ions, 
however, must diffuse against the space charge field 
and hence their effective diffusion rate is initially 
reduced to ~10~* the free negative ion rate. Since 
r_<Y,, the condition that T,=I.+T_ requires that 
the electrons diffuse to the walls at essentially the 
same rate as the positive ions. 


II. EXPERIMENTAL TECHNIQUE 


Microwave techniques are used to measure the decay 
of electron density during the afterglow following a 
pulsed discharge in iodine vapor. These techniques are 
described in detail in a number of previous publica- 


A. BIONDI 


tions.*:? The gas sample to be studied is enclosed in a 
quartz bottle within a TM o,0-mode microwave cavity 
resonant at 3000 Mc/sec. The electron density following 
a pulsed discharge in the bottle is determined from 
measurements of the change of resonant frequency of 
the cavity with time. 

In order to obtain absolute cross sections from the 
measurement of the decay of electron density, it is 
necessary to know the electron energy distribution. 
During the discharge the average electron energy is the 
order of 1 ev. In the afterglow the electron energy 
decreases with time as a result of elastic recoil collisions 
and diffusion cooling.* In pure iodine this energy decay 
occurs on a time scale comparable to the measuring 
interval, and hence the electron energy is both unknown 
and time varying. In order to bring the electrons rapidly 
into thermal equilibrium with the gas at the start of 
the afterglow and at the same time reduce the diffusion 
of the electrons to the walls, helium gas at a pressure 
of 3 mm Hg was added to the iodine. The excitation 
potentials of helium are sufficiently large to assure that 
the helium atoms are not excited or ionized in these 
experiments. The resulting time for the electrons to 
reach thermal equilibrium with the gas is less than 
50 sec. 

The iodine-helium mixture is contained in a sealed-off 
quartz cylindrical bottle with a tip projecting from one 
of the plane ends. The bottle was first evacuated and 
baked out at 450°C on an ultrahigh-vacuum system.? 
Crystals of chemically pure iodine were then triply 
distilled into the bottle and 3 mm Hg pressure of 
helium added before seal-off of the projecting tip. 

The cylindrical bottle is enclosed in a special micro- 
wave cavity which is kept at room temperature while 
the projecting tip extends out of the cavity into an 
“oven” whose temperature can be varied from 160°K 
to 230°K to give vapor pressures in the range 10~'°-10~4 
mm Hg of iodine. The ‘“‘oven” consists of a copper 
cylinder containing a heating element which surrounds 
the projecting tip. The copper is connected by a stain- 
less steel tube to a dry ice-alcohol or liquid nitrogen 
bath. By varying the power to the heater, the desired 
temperature, as monitored by thermocouples, is ob- 
tained at the projecting tip. 


III. MEASUREMENTS 


In order to avoid substantial negative ion formation 
during the discharge, a short pulse length (~10 usec) 
is used. To simplify the analysis of the data, measure- 
ments are carried out under conditions where the 
attachment outweighs the diffusion loss of electrons 
and consequently only the first term of Eq. (8) is 
important. This requires that the afterglow measure- 
ments be limited to ranges where the negative-ion 


6M. A. Biondi and S. C. Brown, Phys. Rev. 75, 1700 (1949). 
7M. A. Biondi, Rev. Sci. Instr. 22, 500 (1951). 

8 M. A. Biondi, Phys. Rev. 93, 1136 (1954). 

®D. Alpert, J. Appl. Phys. 24, 860 (1953). 
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concentration is less than 10-100 times the electron 
concentration. 

Some of the measured electron decay curves are 
shown in Fig. 1. At the highest iodine pressure, 1.5 
X10 mm Hg, the decay is most rapid; as the iodine 
pressure is decreased the rate of attachment decreases. 
However, at pressures of iodine of 10-7 mm Hg and 
less, the decay rate does not decrease to the value 
appropriate for the ambipolar diffusion of iodine posi- 
tive ions and electrons in 3 mm Hg of helium gas; 
instead a much larger constant decay rate is found. 
Mass spectrometric studies of attachment in iodine 
vapor" have shown that hydrogen iodide is formed in 
the measuring tube. This suggests that our observed 
background decay rate is the result of electron attach- 
ment to a fixed pressure of HI, presumably formed 
during the sealing-off of the quartz bottle. Since the 
vapor pressure of HI over the range 160° to 230°K is 
much greater than the inferred pressure of HI in the 
bottle," varying the temperature of the projecting tip 
over this range does not alter the pressure of the HI 
in the quartz bottle. 

The observed variation of the decay rate, va’, with 
iodine pressure is shown in Fig. 2. The derived rate of 
attachment to iodine molecules, va, is obtained by 
subtracting the constant background value v=3.0 
X 10* sec~! from the data. The slope of the line drawn 
through the resulting points is unity, in agreement 


1 See R. E. Fox, following paper [Phys. Rev. 109, 2008 (1958) ], 
hereafter denoted as II. 

1 The mass spectrographic studies indicate that the attachment 
cross section is the same order of magnitude for HI as for I.; 
therefore, the inferred pressure of HI in the bottle is ~10-> mm 


Hg. 
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Fic. 2. The measured electron decay rate, v,’, at 300°K as a 
function of the vapor pressure of iodine. The derived iodine 
attachment rate, va, is obtained by subtracting the constant 
background rate determined at p< 10~7 mm Hg from the measured 
values of v4’. 


with the expected linear dependence of the attachment 
rate on iodine vapor density. From Eq. (6) we find 
that the attachment cross section at 300°K is ¢,=3.9 
X 10~'® cm?. This value, obtained for an average electron 
energy of 0.039 ev, is an order of magnitude larger than 
the maximum cross section which Buchdahl‘ found to 
occur at ~0.4 ev. A discussion of possible origins of 
this discrepancy is given in part III of these articles. 
In addition the microwave measurements are combined 
with the results of mass spectrographic studies! to 
obtain the absolute cross section as a function of 
electron energy. 

The author wishes to thank various members of the 
Physics Department, in particular A. V. Phelps, for 
stimulating discussions of this work. 
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Determination of the Energy Dependence of the Cross Section 
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The energy dependence for electron attachment in iodine vapor is studied in a mass spectrometer and a 
total ionization tube using a collimated electron beam. The dissociative attachment process I,+e — I-+I 
is found to be the only significant one. In the mass spectrometer the electron energy is determined by re 
tarding potentials applied to the electron beam. In the total ionization tube a study of SF¢~ is used to 
establish the electron energy scale and to determine the electron energy distribution. These studies show 
that the maximum attachment cross section occurs for essentially zero-energy electrons, and the measured 
cross section decreases to half-value in about 0.03 ev. The mass spectrometer studies show the disturbing 
presence of I~ from hydrogen iodide which is presumed to be formed from the reaction of dissociated iodine 


with the water of crystallization in the glass. 


I. INTRODUCTION 


HE energy dependence for the attachment of 

electrons in iodine vapor has been in considerable 
doubt due to discrepancies in the results obtained by 
various investigators. The earlier results of Mohler! and 
of Hey and Leipunski’ indicated a large cross section 
for the formation of negative ions at low electron 
energies although they obtained quite different results 
both for the cross section of attachment and for the 
electron energy dependence. Hogness and Harkness* 
investigated the ions formed in a mass spectrometer. 
Although their apparatus did not provide a collimated 
electron beam of well-defined energy, they state that 
they believed the capture to occur for electrons of zero 
velocity. Their experiments showed the formation of 
I-, Ix-, and I;-. The formation of I--, which was by far 
the most probable process, was found to be the only 
primary process. 

The more recent work by Buchdahl* employed an 
electron beam defined by a slit system and collimated 
by a magnetic field in which no mass analysis of the 
ions was possible but which allowed measurements to 
be made of the kinetic energy of the ions. Buchdahl’s 
results did not agree with those of Healey’ who used 
the diffusion method with swarm electrons, or with 
those of Biondi® who used microwave techniques. 

In view of the discrepancies, a study was undertaken 
employing techniques similar to the ones used to study 
ionization by monoenergetic electrons.’ Studies of 
negative-ion formation in sulfur hexafluoride* had 
demonstrated that these techniques could be employed 
for electrons having essentially zero velocity. It was 
thus possible to bridge the energy region between 


1 F. L. Mohler, Phys. Rev. 26, 614 (1925). 

2 W. Hey and A. Leipunski, Z. Physik 66, 669 (1930). 

3 T. R. Hogness and R. W. Harkness, Phys. Rev. 32, 784 (1928). 

*R. Buchdahl, J. Chem. Phys. 9, 146 (1941). 

5 R. H. Healey, Phil. Mag. 26, 940 (1938). 

®See M. A. Biondi, preceding paper [Phys. Rev. 109, 2005 
(1958) ]. 

7 Fox, Hickam, Grove, and Kjeldaas, Rev. Sci. Instr. 26,1101 
(1955). 

8 W. M. Hickam and R. E. Fox, J. Chem. Phys. 25, 642 (1956). 


Buchdahl’s minimum usable energy of about 0.4 ev 
and Biondi’s thermal energies of 0.04 ev. 


II. EXPERIMENTAL PROCEDURE 


The experiments utilize the same apparatus employed 
in the study of SFy.* This apparatus consists of two 
instruments: a 90° sectored field type mass spectrome- 
ter, and a total ionization tube. Both of these instru- 
ments are attached to a pumping system which is 
evacuated by an oil diffusion pump through a trap 
refrigerated with liquid nitrogen. A tube containing 
iodine crystals is attached to the system by means of 
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To Mass 
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Fic. 1. Perspective sketch showing the pertinent electrodes in 
(a) the total ionization tube, and (b) the mass spectrometer ion 
source. Electrode A serves to reduce the space charge around the 
filament. B is the retarding electrode, C is the ionization chamber, 
and E is the electron collector. In both cases a magnetic field 
0 the direction of the slit axis serves to collimate the electron 
eam. 


2008 








DISSOCIATIVE 


an all-metal vacuum needle valve. By adjusting the 
valve, the desired pressure of iodine vapor can be 
admitted to the mass spectrometer tube and the total 
ionization tube. Also attached to the system is a cali- 
brated ion gauge for estimating total pressures. The 
entire system except for the iodine sample can be baked 
at about 400°C. After a bake-out, and with the trap 
refrigerated, background pressures of 10-* mm Hg are 
usually obtained. The operating pressure for the iodine 
vapor is of the order of 10-° mm Hg. 


A. Total Ionization Tube 


In order to study the shape of the capture curve, a 
total ionization tube is used, of which a perspective 
sketch is shown in Fig. 1(a). Electrons from the filament 
pass through holes in electrodes A and B and enter the 
ionization chamber defined by the cylinder composed 
of two end electrodes C connected by circularly spaced 
grid wires. Upon leaving the ionization chamber the 
electrons are collected by electrode E. A cylindrical ion 
collector surrounds the ionization chamber. This type 
of instrument is employed since it avoids the large 
discriminatory effect against ions formed with initial 
kinetic energy which is present in the sectored field 
type mass spectrometer. The total ion tube is so named 
because no mass separation of ions is possible, but 
essentially all ions which are formed reach the ion 
collector except for a few percent of the ions which 
escape to the end plates. SF is used to calibrate the 
energy scale and to compare with the peak shape. The 
results are shown in Fig. 2. Here is plotted the negative 
ion current as a function of the electron accelerating 
voltage. The open circles are for I; and the solid points 
are for SF,. It is observed that the initial introduction 
of iodine vapor affects the energy scale as determined 
by the electron acceleration voltage and, thus, it is 
necessary to alternately admit I, and SF. a number of 
times until the electrode surfaces become conditioned 
and stabilized. A comparison of the SF, curve in. this 
case with that reported previously shows a shift in the 
energy scale of about 0.6 ev due presumably to surface 
potentials. This surface potential must exist between 
the retarding plate and the ion source since the retarding 
potential difference? (RPD) method employed in these 
experiments eliminates the effects of all other contact 
potentials. 

The positions of the onsets, as well as the maxima 
of the two I, and SF; curves, agree within experimental 
error. On the high-energy side of the maxima, the 
iodine curve decreases much more slowly than the SF, 
curve. Previous investigations’ have shown that the 
SF, curve is due primarily to the two ions SFs~ and 
SF;~. With a narrow spread in electron energy the 
relative intensity at the maxima for SFs~ to SF;~ is 
about 25 to 1. From the previous studies of SFr, an 
extrapolation of the SFy~ curve has been made as 
indicated by the dotted portion of the curve. Since the 
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SF; capture cross section has been shown to be much 
narrower in energy than this curve, the extrapolated 
curve actually represents the mirror reflection of the 
electron energy distribution.* It is evident from the 
similarity of the initial portions of the SFs~ and I- 
curves that the shape of the curves from —0.8 to about 
— 0.4 ev is due to the electron energy spread. Since the 
earlier work showed that the maximum capture cross 
section occurs at zero energy, the position of the peak 
maximum for the SFs~ curve in Fig. 2 determines zero 
energy and thus serves to calibrate the energy scale for 
the iodine ion. Although Fig. 2 shows an energy dis- 
placement of about 0.03 ev, the experimental accuracy 
does not justify great significance being placed on this 
small energy difference. Thus, the data of Fig. 2 indicate 
that the formation of I~ by electron capture not only 
has a finite cross section at zero energy (within an 
estimated experimental error of 0.1 ev) but that the 
capture cross section is a maximum at this value. 

From the curves in Fig. 2, it is seen that for energies 
greater than about —0.4 ev (zero energy on the cor- 
rected scale) the I- curve decreases in intensity much 
more slowly than the SFs~ curve. In fact, the decrease 
is even slower than the SF;~ portion of the SF, curve, 
although the general shape is similar to that for the 
dissociative process SF,+e—> SF;-+F. In this region 
the cross section for forming I~ decreases to half-value 
in about 0.03 ev. The iodine curve is observed to 
decrease slowly in this manner for several volts. There 
is no evidence of the secondary maxima observed by 
Buchdahl.4 


B. Mass Spectrometer 


The mass spectrometer is used to study the I- ion 
and to determine whether any other ions are influencing 
the observed results. A simplified perspective sketch of 
the ion source is shown in Fig. 1(b). Electrons leaving 
the filament and passing through slits in electrodes A 
and B enter the ionization chamber which is defined 
by the rectangular box C and the U-shaped ion repeller 
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Fic. 2. Negative-ion current obtained in the total ionization 
tube as a function of the electron-accelerating voltage. The open 
circles are for iodine and the solid points are for sulfur hexa- 
fluoride. The dashed portion of the SF. curve indicates that portion 
attributed to SF¢-. 
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electrode. Ions formed in this region are focused 
through the ion slit in the bottom of the box where 
they are accelerated into the magnetic mass analyzer. 
It is clear that most of the ions formed with kinetic 
energy will be lost to the walls of the ionization chamber 
unless a sufficient electric field is present to focus them 
through the ion slit. The primary process I,+e— I+I- 
leads to the formation of the negative ion with consider- 
able kinetic energy since the electron affinity of iodine*.!° 
of 3.0 ev is larger than the dissociation energy" of 1.5 
ev. Buchdahl* has determined the kinetic energy of I~ 
to be 0.75 ev when the energy of the attaching electron 
is zero. With this large kinetic energy of formation, the 
ions can reach the mass spectrometer ionization 
chamber walls in times of the order of a microsecond. 
This means that the pulsing apparatus’ which was 
previously employed to study ionization in a field-free 
region could not be employed here without a consider- 
able loss in ion collection sensitivity. In order to obtain 
sufficient ion sensitivity, it is necessary to apply a dc 
ion-repeller voltage across the ionization chamber. 
However, such a potential gradient across the chamber 
influences the electron energy scale and spread. The 
(RPD) method’ is still used to select a narrow energy 
band from the initial thermal distribution of electrons 
emitted from the tungsten filament and to eliminate 
the effects of the contact potential between the filament 
and ionization chamber. 
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Fic. 3. The I~ ion current as a function of the electron-acceler- 
ating voltage obtained with the mass spectrometer. The dashed 
line is a histogram of the energy distribution of the electrons 
passing through the ionization chamber. Both curves are obtained 
with 3.2 volts applied to the ion repeller electrode. 


9P. P. Sutton and J. E. Mayer, J. Chem. Phys. 3, 20 (1935). 

1 G. Glockler and M. Galvin, J. Chem. Phys. 3, 771 (1935). 

1 T. L. Cottrell, The Strengths of Chemical Bonds (Butterworths 
Scientific Publications, London, 1954). 
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The following results are presented because they not 
only verify the results obtained with the total ionization 
tube, but illustrate the technique which can be em- 
ployed where the ions are formed with initial kinetic 
energies. Figure 3 shows the negative-ion current 
(consisting of I~) as a function of the electron-acceler- 
ating voltage. Simultaneously with the observance of 
the negative-ion current, the electron current reaching 
the electron collector [£ in Fig. 1(b) ] is measured as a 
function of the same electron-accelerating voltage. 
This technique which was employed in the study of 
SF,~ to establish the electron energy scale,’ results in a 
retarding potential curve on the electron beam, the 
differential of which yields the electron energy dis- 
tribution. Since the retardation takes place at the 
entrance to the ionization chamber, and since the ion- 
repeller field is a retarding field for the electrons, the 
resulting electron energy distribution reflects the effects 
of the ion-repeller voltage. From the differential of the 
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Fic. 4. Current onsets as a function of the ion-repeller voltage. 
The solid points show the low-energy onset of the I~ current in 
terms of the electron-accelerating voltage as a function of the 
ion-repeller voltage. The triangular points show similarly the 
onset of the electron energy distribution. 


electron retarding potential curve is obtained a histo- 
gram of the energy distribution shown by the dashed 
lines. Both the electron energy distribution and the ion 
current are obtained with an ion-repeller voltage of 3.2 
volts. It is seen that the positions of the low-energy 
onsets!” of the two curves agree as do the maxima. The 
curves are considerably broadened as well as displaced 
voltagewise due primarily to the ion repeller voltage. 
In order to ascertain the effect of the repeller voltage 
on the energy dependence for electron attachment,” 
the experiment is performed at three different values 
of the ion-repeller voltage: 1.3, 2.2, and 3.2 volts. It is 


12 The low-energy onset is defined as the lowest energy at which 
the negative-ion or electron current can be observed. The observed 
onset will be influenced by such things as the shape of the toe of 
the curve, and the amplifier sensitivity. If the curve approaches 
the axis with a finite slope the onset can be determined more 
precisely. In those cases where the energy scale is not defined, the 
low-energy onset is defined as the lowest electron-accelerating 
voltage at which the ion first appears or at which the electron 
current can be detected. 

13 Investigators have long recognized the effects of the ion 
repeller voltage on appearance potential measurements. See for 
example, R. E. Honig, J. Chem. Phys. 16, 105 (1948). 
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noted that as the repeller voltage is decreased, the low- 
energy onset of the negative-ion peak shifts to a lower 
value and the energy width for the peak becomes 
narrower. This is observed to be true also for the energy 
histograms of the electron beam. The results are shown 
in Fig. 4. The solid points give the low-energy onset of 
the negative-ion peak in terms of the electron acceler- 
ating voltage as a function of the ion-repeller voltage. 
The triangular points give the low-energy onset of the 
difference electron current energy distribution. It is 
seen that for each value of the repeller voltage the 
onsets of the negative ions are in very close agreement 
with those of the electron energy distributions. A 
straight line through these points extrapolates through 
zero electron-accelerating voltage. However, since this 
line applies to the onsets of the electron energy dis- 
tributions, the voltage scale is therefore also the correct 
energy scale. Thus it is seen that with zero repeller 
voltage the negative-ion onset occurs for electrons of 
zero energy, indicating a finite cross section for electron 
capture even at zero electron energy. 

A similar procedure is followed for plotting the 
position of the maxima of the negative-ion peak as 
well as the maxima of the electron energy distribution. 
These results are shown in Fig. 5. Here again the solid 
points are for the negative ions and the triangular 
points are for the electrons. It is seen that, here also, 
for each value of the ion-repeller voltage there is good 
agreement for the positions of the two maxima. Thus, 
the maximum electron capture also occurs at zero 
electron energy and the observed difference between 
the onset of the negative-ion current and the observed 
maximum current is due entirely to the spread in 
electron energy. 


III. DISCUSSION 


In the study of iodine, the formation of hydrogen 
iodide presents a serious problem since this results in 
an increase of the observed I~ peak with time. The HI 
is not introduced with the iodine vapor but is formed 
in the system itself. If the system is given a prolonged 
bakeout (about 12 hours) at 400°C, a background 
pressure of 1X10~* mm Hg is obtained. A scan of the 
positive ion spectrum shows only the usual minute 
traces at masses 18 and 28 (presumably H,O* and CO*). 

When the iodine vapor is admitted there is no HI* 
present initially, but after 10 or 15 minutes a trace of 
HI‘ can be detected and this peak continues to increase 
slowly over a period of 30-40 minutes to an intensity 
of about 10% of the I,*+ peak intensity. It is noticed 
that during this period the I- peak intensity is also 
slowly increasing to about 30-40% above its initial 
value. A scan of the positive-ion mass spectrum up to 
about mass 300 fails to show any peaks which might 
be responsible for the production of HI. The water 
vapor partial pressure as indicated by the mass-18 peak 
is estimated to be not greater than 10-* mm Hg. 
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Fic. 5. Current maxima as a function of ion-repeller voltage. 
The solid points show the position of the I- current maximum in 
terms of the electron-accelerating voltage as a function of the 
ion-repeller voltage. The triangular points similarly give the 
positions of the maximum of the electron energy distributions. 


It is found that the intensity of the HI* peak and its 
associated I~ peak is quite sensitive to the temperature 
of the glass envelope of the mass spectrometer indicating 
a reaction of the iodine vapor with water at the glass 
surfaces. This is not the result of an absorbed layer on 
the surface, since there is an initial lack of reaction after 
bakeout and also since a prolonged admission of iodine 
vapor for several days fails to eliminate the formation 
of HI. It is believed that the HI formation is the result 
of the iodine vapor, probably dissociated by the hot 
filament, reacting with the water of hydration of the 
glass. This postulate is substantiated by the recent 
experiments of Todd" on the outgassing characteristics 
of water from glass surfaces under vacuum in which it 
was found that water vapor was continuously evolved 
at a rate dependent on the temperature. 

There is no evidence that the presence of I- from HI 
changes the energy dependence of the electron capture 
process. From this it is concluded that the process 
HI+e—H+I- must possess an energy dependence 
that is substantially the same as that for I. It does 
appear that the I-/HI* ratio is larger than the I-/I.* 
ratio. This may, however, be explained on the basis 
that the dissociation energy of 3.06 ev" for HI is about 
equal to the electron affinity of iodine so that the frag- 
ments are formed with essentially no kinetic energy. 
Any kinetic energy which may be present due to the 
dissociation will be carried almost entirely by the 
hydrogen fragment. This undoubtedly means that the 
mass spectrometer ion collection efficiency is con- 
siderably larger for I- from HI than from Ip. 

A discussion of the relation of ion intensity to an 
absolute capture cross section is deferred to part III ® 
in this series of articles. 

The author wishes to thank Mr. W. M. Hickam for 
his help in some of the preliminary studies, and to 
acknowledge the helpful discussions with his colleagues 
in the Physics Department. 


4B. J. Todd, J. Appl. Phys. 26, 1238 (1955). 
15M. A. Biondi and R. E. Fox, Phys. Rev. 109, 2012 (1958), 
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The absolute cross section, o(£), for electron attachment in iodine is determined from the measured 
values of the average cross section, ¢(Z’), described in parts I and II of this series. This is accomplished 
by solution of the integral equation relating the average cross section, the actual cross section, and the 
energy distribution of the electrons. The derived cross section o(£) exhibits a much sharper energy depend- 
ence than that of ¢(Z’) given in II, decreasing from a maximum value at zero electron energy to a half-value 
in ~0.01 ev. The maximum cross section, ¢(0)~3X10~ cm?, is orders of magnitude larger than the values 
obtained by previous investigators. It is proposed that the difference in values can be attributed to defici- 
encies in measurements involving electron distributions of appreciable energy spread. 


N parts I and II of this series, microwave measure- 

ments of the absolute cross section at 300°K and 
mass spectrometric determinations of the variation of 
the relative cross section with energy were described 
for electron attachment in iodine vapor. In part III 
we shall combine these measurements to obtain the 
absolute cross section as a function of energy and shall 
compare these results with those of other investigators. 


I. RELATION OF ABSOLUTE CROSS SECTION TO 
MEASURED AVERAGE CROSS SECTIONS 

We wish to determine the variation with energy of 
the absolute cross section, ¢(£), for the attachment of 
electrons of energy £ to iodine molecules. However, 
our measurements, made either with a thermal (300°K) 
electron distribution in the microwave experiments or 
with a beam of finite energy spread (~9.1 ev) in the 
mass spectrometer work, represent cross sections which 
are an appropriate average of o(£), i.e., 


6(E’)= f o(E)n(E,E'dE, (1) 
0 


where ¢(’) is the average of the cross section over the 
normalized electron energy distribution, m(£,E’), 
which has an average energy £’. 
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Fic. 1. Approximation of the actual cross section, ¢(E), by the 
piecewise linear function, o;(e,). The values ¢, separating the 
linear segments were chosen by inspection of the curve of ¢(E’) 
given in Fig. 2 of II. 


In principle, if n(£,E£’) is known and one measures 
6(E’) as a function of FE’, one can obtain o(F) as a 
function of energy. The relative values of ¢(E’) as a 
function of E’ and the relative electron energy distri- 
bution are taken from the data for I~ and SF~ shown 
in Fig. 2 of II. As discussed in II, the SF, curve 
represents a mirror reflection of the energy distribution 
of the measuring electron beam. The zero of the energy 
scale is taken at the maximum of the SF¢~ cross section. 
It is assumed that the electron energy distribution’s 
shape is unchanged as the accelerating voltage is 
changed; that is, the same form of distribution is 
merely translated along the energy axis and thus may 
be represented as n(E—E’). 

The solution of the integral equation (1) for o(£) is 
described in detail by Jeeves.' A brief resumé of the 
method will be given here: 


(1) Since the measurements of ¢(£’) are in the form 
of a finite set of values, the integral of Eq. (1) is 
replaced by a finite set of integrals of the type 


te | n(E—E;’)o(E)dE. (2) 
0 


(2) For o(£) a function was used which had the 
following properties: 


(a) It was piecewise linear with abscissa values €, 
and ordinate values o, (see Fig. 1); 

(b) It was always positive, i.e., o(£) 20; 

(c) It was zero for negative electron energies; 

(d) It permitted relatively simple curvature. Only 
two changes of sign on curvature were allowed. This 
prevented the inaccuracies in the data from causing 
violent oscillations in the derived o(£). 


(3) The indicated integracion was carried out numeri- 
cally. The integrals (2) thus were replaced by sums. 
The values of the sums were: 


a(E/)=>1 A wn(E,— E,’)oi, (3) 


where the A ,, are suitable constants for the summation. 


VT. ‘A. Jeeves, Research Report 412FF142-R2, Westinghouse 
Research Laboratories (unpublished). 
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Fic. 2. The attachment cross section as a function of electron 
energy in iodine. The solid circles represent the measured values 
of &(E’) described in IT; the solid line the derived curve of the 
actual cross section o(£) obtained by solution of the integral 
equation (1). The dashed line represents the fit of the data 
obtained with this choice of o(£). 


(4) The values of €, were chosen by inspection of the 
6(E’) curve. The values of o; were determined by 
minimizing the sum of the squared errors between the 
values given by the data, and the values from Eq. (3), 
> (4(E/)—4(E/) 52 

The problem was programmed to a Datatron* for 
solution. 

The resultant curve for o(£) is shown by the solid 
curve in Figs. 1 and 2. When this derived curve is 
combined with the tabulated n(E—£E’) values, the fit 
of the integral to the original data for ¢(E’) is that 
shown by the dashed curve of Fig. 2. Thus, in going 
from the averaged cross section ¢(£’) to the actual 
cross section o(£), we have obtained as much infor- 
mation about the true shape of o(Z) as the accuracy 
of the original measurements combined with reasonable 
physical assumptions permits. The relative scale of the 
two curves is established by the consideration that the 
areas under the two curves, o(£) vs E and @(E’) vs E’, 
must be equal. This condition was used to determine 
the scale for ¢(Z’) in Fig. 2. It is not surprising that at 
higher energies, when the actual cross section varies 
only slightly over the energy width of the measuring 
electron beam, the two curves merge. 

In order to obtain the absolute magnitude of o(£) 
we make use of the microwave results, which represent 
an absolute value of the average attachment rate for the 
particular case of electrons with a Maxwellian distri- 
bution at 300°K. For a Maxwellian distribution the 
fraction of electrons between E and £+dE is propor- 


2 Electrodata Division of the Burroughs Corporation, Pasadena, 
California. 
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2013 
tional to E! exp(— E/kT)dE. Thus we may write 


va(T) vg 
——-= (69) r= const f o(E)E exp(—E/kT)dE, (4) 
n 6 


where va(T) is the average attachment rate per electron 
(obtained from Fig. 2 of I), m is the neutral atom 
density, v is the electron velocity, and the average is 
carried out over the thermal distribution. The indicated 
integration was carried out on the Datatron to establish 
the absolute scale of o(£) shown in Fig. 2. 


II. DISCUSSION 


The absolute cross section, ¢(£), determined from 
this analysis is shown on a linear scale in Fig. 2 and on 
a log-log scale in Fig. 3. Since the analysis was made 
by using linear segments to represent o(/), we have 
shown a slightly smoothed curve. Also shown in Fig. 3 
are the measurements of Buchdahl* and of Healy.‘ 
Buchdahl used a total ionization tube similar to the 
type described in II, while Healy measured the attach- 
ment of a swarm of electrons moving through a gas 
under the influence of an applied electric field.® 

In the present experiment the accuracy of the original 
data is not sufficient to determine the precise shape of 
the curve at low energies (<0.015 ev); however, it is 
clear that the true cross section has a much sharper 
energy dependence than the published “cross-section” 
data obtained with electron beams of ordinary energy 
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Fic. 3. A comparison of various measurements of the attach- 
ment cross section in iodine. The curves of Buchdahl and of 
Healy represent cross sections averaged over the particular 
electron energy distributions used in their measurements. 


3 R. Buchdahl, J. Chem. Phys. 9, 146 (1941). 

4R. H. Healy, Phil. Mag. 26, 940 (1938). 

5 The energy scale for Healy’s measurements is that calculated 
by him from measurements of D/u, where D and uw are the elec- 
tron’s diffusion coefficient and mobility, respectively. 
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Fic. 4. Schematic representation of the potential energy curves 
for iodine (after Buchdahl*). The present results require a modifi- 
cation of the repulsive I:~ curve in such a manner that it crosses 
the I, curve at its minimum. 


spread, e.g., Buchdahl’s measurements.’ In fact, the 
actual energy dependence of the cross section is not 
accurately determined even with the relatively narrow 
energy spread of the electron beam used in the retarding 
potential difference (RPD) method (see Fig. 2). 

The cross section falls from its maximum to its half 
value in ~0.01 ev. It decreases monotonically, though 
more slowly thereafter, and merges with the ¢(£’) 
curve at 0.2 ev. Neither the o(£) nor the ¢(£’) curve 
shows any sign of the maximum observed by Buchdahl® 
at ~0.4 ev. At higher energies (>0.4 ev) the values of 
o(E) are in order of magnitude agreement with the 
values obtained by Buchdah! and show roughly the 
same energy variation. Neither the present results nor 
those of Buchdahl give evidence for the sharp peak at 
~2 ev reported by Healy‘ in his swarm experiments. 

Since neither the shape of the curve determined by 
the RPD measurements of II nor the large value at 
0.039-ev energy determined from the microwave meas- 
urements of I can be reconciled with Buchdahl’s 
reported maximum cross section at 0.4 ev, we conclude 
that his result is in error. Two possible experimental 
difficulties which could lead to an apparent maximum 
at 0.4 ev are (1) a change in contact potential when 
iodine was admitted to his tube, with a resultant shift 
in his energy scale, or (2) a broadening of his electron 
energy distribution as he went to lower electron 
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energies, with a resultant decrease in the fraction of 
low-energy electrons (which exhibit a large attachment 
probability). Evidence for the first effect was obtained 
in the measurements of ITI in which a large change in 
contact potential was observed when iodine was ad- 
mitted to the tube. In the mass spectrometer studies, 
this effect was circumvented by simultaneously meas- 
uring the attachment curves with I, and SF, present. 
The SF, cross section served to fix the energy scale. 
In a total ionization tube, where mass analysis is not 
possible, one can only alternately admit the I, and a 
calibrating gas with a resulting uncertainty in the 
energy scale. The second effect, that of a broadened 
energy distribution at low electron energies (low 
accelerating voltages), often results when it is found 
necessary to increase the filament temperature to 
maintain emission at a given value as one goes to lower 
accelerating voltages. It is possible that such an effect 
could have decreased the useful fraction of low-energy 
electrons to the point where the “cross section” appar- 
ently decreased as the average electron energy (acceler- 
ating voltage) was decreased. 

The present observation of a maximum attachment 
cross section at essentially zero energy requires a 
modification of the potential curves suggested by 
Buchdahl to describe the dissociative attachment 
process [see Fig. 4(b) of reference 3]. From the present 
work, we conclude that the negative ion potential 
curve crosses the neutral molecule curve at its minimum 
as shown schematically in Fig. 4. 

Finally, the present results demonstrate that, when 
measurements are made of a cross section which varies 
appreciably in an energy interval comparable to or 
less than the energy spread of the measuring beam, 
the observed cross-section vs energy curve differs 
markedly in magnitude and in shape from the actual 
cross-section curve. However, the techniques described 
in the present paper may be used to determine the 
actual cross section, o(£), from the average cross- 
section data, ¢(E’) vs FE’, and a knowledge of the 
energy distribution of the measuring beam. 

It is a pleasure to acknowledge the helpful contri- 
butions of T. A. Jeeves in the machine solution of the 
integral equation. 
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A phenomenological theory is developed which accounts for the 
ionization produced by single collisions between heavy atoms or 
ions at kiloelectron volt energies. The collision ionization is 
regarded as a two-step process. First, as the two electron dis- 
tributions sweep through each other, a certain amount of energy 
is transferred by a friction-like mechanism from the kinetic energy 
of translation of the atoms to their internal degrees of freedom. 
Second, this transferred energy, which is analogous to heat energy, 
is statistically distributed among the electrons. The probability 
that any given number of electrons acquire more than the ioni- 
zation energy is then computed by a straightforward statistical 


analysis. The probabilities that the collision products are in the 
various states of ionization are thereby calculated as functions of 
the collision parameters. This ionization mechanism is analogous 
to the evaporation of molecules from a heated liquid. 

The theory is compared with experiment for the case in which 
singly charged argon ions are scattered by neutral argon atoms at 
energies of 25, 50, and 100 kev. At each bombarding energy the 
probabilities of finding the detected atom in any of the charge 
states, from zero to seven times ionized, as functions of the angle 
of scattering are predicted with reasonable accuracy with only 
two adjustable parameters. 





1. INTRODUCTION ' 


HEN two atoms collide at sufficiently high 

energies, a scattering occurs which can be 
adequately accounted for in terms of an elastic collision 
between two shielded point charges.’ In addition, the 
scattered systems are found to be in various states of 
ionization. Recently, considerable experimental data 
has been accumulated on the scattering of heavy ions 
by heavy neutral atoms, giving the probabilities of the 
various states of ionization as functions of the energy 
and the scattering angle.?~* 

Inasmuch as a rigorous quantum-mechanical ap- 
proach to the problem appears to be of prohibitive 
difficulty, it seems to be a worthwhile endeavor to 
formulate a phenomenological model of the collision- 
ionization process at these energies, which correlates 
the existing experimental data. It is hoped that this 
will supply an intuitive understanding of the process 
which may not only provide a framework for conceiving 
new experiments, but also indicate the approximations 
most appropriate in an eventual rigorous quantum 
mechanical approach to the problem. 

Basically, in the model suggested by the data, the 
collision-ionization is regarded as a two-step process. 
First, as the two charge distributions sweep through 
each other, a relatively smfall amount of the kinetic 
energy of translation of the atoms is transferred to 
their internal degrees of freedom by a friction-like 
mechanism. Second, upon separation the “heated” 
atoms get rid of this excess energy partly by photon 
emission and partly by electron evaporation. It is to 
be expected that there will be a statistical distribution 
in the number of electrons évaporated when a given 





* This work was sponsored by the Office of Ordnance Research, 
U. S. Army, through the Ordnance Materials Research Office at 
Watertown and the Springfield Ordnance District. 

1 Everhart, Stone, and Carbone, Phys. Rev. 99, 1287 (1955). 

2 Fuls, Jones, Ziemba, and Everhart, Phys. Rev. 107, 704 (1957). 

3 Carbone, Fuls, and Everhart, Phys. Rev. 102, 1524 (1956). 

4D. M. Kaminker and N. V. Fedorenko, Zhur. Tekh. Fiz. 25, 
2239 (1955). 


amount of energy is transferred to the internal motion 
of the colliding atoms. 

The detailed assumptions which define the proposed 
model are presented in Secs. 2 and 3. Section 2 deals 
with the statistical distribution among the orbital 
electrons of the energy transferred to the internal 
degrees of freedom. In Sec. 3, the energy transferred 
to the internal motion is obtained as a function of the 
collision parameters. In Sec. 4, the theory is compared 
with experiment in the case of scattering of singly 
ionized argon atoms incident upon neutral argon atoms 
at energies of 25, 50, and 100 kev. Agreement with the 
data is found to be good. In the concluding section, the 
assumptions made in Secs. 2 and 3 are examined by 
analyzing the effects on thé over-all agreement when 
they are altered. 


2. DISTRIBUTION OF THE ENERGY TRANSFERRED 


The purpose of this section is to determine how the 
energy transferred to the internal degrees of freedom 
is distributed among the electrons. For the sake of 
explicitness, the present work is restricted to the case 
in which both atomic particles, target and projectile, 
have outer shells of eight electrons and in which the 
translational energy of the projectile is between about 
2 kev and 1 Mev. These requirements are fulfilled by 
the argon-argon collisions for which the theory will be 
compared with the experimental data. 


A. Assumptions 


Four assumptions are made. They will be discussed 
below and re-examined in the light of the experimental 
data in Sec. 5. 


(1) The energy transferred is distributed among the 
eight outer electrons only. 

(2) The energy transferred is statistically distributed 
among these electrons. To make the problem tractable, 
the energy scale is divided into cells of equal width e. 

(3) The ratios of the statistical weights of the cells 
in the bound energy region to those of the cells in the 
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Fic. 1. Broadened energy-level diagrams for neutral argon. The 
shaded area shows the allowed energy ranges for an individual 
electron. The vertical axis has — (1+) plotted on a logarithmic 
scale in order to show the entire energy range of interest, including 
all bound states. For collision times corresponding to each of the 
three bombarding ion energies, all energy levels were broadened 
to cover a range 2AE, where AE is the Heisenberg uncertainty in 
the energy. The bound excited levels were obtained from that part 
of the optical spectrum in which one 3s electron is elevated to the 
respective vacant levels. The lines, wherever drawn, show the 
original unbroadened levels. 


continuum are approximately unity. In other words, 
all cells are taken to have the same statistical weight. 

(4) A uniform ionization energy is assumed. Any of 
the eight outer electrons that acquire more than this 
energy will escape regardless of how many others also 
escape. 


The ultimate justification for these assumptions is 
that they are necessary in order to achieve agreement 
with the data. Therefore, in Sec. 5, these assumptions 
are varied and it will there be seen that any significant 
change either destroys or appreciably reduces the 
agreement. Nevertheless, the assumptions are intui- 
tively reasonable a priori, as the following plausibility 
argument will show. 

The collision process takes place during a finite time 
T=D/v,, where D is a distance of the order of magni- 
tude of the diameter of an atom and 2; is the trans- 
lational velocity of the projectile. Because of the 
Heisenberg uncertainty principle, each sharp energy 
level in the discrete part of the spectrum is broadened 
to an interval of half-width 


For argon-argon collisions at bombarding energies of 
25, 50, and 100 kev, for example, AE is found to be 
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1.7, 2.4, and 3.4 ev, respectively. The effect of this 
broadening on the energy spectrum of an isolated 
argon atom is shown in Fig. 1. Between the first excited 
state and the ionization energy, the width of the levels 
is larger than the separation between them so that this 
portion of the energy spectrum which contains the 
bound excited states is smeared into a continuum. To 
be sure, the broadening produced by the uncertainty 
principle has been applied to the level structure of an 
isolated atom. The structure will be different for a pair 
of atoms in close proximity (during the collision), but 
it is reasonable to assume that the orders of magnitude 
of the spacings are the same as for the isolated atoms. 
Thus, it does not appear unreasonable to assume a 
statistical distribution of the energy transferred with 
equal statistical weights (assumptions 2 and 3). The 
lower limit of projectile energy for which these assump- 
tions are expected to be valid is ~2 kev at which energy 
the individual energy levels begin to resolve. 

The broadening of the K and L energy levels is 
negligible by comparison with their separations and 
does not even show up on the logarithmic scale of Fig. 1. 
Therefore, it would appear that these electrons can 
adjust adiabatically to the changing potential during 
the collision. Moreover, if any of these electrons were 
given any energy at all, they would have to be given an 
inordinately large amount of energy (enough to raise 
them to a vacant level). This seems to be a valid argu- 
ment for restricting the distribution of the energy 
transferred to the eight outer electrons (assumption 1). 
The validity of this assumption fixes the upper limit 
of collision energies at which the model can be expected 
to hold. It should be noted, however, that the K and L 
electrons can take part in electron-electron collisions 
to the extent that they can give or receive an energy 
of the order of magnitude of AE without leaving their 
original states. Thus, these electrons can account for a 
small part of the energy transferred. This point will be 
discussed further in Sec. 5. 

There is no a priori justification for assumption 4. 
If electron evaporation took place long after the atoms 
separated (i.e., when each was isolated), it would take 
a minimum of ~15 ev to get one electron out, ~45 ev 
to get two electrons out, etc.; that is, the greater the 
number of electrons which are evaporated, the more 
energy is required per electron. Such a “staggered 
ionization energy” is considered in Sec. 5, and it yields 
results in noticeably poorer agreement with the data. 
Thus, it appears that evaporation takes place as the 
two atoms are separating. (It should be pointed out 
that this is implicitly required by assumptions 2 and 3, 
for if the evaporation took place long after separation, 
the uncertainty principle broadening would no longer 
be valid.) Inasmuch as electron escape appears to take 
place when the atoms are not isolated, it is plausible 
that a uniform ionization energy is a better approxi- 
mation than a staggered ionization energy. 
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B. Ionization Probabilities 


As noted in assumption 2, the energy scale is divided 
into cells of equal size « and, according to assumption 
3, of equal statistical weight. The ionization energy 
may be taken as a convenient multiple of e. Too small 
a multiple, however, would result in too coarse sta- 
tistics, whereas a large multiple, although desirable 
for accuracy, would result in calculations of exorbitant 
length. As a compromise, 4e is taken as the ionization 
energy. 

The energy transferred, denoted by Er, is considered 
to be me if me< Er<(m+1)e, where m is an integer. 
It follows from the four assumptions that the proba- 
bility P,,(m) that a neutral atom will become times 
ionized if an energy Er=me is transferred to its internal 
motion is given by the number of ways in which the 
energy me can be divided among the eight outer 
electrons so that m and only m electrons have 4e or 
more, divided by the total number of ways.that the 
energy me can be divided among eight electrons. 

To facilitate the counting, the following quantities 
will be introduced. 


(a) K,(m) is the total number of ways in which the 
energy, Ey=me, can be divided among » electrons. 
This is just the number of ways of writing m as the 
sum of m integers (where 1+2+3 and 1+3+2 are 
counted as two different ways of writing 6 as the sum 
of 3 integers).° 

(b) Q,.(m) is the number of ways in which the energy 
me can be divided among » electrons such that none 
have more energy than 3«. It is the number of ways in 
which m can be written as the sum of m integers, all 
less than or equal to 3. 


With these definitions, the ionization probabilities are 
found, by elementary algebra, to be 


Py(m) = Os(m) /Ks(m), 


8 m—4n 4 ay. ; ? (2) 
P,,(m)= ) > K,(1)Qs-n(m—4n—i)/Ks(m), 
n i=0 


8\. } , me 
where (; is the binomial coefficient. 


Equations (2) give the probability that when the 
energy me is distributed among eight electrons, 


5 The electrons are here treated as distinguishable particles, 
although they are not, of course, intrinsically distinguishable. 
However, the eight electrons are initially in eight different angular 
momentum quantum states, and a distinction can be made in 
terms of these initial states. Thus, if only one electron escapes, it 
makes sense to say the electron originally in state such-and-such 
escaped. In fact, if only one electron is knocked out and the others 
are unaffected by the collision, the distinction can clearly be made 
experimentally by noting which quantum state is vacant after the 
collision. If this reasoning is debatable, it would be well to point 
out that the above argument is not essential to the validity of the 
theory. The energy cells are highly degenerate and the occupation 
numbers small, in which case Fermi-Dirac, Bose-Einstein, and 
Boltzmann statistics all reduce to a common limit. 
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electrons will have sufficient energy to get out. The 
remaining electrons, which are excited but do not have- 
enough energy to escape, will fall back to their ground 
states, giving up their energy by photon emission. The 
Pauli exclusion principle does not affect the results 
given by (2), since only a few electrons are distributed 
over a large number of cells. Moreover, each cell can 
accommodate a large number of electrons, equal to the 
number of individual levels contained within the cell, 
in the bound region and an infinite number in the 
continuum. 

It remains now to calculate the quantities K,(m) 
and Q),,(m), which can be obtained by means of recursion 
relationships. Suppose that for given m the K,,(m) were 
known for all m. That is, for electrons, the total 
number of ways of distributing the energy me has been 
calculated for all m. It is then possible to calculate 
Knsi1(m). The n+1st electron can be given any energy 
from Oc to me. If this electron is given energy re, the 
remaining m electrons must share the energy (m—r)e 
and this can be done in K,,(m—r) ways. 


Knii(m)= > K,(m—r). (3) 


r=0) 
To start this chain, it is necessary to have K2(m), the 
number of ways that me can be divided between two 
electrons. The first electron can be given energy 0, «, 
-, me (i.e., m+1 possible values) and, of course, 
there is then no further choice, since the second electron 
must take what is left over. Therefore, 


K2(m)=m-+1. (4) 


The recursion scheme given by Eqs. (3) and (4) can be 
solved explicitly: 


Kaim)=| Thin ]/ 0: (5) 


The recursion relationships for the Q,(m) can be 
similarly obtained. If the Q,(m) are all known, then 
Qn4i(m), the number of ways n+1 electrons can share 
me such that none has more than 3e, can be obtained 
by giving the last electron any one of the four permitted 
values of energy, 0, ¢, 2e, or 3e. The remaining n 
electrons must then share the energy me, (m—1)e, 
(m—2)e, or (m—3)e in such a way that none has more 
than 3e. Thus 


3 
Qnoi(m)= > On(m—r). (6) 
r=0 
As can be seen by direct counting, 
QOo(m)=m+1 for 0<m<3 
=7—m for 4<m<6 (7) 
= 0 for 7<m. 


No explicit solution analogous to Eq. (5) for this 
recursion scheme was obtained, and the Q,,(m) had to 
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Fic. 2. The ionization probabilities for a neutral atom containing 
eight electrons in the outer shell are plotted as functions of the 
energy Er transferred to the internal degrees of freedom. The 
energy is given in units of size e, e being one quarter of the average 
ionization potential of the electrons in the outermost shell. 


be tabulated directly from Eqs. (6) and (7). Upon 
using the values of the K,(m) and Q,(m) obtained in 
this manner in Eqs. (2), the ionization probabilities are 
obtained as functions of m=Er/e and are shown in 
Fig. 2 for the eight-electron case. 


C. Comparison of Evaporation Theory 
with Experiment 


In order to compare the evaporation theory, just 
presented, with experiment, account must be taken of 
the fact that the incoming particle, which is already 
singly ionized, comes into intimate contact with the 
electronic shells of a neutral atom. There is an even 
chance that, upon separation, this single electron 
deficiency will be associated with either atom. Hence, 
the probability that the projectile will be singly 
charged, even before electron evaporation is taken into 
consideration, is one-half. This modifies the ionization 
probabilities as calculated in the previous section and 
presented in Fig. 2. 

The modified ionization probability is denoted by 
P,. This is just the probability }P,(m) that upon 
separation the observed atom was neutral and evapo- 
rated m electrons plus the probability 3P,_:(m) that 
it was already singly ionized and lost only n—1 
electrons. 

P,,(m)=3Pn(m)+3Pn(m). (8) 
These probabilities are shown in Fig. 3, plotted against 
the energy transferred Er in units of size «, this unit 
being one quarter of the average ionization potential. 

In order to compare the theory with the experimental 
data, the ionization probabilities must be plotted not as 
functions of Er, but as functions of the energy of the 
incident projectile EZ; and the angle of scattering 6. 
Section 3 which follows is devoted to this aspect of the 
problem. However, it is evident that Ey is a monotonic 
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increasing function of 6, for the large deflections 6 
correspond to violent collisions for which Er is large, 
and vice versa. Replotting the ionization probabilities 
as functions of 6 instead of Er has only the effect of 
horizontally distorting the curves of Fig. 3 with no 
change in the vertical direction. If Fig. 3 were repro- 
duced on a sheet of rubber which was capable of being 
stretched arbitrarily in the horizontal direction but 
was rigid in the vertical direction, it should be possible 
for some inhomogeneous horizontal stretching, to make 
them congruent, at each incident ion energy to a similar 
figure in which the experimental ionization probabilities 
are plotted as functions of @. What is being said, in a 
somewhat pictorial way, is that the evaporation theory 
just presented predicts, unambiguously and without 
any parameter adjustments whatever, not only the 
heights of the peaks of all the ionization probability 
curves as well as the height of the intersection of each 
pair of curves, but also the horizontal order in which 
they occur. 

The evaporation aspect of the model is quite suc- 
cessful as can be seen in Table I. This gives the heights 
and order of occurrence as Er increases. For comparison, 
the corresponding values, taken from the experimental 
results of reference 2, for collisions of At on A at 25, 
50, and 100 kev, are listed in order of increasing de- 
flection 6. Agreement between theory and experiment 
is seen to be quite good. Indeed, the agreement between 
the experimental curves, themselves, at the three 
different energies (insofar as heights of peaks and 
intersections and order of occurrence is concerned) 
constitutes a verification of the evaporation theory. 
Despite the difference in appearance of the sets of 
experimental curves shown in Fig. 4 (reproduced from 
reference 2), they are all essentially horizontal dis- 
tortions of a single set of curves, as Table I indicates. 
With a single exception, the experimental peak and 
intersection heights at the three different energies 
agree with each other to within 0.05, and the theoretical 
values for these points agree with the average of the 
experimental values to within 0.04, the mean dis- 
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Fic. 3. The modified ionization probabilities, P,, defined by 
Eq. (8) in the text. These are needed for the scattering of singly 
ionized atoms by neutral atoms of the same type. 
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crepancy being 0.02. These discrepancies are quite 
small, by comparison with 0.5, the approximate height 
these curves achieve. 


3. ENERGY TRANSFERRED 


The purpose of this section is to obtain a measure of 
the energy Er transferred to the electrons during the 
collision. The energy transfer process is assumed to 
consist of a number of two body electron-electron 
collisions which jar the colliding electrons out of their 
initial orbits into those of higher energy. This assump- 
tion (number 5) takes the mathematical form 


E7(E1,1ro) =er(E1n)v(Ex,70), (9) 


where er is the average energy acquired by each electron 
in an electron-electron collision and y gives the number 
of such collisions that take place during the over-all 
atomic collision. The collision parameters are the energy 
E; of the incident projectile in the laboratory reference 
frame, and the distance ro of closest approach of the 
two nuclei. 

Two assumptions are implicitly made when Er is 
expressed in the form of Eq. (9). 

(5a) The electrons can adjust adiabatically to the 
nuclear motions, so that the energy transferred is 
primarily due to electron-electron collisions. This is 
equivalent to assuming that the orbital velocities are 
large compared to the relative velocity of the atoms. 

(5b) An electron-electron collision transfers a sig- 
nificant amount of energy to the interna! motion only 
if the impact parameter of this collision is less than 
some fixed length Z which is small compared to the 


TaBLe I. Heights of intersections and peaks of the theoretical 
ionization probability curves compared with the experimental 
values. 


Intersection 








or Experimental values? Theoreticale 
peak* 25 kev 50 kev 100 kev values 
P.xP, 0.42 -— 0.42 
P,xP, 0.09 0.07 0.09 
_P, 0.42 0.51 0.46 
P;xP, 0.24 0.22 eee 0.25 
P.xP, 0.07 0.05 0.02 
P;XP, 0.34 0.33 0.36 0.39 
P,xP, 0.15 0.13 0.13 0.11 
_P; 0.41 0.38 0.36 0.42 
P,xP, 0.23 0.24 0.24 0.25 
PsxPo 0.03 vs 0.00 
P.xP, ; 0.33 0.32 0.35 
PsxPs * 0.13 0.14 0.13 
P.xP, Ag 0.02 0.02 0.01 
_ Pp, 0.38 0.37 0.37 
P xP; fd 0.24 0.24 
P.xP, > 0.06 0.07 
P.xP, i 0.32 0.32 
P.xP; ; 0.14 0.14 
P,XP, 0.04 0.03 

P ny ite 0.35 0.35 
P.xP, 0.24 0.24 


« P, XP; refers to the height of the intersections of the curves P: and Pi, 
etc. P2 refers to the height of the peak of the curve Pz, etc. 

> Taken from Fig. 4. 

¢ Taken from Fig. 3. 
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ANGLE OF SCATTERING 6, LABORATORY COORDINATES 
Fic. 4. The experimental ionization probabilities for At on A 
at energies of 25, 50, and 100 kev taken from reference 2, are here 
shown plotted as functions of @ the angle of scattering in laboratory 
coordinates. 


size of the atom. The forces between charges at larger 
separations combine to form an average force on each 
charge which contributes to the deflection of each atom 
as a whole by the collision. As a consequence of this 
assumption, forces due to all other charges can be 
neglected during each electron-electron collision, 
thereby justifying the expression of Er in terms of 
two-body collisions. 

As a rough approximation, the energy transferred per 
electron-electron collision will be taken to be the average 
energy possessed by each electron in one atom with 
respect to a frame fixed in the second atom, 


er(Er) =(3m(vo+vr)”)=eo+ (m/M)Eyz. (10) 


This is the average energy which each electron has as 
it smashes through the other atom. Here vo and eé 
denote average orbital velocity and energy respectively, 
m and M represent the electron and atom masses 
respectively, and v; and E; the velocity and energy of 
the incident projectile. It should be stressed that Eq. 
(10) is not an assumption, but rather, an approximation. 
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Fic. 5. A typical scattering event. The actual path of the 
incident atom is shown as a solid line, while the dotted straight 
line parallel to the z axis at distance ro is the approximate path 
used in the theory. In the region in which the charge density is 
appreciable (within the circle), the two paths do not differ greatly. 


A typical scattering event is shown in Fig. 5, where 
the actual path of the incident atom is shown as a solid 
line. The dotted straight line parallel to the z axis at 
distance ro closely approximates this path in the region 
in which the charge densities appreciably overlap. This 
straight line path, which may be taken parallel to the 
z axis for convenience, can therefore be used to simplify 
the calculation of the number of electron-electron 
collisions v. The latter quantity is equal to the number 
of electrons of one atom which sweep past any electron 
of the other atom with a distance of closest approach 
less than or equal to L. Since all of the electrons in a 
cylinder parallel to the z axis will sweep past any point 
with the same minimum distance, as can be seen in 
Fig. 6, it is convenient to introduce the density function 
o(x,y) for either atom, where o(x,y)dxdy gives the 
number of electrons in one of the cylinders of cross- 
sectional area dxdy shown on the figure. This number 
of electrons is 


+n 


o(R)= f pled. 


—« 


(11) 


where R= (2°+-")! and r= (a?+y’+2*)!. Here, p is the 
number of electrons per unit volume. The density a is, 
then, just the area density that would result if the atom 
were squashed flat in a plane perpendicular to the 
direction of motion, as shown in Fig. 6. For this reason, 
a will be referred to as the “squashed density.” It 
should be pointed out that p and o should properly 


AND 
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refer, not to over-all densities, but only to the densities 
of those electrons allowed to participate in collisions; 
i.e., M-shell electrons. 

The number of collisions y is essentially just the 
number of electron pairs, one from each ‘‘squashed”’ 
atom, which lie within a distance L of each other in 
the plane into which the two atoms have been squashed. 
In fact, v is given by this quantity except for a multi- 
plicative function g(£7) to be discussed presently. Thus 


y= 6(En) f ox(mryor(eay) f(Ruddnndyrdiady, (12) 


where 


Ri2=[(x1—22)"+ (i yo)", (13) 
f(Ri) =1 if Re< PB 
=0 if Ry»>L, (14) 


and o; and o2 are the squashed densities of the two 
atoms. If these density functions do not vary rapidly 
over distances comparable with L, the theorem of the 
mean may be employed to simplify the result. Thus, 
f(Ri2) will be approximated by a multiple of the Dirac 
6 function, rL*6(Ri»2). Integrating over x2, y2. and 
replacing x1, y1, by a, y, 


v=mL’g(E1)M (ro), (15) 


where 


M(r.)= fos (x,y)oo(x,y)dxdy. (16) 


In the above description, it was implicitly assumed 
that the electrons did not move in their respective 
orbits as the two atoms sweep through each other. The 
orbital motion of the electrons will increase the number 
of electron collisions. This can best be seen by imagining 
a very slow atomic collision. During the time of sweep- 
through, each electron will make several revolutions, 
so that the same pair of electrons may bump into each 
other several times during the collision. The factor 





Fic. 6. A three-dimensional view of the scattering event 
shown in Fig. 5. 
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g(Ez) gives the dependence of the number of electron- 
electron collisions on the incident ion energy. For an 
infinitely fast collision it should reduce to unity, since 
the remaining factors in Eq. (15) were derived on the 
basis of electrons fixed in their respective atoms during 
the collision. The increase in the number of collisions 
due to a finite collision time is expected to be propor- 
tional to the time of collision. Therefore, it is reasonable 


to assume that g(;) has the form: 
g(E1) = 1+ B’ v= 1 +BEr ! 


where B is an undetermined positive parameter. 


With Eqs. (10), (15), and (17) substituted into Eq. 


(9), Er then has the form: 


Er(E1,ro) = A (1+mE1/Meo) (14+ BE) M (ro), 


mined parameter A. 
mation, inasmuch as L is also undetermined. 


Equation (18) gives the energy transferred as a 
function of E; and ro, while the experimental data is 
given in terms of EF; and 6. However ro is a known 
function of E; and @, (see reference 1) so that Eq. (18) 
can be re-expressed in terms of the proper variables 
with no further assumptions required. This is done in 


the following section. 


It may be noted, at this point, that the parameter 
A and the unknown ionization energy of the previous 
section actually constitute but a single adjustable 


parameter, inasmuch as only the ratio of the two enters 
into the theory. Therefore A/e and B are the only two 
adjustable parameters of the theory. 


4. COMPARISON WITH EXPERIMENT 


The complete theory described above will now be 
compared with experiment for the case in which singly 
ionized argon atoms are scattered off neutral argon 
atoms at bombarding energies of 25, 50, and 100 kev. 

Figure 7(a) shows the radial distribution of electrons 
4rr’p, where p is the number density, which follows 
from a Hartree self-consistent calculation for neutral 
argon. The part due to M-shell electrons only is required 
by the theory of Secs. 2 and 3 and is shown as a solid 
curve. The broken curves show the distributions due 
to (L+M)-shell and (K+L+M)-shell electrons, for 
comparison. The abscissa in this figure is r/a:, where 
a, is ao/Z}, ao being the radius of the first Bohr orbit 
in hydrogen. A numerical integration of p, as indicated 
in Eq. (11), results in the squashed density o. The 

squashed densities which follow from the three distri- 
butions described above are shown in Fig. 7(b). Again, 
the one required by the theory is shown as a solid curve. 

With this squashed density, the function M(r9) is 
computed by means of Eq. (16). This was done for 
nine values of the parameter ro in the range O0<ro< 2a. 
The solid curve of Fig. 8 shows the function M, for 
M-shell electrons only, plotted in terms of the dimen- 


(17) ei 


(18) 


where, eorL? has been replaced by the second undeter- 
This involves no loss of infor- 
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Fic. 7. (a) shows the radial charge distribution —dZ/dr = 42r°p 
that follows from a Hartree self-consistent calculation. The 
M-shell distribution is shown by the solid curve, while the broken 
curves show the distributions that result from L+M and 
K+L+M electrons. The abscissa is given in terms of the dimen- 
sionless variable r/a:. (b) shows the squashed densities o, defined 
by Eq. (11) in the text, that follow from each of the above dis- 
tributions. Again the M shell is designated by the solid curve. 
The abscissa is given in terms of the dimensionless variable R/a1. 


sionless variable ro/a;. Next, M(ro) is expressed as a 
function of angle of scattering and energy by deter- 
mining the dependence of ro on @ for each of the bom- 
barding ion energies. This dependence is shown in Fig. 
9, the curves being interpolated from the results ob- 
tained by Everhart, Stone, and Carbone! and tabulated 
in Table I of that paper, after converting to the labora- 
tory coordinates for the angle of scattering. It should 
be noted that the length @ defined in their paper is not 
the same as a; defined here. In fact, a;= v2 in this case. 
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Fic. 8. The function M, defined by Eq. (16) in the text, is 
plotted in terms of the dimensionless variable ro/ai. Again, the 
solid curve follows from the M-shell distribution, while the two 
broken curves follow from the (L+ M)-shell and (K+L+M)-shell 
distributions. The dashed curve has been empirically determined 
as the one which most nearly gives the empirically determined 
Er of Fig. 10. 
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The energy transferred Er is obtained using Figs. 8 
and 9 with Eq. (18), when the two undetermined 
parameters A and B are specified. The determination 
of A and B is accomplished by finding empirically the 
function Er(6,E;) which, when used with Fig. 3, gives 
best agreement with the experimental data. The 
empirical curves are shown as the dotted lines of Fig. 
10. The solid lines of this figure are the best approxi- 
mation to these curves permitted by the theory de- 
scribed above, and are obtained by setting A = 24.8¢a,’, 
B=0. (For argon e715 ev.) The adjustment of A 
automatically expresses Er in ¢ units, thereby relating 
the undetermined ionization energy of Sec. 2 (which 
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ANGLE OF SCATTERING 8, LABORATORY COORDINATES 
Fic. 9. The distance of closest approach, ro, is here plotted in 
units of size a: as a function of the angle of scattering in laboratory 
coordinates, 6, for each bombarding ion energy. 
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was taken to be 4e) to the electron-electron impact 
parameter ZL discussed in assumption 5b. The parameter 
B fixes the dependence of the number of electron- 
electron collisions on the time of sweep through. 
Although the best value for B is here found to be zero, 
it is nonvanishing, if an improved M(ro), discussed 
below, is used. 

With the function E7(@,£7) obtained by the method 
described above, the value of @ corresponding to each 
value of Er/e was read off, and the abscissas of the 
ionization probability curves shown in Fig. 3 changed 
to 6. The ionization probabilities replotted with the 
abscissas linear in 6, are shown in Fig. 11 along with 
the experimental data taken from Fuls, Jones, Ziemba, 
and Everhart? and Jones, Ziemba, Moses, and 
Everhart.® 
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Fic. 10. The energy transferred to the internal degrees of 
freedom Er is shown as a function of @ for each bombarding ion 
energy. The solid curves follow from the theory of Sec. 3, using 
M-shell electrons only. The dotted curves are empirically deter- 
mined curves to yield the best agreement of the evaporation theory 
of Sec. 2 with the experimental data. The dashed curves show the 
closest approximation to the empirically determined curves 
obtainable from the theory of Sec. 3, but using a charge distri- 
bution and consequent .M (ro/a:) intermediate between that which 
follows from M-shell electrons only and (L+M)-shell electrons. 


The good agreement shown in Fig. 11 has been 
achieved with an a priori model of the collision process 
containing only two adjustable parameters. The data 
that is correlated consists of 24 curves (eight ionization 
probabilities plotted as functions of 6 for each incident 
ion energy). Not only has the over-all shape and order 
of magnitude of each curve been reproduced, but also 
the heights of the peaks are in good agreement with the 
data. Although it cannot be seen in Fig. 11, the relative 
position of each curve among its neighbors has been 
successfully predicted. (The position at which, say, 
the curve P2 intersects the curve P; defines an intrinsic 
point on each curve, regardless of whether these are 
given as functions of 6 or Er, and it can be seen from 





6 The data taken at scattering angles below 4° have not yet 
been published and the authors are indebted for prepublication 
communication of these results. 
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Fic. 11. The ionization probabilities are plotted as functions of 
@ for each bombarding ion energy. These result when functional 
dependence of Er on @ is that given by the theory of Sec. 3 (the 
solid curves of Fig. 10). This illustrates the agreement obtained in 
comparing the entire theory with experiment. 


Table I that the heights of these intersections are 
successfully predicted.) 

The major source of discrepancy lies in the calculation 
of the energy Ey transferred to the internal motion by 
the collision and, in particular, with the assumption 
that only M-shell electrons participate in electron- 
electron collisions. If, instead of using the function 
M(ro) calculated with M-shell electrons only in Eq. 
(18), the function shown by the dashed curve of Fig. 
8 is substituted, the energy transferred is that given 
by the dashed curves of Fig. 10, after readjustment of 
A and B to 13.0ea;? and 7.90 ev! respectively. This 
corresponds to allowing K and L electrons to partici- 
pate, to a limited extent, in electron-electron collisions, 
as can be seen in Fig. 8. The consequent agreement 
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Fic. 12. The ionization probabilities are plotted as functions of 
6 for each bombarding ion energy. These result when the func- 
tional dependence of Er on @ is that given by the dashed curves 
of Fig. 10. This illustrates the agreement obtainable by the theory, 
but using a charge distribution and consequent M(ro/a:) inter- 
mediate between that which follows from M-shell electrons only 
and (L+™)-shell electrons. 


between theory and experiment, which is markedly 
improved, is shown in Fig. 12. 

Before concluding this section, it is appropriate to 
compare the values of the parameters A and B as 
obtained by empirical adjustment to the orders of 
magnitude expected on a priori grounds. The parameter 
A of Sec. 3 is equal to rl*eo, where L is the impact 
parameter for electron-electron collisions below which 
an appreciable fraction of the momentum transfer will 
be of the random, thermal type, and éo is the orbital 
kinetic energy of M-shell electrons. By adjustment, A 
was found to be of the order of magnitude 20ea,’, 
where ¢ is one quarter of the ionization energy. Taking 
the ionization energy to be approximately equal to the 
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first ionization energy of a neutral atom, ~éo, and 
equating the empirical value to the above expression 
for A, 

20(e€0/4)ar=7L*eo, 


from which it is found that L=1.3a,. This is indeed a 
reasonable size for a length which should be small, 
but not negligible compared to the size of the atom. 
The term B/E;' of Eq. (17) might naively be ex- 
pected to be roughly equal to the number of orbital 
revolutions made by an M-shell electron during the 
time of collision. Taking the time of collision to be 
equal to the time it takes for the nucleus to travel a 
distance equal to the diameter of the M shell, the 
number of revolutions completed during the collision 
time is found to be 2.1, 1.5, and 1.1 revolutions at 25, 
50, and 100 kev, respectively. This would yield a 
theoretical value for B~330 ev’ as compared to the 
value 7.9 ev! obtained by empirical adjustment. How- 
ever, it should be noted that at all of the bombarding 
energies considered, an M-shell electron makes at least 
one revolution, so that each of the electrons might be 
supposed to make at least one collision during the time 
the atoms are in contact. Inasmuch as just one electron- 
electron collision transfers nearly all the orbital kinetic 
energy of the affected electron into the “thermal” 
energy Er, the effectiveness of successive collisions in 
increasing Er is relatively small. Therefore, the effective 
value for B should be much smaller than that obtained 
by merely considering the dependence of the number of 
electron-electron collisions on the time of collision. 


5. ANALYSIS OF THE ASSUMPTIONS 


In Secs. 2 and 3, a model of the collision-ionization 
process was proposed via five assumptions. It was seen, 
in the previous section, that they yield good agreement 
with the data. However, before concluding that they 
are supported by the data, it is worthwhile examining 
the necessity of these assumptions by varying them and 
noting the effects produced thereby on the over-all 
agreement with the data. 


A. Concerning Assumption 1 


This assumption stated that primarily the eight 
M-shell electrons, took part in the electron-electron 
collisions. However, it was pointed out that the un- 
certainty principle broadening of the energy levels 
would permit the K- and L-shell electrons also to 
participate to a limited extent in these collisions. In 
order to examine the validity of this assumption, not 
only was the function M(ro) calculated using just the 
M-shell electrons, but also similar calculations were 
performed using L- and M-shell electrons as well as 
K-, L-, and M-shell electrons (i.e., the over-all density). 
These curves are all shown in Fig. 8. In addition, Fig. 
8 contains an empirically determined function M (ro) 
which, when used with Eq. (18), yields the energy 
transferred Er(6,E1), shown by the dashed curves of 
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Fig. 10, which most closely approximates the empirically 
obtained function Ey, shown by the dotted curves. It is 
seen in Fig. 8 that the effect of including collisions of the 
inner electrons is to give the function M(ro) a steeper 
slope for small values of ro. It is also seen that the 
empirically determined curve lies between the one 
obtained using M-shell electrons only and those ob- 
tained when inner electrons are included, but that it 
lies closer to the former. This would appear to lend some 
support to the assumption and the reasoning behind it. 


B. Concerning Assumption 3 


Assumption 3 holds that the statistical weights of 
the cells in the bound electron energy range (<4e) are 
approximately equal to the statistical weights of cells 
in the free electron energy range (>4e). To test this 
assumption the following variation was considered : 

The four cells in the bound energy range were taken 
to have the same weight w relative to the weight of a 
continuum cell. Thus, w represents some sort of average 
statistical weight of these four cells. It then follows that 
the ionization probabilities are given by 

P,! (m)=4P,!(m)+4Pn- 1 (m), (19) 
where P,’ is given by the following modification of the 
P,, defined by Eq. (2): 


8 
P,'(m)=w*"P,,(m) / > w*'P,(m). 


r=) 


(20) 


TaBLeE II. Comparison of theoretical heights of intersections 
and peaks for various statistical weights with the average experi- 
mental value. 





Intersection Av. 





or exp. Theoretical value 
peak* value’ w=1.25 1.00 0.715 0.500 0.100 
P.xP, 0.42 042 042 042 0.42 0.45 
P,xP, 0.08 0.08 0.09 0.08 0.08 0.05 
. 0.47 046 046 047 £4046 ~~ 0.50 
P;xP, O23 O25 025 O75 025 " G2 
P.xP, 0.06 0.02 0.02 0.02 0.02 &# 0.00 
P;xP, 0.34 «#038 «4039 039 039 # 0.42 
PyxP, 0.14 O11 O11 O10 010 0.07 
_P, 0.37 O42 O42 043 043 0.47 
P,xP, 0.24 O25 0.25 025 0.25 0.25 
XP: 0.06 0.04 004 0.04 003 0.02 
P.xP; 033 0.36 035 0.36 037. 041 
PsxP, 0.14 013 O13 013 013 0.09 
P.xP 0.02 0.01 O01 O01 001 # 0.00 
_P, 0.37 037 037 0.39 040 0.45 
P;xP; O24. O28: -028. O35. 628.008 
P XP, 0.06 0.07 0.07 0.06 0.05 0.02 
P>xP, = 0.32,—s«0.32,—s«s0.32,s«O0.33s«0.34—«0.38 
P.xP, 0.14 90415 014 Of4° O84>- 011 
P,xP, 0.04 40.03 0.03 0.03 0.02 0.00 
P, 0.35 O35 O35 O35 £0.36 &£0.43 
P.XP, 024 O02 024 O24 @2- OM 
Mean 
discrepancy 0.017 0.020 0.045 


0.015 0.014 








» P, XP, refers to the height of the intersection of the curves P and Pi, 
etc. P2 refers to the height of the peak of the curve P2, etc. 

> The average is taken over the appropriate experimental values listed 
in Tabie I. 
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IONIZATION PRODUCED 
That is, for each of the 8—» electrons which end up in 
the first four cells and are therefore not evaporated, a 
factor w must multiply the probability. The denomi- 
nator, which is the same for all values of m, merely 
normalizes the probabilities. 

A number of statistical weights were tried about the 
value of unity required by the theory. The results are 
compared with experiment in Table II which lists the 
heights of the peaks as well as the heights of the 
intersections of the computed ionization probability 
curves for statistical weights of 1.25, 1.00. 0.715, 0.500, 
0.100. These are compared with the average values of 
the corresponding experimental quantities, the average 
being taken over the values obtained at each bom- 
barding ion energy. Primary interest was focused on 
statistical weights of the bound cells less than unity, 
inasmuch as deviations would be expected in this 
direction. (Some of the energy range between the 
highest filled level and the ionization energy is not 
covered by any broadened level.) The mean discrepancy 
is seen to be least for w= 1.00, although there is hardly 
enough difference between the weights 1.25, 1.00, and 
0.715 to choose between them. The weights 0.500 and 
0.100 are, however, eliminated. 


C. Concerning Assumption 4 


This assumption states that the amount of energy 
needed by any electron to escape is independent of the 
number of electrons that escape. Intuitively, however, 
this is not the most reasonable assumption. Rather, it 
might be expected that the energy needed by any 
electron to escape would increase as the number of 
escaping electrons increases. For example, in an isolated 
neutral argon atom, one electron would need ~15 ev 
to escape; two electrons would need a minimum of 
~43 ev to escape; three would need a minimum of 
~84 ev to escape, and so forth. An evaporation model 
which simulates such a “staggered” ionization energy 
was considered. If only one electron escapes it requires 
an energy of 4¢ or more; if two electrons escape, they 
each need 6e or more, etc. Thus a different ionization 
energy E,) is used for each ionization state P, of the 
neutral atom. This is taken to be the average minimum 
ionization energy per electron needed to ionize n 
electrons, so that E,“°™=15/1 ev=4e, Ep‘) =43/2 
ev=6e, etc. Upon using this criterion to determine in 
which ionization state a given distribution would result, 
it was found that a small percentage of the ways of 
distributing Ey were not included in any of the ioni- 
zation probabilities as defined above. These had to be 
counted individually and were credited toward the 
various ionization probabilities by a rather complicated 
supplementary condition. The results are, however, 
relatively independent of the details of this condition. 
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Ex/e 


Fic. 13. The ionization probabilities P,™ that result when a 
staggered ionization energy as described in Sec. 5 is used instead 
of the uniform ionization energy assumed in Sec. 2. These are 
plotted as function of Er/e. 


The final P,,(m) were obtained by averaging for each 
m the ionization probability P,,(m) of a neutral atom 
with the corresponding ionization probability P»_:*(m) 
for an atom which was initially singly ionized before 
receiving the energy me: 


P,(m)=4Pn(m)+4Pn1*(m). 


The P,* were calculated in a manner similar to that 
described for obtaining P,,(m). 

The results are presented in Fig. 13 which shows the 
ionization probabilities as functions of Er/e. Even a 
cursory glance at this figure is sufficient to observe that 
this model cannot possibly account for the experimental 
results. Peak heights are much too large, a large fraction 
of the intersections of experimental curves do not even 
occur in Fig. 13, and many more deficiencies are im- 
mediately apparent. Nor does any statistical weight 
from 0.1 to 10 improve the agreement. The fact that the 
uniform ionization of assumption 4 gives much better 
agreement with the data than the staggered ionization 
energy considered above shows that the results are 
quite sensitive to this assumption. 
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Spectra of Argon, Oxygen, and Nitrogen Mixtures* 
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The green bands which are associated with the 5577 A oxygen line for oxygen and argon mixtures have 
been obtained with an ozonizer discharge tube. Nitrogen was found to greatly enhance the intensity of the 
green if the discharge tube was maintained at the temperature of liquid air. Spectrograms with a plate factor 
of 1.9 A/mm partially resolve the rotational structure of the overlapping vibrational bands. A 20 cm™ 
difference appears between several bands. It is assumed that this spectrum results from loosely bound 
molecular states which may be represented by A(!S9)O(4S9) and A(45S9)O(4D2). There are no bands asso- 
ciated with the 2972 A line. The 5577 A line and associated bands have been observed in a dc arc through 


3 atmospheres of commercial argon. 


A green glow is found to dominate the spectrum of an oxygen and nitrogen mixture if the discharge is 
maintained at —192°C. This spectrum consists of the 5577 A line, a continuum, and a few diffuse bands. 





I. INTRODUCTION 


HE 2972 A (So—*P;), 5577 A (1So—1D.), 6300 A 
(D2—*P:2), and 6363 A (}D.—*P,) lines of oxygen 
all involve a transition from a metastable level. 
McLennan! first identified the 5577 A line when he 
used a rare gas to help isolate the metastable oxygen 
atoms from the walls of the discharge tube. For xenon 
and oxygen mixtures, bands which are in the neighbor- 
hood of the 5577 A line have been reported by Kenty 
and co-workers,” and by Herman.** Also, Herman has 
found bands near the 2972 A line for Xe+Oz mixtures. 
Vegard,® Jenkins,* and Herman’ have reported bands 
which are closely associated with the 5577 A line for a 
mixture of argon and oxygen. An asymmetric broad- 
ening of this oxygen green line in a discharge through 
nitrogen which contains traces of oxygen has been 
reported by Kaplan.* With one exception,’ the labora- 
tory produced oxygen red lines have been very weak. 
Sayers and Emeleus” reported that in their experiments 
a red continuum at 6400 A always accompanied the 
appearance of the weak 6300 A and 6363 A lines. 

The purpose of this research has been to investigate 
the continua or bands which are associated with the 
2972, 5577, 6300, and 6363 A forbidden lines of oxygen 
whenever the oxygen is excited in the presence of argon. 


* This research was supported by the Geophysics Research 
Directorate, Air Force Cambridge Research Center. 
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II. EXPERIMENTAL PROCEDURE 


Reagent-grade argon, nitrogen, and oxygen were 
obtained in break-seal flasks from Air Reduction 
Company. In some of the experiments, the oxygen was 
produced by electrolytic means and purified by passing 
it over hot copper wire, P20, and then through a liquid 
nitrogen trap. 

Three different types of discharge tubes were utilized. 
The first source contained internal aluminum electrodes 
and was 50 cm long with an inside diameter of 6.6 cm. 
A discharge could be maintained in this tube for 
pressures up to 6 cm of Hg. The second source was 
designed so that a dc arc could be maintained between 
two tungsten electrodes in a rare gas with pressures as 
high as 6 atmospheres. An ozonizer type discharge tube 
was used to excite gases up to one atmosphere of 
pressure. In this third source the gases were excited in 
the 3-mm spacing between cylindrical external elec- 
trodes. Frequencies of 400 cps, 900 cps, and 4 Mc/sec 
were used for the excitation. For the 4-Mc/sec excita- 
tion, an external inductance was chosen to obtain 
resonance with the 30 wu f capacity of the ozonizer. 

The spectra were obtained with a Hilger constant 
deviation spectrograph, a large Littrow prism mount 
with a plate factor of 13 A/mm at 5600 A, and a 
5557 
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(a) 


(b) 


Fic. 1. (a) Green spectrum of A, Oz, and Nz mixture at —195°C. 
(b) Green spectrum of O2 and Nz mixture at — 195°C. 
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SPECTRA OF A; UF, 
Littrow mounted plane grating which gave a plate 
factor of 1.9 A/mm. 


III. EXPERMENTAL RESULTS 


Our experiments with the large-diameter discharge 
tube, using argon with a 14% oxygen content, produced 
the forbidden green and red oxygen lines for total 
pressures between 3 and 12 mm of Hg. The two red 
lines were very weak and on low-dispersion spectro- 
grams a continuum was observed to begin at 6400 A. 
Higher dispersion spectrograms revealed that this 
continuum, which was first reported by Sayers and 
Emeleus,"” is actually the triplet system of CO. 

The spectra of an arc between tungsten electrodes, 
surrounded with argon containing traces of. oxygen, 
were obtained for argon pressures up to 6 atmospheres. 
Commercial tank argon was used for the experiment 
and the hydrogen was removed by pumping the gas 
over hot CuO and P,QO;. The arc emitted the charac- 
teristic argon spectrum if the upper electrode was kept 


TABLE I. Band heads near the 5577 A line for 
A+0O.+No. mixtures. 








A(A) v(cm™) Intensities 
5576.43 17927.7 vs 
75.59 930.3 vs 
71.65 943.1 Ss 
61.73 975.1 w 
56.62 993.5 ms 
47.28 021.9 w 
44.4 031 vw 
41.6 040 vw 
34.8 062 ew 
28.6 083 ew 








directly above the lower one. With an electrode spacing 
of 3 to 4 mm, a current of 0.25 ampere, a total pressure 
of 3 atmospheres, and if the upper electrode was 
displaced slightly from the vertical, a beautiful green 
flame would appear and extend as much as 23 in. along 
the upper electrode. The green flame could be produced 
with pressures up to 5 atmospheres, but slightly higher 
currents were needed to maintain the arc and the flame 
was reduced in height. In all of the experiments, the 
green flame was the most intense for the lowest current 
at which the arc could be maintained. Spectrograms of 
the flame show a strong 5577 A oxygen line with a 
close-lying continuum. The oxygen producing this line 
was present as an impurity in the commercial argon. 
The 6300 A and 6363 A oxygen lines were not observed 
with the above discharge tube. 

When the ozonizer discharge tube was used, the 
oxygen red lines were not observed, but certain experi- 
mental conditions produced a very intense green line 
and accompanying band structure. When the tube was 
filled with one atmosphere of argon containing 7 parts 
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TABLE II. Diffuse bands near the 5577 A line for 
N2+Oz. mixtures. 











(A) Intensities A(A) Intensities 
5584.63 ew 5574.30* 

84.11 ew 72.87 w 
82.87 w 72.30 ew 
82.23 w 70.08 edge 
81.28 w 69.27 ew 
80.62 u 68.37 ew 
79.05* 67.61 ew 
77.34 vs> 





* A uniform continuum appears between these two values. 
bO(Se —'D2). 


per million of oxygen, a weak green band system was 
obtained. 900 or 400 cps excitation was found to be more 
effective than 60 cps excitation. A great enhancement 
of these same bands was produced when a small 
quantity of nitrogen was added to the mixture and the 
discharge tube maintained at the temperature of liquid 
nitrogen. A print of this spectrum is shown in Fig. 1 (a) 
and the prominent band heads are listed in Table I. 
More than 130 rotational lines have been measured but 
the overlapping bands have prevented definite rota- 
tional assignments. 

In addition to the above green bands, the spectrum 
of the A, O., and Ne mixture contains the 2972A 
oxygen line with no associated bands. Other band 
systems in the spectra have been identified as NO y, 
NO 8, second positive Ns, Goldstein-Kaplan No», and 
a very weak first positive Ne. Two new NO £6 bands 
were found and assigned as 2845.6 A (3,9) and 2984.9 A 
(3,10). When the discharge tube, which gave the green 
bands with 900 cps excitation, was excited at — 195°C 
with a frequency of 4 Mc/sec, the green line and as- 
sociated bands were completely absent and the first 
positive N» bands were prominent. 

Other gas mixtures were tried, with the 900 cps 
excitation, in an effort to produce the above green 
bands. A mixture of helium, nitrogen, and oxygen 
failed to produce any green radiation. A tube filled with 
oxygen, nitrogen, and argon at the partial pressures of 
0.6, 7.2, and 72 cm of Hg, respectively, failed to glow 
green initially. However, after operating the discharge 
for 30 minutes, with the tube maintained at — 195°C, 
the discharge glow slowly changed to a brilliant green 
with the same spectral characteristics as the A+Oz 
spectrum. Also, an intense green spectrum which con- 
sists of the 5577 A line, a continuum, and a few faint 
bands was obtained with an oxygen (0.05 cm of Hg) 
and nitrogen (28 cm of Hg) mixture if the tube was 
maintained at — 195°C. The spectrum of this discharge 
differs from the one found for A+O, as may be seen 
in Fig. 1(b). The center of symmetry of the continuum 
is shifted about 3 cm toward the violet relative to the 
atomic line. The diffuse bands which are superimposed 
on the continuum are given in Table II. 
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IV. DISCUSSION 
(A) A, Os, and N». Mixtures 


The green bands which result from a mixture of 
oxygen and argon are associated with the 5577 A 
oxygen line and have been assigned by Herman’ and 
Vegard® to AO* molecules. The resolving of the rota- 
tional lines, by the present research, provides further 
support for the combination of oxygen in the meta- 
stable states,.S» and ‘De, with argon to form an excited 
molecule. Within the discharge we would expect that 
the collision rate of metastable oxygen atoms with 
neutral argon will be much greater than the collision 
rate with argon in any excited state; then it is assumed 
that the molecular states are formed from the atomic 
states as follows: A(4S)O(4S9) and A(4S9)O(‘D2). The 
appearance of the 2972 A line with no associated band 
structure indicates that the A(4S))O@P) molecular 
state is unstable or that the molecular transition 
AS OCS) ~ ACLS o)OCP) is forbidden. The absence 
of bands in the red region which would represent a 
A(4S))O(‘D2) ~ ACS))O@P) transition led Herman" 
to assume Hund’s case a coupling which would forbid 
such transitions; yet, in the spectrum of the XeO 
molecule where. the binding energy is greater, bands 
are observed which appear to be associated with the 
2972 A line* and a red continuum has been observed 
around 8000 A.!* These molecular transitions are not 
expected for case a coupling but they are allowed for 
case c coupling. Preliminary studies of the green XeO 
bands indicate that the coupling may be case d,! but 
the evidence is not conclusive at the present. 

Vibrational assignments for the band heads reported 
in the results section have not been found. The tenta- 
tive assignments made by Herman’ cannot be fitted 
to the present data. In the XeO spectrum the 0,0 band 
is found at 5062 A and the 0,5 band is the most intense. 
Using the XeO spectrum as a guide, we would expect 
that the potential minimum of the A(159)O(4S9) state 
is shifted toward larger internuclear distance relative 
to the A(4S9)O(D2) minimum. Under such circum- 
stances, it is possible that the 0,0 band of the AO 
molecules is not observed due to the Franck-Condon 
principle. The frequency difference of 20 cm which is 
observed between several bands appears to be a vibra- 
tional frequency of the ground state. 

The overlapping of vibrational bands and the 
apparent breaking-off of rotational series have pre- 
vented an analysis of the rotational structure. It is 
possible that the rotational lines of the band at 5556.6 A 


11 L. Herman and R. Herman, Proceedings of the Conference on 
Auroral Physics, Geophysical Research Papers No. 30, AFCRC- 
— (Geophysics Research Directorate, Bedford, 1954), 
p. 221. 

2 C, D. Cooper and G. C. Cobb, Bull. Am. Phys. Soc. Ser. IT, 
3, 28 (1958). 
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may be assigned if further resolution of the band head 
is obtained. 

It is tempting to explain the increase in intensity of 
the green bands, when nitrogen is added, as resulting 
from the presence of active nitrogen. However, the 
experiments of Noxon” on the afterglow of nitrogen at 
atmospheric pressure have shown that the presence of 
active nitrogen is not necessary to explain the 5577 A 
afterglow which results from traces of oxygen. Molecular 
oxygen is known to accept energy from the O('So) 
atom, and we assume that the increase in intensity of 
the green radiation results from a decrease in the 
amount of molecular oxygen present. In fact, the 
experimental conditions favor the production of O(!S») 
from the dissociation of NO. The discharge spectrum 
shows the presence of Nz and NO within the dis- 
charge. Any other oxides of nitrogen which were formed 
were frozen on the cell walls by the liquid air. At room 
temperature the cell contained a red-brown gas which 
shows that NO» was one of the products of the discharge. 


(B) N.+0O, Mixtures 


Our investigation of the spectrum of the N2+O, 
mixture at — 195°C was undertaken primarily to show 
that the green bands which appeared were different 
from the bands which were observed for A+Oz2. The 
diffuse bands and continuum which accompany the 
5577 A line in the spectra of a N2+O2 mixture provide 
another example of collision induced emission. Very 
similar broadening of the 2537 A Hg line has been 
reported by Oldenberg, Kuhn,!° and Preston.'* Ch’en 
and Takeo” have reported absorption bands near the 
principal series lines of the alkali metals for various 
pressures of a rare gas, and they summarize related 
experimental data in their review article. 

The diffuse bands which are listed in Table II may 
arise from a loosely bound N:+O* molecular state 
which could result from a two-body collision. The 
violet shift of the continuum shows that the Van der 
Waals forces between O('D2) and Ne are greater than 
between O(1S9) and Ne. This is in agreement with 
similar data for xenon and oxygen where the 
O('D2)Xe(1S9) state is more tightly bound than the 
O(4S)Xe(4So) state. 
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In strong rare-gas discharges at relatively high pressures many hitherto unrecorded lines appear which 
are classified as transitions from preionized p’ and f’ levels to normal stable levels. Twenty-four such lines 
were found in the spectrum of Kr1 and thirty in the spectrum of Xe 1. The intensity of these lines may be 


used to measure the ion density. 


REIONIZED levels of atoms, that is stable or 

semistable levels above the first ionization poten- 
tial, are of particular interest, but are relatively little 
known.! Such levels may be sharp when the interaction 
with the ionization continuum is negligible or moder- 
ately diffuse or so diffuse as to be unrecognizable 
when the interaction is large. Examples are known 
from elements with more than one valence electron 
such as calcium, strontium, barium, mercury, and 
copper. 

The transitions to and from many of these levels are 
distinguished from other lines by their diffuseness. 
This can best be observed in the absorption spectrum. 
In emission under normal conditions the diffuse lines 
are absent or extremely weak. The lifetime of such 
preionized states is short compared to 10~* sec so that 
atoms in these states will be ionized rather than emit 
light. Lines from these states are strengthened in 
emission if the electron density is large so that re- 
combinations take place frequently.? The intensity of 
emission lines from preionized states must, therefore, 
be a measure for the electron density which in neutral 
plasmas is equal to the ion density. While there are 
several other methods for the determination of ion 
densities, none of these is idea! and the development 
of an independent method is very desirable. 

The first prerequisite is the identification of pre- 
ionized levels in gases which can be excited in a simple 
and reproducible way. Metal vapors are not very 
suitable for this, but the rare gases present very 
favorable conditions. The heavy rare gases have the 
two lowest levels of the ion, *P; and *Pj, sufficiently 
separated so that a considerable number of preionized 
levels can be expected between the two ionization 
limits. These will not be very different in energy from 
the ordinary levels so that the lines coming from them 
will lie in the same region of the spectrum. 

The present paper deals with lines from preionized 
levels in krypton and xenon. None of these levels were 
known previously. Beutler,’ on the other hand, has 


*Work carried out with support of the Office of Ordnance 
Research of the U. S. Army. 

1A. Shenstone, Phys. Rev. 38, 873 (1931); H. E. White, Phys. 
Rev. 38, 2016 (1931) ; see also the discussion in E. U. Condon and 
G. H. Shortley, Theory of Atomic Spectra (Cambridge University 
Press, New York, 1935), p. 369. 

2C. W. Allen, Phys. Rev. 39, 42-55 (1932). 

3H. Beutler, Z. Physik 93, 177 (1935). 


observed diffuse lines in absorption which have the 
preionized states so’ and mdo;’ as upper states. We 
have not observed any lines originating from these 
levels in emission, presumably because they would be 
too weak and too broad. 


NOTATION 


As proposed by Racah,' a state in a rare gas atom is 
characterized by the total quantum number n of the 
excited electron, by its orbital angular momentum / 
(expressed as usual by the symbols s, p, d, f, etc.), the 
intermediate quantum number K (angular momentum 
of the atom minus the spin of the excited electron), 
and the total angular momentum J. The quantities 
K—}4 and J are added as subscripts to the term symbol. 
(The integer K—} is used instead of K for ease in 
writing.) A prime is attached to the symbol if the state 


TABLE I. Lines from preionized levels in krypton. 





Half-width Upper level 


(A) v(cm~) Classification Logiol* (cm~) (cm™) 
5593.5 17.872 4doo-8p’ 1.8 15.5 114 644 
5699.1 17542 4do1-8p’ 1.6 16 114 628 
5904 16933 4d1-8p’ 3.32 20 114 622 
6096 16400 4d33-8p12 2.04 9? 114 627 
6361.1 17766 = 4d22-8p’ 2.8 8.3 114 634 
5342.5 18713  4doo-9p’ 7.2 115 485 
5636.961 18388  4do:-9p 1.89 5.0 115 474 
5800.0 17.237 = 4d33-9p ie’ 35 115 464 
5130.5 19486 400-10’ 2.19 4.5 116 258 
5543 18036  4d33-10pi2’ 2.23 4.7 116 263 
5744.8 17402  4ds-10p’ 1.8 5.1 116 270 
5815.7 17190 423-109’ 2.6 5.5 116 270 
5956.4 16784 = 4do1-5f22" 2.24 2.2 113 870 
6178.711 16180 4di2-5/’ 2.93 2.6 113 869 
6391.729 15641 4d3;-5/’ 2.24 2.4 113 868 
6664.993 15000 4d22-5/’ 113 868 
5513.5 18132 — 4do1-6f22’ 1.83 1.8 115 218 
5739.023 17420 434-6’ 2.24 3.7? 115 218 
6313.8 16352 4d22-6/’ 1.79 y I 115 220 
6194 16140 4d23-6/’ 1.93 2.0 115 220 
5278.859 18949  4do1-7f22’ 1.71 a4 116 035 
5448.3 18349 9 4d12-7/’ 2.71 5.0 116 038 
5481.138 18239 4d3,-7f' 116 037 
5614.0 17 808  4d33-7/’ 1.5 2.2 116 035 





« J; photoelectrically measured intensities. 
4G. Racah, Phys. Rev. 61, 537 (1942); see also Condon and 
Shortley, reference 1, p. 301. 
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TABLE II. Lines from preionized levels in xenon. 


Upper level 











A(A) v(cm™) Classification To® (em™) 
4123.55 24244.1 6501-4 f29" 10 101 429.7 
4662.26 21442.8 5doi-4foo’ 6 101 430.0 
4737.49 21102.3  5dis-4/’ 6 101 425.6 
5127.24 19498.3  5do.-4/’ 6 101 424.3 
7762.15 12879.5  6do:-4fo0’ 4 101 429.8 
7860.96 12717.6 6di2-4/’ 20 101 426.6 

10323.9 9 683.5  5d23’-4 foo’ 20 101 430.6 
3737.81 26746.0  6501'-5f29" 5 103 931.6 
4175.17 23 944.4 5do1-5 foe’ 6 103 931.6 
4235.03 23 606.0 5dis-5/’ 15 103 929.3 
4354.59 22 957.8 5d33-5f’ 6 103 928.7 
4543.99 22001.0 5doo- Sad 6 103 927.0 
6568.39 15220.2 6di-5/’ 30 103 929.2 
6708.25 14902.9 6d3;-5/’ 3 103 928.3 
6808.12 14684.3  6d2-5/" 5 103 928.1 
7192.42 13 899.7 6d 11-5 f22’ 4 103 932.4 
7825.55 12775.1 5Sdo2’-5f’ 30 103 928.3 
8009.59 12481.6 5di2’-5/’ 30 103 929.6 

(8206) (12182)  5d23’-5f’ masked by 8206.336 
8469.55 11 803.8 7do:-5/o2" 10 103 932.6 
4004.55 24964.6 5di-6/’ 10 105 287.9 
4279.16 23 362.5 5do0-6f" 2 105 288.5 
6029.78 16579.8 6d1.-6f’ 15 105 288.8 
6230.81 16044.9 6d22-6/" 4 105 288.7 
7072.44 14135.5  5dss’-6/’ 30 105 288.7 
7222.64 13 841.5  5dis’-6/’ 20 105 289.5 
7382.57 13 541.7  5d>;’-6/" 30 105 288.8 
3877.20 25 784.5 5di2-7/’ 2 106 107.8 
6684.79 14955.2 5do0'-7f" 30 106 108.4 
6961.10 14361.6 5d2;’-7/’ 20 106 108.7 
6712.93 14 892.5 


5d23'-8f" 3 106 639.6 


* Io, estimated intensities. 


belongs to a series converging to the excited level *P, 
of the ion. All preionized levels must therefore be 
primed levels. (Example 5/23’ :n=5, /=3, K= 23, J=3.) 


EMPIRICAL DATA 


Lines from broadened preionized levels should have 
negligible intensities in discharges at low pressure but 
should be strengthened greatly in strong discharges at 
high pressures where the electron density is high. For 
this reason the spectra of a microwave discharge in 
krypton® at 35-mm pressure and in xenon® at 16-mm 
pressure were examined. Numerous new lines were 
observed and measured. Under these conditions most 
lines are greatly broadened, and accurate wavelength 
measurements are not possible. Moreover the continu- 
ous background is strongly developed and weak diffuse 
lines do not appear clearly above the background on 
photographs of the spectrum. They are much more 
easily seen on photoelectric traces. The wavelengths 
could only be obtained roughly from these traces and 
cannot claim high accuracy. A few of the lines persisted 


5 For further details see Johns Hopkins Spectroscopic Report 
No. 14, 1957 (unpublished). 

® For further details see Johns Hopkins Spectroscopic Report 
No. 12, 1955 (unpublished). 
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in a krypton discharge at 1.6-mm pressure. Their wave- 
lengths are listed to three decimal places in Table I. 
The xenon lines in Table II were all obtained from 
21-ft grating plates. They are absent in a low-pressure 
discharge. 
ANALYSIS 


The preionized nf’ levels can be found by making 
use of a relation pointed out by Edlén’: nf’= § (2nfs+fs) 
+Av’, where Av’ is the difference between the two 
ionization limits.’ Av’=5371.0 cm for krypton 
Av’= 10 537.0 cm™ for xenon. There should be four 
nf’ levels for each n’ (fo2'fos'fs3'fs4’) which will, however, 
be so close together that they cannot be separated in 
the presence of the preionization broadening. (The 
total separation for 4/’ in krypton where the levels are 
sharp is 3 cm™. It should be less for higher .) We can, 
therefore, usually designate the upper level simply by 
nf’. If there is splitting, the f22’ level must be expected 
to be separated from the others.*® 

The f’ levels should combine strongly with the 
known nd and nd’ levels and less strongly with ns’ and 
ns. Tables I and II give the observed lines. From their 
frequencies the empirical values of energy levels may 
be found (listed in the last column) and compared with 
the computed values. Table III shows that the agree- 
ment is excellent when one takes into account the 
broadness of the lines. Only f22’ can combine with levels 
having J=1. For xenon the 4f22’ and 5/22’ levels lie 
definitely above the average of the unresolved 4/’ and 
5f’ levels respectively (see Table II). 

Table I gives transitions from the 8p’, 9p’, 109’ 
levels of krypton to 4d levels where the upper levels 
are clearly identified by their relative position with 
respect to the f’ levels. The corresponding lines in 
xenon have not yet been identified. Possibly they are 
too broad for easy recognition.’ 

The observed half-widths of the preionized krypton 
lines are listed in Table I. As under the prevailing 
experimental conditions the final levels have negligible 
widths,** the values listed are the half-widths of the 
levels. The half-widths of the mf’ levels are not very 
different from those of the higher m/ levels (for instance 
1.99 and 3.16 cm™ observed for 6f and 7f, respectively). 
Very little can therefore be said about the interaction 
of these levels with the ionization continuum. 

On the other hand, the mp’ levels show a much 
greater width than the corresponding mp levels; more- 
over, the half-widths decrease with increasing energy 
which is the opposite variation from that observed for 
the stable levels but which was also found for the s’ 
and d’ levels. We can, therefore, state with confidence 
that the width of the 9’ levels is largely determined by 


7 Private communication; see B. Edlén, Handbuch der Physik 
(Springer-Verlag, Berlin, to be published), Vol. 27. 

8 G. H. Shortley and B. Fried, Phys. Rev. 54, 749 (1938). 

9 Possibly two previously unclassified lines* of xenon may have 
the following identification : 21 880 cm, 6501’-7 pie’; 25 644 cm™, 
65o1'-8p iz’. 
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the shortened half-life because of interaction with the 
ionization continuum. 

So far we can only say the lines coming from pre- 
ionized levels are very much weakened at low pressures. 
The quantitative relationship between their intensity 
and the electron density remains to be determined. 

A few words should be said about the completeness 
of our present knowledge of the Kr1 and Xe 1 spectra. 
All types of predicted levels have now been found. The 
new p’ and f’ levels cannot be expected to combine 
with the ground state because of the parity selection 
rule and this explains their absence in the absorption 
spectrum. As was mentioned before, the s’ and d’ levels 
observed in the far ultraviolet absorption are probably 
so broad that transitions from them will only contribute 
to the continuous emission spectrum. The p’ levels in 
xenon have not yet been found definitely. The levels to 
be expected, p11’, por’, P12’, poo’ in the order of increasing 
energies, are probably sufficiently separated to locate 


LEVELS 


IN Kr AND Xe 2031 


TABLE III. Agreement between calculated and observed /’ levels. 








Krypton levels (cm=!) Xenon levels (cm~) 











calc obs calc obs nf’ obs nf22’ 
4f’ 111 378. 6 111380.2" 1014263 101425.3 1014298 
5f’ 113867.3 113 868 103 929.7 103928.7 103 931.9 
6f’ 115219.2 115220 105 290.3 105 288.7 
if 116033.8 116037 106 110.1 106 108.3 
106 641.7 106 639.6 











® Average of the four separated oceneteatene levels. See Atomic Energy 
Lom edited by C. E. Moore, National Bureau of Standards Circular No. 
.s Government Printing Office, Washington, D. C., 1952), Vol. II. 


them individually. Unfortunately, the levels are so 
broad and the measurements so inaccurate that at the 
present time nothing can be said about the individual 
levels. 

ACKNOWLEDGMENT 


We are greatly indebted to Professor B. Edlén for 
his help and advice. 





PHYSICAL REVIEW VOLUME 


109, 


NUMBER 6 MARCH 15, 1958 


Excitation Function for Fe°’(n,p)Mn**+ 


J. TERRELL AND D. M. Horm 
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(Received November 18, 1957) 


The relative cross section for Fe5*(n,p)Mn** has been measured by an activation method for neutron 
energies of 3.4 to 8.2 and 12.4 to 17.9 Mev, and normalized to the previously known value of 110410 mb 
at 14.3 Mev. The cross section rises above the minimum detectable value of 0.2 mb at about 4.5 Mev, 
reaches a maximum of 116 mb at 13.5 Mev, and decreases to 62 mb at 17.9 Mev. The experimental results 
are compared. with the predictions of statistical theory; the fit, although good in the vicinity of maximum 
yield, is poor at lower energies, the predicted yield being considerably too small. Cross sections for 
Fe®(n,2n)Fe® were also roughly determined at 16.9 and 17.9 Mev. 


INTRODUCTION 


HE excitation function of the reaction Fe®*(n,p) 
Mn” is of interest from the various standpoints 
of fast neutron detection, reactor design, and nuclear 
theory. This reaction, with an energetic threshold of 
2.9 Mev,! results in beta activity with a convenient 
half-life of 2.576 hours.? This paper reports activation 
measurements of the relative yield of the reaction at 
various neutron energies in the range from 3.4 to 17.9 
Mev. The yield may be put on an absolute basis by 
normalization to the value 110+10 mb at 14.3 Mev, an 
average’ of the results reported by Forbes‘ and by Paul 
and Clarke.® 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. A preliminary report was given by J. 
Terrell and D. M. Holm, Phys. Rev. = 650(A) (1954). 

1A. H. Wapstra, Physica 21, 385 (1955). 

2 Bartholomew, Hawkings, Merritt, and Yaffe, Can. J. Chem. 
31, 204 (1953). 

‘Dp. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superin- 
tendent of Documents, U. S. Government Printing Office, Wash- 
ington, D. C., 1955). 

4S. G. Forbes, Phys. Rev. 88, 1309 (1952). 

‘FE. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953). 


EXPERIMENTAL PROCEDURE 


The excitation function was determined by placing 
as many as 15 iron samples at various angles around 
d-D or d-T neutron sources, irradiating them simultane- 
ously for about 2 hours, and measuring the induced 
Mn* activities. Since the neutrons produced by these 
sources have energies varying rapidly with angle, a 
wide energy range can be covered by a few irradiations. 
In order to obtain relative cross sections for the energy 
range covered by a single source, the relative angular 
distribution of neutrons from the source must be known. 
The sets of data obtained with several different sources 
can then be internormalized if the integrated neutron 
flux is known at one angle for each irradiation. 

Three different neutron sources were used in this 
work : d-D sources at average deuteron energies of 2.00 
and 4.98 Mev and a d-T source at 1.74 Mev deuteron 
energy. Both the 2.5 Mev and large Los Alamos 
electrostatic accelerators were used. For two of these 
sources (2.00 Mev d-D and 1.74 Mev d-T) the neutron 
flux was continuously monitored with a counter tele- 
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TABLE I. Cross sections for Fe®*(n,p) Mn°*°. 











Relative 
angular 
Giad distri- 
from bution Neutron Fe56(n,p)Mn% 
neutron of energy cross section 
Neutron source source source (Mev)* (mb)> 
d-T 
(Ea= 1.74 Mev)* 0° 1.000 17.89+0.08 62 +2 
45° 0.861 16.89+0.32 74 +2 
60° =©0.793 = :16.23+40.41 84 +2 
75° 0.730 15.48+0.44 96 +2 
90° 0.671 14.714044 105 +2 
105° 0.618 13.99+0.39 114 +2 
120° 0.570 13.3540.29 116 +3 
150° 0.510 12.43+0.11 111 +3 
d-D 
(Ea=4.98 Mev)4 0° 1.000 8.21+0.02 39 «+5 
30° 0.125 7.41+0.23 34 +4 
45° 0.075 6.54+0.31 20 +2 
60° =—s-:0..10 5.55+0.34 5.6 +0.8 
75° = 0.09 4.56+0.33 04 +0.6 
d-D 
(Ea=2.00 Mev)* 0° ~—s-: 1.000 5.24+0.05 2.6 +0.2 
30° =—0.360 4.86+0.16 1.2 +0.1 
45° 0.180 4.44+0.24 0.08+0.12 
60° =: 0.148 3.94+0.28 —0.07+0.14 
75° ~—- 0.145 3.4340.29 0.02+0.13 





® The over-all spread in neutron energy is given for each point. 

> Standard deviations are relative, including all uncertainties except the 
normalization to 110+10 mb at 14.3 Mev (reference 3). 

¢ Angular distribution data from Bame and Perry (reference 8). 

4 Angular distribution data from Smith and Perry (reference 9). The 
measured differential cross section at 0° was 78.9+5.5 mb/sterad. 

e Angular distribution data from Bame (reference 7). 








scope® at 30°. Recoil protons from a polyethylene 
radiator in this neutron spectrometer passed through 
two proportional counters and were stopped in a CsI 
scintillation crystal. The scintillator pulses, if in coinci- 
dence with pulses from the other two counters, were 
displayed on an 18-channel pulse-height analyzer. 
Analysis of this spectrum and calculation of the counter 
sensitivity gave the absolute value of integrated pri- 
mary flux for each irradiation. The relative angular 
distributions for the two neutron sources mentioned 
above have been measured by Bame,’ and by Bame 
and Perry,® using counter telescopes. Since the flux 
monitoring of the 4.98-Mev d-D work was not on an 
absolute basis, the neutron flux at each angle was 
calculated from measured d-D cross section, target 
length, deuterium gas pressure, and integrated deuteron 
current. The 4.98-Mev differential cross sections have 
been measured with a neutron counter telescope by 
Smith and Perry.’ 

The samples irradiated were strips of chemically 
pure, outgassed, arc-melted iron (approximately 99.99% 
Fe), about 10 inches long, } inch wide, and 0.005 inch 
thick. For irradiation, these were coiled into tight 
cylinders ; for counting, they were uncoiled, wound and 
taped into single-layer spirals around a cylindrical 


6 Bame, Haddad, Perry, and Smith, Rev. Sci. Instr. 28, 997 
(1957). 

7S. J. Bame, Jr. (unpublished). 

8S. J. Bame, Jr., and J. E. Perry, Jr., Phys. Rev. 107, 1616 
(1957). 

9R. K. Smith and J. E. Perry, Jr. (unpublished). 
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mandrel of 33 inch diameter, and placed around a 
#-inch diameter thin-walled Geiger-Mueller counter. 
The activities were followed for several half-lives, using 
two internormalized counters. Since the samples varied 
by a few percent in weight, all counting data were 
normalized to equal sample weight. 

During irradiation the samples were held in well- 
defined positions, at 10.1 cm radius, inside an aluminum 
sample-holding ring which was carefully aligned about 
the target. In order to reduce the effect of errors in 
sample placement, two samples were placed at each 
angle used (except 0°), on opposite sides of the gas 
target of the electrostatic accelerator. No significant 
difference was observed between the activities of any 
two samples placed at the same angle. For all three 
neutron sources the same samples, counters, and 
geometries were used. 

A background measurement which was performed for 
each neutron source used in this work was the determi- 
nation of Mn** activity induced in the samples by fast 
neutrons which did not originate in the target gas. 
These measurements consisted of irradiating and count- 
ing iron samples under the same conditions and at the 
same angles as previously described, except that the 
targets were flushed and filled with helium or hydrogen. 
Appreciable yield of Mn**, amounting to a correction 
of as much as 2 mb, was found in such blank runs for 
all three neutron sources used. Slow neutrons could 
have contributed to this yield through the reaction 
Mn**(n,y)Mn**, However, spectroscopic analysis of the 
iron samples indicated a Mn content of less than 
0.03%, and earlier work with samples of 1010 steel, 
containing 0.2% Mn*, gave the same uncorrected yield 
as pure iron at all neutron energies. Since the entire 
yield of Mn** was due to the blank effect at energies 
below 4.5 Mey, it is clear that there was no noticeable 
yield from Mn capture, and that fast neutrons were 
responsible for the blank yield of Mn*®. Such fast 
neutrons could have originated from the Al(d,m) reac- 
tion at the two lower deuteron energies used, since the 
target window was 1.47 mg/cm? aluminum. At 4.98- 
Mev deuteron energy, the fast background may have 
been due to deuterium embedded in the target assembly 
(the foil used was 1.1 mg/cm? nickel). Deuteron break- 
up,” either in the entrance foil or gas target, could not 
have been a problem in this experiment because of the 
low energy of the resultant neutrons, below the 2.9-Mev 
threshold for Fe®*(n,p)Mn**. 


RESULTS 


Two or three irradiations were performed for each of 
the neutron sources described, with essentially the 
same results each time. The results of the irradiations 
performed under the best conditions are given in 
Table I. The Fe®*(n,p)Mn* cross sections have been 


1 Cranberg, Armstrong, and Henkel, Phys. Rev. 104, 1639 
(1956). 




















EXCITATION FUNCTION FOR Fe *(2n,p)Mn§* 


normalized to the value 110+10 mb at 14.3 Mev,’ 
which is an average of the results reported by Forbes‘ 
(124+12 mb at 14.1 Mev), and Paul and Clarke® 
(96.7+12 mb at 14.5 Mev). Their results have been 
plotted in Fig. 1 along with the results of this experi- 
ment. There is an appreciable slope to the cross-section 
plot in this energy region, which partially accounts for 
the difference between the two reported absolute cross 
sections. Between 8.2 and 12.4 Mev no measurements 
were made because of the lack of suitable neutron 
sources. 

In Table I the neutron energy spread is indicated for 
each neutron energy; this spread arises primarily from 
the angular spread caused by target length and sample 
diameter. Also tabulated are the relative angular distri- 
butions’ used at each deuteron energy. They are 
consistent with most other work on the d-D and d-T 
reactions.'!'"—* The angular distributions of the neutrons 
are estimated to be uncertain to 2% or 3% for the 
1.74 Mev d-T source (for normalization at about 100°), 
about 3% for the 2.00 Mev d-D source (relative to the 
monitor position of 30°), and 7% or more for the 4.98- 
Mev d-D source (on an absolute basis). Normalizations 
of the 2.00- and 4.98-Mev d-D data to the d-T data 
have been assigned additional uncertainties of 5% and 
7%, respectively, to allow for errors in neutron flux 
measurement. 

Small corrections have been applied to ali data for 
finite target length, decay during irradiation, counter 
background, varying effects of finite angular resolution 
on yield (generally about 1%) and activity produced 
by the helium or hydrogen target background irradi- 
ations. No corrections were considered necessary for 
counting losses, absorption of neutron flux in the iron 
samples, or back-scattering from the sample-holding 
ring. Counting statistics and the uncertainties in angular 
distributions, absolute flux determinations, corrections, 
and geometry have all been taken into account in 
assigning relative standard deviations to _ the 
Fe®®(n,p)Mn** cross sections. 

No long half-lives were observed in the course of this 
work. None of the other known activities produced by 
neutrons on iron have half-lives which would interfere 
with the measurement of Mn’*® activity.“ All decay 
corrections to the Mn** counting rates were made on 
the basis of 2.576 hours half-life,? which was quite 
consistent with all data taken. Although no attempt 
was made to do absolute beta-counting of the irradiated 
iron samples, the estimated over-all efficiency of the 
counting arrangement checks with the 20.1% figure 


4 A. Galonsky and C. H. Johnson, Phys. Rev. 104, 421 (1956). 

2 T. F. Stratton and G. D. Freier, Phys. Rev. 88, 261 (1952). 

18 A. Hemmendinger and H. V. Argo, Phys. Rev. 98, 70 (1955). 

44 A 2-hour isomeric activity has been reported for Cr® by D. 
O. Caldwell and H. F. Stoddart, Phys. Rev. 81, 660(A) (1951); 
Cr®§ can be produced by Fe**(n,«)Cr**. However, it is now believed 
that this activity was due to a contaminant in the chromium 
sample (private communications from D. O. Caldwell and from 
M. E. Bunker). 
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Fic. 1. Cross section for Fe®*(n,p) Mn* as a function of incident 
neutron energy. Results from different neutron sources are 
indicated by different symbols. The standard deviations include 
all uncertainties except the normalization to 110+10 mb at 
14.3 Mev.’ Also shown are the absolute cross sections determined 
by Forbes‘ and by Paul and Clarke.® 


calculated from measured neutron fluxes and the known 
Fe®®(n,p)Mn** cross section at 14.3 Mev. 

An incidental result of this experiment was the 
observation of a 9+2 minute activity at the highest 
neutron energies used. This was attributed to the 
8.9-minute Fe®* positron activity from the reaction 
Fe**(n,2n)Fe®. On this basis, estimating that the Fe* 
positrons are counted with about 1.4 times the efficiency 
with which the three Mn*® beta groups and their 
associated gamma rays are counted, one obtains rough 
cross sections for this reaction of 120 mb at 16.9 Mev 
and 170 mb at 17.9 Mev. These cross sections are 
uncertain by at least 30%. The threshold for the 
Fe®(n,2n)Fe® reaction is at 14.1+0.2 Mev neutron 
energy, according to most determinations of the 
Fe®(y,n)Fe®* threshold.*—'8 


DISCUSSION 


Absolute excitation functions for (,p) reactions have 
been reported*:*-*> in the neutron energy range up to 
8 Mev for He’®, N“, F, Na”, Al??, P*!, and S*. For the 


18 G. C. Baldwin and H. W. Koch, Phys. Rev. 67, 1 (1945). 

16 McElhinney, Hanson, Becker, Duffield, and Diven, Phys. 
Rev. 75, 542 (1949). 

17 R. Basile and C. Schuhl, J. phys. radium 16, 372 (1955). 

18 de Souza Santos ef al., Proceedings of the International Con- 
ference on Peaceful Uses of Atomic Energy, Geneva, 1955 (United 
Nations, New York, 1956), Vol. 2, p. 169, reported results which 
would place the threshold at 12.1 Mev. 

19 C. H. Johnson and H. H. Barshall, Phys. Rev. 80, 818 (1950). 

2 J. B. Marion and R. M. Brugger, Phys. Rev. 100, 69 (1955). 

21D. J. Hughes and R. B. Schwartz, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325, Supplement 
1 (Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1957). 

2 R. L. Henkel and R. K. Smith, reported in reference 3. 

%3R. Ricamo, Nuovo cimento 8, 383 (1951). 
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energy range 12-18 Mev, (m,p) yields have been 
reported’ as functions of energy for O'®, Mg*4, Si, 
S®, Cl’, and Sr**. In no other case, apparently, except” 
for S*®, has the (m,p) yield been determined over as 
wide a range of energy as is reported here for Fe**. 
Although the energetic threshold of the Fe**(,p)Mn°*® 
reaction is 2.9 Mev,' the Coulomb barrier prevents any 
appreciable yield until considerably higher energies 
are used. The observed cross section rises above the 
0.2 mb minimum observable level in the vicinity of 
4.5 Mev, continues to increase until the peak cross 
section of 116 mb is reached at about 13.5 Mev, and 
then decreases above this energy. The compound 
nucleus Fe®’, formed during this reaction, can yield a 
number of different end products; the more probable 
reactions, with their Q values,! are as follows: 


(1) Fe®®(n,n’) Fe®*(y)Fe**, 

(2) Fe®*(n,2n)Fe*, Q=—11.2 Mev, 
(3) Fe®®(n,p)Mn**, Q=—2.9 Mev, 
(4) Fe®*(n,pn)Mn**, Q=—10.2 Mev, 
(5) Fe®®(n,a)Cr*, Q=0.3 Mev, 

(6) Fe®®(n,d)Mn®*, Q=—7.9 Mev. 


The most probable reactions in the neutron energy 
range 3 to 18 Mev are inelastic scattering (1) or the 
closely related (m,2m) reaction (2). The decrease in 
cross section for reaction (3) above 14 Mev may be due 
to an increase in the competitive effect of (1) and (2), 
or more probably to the (n,pm) reaction (4) which 
directly reduces the yield of (3). Reaction (4) has an 
energetic threshold at 10.4 Mev, but its yield should 
be low for several Mev above the threshold because of 
the Coulomb barrier. The probability that a residual 
Mn’** nucleus will be left in a state of excitation above 
the dissociation energy, leading to reaction (4), should 
increase rapidly with incident neutron energy in the 
same energy range in which the (,p) cross section is 
observed to decrease. Reactions (5) and (6) would be 
expected to have lower yields than (3) and would 
therefore have little effect on the excitation function 
for (3). 

Although there is ample evidence from angular 
distributions and energy spectra of emitted protons 
that (n,p) reactions in general, and Fe**(n,p) in par- 
ticular, proceed partially by direct interaction,*~° 
most of the yield in the case of Fe°®(n,p) probably 
comes from compound-nucleus processes.”*! For this 
reason, a comparison of the observed yield of protons 
with that predicted by the statistical model, or evapo- 
ration model, of nuclear reactions is of some interest. 





26H. C. Martin, Phys. Rev. 93, 498 (1954). 

27 A. V. Cohen and P. H. White, Nuclear Phys. 1, 73 (1956). 

28 Brown, Morrison, Muirhead, and Morton, Phil. Mag. 2, 785 
(1957); P. V. March and W. T. Morton (unpublished). 

2D. L. Allan, Proc. Phys. Soc. (London) A70, 195 (1957). 

#1. Rosen and L. Stewart, Phys. Rev. 99, 1052 (1955). 

31 G. Brown and H. Muirhead, Phil. Mag. 2, 473 (1957). 
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In the formulation of this theory given by Blatt and 
Weisskopf,” the cross section for the (m,p) reaction 
may be expressed by 


a(n,p) =Cecn (E,)F , (F,+ Font Fy). 


In this equation, o,,,(£,) is the cross section for forma- 
tion of a compound nucleus by an incident neutron of 
energy £,, and F,, F,,, and F,, are proportional to the 
respective probabilities for emission of a proton alone, 
a proton followed by a neutron, and a neutron (whether 
or not a subsequent particle is emitted). For simplicity 
other less probable reactions, such as (”,a), have been 
neglected. The emission probabilities are given by 


EntQ 
F=f eyaep(esoua(Ext+O—e)dep, 
€pm 
€pm 
Fn= f € pF cp(€p)WMn(E,+QO—€,p)dep, 
0 


En 
F=f E€nT<¢ n(€n)WFe(En— €n)de,, 
0 


in which Q=—2.9 Mev is the energy release of the 
(n,p) reaction, €, and e, are the energies of emitted 
protons and neutrons, o,p(€,) is the cross section for 
the formation of a compound nucleus by an incident 
proton of energy €,, and wan and wr, are the level 
densities of the residual nuclei Mn®* and Fe**® as func- 
tions of excitation energy. The energy €pm is the mini- 
mum energy with which a proton may be emitted 
without permitting an additional particle (presumed 
to be a neutron) to be emitted. It is given by €pn=0 
for E,SE,, and €¢pym=E,—E£, for E,=£,, in which 
E,=10.4 Mev is the threshold energy for the (n,pn) 
reaction. 

For the calculations performed, o,., and o-p were 
interpolated from tables given by Blatt and Weisskopf,” 
based on a black square-well model for the nucleus, for 
the radius constant ro=r/A'=1.46X10-" cm. This 
value of ro is known*—** to give approximately correct 
values for the elastic and nonelastic neutron cross 
sections of Fe°®. The level densities used are based on 
a Fermi degenerate gas model and are given by 


w(E)=C exp(2a'E), 


in which £ is the excitation energy and a and C are 
constants. It was assumed that a is the same for both 
residual nuclei Fe®* and Mn**, but that Cun=0bC re, so 
that } is the ratio of level densities between odd-odd 
and even-even nuclei for equal excitations. The calcu- 
lations were carried out on this basis for the neutron 


#2 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 340 ff. 

33H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949). 

%# Phillips, Davis, and Graves, Phys. Rev. 88, 600 (1952). 

35 Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 























energy range 4 to 18 Mev, for various values of a, and 
with 5 chosen to give the observed maximum (n,p) 
cross section of 116 mb. The necessary values of 5 were 
2.38, 5.54, and 18.2, for a=1, 2, and 4, respectively ; 
the expected value** of b is in the neighborhood of 4. 

The results of the statistical model calculation are 
given in Fig. 2, along with the experimental data for 
the yield of Fe®®(n,p)Mn**. Since the shape of the yield 
curve is greatly affected by competition with the 
Fe°®(n,pn)Mn® reaction, the calculated yield of the 
latter is also shown in Fig. 2. It should be kept in mind 
that this yield of Mn** includes only those cases in 
which the proton is emitted before the neutron. Because 
of the normalization used, the calculated (,p) yield is 
not very sensitive to the value of a, particularly for 
E,,<14 Mev. The normalized results are also not very 
dependent on the choice of ro; a calculation performed 
for ro=1.3K10-" cm and a=2 gave results almost 
indistinguishable from those for ro>=1.4610~% cm 
and a= 2, shown in Fig. 2. The experimental results for 
E,>12 Mev are fairly well represented by a=2 to 4. 
The value of the parameter a for A =56 is estimated 
to be about 2 by Blatt and Weisskopf* ; Fong*’ estimates 
a= 2.8 from fast-neutron capture cross sections; exci- 
tation functions**-* of most medium-weight nuclides 
give similar values of a. 

The results of statistical theory fit the experimental 
data rather poorly for E,,<12 Mev; for any combination 
of the parameters a and ro used in these calculations, 
the theoretical yield is considerably too small. This 
might be an indication that direct interaction, less 
inhibited by the Coulomb barrier, is the dominant 
process in this energy range for the (#,p) reaction. 
However, other factors, such as the theoretical values 
of o-, and o,,, may be responsible for the poor fit.* 


36 V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940). 

37 P. Fong, Phys. Rev. 102, 434 (1956). 

38G. Igo and H. E. Wegner, Phys. Rev. 102, 1364 (1956); 
Eisberg, Igo, and Wegner, Phys. Rev. 100, 1309 (1955). 

% K. G. Porges, Phys. Rev. 101, 225 (1956). 

 R. Nakasima and K. Kikuchi, Progr. Theoret. Phys. (Japan) 
14, 126 (1955). 

* Note added in proof.—The computations described here have 
been repeated using optical model cross sections o-p and gen 
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Fic. 2. Comparison of experimental and theoretical results for 
the cross section of Fe®*(m,p)Mn**, The calculated yields are 
normalized to the experimental maximum value of 116 mb by 
the choice of the ratio of level densities between Fe®* and Mn*®. 
Also shown is the calculated yield of Fe®*(,pn)Mn**; note that 
this does not include the yield of Fe®*(n,np)Mn**. The values of 
a are in units of (Mev)7?. 


Wilhelmi#” has also calculated the yield from 
Fe**(n,p)Mn** on the basis of statistical theory. The 
excitation function which he calculated is at variance 
with those calculated in the present paper, but the 
reason for the difference is not known. 
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Precision Determination of Some Energy Levels in Fe*’, Zn*’, and Tc**+ 
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Radiation Laboratory, University of California, Livermore, California 
(Received November 12, 1957) 


The 7.5-Mev deuteron beam of the A-48 linear accelerator has been used to produce strong sources of the 
radioactive nuclides Co'’, Ga®’, and Tc” by means of the (d,n) and (d,p) reactions on Fe®*, Zn®*, and Mo, 
Co*? and Ga*’ decay by K-capture to excited states at Fe’? and Zn*’. Tc” is made by the reactions 
Mo*(d,n)Tc® and Mo%*(d,p)Mo” in which Mo” subsequently decays to Tc” with a half-life of 67 hours. 
Appropriate sources containing these nuclides were exposed in the high-resolution bent quartz crystal 
spectrograph previously described and photographic spectra were obtained of the strongest nuclear gamma 
rays emitted by these sources. The plates were calibrated with x-rays and gamma rays of known wavelengths. 
The energies (in kev) of the various gamma rays measured are: Fe*’, 122.05+-0.05 and 136.404-0.06; Zn*, 
93.2640.04 and 184.46+0.27; and Tc”, 140.52+0.16. The cascade gamma ray between the two levels in 
Zn* was also observed and its energy was determined as 91.22+0.04 kev in good agreement with the 
difference (91.20+0.27 kev) between the values quoted above for this isotope. 


I. INTRODUCTION 


T has been shown that the high beam currents 

available from the A-48 linear accelerator make it 
possible to study gamma rays emitted in electric 
excitation processes with a bent quartz crystal spec- 
trograph.' With such a device it is possible to determine 
gamma-ray energies in the 100-kev region with a 
precision of one part in 2000. The 7.5-Mev deuteron 
beam can also be used to make gamma-ray sources 
strong enough so that use of the bent-crystal spectro- 
graph is practical. 

In order to obtain a measurable line for a gamma ray 
in the 100-kev region, an exposure of roughly one curie 
hour (~1.3X10" disintegrations) is necessary. It is 
this number which limits the properties (i.e., production 
cross section and half-life) of the isotopes which can 
easily be studied in this way. For a machine like the 
A-48 accelerator, which delivers 7.5-Mev deuterons, 
and for the spectrograph used, these statements can 
be summarized as follows: 


iofl1—exp(—T./t) ][1—exp(—T,/t)J>10, (1) 


when i is the beam current in milliamperes, o is the 
reaction cross section in millibarns, ¢ is the mean life 
in hours, T, is the exposure time in the spectrograph, 
and 7, is the running time in the machine. An average 
stopping power (~30 mg/cm’) for a typical metal 
target has been assumed to obtain (1). 


Il. EXPERIMENTAL PROCEDURE 


The geometry used for these exposures is precisely 
the same as that shown in Fig. 1 of reference 1, except 
that the target is now replaced by the source. An 
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t Now at the Department of Physics, Massachusetts Institute 
of Technology, Cambridge, Massachusetts. 

1 Chupp, Clark, DuMond, Gordon, and Mark, Phys. Rev. 107, 
745 (1957). 


appropriate shielding system was built to prevent 
fogging of the plates due to direct radiations from the 
source. For materials with long half-lives, it is possible 
to dissolve the active material from the surface of the 
target to make small sources which are slightly easier 
to handle. The exposure of the short-lived (<80 hours) 
materials were carried out by placing the target plate 
directly from the machine into an appropriate source 
holder for the exposure. The lines were recorded on 
600-micron Ilford G-5 emulsions which were mounted 
on 30-mil glass plates. These plates were placed in a 
film holder on the focal circle of the spectrograph. 

The plates were calibrated with x-rays and gamma 
rays of known wavelengths emitted by sources which 
were especially prepared for this purpose. Two sources 
were made by preparing two vials, one containing 
europium oxide and the other a tantalum foil, and then 
irradiating them for 20 days in the strong neutron flux 
of the Materials Testing Reactor at Arco, Idaho. Only 
those activities with half-lives of the order of several 
months or longer are useful for calibration purposes. 
Europium has two roughly equally abundant isotopes 
Eu! and Eu!® which upon capture of thermal neutrons 
become Eu!” and Eu'*, Eu!® decays by K-capture to 
excited levels in Sm! with a half-life of 13 years and 
Eu’ decays by 8 emission to excited levels in Gd!™ 
with a half-life of 16 years.? The energies of some of the 
gamma rays have been measured by Hatch and Boehm, 
using the Mark I precision gamma-ray spectrometer at 
the California Institute of Technology and the values 
obtained by these workers are shown in Table I. 
Tantalum has one stable isotope, Ta'*', which gives 
Ta!® upon capture of thermal neutrons. Ta!® decays 
by 8 emission to excited levels in W'*. The wave- 
lengths of some of the gamma rays emitted by this 
source have been determined with high precision by 
DuMond and his co-workers‘ and the values for the 


* Karraker, Hayden, and Inghram, Phys. Rev. 87, 901 (1952). 

’E. Hatch and F. Boehm (private communication from 
J. W. M. DuMond). 

* Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952). 
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Fic. 1. Fe®’ spectrum. The calibration lines on the left side of the plate come from the Ta source. The Pb x-rays come 


from fluorescence radiation in the lead shield around the source 


these were blocked off in later exposures. The lower half 


of the europium lines were blocked off with a lead shield to prevent confusion with the 122-kev line from the Co™ source. 


lines used in this work are shown in Table I. In addition, 
some of the characteristic x-rays of tantalum and 
tungsten emitted by this source have also been used for 
calibration. The energies given in Table I are slightly 
different from those given in reference 4. The reason 
for this discrepancy is that the conversion factor be- 
tween wavelength (in x-units) and energy used in 
reference 4 is 12371.4 whereas the latest value for this 
constant is 12372.44 (see DuMond, Cohen, Layton 
and Rollet®). The values of the wavelengths in x-units 
are, of course, unaffected by this change. A similar 
change must be made in Table IT of reference 1. 


III. RESULTS 
Fe*’ 


A 50-millicurie source of Co” was made by bom- 
barding stainless steel with deuterons for approximately 
30 milliampere hours. The Co®’, which is made by the 
reaction Fe**(d,n)Co*’, decays by K-capture to excited 
levels in Fe*’ with a half-life of 270 days. The decay of 
this isotope has been thoroughly studied by observing 
gamma rays® and the internal conversion’ electrons 
and a decay scheme has been established. The K-capture 
leads to a level in Fe*’ at 136 kev which then decays 
either directly to the ground state or through a level 
at 14 kev giving a cascade transition of 122 kev. The 
intensity of the 122-kev gamma ray is approximately 
15 times that of the 136-kev gamma ray. 

5 Cohen, DuMond, Layton, and Rollett, Revs. Modern Phys. 
27, 363 (1955). 

®Lemmer, Segaert, and Grace, Proc. Phys. Soc. (London) 


A68, 701 (1955). 
7 J. B. Bellicard and A. Moussa, Compt. rend. 241, 1202 (1955). 


For isotopes with half-lives long compared to the 
exposure time and the machine running time, formula 
(1) is: 

ioT .T,/t>10°. (2) 


For the Co’ half-life of 270 days, a production cross 
section of ~200 mb and a machine run of 30 milli- 
ampere hours, an exposure, T., in the spectrograph of 
about 100 hours for the 122-kev line and ~ 1000 hours 
for the 136-kev line is required. Figure 1 shows the 
nuclear plate obtained after an exposure of 816 hours. 
Both the 122-kev line and the 136-kev line are visible. 
The Eu and the Ta sources were both used to put 
calibration lines on the plate. The Ka: and Ka x-rays 
of tungsten, the 68-kev line from the Ta source, and the 
122-kev and 123-kev lines from the Eu source were used 
for calibration. Four separate sets of calibration pairs 
[W Kar-Eu (122 kev), Ta (68 kev)-Eu (122 kev), © 
W K,,-Eu (123 kev), Ta (68 kev)—Eu (123 kev) ] were 


TABLE I. Calibration line wavelengths. 





Calibration 


Waveiength 
(Siegbahn x-units) 
and reference 


Energy (kev) 
for identification 
only 








Source line 
Eu Sm! 
Gd!*4 


Ta W Kea, x-ray 
Ta Ka, x-ray 
Ta Kae x-ray 
W!® [Ta(66 kev) ] 
W!® [Ta(68 kev) ] 
W'!® [Ta(100 kev) ] 


101.59 +0.02* 

100.53 +0.03* 

208.571+-0.010 
215.050+0.010> 
219.846+0.010> 
188.259+0.018° 
182.637 +-0.018¢ 
123.599+0.014° 


121.79 +0.03 

123.07 +0.04 
59.320+0.003 
57.53340.003 
56.278+0.003 
65.720+0.006 
67.743+0.007 

100.101-+0.012 





® See reference 3. 


b Y, Cauchois and H. Hulubei, Longueurs d'Onde des Emissions X et des 
Discontinuites d‘absorption X (Hermann et Cie, Paris, 1947). 


¢ See reference 4, 
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Fic. 2. Zn*’ spectrum. The upper quarter of the plate was blocked off with a lead shield during the exposure of the 
calibration lines so that these will not be confused with the unknown lines on the plate. 


used to obtain the wavelength and energy values sum- 
marized in Table II. It is interesting to note that the 
two calibration lines from the europium source fall on 
either side of the Fe®’ 122-kev line by a few electron 
volts. The energy of this line is therefore very closely 
tied to the calibration of the Mark I instrument since 
only a very small extrapolation is necessary in the 
computation. It should also be pointed out that the 
energy values quoted in Table II for these two lines are 
high by about two standard deviations when compared 
with the values quoted by Bellicard and Moussa’ 
which were obtained by using a precision 6-ray spec- 
trometer. 


Zn* 


A zinc target was exposed to the deuteron beam for 
about 17.4 milliampere hours. The target was made by 
tinning a copper backing with a thin layer of zinc. 


TABLE II. This table shows the final values of the wavelengths 
and the energies of the lines measured in this work. The best 
previous energy values are also shown. 








Best previous 











value of Present value of Present value 
energy level, wavelength of energy level 
Nucleus (kev) (Siegbahn X-units) (kev) 
oF e*? 121.94+0.03*  101.37+0.04 122.05+0.05 
oF es? 136.31+0.03* 90.71+0.04  13640+0.06 
30Zn*? 92> 132.67+0.05 93.26+0.04 
3oZn®* 182» 67.08+0.09 184.46+0.27 
30Zn*? (cascade) 90> 135.63+0.06 91.22+0.04 
88.04+0.10 


Tc® 140.3 +0.2¢ 


140.52+0.16 


® See reference 7. 
b See references 8 and 9. 
¢ See reference 10. 


The (d,n) reaction on 28% abundant Zn® yields Ga*® 
which decays by K-capture to excited levels in Zn®™ 
with a half-life of 78 hours. The source was exposed in 
the spectrograph for 104 hours, which when combined 
with a production cross section of the order of ~100 
mb and a running time, T,, of 34 hours, fulfills condition 
(1). 

The decay of Ga*®’ has been investigated by several 
groups*® and a decay scheme has been established. 
Energy levels at 880 kev, 388 kev, 182 kev, and 92 kev 
have been reported and gamma rays corresponding to 
these levels and to various cascade transitions between 
them have been observed. Figure 2 shows a reproduction 
of the plate obtained from the exposure of the zinc 
target. Three strong lines at 93, 91, and 184 kev are 
visible. The 93-kev line corresponds to the transition 
between the first level and the ground state, the 184- 
kev line comes from the transition between the second 
level and the ground state and the 91-kev line comes 
from the cascade transition between the second and 
first levels. The energy and wavelength values for these 
lines are listed in Table II. The energy of the cascade 
transition, 91.22+0.04 kev, is in good agreement with 
the energy difference between the first and second 
excited levels (91.20+0.27 kev). 

The gamma rays emitted by the Ga®’ source were also 
observed with a scintillation spectrometer. A decay 
curve for the composite line at 91-93 kev and the line 
at 184 kev was obtained from the sum of the counts 


5 Ketelle, Brosi, and Porter, Phys. Rev. 90, 567 (1953). 
® Meyerhof, Mann, and West, Phys. Rev. 92, 758 (1953). 
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under each peak and the measured half-life (~78 hr) 
served to confirm their identity. 


T c% 


A natural molybdenum plate was exposed to the 
deuteron beam for 10 milliampere hours. The reactions 
Mo**(d,n)Tc®™ and Mo**(d,p)Mo” occur when 23.8% 
abundant Mo” is bombarded with deuterons. Both 
reactions produce 6.7-hour Tc”, the former directly 
and the latter through the 67-hour 8 decay of Mo™®. 
The decay scheme of Tc®” has been given by Mihelich, 
Goldhaber, and Wilson’ and Medicus, Maeder, and 
Schneider." The level at 142.3 kev decays with a 6.7- 
hour half-life to a level at 140.3 kev by emitting a 2-kev 
gamma ray which is promptly followed by the 140.3- 
kev transition. A crossover transition (142.3 kev) has 
been observed with an intensity ~1% of the 140.3-kev 
line. It has also been shown that the 142.3-kev level is 
populated by the 8 decay of Mo” and that therefore a 
140-kev line having a 67-hour half-life should be ob- 
served. 

Figure 3 shows the nuclear emulsion obtained from 
an exposure in the spectrography for 108 hours. The 
target was placed in the spectrograph immediately 
after the bombardment so that the line at 140.52 kev 
is a result of both the 6.7-hour and the 67-hour activity. 
Another plate was exposed after about 10 half-lives of 
the 6.7-hour activity and again a line appeared at 
140.50 kev. A decay curve of the 140-kev gamma ray 
was made using a scintillation counter, and the 67-hr 
half-life, characteristic of the decay of Mo”, served to 
confirm the identity of the line. Unfortunately, it was 
not possible to trace the probable 6.7-hour activity of 


? 


10 Mihelich, Goldhaber, and Wilson, Phys. Rev. 82, 972 (1951). 
11 Medicus, Maeder, and Schneider, Helv. Phys. Acta 22, 603 
(1949), and 24, 72 (1950). 
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the 140-kev line resulting from the (d,m) reaction be- 
cause of other short-lived activities induced on the 
target by the deuteron beam. 


IV. CONCLUDING COMMENTS 


The wavelengths and energies in Table II were 
obtained by the methods described in reference 1. 
Table III shows a typical set of energy values for the 
93-kev transition in Zn®™ and the 140-kev transition in 
Tc® for eight separate calibration pairs. The standard 
deviations quoted for these numbers were also computed 
by methods described in reference 1. As expected, the 
smallest deviations are associated with the calibration 
lines which are farthest apart on the plate. The mean 
values of the wavelengths shown in Table II were 
computed by taking the weighted mean of the wave- 
lengths for all calibration pairs, with weights taken as 
inversely proportional to the square of the individual 
standard deviations.§ The energies are then computed 


TABLE III. Energies of the 93-kev level in Zn®’ and the 140-kev 
line in Tc”. The smallest standard deviations are associated with 
the calibration lines having the largest separations on the plate. 


Calibration pair E(kev) Zn® level E(kev) Tc® level 





Ta Kaz-Ta(66 kev) 
Ta Ka2-Ta(68 kev) 
Ta Ka2-Ta(100 kev) 
Ta Ka:-Ta(66 kev) 
Ta Kai-Ta(68 kev) 
Ta Kai-Ta(100 kev) 
Ta (66 kev)—Ta(100 kev) 
Ta(68 kev)—Ta(100 kev) 


93.259+0.041 
93.241+0.035 
93.259+0.014 
93.263+0.047 
93.242+0.038 
93.261+0.014 
93.260+0.016 
93.259+0.016 


140.608 +0.160 
140.496+0.138 
140.528+0.037 
140.556+0.185 
140.439+0.143 
140.517+0.048 
140.514+0.068 
140.528+0.067 


§ We are well aware that this is mot the optimum weighting, 


that is to say, it is not the weighting which would yield a resultant 
mean wavelength to which minimum standard deviation could be 
assigned. This is because the slightly different wavelength values 
for one and the same line resulting from the various calibration 











2040 CHUPP, DuMOND, 


from these wavelengths by using the conversion factor 
given in reference 1. The standard deviations shown in 
Table II were not computed by using probability 
calculus since there exist statistical correlations among 
data from different calibration pairs. The final standard 
deviations shown in Table II were obtained by arbi- 
trarily choosing the second largest of the standard 
deviations computed from the calibration pairs. 
Column 2 in Table II shows the best previous 


pairs are not statistically independent of each other, since one 
and the same calibration line is frequently a member of several 
pairs. In fact, if we are to make full use of our data without any 
arbitrary rejections, the individual wavelength estimates cannot 
be made statistically independent. 

In principle, the optimum least-squares weighting can neverthe- 
less be found. But if NV is the number of reliable calibration lines 
on a given plate, then this implies VY —1 nonequivalent calibration 
pairs, so that finding the VN —1 unknown weights to apply to them 
involves a laborious solution of N—1 simultaneous equations for 
each unknown line to be determined. 

The different wavelength values for the same line from different 
calibration pairs agree very satisfactorily and, consequently, the 
mean wavelength values are very insensitive to the weights chosen 
in averaging them. The computation of the standard deviations 
to attach to these mean values is a more delicate matter however. 
We have felt that a correct least-squares computation in the 
present case would be prohibitively long and unjustified. It seems 
safe to choose as an estimated upper limit to the error of the mean 
(probably a rather gross exaggeration of its true S.D.) the second 
largest of the standard deviations computed from individual cali- 
bration pairs. We hope in a future paper to develop more satis- 
factory methods of estimating the error than this one. 


GORDON, 
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measurement of each energy. In most cases, the present 
numbers are in essential agreement with the previous 
ones within the experimental errors quoted in the 
earlier work. (No errors are given in references 8 and 
9 for the Zn®’ gamma rays. A reasonable guess is that 
the errors are somewhere between 1 and 2 kev.) In 
only one case, the 122-kev line in Fe*’, is there a real 
disagreement between measurements and this amounts 
to only two or three standard deviations. It is interesting 
to note that in all cases, the previous energies are 
slightly lower than the present ones. This condition 
may be due to the fact that all previous energies were 
obtained by observing the internal conversion electrons 
emitted by the source. It has been pointed out” that 
small errors in this direction would be expected since 
the energy necessary to free an electron from its atom 
may be underestimated. 
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The phase shifts for p—a scattering as a function of energy are known below about 10 Mev from previous 
phase-shift analysis work. New scattering and polarization data at 17.5 Mev and scattering data at 40 Mev 
make possible the extrapolation of these phase shifts up to about 40 Mev. This is accomplished by means 
of phase-shift analyses of the data, taken together with an analysis in terms of an effective two-body 
potential. It is found that the polarization in p—a scattering is always large in this energy region. Curves 
are given for the angular distribution of polarization in the energy range 10-40 Mev. 


I. INTRODUCTION 


HE purpose of this work is to predict the polariza- 

tion of protons elastically scattered from alpha 
particles for protons of laboratory energy (Ei) up 
to 40 Mev. It is expected that p-Het scattering will 
be a useful analyzer for measuring the polarization of 
protons produced in nuclear reactions. 

The problem is to extrapolate to higher energies the 
phase shifts (6’s) determined from the experimental 
data in the energy region F\,.,<9.5 Mev.!? Also, it 
is necessary to predict 6’s for values of the orbital 
angular momentum L>2. While the 6’s for L=2 
have been included in previous phase shift analyses, 
neglect of 6’s for L>3 and possible experimental 
errors for very low angles of scattering cast doubt 
on the values found for 6(Ds,;2) and 6(D3,/2)’ and make 
it advisable to reconsider this problem. 

New experimental data for £,,=17.5 Mev‘ and 
39.8 Mev® on the angular distribution of elastically 
scattered protons, and some measurements of the 
angular distribution of the polarization of the scattered 
protons at 15.5 Mev,® must be fit in extrapolating and 
predicting 6’s. Were it not for the new data, it would 
it would be especially difficult to predict the 6’s for 
L>2 in a convincing way. 

A thorough phase-shift analysis of the new data 
at 17.5 Mev was made, retaining all phase shifts for 
L<2. This work is described in Sec. II. The polariza- 
tion data at 15.5 Mev makes the analysis unique. 
Because of neglect of phase shifts for L>3 and un- 
certainty about the low-angle data, it is not certain 
that the phase shifts for L=2 should be believed. 
However, the 6’s for L=0, 1 fall in line with the old 
6’s for E\,»<9.5 Mev, and are useful in extrapolating 
the 6’s for L <1 to 40 Mev. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1C, L. Critchfield and D. C. Dodder, Phys. Rev. 76, 602 
(1949). 

21D. C. Dodder and J. L. Gammel, Phys. Rev. 88, 520 (1952). 

3 The notation is the usual notation. D5/2 refers to L=2 and 
total angular momentum J =5/2. . 

4K. W. Brockman, Phys. Rev. 102, 391 (1956). 

5 M. K. Russell and J. H. Williams, Phys. Rev. 106, 286 (1957). 

6 K. W. Brockman, Phys. Rev. 108, 1000 (1957) ; and Phys. Rev. 
(to be published). 


One method of extrapolating 6(Sy2), 6(P32), and 
6(P12) to 40 Mev is simply to plot the 6’s versus Ejay 
for Ej»<17.5 Mev and to extrapolate the graph to 
49 Mev. The 6’s for L=2 and 3 are determined by 
making a phase-shift analysis of the new data at 40 
Mev, keeping the 6’s for L<1 fixed on the values 
determined by graphical extrapolation and ignoring 
phase shifts for L>4. The original extrapolation of 
5(S1/2), 6(P3/2), and 6(P1/2) may then be altered in view 
of what is learned. This procedure is described in 
detail in Sec. III. 

Still another method of extrapolating and predicting 
6’s is to think of the p—a interaction in terms of an 
effective two-body potential, which has a central term 
(Vc) and a spin orbit term (Vzs). Sack, Biedenharn, 
and Breit’ fit 6(P32) and 6(P12) in the energy range 
Ex <9.5 Mev with such a potential. The result of 
using this potential to calculate 6(Ps2) and 6(Py2) 
for E\y»=40 Mev is given in Sec. IVA. 

Sack, Biedenharn, and Breit point out that their 
Vc’s do not give 6(.S12)’s in agreement with the 6(S12)’s 
resulting from phase-shift analyses of the experimental 
data in the energy range E,,<9.5 Mev. A potential 
similar to the potential of Sack, Biedenharn, and Breit 
which fits not only 6(P32) and 6(P1/2) but also 6(S1/2) 
for Ejay <9.5 Mev is exhibited in Sec. IVB. We think of 
this potential as a sort of “optical model” potential 
which may be used for the calculation of p—a scattering 
and phase shifts for Eia,<5 Mev. 

For Eis >5 Mev, it is necessary to let the depths of 
the central and spin-orbit terms depend on Ej,» to 
get fits to the data. In Sec. V, we report an analysis 
of the new 40-Mev data made in the following way: 
the depths of the Vc and V zs terms are adjusted to 
get the best possible fit to the data. The fit is very 
crude. The 6’s corresponding to this fit are used as the 
starting point of a phase-shift analysis varying all 
5’s for L <6 to fit the data. The 6’s for L <4 agree with 
those found in Sec. IV by a different method. 

We wondered why we could not find an optical model 
potential (even allowing Vc and Vzs to depend on 
Ej») which gives elastic scattering angular distributions 


7 Sack, Biedenharn, and Breit, Phys. Rev. 93, 321 (1954). 
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Fic. 1. Polarization as a function of scattering angle for p—a 
scattering at 17.5 Mev. The polarization are those calculated from 
the five possible sets of phase shifts which fit the scattering data 
as given in Table I. The experimental point given is that measured 
by Brockman’ at 15.5 Mev. 


in better than very crude agreement with the experi- 
mental data for E}.,=40 Mev. In Sec. IV, we show that 
by allowing Y¢ and Vzs to depend on whether L is 
even or odd,*® we can find precision fits to the data, 
and furthermore the 6’s calculated from such potentials 
are in remarkable agreement with the 6’s reported in 
Secs. III and V for F\.,=40 Mev. The theory of 
optical model potentials’ does not provide a basis for 
letting Vc and Vzs depend on whether Z is even or 
odd ; so we do not know exactly what the result means."° 

In Sec. VII, we report an analysis of the 17.5 Mev 
and 9.48 Mev data based on an optical model potential 
which depends on whether LZ is even or odd. The 
polarizations predicted from this potential are the same 
as the polarizations predicted from phase shift analyses, 
even though the 6’s for L>2 resulting from the two 
approaches are very different at these energies. 

A problem is encountered in fitting the very forward 
scattering data. A pronounced second minimum for 
very forward scattering results from the potentials. 
In Sec. VIII, this problem is discussed in detail. 

It is the consistency of the results we find when we 
look at the problem in several different ways that 
convinces us that we can find the 6’s and predict the 


8 Vct is the central term for even L, for example. 

9W. B. Riesenfeld and K. M. Watson, Phys. Rev. 102, 1157 
(1956). 

10 The dependence of the effective two-body interaction on the 
evenness or oddness of Z might be due to Pauli’s principle or 
exchange scattering. 
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polarizations. The 6’s and polarizations are summarized 
in Sec. IX. 

The potentials we give predict a bound Sy state 
for Li®. Swan" has shown that for a p—a interaction 
which is the sum of the interactions of the proton with 
the nucleons which comprise the a particle, then 
(a) the p—a interaction is attractive in the S12 state, 
(b) there is no bound Sj/2 state of Li’, and (c) 6(.S1/2) 
starts from mw at zero energy and decreases to 0 at 
infinite energy. In using effective two-body potentials, 
it is necessary to violate one or more of the conditions 
(a), (b), and (c). We have chosen to violate condition 
(b). 

If one wanted to satisfy condition (b), one might 
think of using a repulsive two-body Vc in the Sy» 
state [ thus violating (a) ]. In fact, it is known that the 
5(S1/2)’s determined from experiment are in agreement 
with the 6(.S)’s resulting from scattering from a hard 
sphere of radius 2.6X10~" cm. In this case, condition 
(c) is also violated, because 6(S,/2) starts from 0 at 
zero energy. 

We had the possibility of fitting 6(.S,/2) with repulsive 
potentials in mind when we prepared our calculation 
in such a way that V¢ could depend on whether L is 
even or odd; we knew, of course, that an attractive Vc 
is necessary to fit 6(P32) and 6(P1/2). However, it soon 
became apparent that 6(Dsj2) and 6(D52) are both 
positive (both at 17.5 Mev as reported in Sec. II and 
39.8 Mev as reported in Sec. III), and we had to use 
an attractive V¢* strong enough to bind the 61/2 state 
of Li® in order to get (essentially) negative 6(S1/2)’s 
for p—a scattering. Thus our original reason (possible 
repulsion in S12 state) for allowing Vc to depend on 
whether ZL is even or odd is not the same as our final 
reason (improved fits to the data) for doing so. The 
cnly reason we have for allowing Vzs to depend on 
whether Z is even or odd is that doing so results in 
much improved fits to the data. The agreement of the 
5’s given in Secs. V and VI provides a pos/eriori justifica- 
tion for this procedure, however. 


II. PHASE SHIFT ANALYSIS OF THE 17.5-MEV 
ELASTIC SCATTERING DATA 


The procedure was straightforward. Phase shifts for 
L>3 were ignored. Starting from random points in 
the five-dimensional space 6(S1/2), 6(Ps2), 6(Ps2), 


TABLE I. Some results of phase-shift analysis of the 17.5-Mev 
p—a scattering data. M= 2i[ocatc(6:)/oexp(0i) F is a figure of 
merit indicating the goodness of the fit. 





Solu- 

tion  45(S1/2) 5(P 3/2) 6(P12) 5(Ds/2) 5(Ds;2) M 
1 1.357 1.383 0.606 —0.416 0.163 0.047 
2 1.182 1.580 0.821 —0.322 0.143 0.047 
3 1.230 1.758 0.932 —0.207 0.146 0.050 
4 1.867 1.674 0.950 —0.023 0.172 0.024 
5 1.658 1.723 1.002 0.053 0.049 0.031 





11 P, Swan, Proc. Roy. Soc. (London) A228, 10 (1955). 
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5( P12), 6(D35;2), and 6(Ds;2), the gradient of 


Teale (6) 
v= ( = ) (1) 
6 Texp (8) 


was followed to a minimum of M. 

Many minima were found, but at most minima either 
6(S12), 6(P3/2), or 6(P1/2) had a value which was not a 
reasonable extrapolation of its values for Lj.) <9.5 Mev. 

Some acceptable solutions are shown in Table I. 
It may be seen that these solutions lie along a path in 
the 5-dimensional 6 space. The angular distribution of 
the polarization for these solutions is shown in Fig. 1. 
Brockman’s' results for 15.5 Mev is that the polariza- 
tions at 37° and 128° are of opposite sign and that the 
polarization at 128° is large (90-100%). Solution 
number 5 best fits this data. 

For this solution (No. 5), 6(Ds;2) and 6(D3,2) are 
both small and positive (attractive) and not much 
split. We compare these in Table II with the 6’s for 
L=2 at lower energies given by Dodder and Gammel? 
and others.” No striking picture of the energy depend- 
ence of the 6’s for L = 2 emerges. The 6’s shown in Table 
II are probably sensitive to possible experimental 
errors, especially at low angles of scattering, and to 
neglect of 6’s for L >3. The values shown in Table II 
are not taken into consideration in the remainder of 
the work and the problem is considered anew. 


III. PHASE SHIFT ANALYSIS OF THE 39.8-MEV 
ELASTIC SCATTERING DATA 


In Fig. 2, 6(Sij2), 6(P3/2), and 5(P1j2) are shown 
plotted versus E\, for Ej» <17.5 Mev. A reasonable 
extrapolation of the 6’s is shown for /),, up to 40 Mev. 
The values at 40 Mev are 


5(Sy2)= —130°, 6(P3/2)=79°, 


: (2 
8(Py2)=48°, Eiy=40 Mev. 
Potentials may also be used to make the extrapolation 
(see Sec. IV below). 
A phase-shift analysis of the new 39.8-Mev data® 


TABLE II. The D-waves determined by phase shift analysis of 
the scattering data at various energies. No conclusions regarding 
the energy dependence of the D-wave phase shifts can be drawn 
from these phase shift analyses. 


Eis» Mev Reference Ds;2 Ds 
5.81 Table VI of reference 2 —0.5° —0.5° 
5.81 Table VII of reference 2 —0.4° —1.7° 
Be Reference 12 0.4° —1.9° 
9.48 Reference 12 —3.2° —5.7° 


17.5 Table I, solution No. 5 Sy” 2.8° 





12 Putnam, Brolley, and Rosen, Phys. Rev. 104, 1303 (1956). 
13 Actually, if the data for center-of-mass scattering angle 
Acm<10° are kept, it is impossible to find a fit to the data with 
arbitrary 6’s for all L up to L=6. We have disregarded the 
low-angle data in doing the phase-shift analysis. 
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Fic. 2. Phase shifts for L=0, 1 as a function of energy for p—a 
scattering. The S-wave phase shift is given in the lower panel. 
The low-energy S-wave phase shifts as determined by phase-shift 
analyses? appear as experimental points. The solid line represents 
the straight-line extrapolation to higher energies. The P-wave 
phase shifts are given in the upper panel. The upper curve 
represents the P3/2 phase shift the lower curve the P1/2 phase shift. 
The dashed portions of the curves are the final values as taken 
from Table III. In both panels the large open circles represent 
the first extrapolated values of the phase shifts at 40 Mev [see 
Eq. (2) ]. The solid squares represent the final values as given in 
Table III. The open triangles represent the values as given by 
phase-shift analysis of the 40-Mev data [see Eq. (4) ]. The open 
squares represent the values calculated from the “optical model” 
potential po Eqs. (6)—(9) ]. The solid triangle gives the S-wave 
phase shift as calculated from a repulsive potential [see Eqs. 
(10)—(11) J, and the solid triangles also represent the P-wave phase 
ae from the Gaussian potential of Sack, Biedenharn, 
and Breit.’ 


was made keeping these 6’s for Z <1 fixed on the values 
shown in Eq. (2), and analyzing for the four 6’s for 
L=2 and 3, ignoring the 6’s for L > 4. Only one solution 
was found, namely: 


6(Ds5/2) =0.523, 
6(F 72) = 0.192, 
Eis =40 M ev. 


5(Ds,2) =0.382, 
5(F 5/2) =0.141, (3) 


Starting from this point [6’s given by Eqs. (2) and 
(3) ], all 6’s for L<3 were varied to improve the fit. 
The 6’s found are not much different from those just 
given in Eqs. (2) and (3) and are as follows: 


6(S1j2)=0.997, 6(P3/2) =1.137, 
6(P1y2) =0.692, 6(Ds5/2) =0.434, 
5(Ds2)=0.364, 6(F 2/2) =0.177, 
6(Fry2)=0.071, Eisy=40 Mev. 


(4) 
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The revised values of 6(S1/2), 6(P3/2), and 6(P12) are 
shown in Fig. 2. 


IV. USE OF POTENTIALS TO EXTRAPOLATE 
d’s FOR L<1 to 40 MEV 
A. P States 
The Gaussian potential given by Sack, Biedenharn, 
and Breit yields 
6(P3/2) = 74°, 


Another type of potential which we have considered 
for reasons given below (Sec. IVB) is the “optical 
model” potential 


6(Py2)=50°, Eta =40 Mev. (5) 


Vir)=+~, r<re 
=—[Ve(r)+Vis(r)L-S], i> To, 
Ve 
Vc(r)=—— —__—, (6) 
1+[(r/D)—1] exp (r—R)/D ] 
Dd 
V rs(r) = —— —Vel(r) ( V ts/Vc). 
r dr 
This potential, with 
r-=0.183X10-" cm, D=1.0X10~-" cm, 
R=2.0X10-" cm, Vc=46.6 Mev, (7) 


V rs= 22.8 Mev, 
gives a precision fit to 6(P3/2) and 6(Pyy2) for Ejay <9.5 
Mev. At 40 Mev, it gives 


5(P3/2)=82°, 5( P12) =58.9°, Ea» = 40 Mev, (8) 


B. S State 


The reason we have used the potential given in 
Eqs. (6) and (7) is that it also gives a precision fit to 
6(Sy2) for Eiw<9.5 Mev. Of course, it also gives a 
bound state of Li®. At 40 Mev, it gives 


8(Sy2)=—110°, Exn=40 Mev. (9) 
It is of interest to compare this prediction with the 
prediction of a repulsive potential in the Sj/2 state. 
With 
r-=0.5X10-* cm, 
R=2X10-" cm, 


D=1X10-* cm, 


Vco=—55.4 Mev, 


(10) 


we find a precision fit to 6(S2) for Ey,<9.5 Mev. 
At 40 Mev, with this potential [Eq. (10) ], we find 


6(.S1/2)= — 105°, Ej.» = 40 Mev. (11) 


The 6(S/2)’s shown in Eqs. (9) and (11) are much the 
same even though the potentials are very different. 
This is not hard to understand; an attractive potential 
strong enough to give negative 6(s) (and hence a 
bound state) turns the wave function over inside the 
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range of attraction. The wave function will vanish at 
some radius after it turns over; the point at which 
it vanishes will be nearly independent of energy 
because the depth of the potential is large compared 
to the energy. The condition that the wave function 
vanish at some fixed radius is the boundary condition 
imposed in the case of a hard repulsive core. 

The 6’s for L <1 given in Eqs. (5), (8), (9), and (11) 
should be compared to the 6’s shown in Eq. (4). The 
agreement is encouraging; however, it is necessary to 
let the potential depths Ve and Vzs depend on Ea, 
to get precision fits to the é’s. 


V. “OPTICAL MODEL” POTENTIAL FOR 
40-MEV SCATTERING 


An energy dependence of the potential depths is 
consistent with the idea of an optical model potential 
for nucleon-heavy nucleus scattering. Of course, 
the optical model calculations are not meant to apply 
to p-He! scattering. However, we thought it of interest 
to vary the parameters of the potential Eq. (6) ar- 
bitrarily in order to fit the 40-Mev data disregarding 
data at all other energies. In the work described in this 
section, we required Vc and V zs to be the same for 
all L whether even or odd because an optical model 
potential does not depend on the oddness or evenness 
of L. 

We could not find a potential which gives a good 
fit to the data; in particular, it is difficult to get any 
backward scattering. This absence of backward 
scattering is characteristic of potentials which do not 
depend on whether Z is even or odd. The potential 
which gives the best rough fit is characterized by these 
values of the parameters: 


r-=0.21X10-* cm, 
R=1.18X10-" cm, 


V rs= 17.76 Mev. 


D=1.003X 10-* cm, 
V c=47.15 Mev, (12) 


The phase shifts calculated from this potential are 
6(Sy2)=1.020, 6(Ps2)=1.100, 5( P12) =0.674, 
5(Ds2)=0.505, 6(Dsy2)=0.228, 6(F x2) =0.154, 
5(Fs52)=0.076, 8(Gs2)=0.050, 6(Gz/2)=0.026, (13) 

5(Hy12)=0.018, 6(H2)=0.010, 5(I43/2) = 0.007, 
6(141/2) =0.004, Eja,=40 Mev. 

Starting from this point, and making a phase shift 


analysis for all 6’s, L <6, led to the following 6’s which 
give a precision fit to the 39.8-Mev data: 


5(S1j2)=0.987, 6(P32)=1.172, 8( P12) =0.662, 
5(Dsj2)=0.469, 5(Dsy2)=0.260, 8(Fz2)=0.222, 
6(F 5/2) =0.040, 6(Gg/2)=0.050, 6(Gi/2) =0.026, 
6(Hi12)=0.018, 6(H9/2)=0.010, 6(143/2) =0.007, 
6(Ii1y2) =0.004, Ein=40 Mev. 


(14) 
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Fic. 3. Polarization as a function of scattering angle at 40 Mev. 
The solid curve represents the polarization as calculated from 
the phase shifts of Eq. (14). The dashed curve represents the 
polarization given by the potential of Eq. (15) as calculated from 
the phase shifts given in Eq. (16) or Table III. The dash-dot 
curve represents the polarization calculated from the phase 
shifts of Eq. (14). 


At this point in the work we have our most convincing 
result. This result is the agreement between the 6’s 
shown in Eq. (4) and Eq. (14). These two sets of 6’s 
were derived by very different methods. 


VI. “OPTICAL MODEL” POTENTIALS WHICH DEPEND 
ON WHETHER L IS EVEN OR ODD FOR 
40-MEV SCATTERING 


By allowing Ve and Vzs to depend on whether L 
is even or odd, it is possible to find a potential which 
reproduces the 6’s of Eq. (14) with surprising accuracy. 
This potential is 

r.+=0.183X10-" cm, D*=0.85X10-" cm, 


R*=1.70XK10-" cm, r,~=0.183X 10-8 cm, 


D-=0.925X10-" cm, R-=1.85X10-"% cm, (15) 
Vct=45.6 Mev, Vist=15.0 Mev, 
Vc =40.0 Mev, Vzs5~=30.0 Mev. 
The 4’s it gives for E\,=40 Mev are 
5(S1y2)=0.980, 5(Ps2)=1.167, 8(P12)=0.634, 
5(D3;2)=0.467, 6(D42)=0.287, 8(F 7/2) =0.230, 
8(F 5/2) =0.063, 6(Go/2)=0.039, 8(Gz/2)=0.025, (16) 


5(Hy1/2) = 0.023, 
6(T 112) = 0.004, 


5(H 9/2) = 0.007, 5 (43/2) = 0.005, 
Ea = 40 Mev. 
The polarization calculated for Ej.» =39.8 Mev from 


the phase shifts of Eqs. (4), (14), and (16) are compared 
in Fig. 3. 
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Fic. 4. The p—a elastic scattering cross section is a function 
of scattering angle at 17.5 Mev. The solid curve is calculated from 
the potential of Eq. (17) or the phase shifts of Table III. The 
experimental points are due to Brockman.*‘ 


VII. “OPTICAL MODEL” POTENTIAL WITH 
EXCHANGE FOR 17.5-MEV AND 9.48-MEV 
SCATTERING 


In the work reported in this section, we do not change 
the parameters of Eq. (15) describing the shape of the 
potential, but vary the depths in order to fit the 
17.5-Mev data. 

The best potential found is characterized by these 
depths: 
3V ps+=12.0 Mev, 


*Virs = 24.5 Mev, (17) 


No attempt was made to fit the small-angle data 
(see Fig. 4 and the discussion of Sec. VIII below). 
The angular distribution of the polarization is very 
much the same as the angular distribution of the 
polarization for the preferred solution from Table I 
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Fic. 5. Polarization as a function of scattering angle at 17.5 
and 9.48 Mev. The solid curve represents the polarization at 
17.5 Mev as calculated from the potential of Eq. (17) or the 
phase shifts of Table III. The dashed curve represents the 
polarization at 17.5 Mev as calculated from the phase shifts of 
Table I, Solution No. 5. The experimental point is for 15.5 Mev 
and is due to Brockman.® The dash-dot curve represents the 
polarization at 9.48 Mev as calculated from the potential of 
Eq. (18). 


(see Sec. II and Fig. 5). This gives weight to the idea 
that the phase shifts and angular distribution of the 
polarization are valid independently of the validity 
of the potential model on which they are based. 
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Fic. 6. Energy dependence of the potential depths. The 
parameters describing this potential are given in Eq. (15), with 
the depths varying with energy as above. The left-hand scale 
is for the central depths and is in Mev. The right-hand scale 
is for the spin-orbit depths and is in Mev. 
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The revised data at 9.48 Mev (reference 12) were 
studied in the same way. The potential depths are 
found to be 


3V c+ = 60.6 Mev, 
3V co = 54.6 Mev, 
Eis= 9.48 Mev. 


’Vpst=11.0 Mev, 


3V 1s =22.5 Mev, (18) 


The difficulty in fitting the very-small-angle data is 
present also at this energy. The angular distribution 
of the polarization is shown in Fig. 4 and is similar 
to the angular distribution of the polarization calculated 
from the phase shifts given by Dodder and Gammel 
and measured by Rosen and Brolley."* The potential 
depths as a function of energy are shown in Fig. 6. 


VIII. FORWARD SCATTERING PROBLEM 


It is not possible to fit all of the 39.8-Mev data, 
including all of the low-angle data, with arbitrary 
6’s for L<5 and 6’s for L>6 taken to be zero. By 
allowing arbitrary 6’s for L <6 and 6’s for L>7 taken 
to be zero, it is possible to fit the data. However, the 
6’s are large even for L=5 and 6 and show no regular 
decrease with increasing ZL. Perhaps the data are 
wrong; the cross sections we calculate in the main 
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Fic. 7. Contour map of polarization against energy and angle. 
The contours are labeled by the polarization given in percent. 
The polarizations given here are calculated from the phase shifts 
given in Table ITI. 


4. Rosen and J. Brolley, Phys. Rev. 107, 1454 (1957). 




















PHASE 


part of the paper vary very rapidly in the angular 
region in question. Or perhaps neglect of the reactions 
p+He*D+ He’ or p+Het>n+ p+ He? is important. 
It does not seem possible to find the origin of this 
difficulty at 40 Mev at this time. 

At 17.5 Mev the situation is more serious. There are 
no reactions to complicate the theory ; a straightforward 
phase-shift analysis ought to be possible. In fact, the 
6’s given in Sec. II do look reasonable and do fit all 
the data including the low-angle data at 17.5 Mev. 
However, it is clear that the 6’s for L=2 are determined 
solely by the forward scattering data, and the neglect 
of 6’s for L>3 might seriously affect the values found 
for them. It is also readily seen that the small value 
of the 6’s for L=2 for 17.5 Mev given in Sec. IT cannot 
be reconciled with a potential model which will also 
give 6’s for L=2 for 40 Mev as large as those given in 
Secs. III, V, and VI. It is possible that some other 
model (e.g., resonance model) might be reconciled 
with such an energy dependence of the 6’s for L=2. 
However, if one chooses to ignore the low-angle data 
and use a potential model, the predicted angular 
distribution of the polarization is similar to what is 
found experimentally. We may be confident that even 
if we are misinterpreting the low-angle data and 
getting the 6’s for L=2 wrong by believing the potential 
model, still we are calculating a reasonable energy de- 
pendence of the angular distribution of the polarization. 

The situation at 9.48 Mev is similar. We cannot fit 
the small-angle data with a potential model. However, 
taking the best fit possible with a potential model 
results in an angular distribution of the polarization 
very similar to that calculated from 6’s found by 
phase-shift analysis of the data. 


SHIFTS FOR p-a 


SCATTERING 2047 


TaBLeE III. Phase shifts for p—a scattering as a function of 
energy. These phase shifts are calculated from the potential of 
Eq. (15) with the energy variation of the depths given in Fig. 7. 














Eiab 
(Mev) 6(S12) 





6(Py2) 6(Piyj2) 8(De2) 5(Dsjs) 9 6(F 72) = 8 (Fea) 
10 2.059 1.900 1.083 0.083 0.067 0.016 0.011 
12 1.943 1.846 1.113 0.116 0.091 0.025 0.016 
14 1.838 1.790 1.113 0.152 0.117 0.036 0.022 
16 1.743 1.738 1.100 0.189 0.143 0.048 0.028 
18 1.655 1.686 1.076 0.225 0.167 0.062 0.035 
20 «1.574 1.635 1.045 0.260 0.189 0.078 0.041 
22 1499 1.585 1.011 0.293 0.209 0.094 0.047 
24 1428 1.535 0.973 0.323 0.226 0.110 0.053 
26 «1.361 1488 0.934 0.351 0.242 0.127 0.057 
28 1.298 1.441 0.894 0.376 0.255 0.143 0.061 
30. «1.237. 1.395 0.853 0.398 0.265 0.159 0.064 
32. 1.180 1.350 0.811 0.416 0.274 0.176 0.066 
34 1.125 1.302 0.766 0.432 0.279 0.191 0.067 
36 1.072 1.255 0.721 0.446 0.283 0.206 0.067 
38 1.022 1.207 0.675 0.457 0.285 0.219 0.065 
40 0.973 1.157 . 0.625 0.466 0.286 0.230 0.062 








IX. POLARIZATION AND PHASE SHIFTS AS A 
FUNCTION OF ENERGY 
The polarization is shown in the form of a contour 
plot in Fig. 7. The 6’s are shown as a function of energy 
in Table III. It is hoped that these results will facilitate 
the use of He‘ as a polarizer or analyzer in double- 
scattering experiments involving nucleons. 
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First-Forbidden Transitions in Parity-Nonconserving Beta Decay*+ 
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Our previous work on beta-gamma directional correlations is extended to phenomena of nonconservation 
of parity in beta decay. The parameters, b,,/‘"’, which express the beta-ray angular distributions, are given 
for first-forbidden transitions of a general interaction, STPVA, where we assume no interferences between 
STP and VA. All of the possible interferences among the six nuclear matrix elements, Jt(So-r), I (Bys), 
M (Br), M (Ba), M(soeXr), and M(B,,*) for STP (and the corresponding matrix elements for VA) are taken 
into account. By using these bz,/‘"’s, it is easy to express the correction factor of beta spectra, the beta-ray 
angular distributions from oriented nuclei, and the angular correlations between beta rays and circularly 
polarized gamma rays from unoriented nuclei in double and triple cascade transitions. The experimental 
data on the beta decays of Sb™ and Au” are analyzed. 


1, INTRODUCTION 


A° a result of the discovery of nonconservation of parity in weak interactions,'~* much experimental data‘ 
on beta-ray angular distributions, polarizations of emitted beta particles, and angular correlations between 
beta rays and circularly polarized gamma rays are being accumulated. In these experiments, most of the measured 
beta decays are for allowed transitions, for which the theoretical formulas have been derived by many authors.* 
A few of them are for first-forbidden transitions, for which there are no adequate formulas, except for the longi- 
tudinal polarizations of the beta particles.*:’ 

The aim of this paper is to generalize our previous work on beta-gamma directional correlations*-" to the 
phenomena of first-forbidden transitions in beta decay with nonconservation of parity. In Sec. 2, we shall give 
formulas for (a) the correction factor for the beta spectrum, (b) the beta-ray angular distributions from oriented 
nuclei, and (c) the angular correlations between beta rays and circularly polarized gamma rays from unoriented 
nuclei in double and triple cascade transitions, in the general cases of first-forbidden beta decay. We take a general 
beta interaction, STPVA,* with the assumption of no interference between STP and VA. All the possible 
interferences among the six matrix elements, 9)?(Ge0-r), Dt(Bys), Mt(6r), M(Ca), Mi(BeXr), and I(B;,*) for STP 
(and the corresponding matrix elements for VA) are considered. These interferences, especially between nuclear 
matrix elements of different rank, have a very important role in our problems and they should not be dropped 
without justification. In Sec. 3, angular correlation functions between beta rays and circularly polarized gamma 
rays, for special decay schemes which are interesting in experiments, are given explicitly. In Sec. 4, some remarks 
concerning applications are discussed. Two different approximations for the b;,/‘"’s are obtained in Appendices 1 
and 2. The experimental data on the first-forbidden beta decays of Sb’ and Au’ are discussed in Appendix 3. 


2. FORMULAS 


Since detailed treatments of beta-ray angular distributions from oriented nuclei,’ and of the angular corre- 
lations between beta rays and circularly polarized gamma rays from unoriented nuclei in double’:** and in triple 
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cascade transitions, have been already given, we write here the final results only. The calculations of this section 
follow in a straightforward way from our previous work.’ We use the following notation. The decay scheme is 
J(B)I1, F(B)Ai(y1) jo, Or 7(B)71(y1) j2(v2) js. The quantity m is the magnetic quantum number of j. W (abcd; ef) 
and (jijymymz| jm) are the Racah and the Clebsch-Gordan coefficients, respectively. P,,(cos@) is the Legendre 
polynomial with integral number, ». The 6,,‘” are parameters which express the beta-ray angular distributions 
and are given in this section. The definition of the 1, is given in Eqs. (3) and (4) in reference 11, where 2n 
is replaced by m. L means the rank of the nuclear matrix element for beta decay, or the multipolarity, 2”, of the 
gamma rays. The dependence on the circular polarization of the gamma ray is p***’+4+“’+". Here p is +1 (—1) 
for left (right) circularly polarized gamma rays. 6 is equal to 0 (+1) for magnetic (electric) radiation. 
(1) Correction factor for the beta spectrum. 
Correction factor for the beta spectrum = boo — (1/V3)b11+ (1/4/5) bo. (1) 
(2) Beta-ray angular distribution from oriented nuclei. 
W (6:8) =Donrsu: fn(j)(—)P- OW (GiLL’ ; n jib Pn (coss), (2) 
with : 
fn(4) =P n(—)-"(jjm—m | n0) 4m, 
where the a,, are the relative populations of the initial magnetic substates. 
(3) Angular correlation between beta rays and circularly polarized gamma rays. 


W(6,p1:8-y)=L{L DL (—) brn OW (ffLl’; nj) (2fr+1)4] 
n L<L’ 
x - (—) Pitta’ p drt sr'+Litli’+n( 7,1! 7, ja) (jill Ly’ | je)F n(LiLy' j2J1) }} Pn(cosd), (3) 


IL’ 
with 
F, (LL jojo) =F n(L'Ljaje) = (—) 4a (27441) (2L+1) (2L’ +1) }4(LL'1 —1| n0)W (joj Ll’ ; nj). 
(4) Directional correlation between beta rays and gamma rays. 
W (6:8—71)=terms involving P,,(cos@) with even n in W(8,p1:; 8—71). (4) 


(5) Angular correlation between beta rays and circularly polarized y2 rays without observing 7; rays in a 
triple cascade transition. 


W (0,p2:8—Y2) =D {L > (—)# bpp WAAL’; nj)(2jr+1)*ICD (fill Lal j2)?W (jin Life; Jrjo) 
2 L<L’ Li 


X (QjrtA)H(Qjot1)¥TL XL (—) eats’ pybtta'tentta’tn (jell Zll js) (jal Lal ja) Fn LaLa’ jaja) J}Pn(cosd). (5) 
LoL?’ 
(6) Directional correlation between beta rays and 72 rays. 


W (@:8—2)=terms involving P,,(cos@) with even n in W (6,p2:8—72). (6) 
We use Eq. (1) of reference 1 as the beta interaction. The parameters, 6,1‘, have been given for allowed 
transitions.!® For first-forbidden transitions, they are as follows: 
STP 


boo = |M(Bo-r) |?(|Cr|?+ | Cr’ |*)[ (1/9) K*Lot+ZKNot+Mo)+ |M(Bys)|?(|Cr|?+ |Cr’|*)Lo 
— {iMt* (Bo- 1) M (Bys)}2 Re(Cr*Cp+Cr*Cp’) (§KLo+No). (7) 


bor = {M* (Bo-r)M'(Br)}[2 Re(Cr*Cs’+Cr'*Cs)2[ (1/9) K2A,—4KLi2+4KNi,—Np—m) 
+2 Im(Cr*Cs'+Cr'*Cs)2 (4K Hi2+ Jz) ]— {iM0* (Bo: r)M (Ba)}4 Re(Cr*Cr’) (2KAi+Ni1) 
+ {iM* (Be- r)M (Be Xr)}4 Re(Cr*Cr’)[ (2/9) KA, — 4K Lie— Nin +2 |+{ IIM* (Bys)M(6r)} 
X[2 Re(Cp*Cs’+C p’*Cs) (3KA1 +N 1-212) +2 Im(Cp*Cs'+C p*C gs) (Jr +22) | 
+{M* (B-y5)M (Ba)}2 Re(Cp*Cr'+Cp*Cr)2A14+- {M* (By5)M (Be X14) } 
x[2 Re(Cp*Cr’+Cp*Cr) (—3KAi+ Lit Nii)+2 Im (Cp*Cr’+Cp*Cr) (Ji:— Hz) J. (8) 
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bi, = —v3{ |M(Br) |2(|Cs|2+ | Cs’ |?) (RK 2L0+3KNot+2Li+Mo)+ |M(Ba) |2(/Cr|?+ | Cr’ |*)Lo 
+ |M(BeX rx) |2(\Cr|2+ | Cr’ |*) (AK*Lo—2 KNot+3L14+ Mo) + {M* (Ba) M (Se Xr)} 
K2(|Cr|2+!Cr’ |?) (—4KLo+No) — { iM* (BHM (Ba)} 2 Re(Cs*Cr+Cs*Cr’) (4K Lo+ No) 
+ { IM* (Br)M (BoeXr)}2 Re(Cs*Cr+Cs*Cr’)(Li—Mo)}. (9) 
by =v2{— iM (Br) 22 Re(Cs*Cs’)2($KLiet+ 3K Nut NitA2—m) — Mi (Ba) |?2 Re(Cr*Cr’)2A1 
+ |M(BeXr) |22 Re(Cr*Cr’) (—2 KA, —4K L243 K Nuit Nyo— dAot+ 2m) + [M* (Ba) IM (Be Xr) } 
X4 Re(Cr*Cr’) (3K Ai— Nii t+43Li2)+ { iM* (BM (Ba) } {2 Re(Cs*Cr’+Cs*Cr) (3KAi+Li2t+ Nid) 
+2 Im(Cs*Cr’+Cs'*Cr) (—Jis tHe) } + { M* (BM (BoeXr)} [2 Re(Cs*Cr’+Cs'*Cr) 
x (—3K%A,—}K Lt +N y2—Ao— 2m) +2 Im(Cs*Cr’+Cs'*Cr) (2KIn—tKHi2+- $512) }}. (10) 
bu = —68{ — |M (Br) |2(/Cs|2+| Cs’ |?) (ZK Lit Lit+2N 12) + |M(BeXr) |2(\Cr|2+! Cr’ |?) (—4KLw—tLi+- N12) 
+ {M*(Ba)M(BeXr)}2(|Cr|2+ | Cr’ |2)4 List | M* (BM (Ba)}[2 Re(Cs*Cr+Cs'*Cr’) Lie 
—2 Im(Cs*Cr+Cs'*Cr’)H 12 |+ { iM* (Br) M (Boe Xr) }[2 Re(Cs*Cr+Cs'*Cr’)} (—KLiz—Lit+ N12) 
+2 Im(Cs*Cr+Cs'*Cr’) (AKHi2— J 12) ]}. (11) 
bos =6-2{ { M* (Bys)M(B;;8)}[2 Re(Cp*Crt+Cp'*Cr’)3Ly2+2 Im(Cp*Cr+C p*Cr’)3H 12 | 
+ {M* (Bo- 1) M(B; )} 2 Cr |?+ | Cr’ |?) (KLi2t+3N12)}. (12) 
3 (5/3) 4 {M* (Br) M(B;,8)} {2 Re(Cs*Cr’+Cs'*Cr)[$K°A1—KL12—3N 2+ (6/5) Ae |] 
+2 Im(Cs*Cr’+Cs"*Cr) (KHi2+3J,2)} — {M* (Ba (Bi 8}4 Re(Cr*Cr’)3Ls 
+ { iMN* (Bo Xr)M (B;;°)}4 Re(Cr*Cr’) (4K°Ai + KLy2—3Ny2—2A2)}. (13) 


b= — 


bio = —3{ {MN* (Br) M (B,,°)}[2 Re(Cs*Crt+Cs'*Cr’) (KLi2—3L,4+3N w) 
+2 Im(Cs*Cr+Cs'*Cr’) (KH 2+3J 12) + { it* (Ba) M(B.) }2(|Cr|2+ | Cr’ |2)3Li2 
— { iM*(BoX M(B; ;)}2(|Cr|?+| Cr’ |*)(KLi—$L:—3N2)}. (14) 


bio) = (9/4/10) { {MU* (Br) M(B;,F)}2 Re(Cs*Cr’+Cs'*Cr)2A2— | M* (Be X M(B, 8) }4 Re(Cr*Cr’)Ao}. (15) 
boo = |M(B;;*) |?(|Cr|?+ | Cr’ |?) (1/12) K*Lot+-3L1 7/5. (16) 
boo = |M(B;;*) |22 Re(Cr*Cr’)[ (1/12) K2Ai+ (9/20) Ae }y/10. (17) 
boo = — |MN( Bij) |?(|Cr|?+ | Cr’ |?)3(F)4Li. (18) 
boo) = — acids 122 Re(Cr*Cr’) (9/4/10) Ao. (19) 
boo =0. (20) 


The numerical factor, 2 or 4, for Re(C;*C;) or Re(C,*C,’) is left in the above equations, for convenience in 
further calculation. 


VA 


The 6;:‘”’s for VA are easily deduced from those for STP. In the expressions for the b;,/‘"’’s, the K™ term 
for M*(8X,)M(BX;) should be replaced by (—)"*"K™ for M*(X,)M(X,;). Besides this, a few terms consisting of 
the imaginary part of the product of different coupling constants appear in VA, while the corresponding terms 
in STP vanish, and vice versa. The results are: 


boo = [M(o-r) |2(|Ca 2+ |Ca’|2)[ (1/9) K2Lp—2KN ot Mo] + |Me(ys) |2(|Cal2+|Ca’|2)Lo 
+ {iM*(o-r)M(ys)}2(1Ca 2+ /Ca’|?)(AKLo—No). (21) 
bus = (MP (0-1) M(H) {2 Re(CaPCv’ +Ca!*Cv) A ~ (1/9) KA PK Lat HAN Nest om] 
+2 Im(C4*Cy’+Ca*Cy)2(4KH2—J,2)} — 2MN* (@-)M (a) } [2 Re(Ca*Cy’+Ca*Cy) (3 KAi— Ni) 
+2 Im(C4*Cy’+Ca*Cy) Ji J+ (2M* (o-r)M (eX r)}4 Re(Ca*Ca’)[— (2/9) K*A1—4 KL 4+Ni2— 2m | 
— {iMN* (ys)Mi(1)} [2 Re(Ca*Cv’+Ca*Cy) (—3 KA +N — 2112) +2 Im(Ca*Cy’+Ca*Cy) (Jui + 2H) | 
— {IN* (ys)M(a)}2 Re(Ca*Cy’+Ca/*Cy)2A1— {M* (ys) Mo Xr) }4 Re(Ca*Ca’) (FKAi+L +N). (22) 
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by = —v3{ |M (vr) |2(| Cv 2+ | Cy’ |*) AK*L0—3KNo+2L1:4+Mo)+ |M(a) |2(| Cv |?+ | Cr’ |*) Lo 
+ |M(eXr)|2(|C4!2+/Ca’|*) (2K27L0+3KN as cidcvegibccamadian 
X2 Re(Cy*Cat+Cy*Ca’) (4K Lot No) + {iMt* (1M (a) }2(| Cv |2+ | Cv’ |?) (FKLo—No) 
+ {iM*()M(oXr)}2 Re(Cy*CatCy*Cs’)(Li—Mo)}. (23) 
by =v2{ — |M(r) |22 Re(Cy*Cy’)2(AKLw+4KNiu—Ni—Aotm) + Ma) |22 Re(Cy*Cy’)2A1 
+ |M(eXr) |22 Re(C4*C 4’) (AK2A,—4KL4+3KNu— Nit} Ao— 2m) + [M* (@)M(eXr)} 
[2 Re(Cy*C4/+Cy'*C4) (3KA, +N, —41Ly2) +2 Im(Cy*C 4’+Cy’*C a) (Sur +3He) J 
— {iM* (FM (a)}4 Re(Cy*Cy’) (—FKAi+ List Nis) + { M* (HM (oX 4) { [2 Re(Cy*Ca'+Cvy'*Ca) 
X (4K2A,—43K Ly2—4Nyo+Aot 2m) +2 Im(Cy*C a’ +Cy'*Ca) 3KI—tKHi2—3512) }}. (24) 


by = —O4{ — [M(r) |27( Cv 2+ 1 Cv’ |*)(—FK Lit Lit2N 2) + MeXs) |?(/Ca\?+ | Ca’ |?) GK L2—tLit Nw) 
+ {IM*(a)M(eXr)} [2 Re(Cy*CatCv*Ca’)hLi2t2 Im(Cy*Cut+Cv*Ca') 3A | 
+ {iIMN* (eM (a) } 2) Cv 2+! Cv’ |*)Liot { Me (HM (eX) } [2 Re(Cy*C tCy"C 4’)3(KLy2—L14+ N12) 
—2 Im(Cy*Cat+Cv*Ca’) (RKH2+3J12)]}. (25) 


boo = (1/4/6) { { SM* (ys) M(B, } 20, Ca 2+ 1 Ca’ *)3L12 
+ {M*(o-r)M (Bij) }2(1Ca 2+ | Ca’ |?) (—KLit3N12)}. (26) 


by_" = —3(5 3)3¢ {M* (IMB )} [2 Re(Cy*C4'+Cy'*C4)(—2 R°A,— KL yt 3Nv— (6 5)Ae) 


+2 Im(C, _ ary +-Cy C4) (KH y2—3J5 2) |+ } IW* (a) WB, )}[2 Re(Cy*Ca4/+Cy'*Ca \3Li2 
—2 Im(Cy*C4'+Cv’*C 4) 3H 2 J+ { SM (eX r)M(B;;)} 4 Re(Ca*C a’) (—4K72A + KLi2+3Ny24+3A2)}. (27) 


bio = —3{ /M* (eM (B,,)}[2 Re(Cy*CatCv'*C 4’) (—KL12—3L)4+3N 12) 
+2 Im(Cy*C4t+Cv'*C a’) (—KH 2+3J 12) J+ { DU (ae) M(B, si Re(Cy*Cat+Cy*Ca’)3L12 

+2 Im(Cy*CatCy’*C4/)3H 12 | + { M* (eo Xr)M(B;;) } 2( 24.1C4'\?) (KLit3L.+3N »)}. (28) 
bye = (9/4, ori {M* (r)M(B;;)}2 Re(Cy*C4'+Cy'*C4)2Aot+ { Mi (eX r)/M(B;;)}4 Re(Ca*Ca’)Ao}. (29) 
boo = |MN(B;;) |?2(' Ca |2*+ | Ca’|?)E (1/12) K*L04+-3L1}75. (30) 
boo") = — |MN(B;;) \22 Re(Ca*Ca’)[ (1/12) K*Ai+ (9/20) Ae /10. (31) 
boo = — |MN(B,;)|2(1Ca|2+1Ca’|2)3(F)4Li. (32) 
boo = |IMN(B;;)|?2 Re(C.4*C 4’) (9/4/10) Ao. (33) 
boo? =0. (34) 


STPVA with Assumption of No Interference between STP and VA 


Now, let us assume no interference between STP and VA. This is satisfied, for example, by the modified two- 
component neutrino theory, namely, C;= —C,’ with i=S, T, P, and C;=C,;’ with j=V, A.'* The 6,1” for this 
STPVA interaction are: 

br1'\™ = (bry for STP)+ (br, for VA). (35) 


In Eqs. (7)—(34), the 2(X;) are reduced nuclear matrix elements. Their definition is equal to that of Konopinski 
and Uhlenbeck" except for a constant common factor, e.g., [(2j:+1)/(2j+1) MM* (Ba)M(6r) = (f/Ba)*: (fBr). 
In the calculation of the 6,,-‘", we have assumed that the strong interactions are invariant under time reversal. 
Consequently, the products of two matrix elements in curly brackets, namely, {Ml*(X,)M(X,)} or (AM*(YIM(Y,)} 

‘6 This choice of coupling constants was once introduced by the present authors (unpublished paper) to yield the Fierz terms equal 
to zero. One can explain the lack of the Fi ierz te rms in several w ays: (A) Cs or C v=OandC r or ( 'a=0, and similar relations for coupling 
constants with primes; | (B) Cs=+Cs’, Cv=¥FCi ‘and Cr=#C 7’, Ca=+Ca’; (C) Cs=+Cs', Cy =¥FCy’ and Cr=+Cr’, Ca=¥FCa’; 
(D) Cy/Cs=ig’ and Ca/Cr=ig with ‘real g and g’, and similar relations for coupling constants with primes: or different choices of 
(A), (B), (C), and (D) for Fermi and Gamow Teller interactions. Here the assignment Cr=Cr’ (or Ca= —C4’) is excluded by some 
data in allowed transitions with AJ = +1. The same choice of the relative sign of the coupling constants has been also considered by 
T. D. Lee and C. S. Wu [Proceedings of the Israel Conference, September, 1957 (unpublished) J, to explain the cross section of neutrino 
capture by Cl*? [R. Davis, Jr. (to be published) ] and other data on beta decay 

17 E. J. Konopinski and G, E. Uhlenbeck, Phys. Rev. 60, 308 (1941). 
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are always real numbers, and may be positive or negative. If the strong interactions are not invariant under 
time reversal, the expressions for the 6; ,/‘"’s should be slightly modified, and a few terms should be added, which 
do not appear in our case. W, p, and K are the energy and momentum of the electron and the energy of the 
neutrino, respectively. The other symbols are combinations of electron wave functions and are given below'*: 


Lo= (2P°F)[g_2+ f2}>1. (36) 
L,= (2p°F)"p*[¢_2+ fe} p’/9. (37) 
No= (26°F)“p7L f-ag_a— figr — (p2/3W) —V. (38) 
Mo= (2p°F)"'p*L_ f_?+g7 bo (p?/9)+ (2p?/3W)V+V?. (39) 
Li= (2p°F)p[g_1 fe cos(6_1—52) — fig_2 cos(61—8_2) Lo — p?/3W. (40) 
Ni2= (2p?F)p[_f_1 fe cos (6_1 —52) + gig_2 cos(6; —6_2) + >(p?/9)+ (p?/3W)V. (41) 
= (2p°F)"p“ fife sin (61 —52)+g_1g-2 sin(6_1—6_2) } >}. (42) 
Nu= (2p°F) pL fi fi—g_igi] sin(6.1—8:) >—4p— (p/W)V. (43) 
Nio= (2p°F) "pT f_ig_» sin (6_1 —8_2) — gifs sin (6; —82) Ho — (p*/9W) —4pV. (44) 
1= (2p°F)'g_sf, sin(6 a 2W. (45) 

= (2p°F)“"p*g_» fe sin(6_2—62) > p*/18W. (46) 

= (2p°F) 4p fag, sin(6_1—8;) >— (p? soso — (p/2W)V?. (47) 
Hy.= (2pF)'p[g_1f2 sin (6_1—2) — fig_s sin( _2) +o —}paZ. (48) 
J y= (2p°F)"'p [fi fe sin (6_1—62) + gig_» sin (6; —8_ hey 12W)+ipV JaZ. (49) 
Hy.= (2¢°F)“p[_ fife cos(61—52) + ¢_1¢-2 ces{6_1—8_2) FO —[(p?/4W)+ (1/3W) JaZ. (50) 
Ju=(2p°F) pf fitg_igi] cos(6_1—8:)— (1/3W)aZ. (51) 


J,2= (2p°F) pT f_1g_2 cos (61-82) —g1 fe co8(51—8s) Fl (p?/12) + (p?/4W)V+(1/3W)V]JaZ. (52) 


Here V=aZ_ 2p. The arrow in each equation indicates the approximation (aZ)*<1. When we need the correction 
to the b,,-'"’s due to the finite de Broglie wavelength, we can obtain more accurate forms of b,,‘" from 
Eas. (7)-(34), together with higher order expansions of the functions in Eqs. (36)-(52). To include the finite 
nuclear size correction, the expressions for the b,:,‘" should be modified as for the beta-ray spectrum. See 
for example Matumoto and Yamada.” If one assumes invariance of beta interactions under time reversal, 
the b;;/“°’*™ are reduced to those for directional correlations given by Morita ef al.*- 

In this section, the 6;;/“" are given for an electron decay. In order to obtain the corresponding 6,,,‘" for a 
positron decay, the following substitution should be performed: Z>—Z, C—>—C,*, C,/>C;* with i=S, A, P; 
and C;-C,*, C/——C;’* with j=V, T. 


3. EXPLICIT FORMS OF BETA-GAMMA ANGULAR CORRELATIONS 


In some special decay schemes, Eqs. (2)—(6) are greatly simplified. For example, in the cases of (8: allowed) j, 
(y: 2” pole) 7:+L, the angular correlation between the beta rays and the circularly polarized gamma rays is 


TABLE I. u(j,j1,J2 sinner 


Decay scheme 





I(B)i(y) 52 u(9, 91,52) »(j, 91,52) 
j(B)J—1(y)j-1-L 0 
I(B)j(y)J-L —1/j C(j+1)/7}) 
I(BI+NI+I-L — (j+2)/(j+1) 0 
I(B)IJ—-1(y)J-14-L (—j+1)/j 0 
I(BI(WI+L vat “D+ DP 


HOIAUG)IAL 


18 Equations (36)—(47) were defined to calculate electron-neutrino angular correlations. See M. Morita, Phys. Rev. 90, 1005 (1953) ; 
Progr. Theoret. Phys. (Japan) 9, 345 (1953). 

19 Z. Matumoto and M. Yamada, Progr. Theoret. Phys. (Japan) (to be published). A. D. Dolginov and I. N. Topigin [Nuclear 
Phys. 2, 147 (1956) ] considered a similar effect for angular correlations with the old theory of beta decay. 
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expressed explicitly by 
W (6,p1:8—y) =144 (0/c) cosd, (53) 


where the upper (lower) sign refers to the right (left) circularly polarized gamma rays. The asymmetry, A, is: 


1 aZ 
ar su jrjuis| Re(Co¥Cr!—CutCu— Im(Cx*C4’+Cx"C.) Mor 
le p 





+-»(j.inio| Re(CstCe'+Cr'*Cs—Ca*Cy’—Cx"Cv) 

aZ 2 Re 
+— Im(Cr*Cy’+Cr*Cy—C Cx'=Cu"C2) |My Mor jan, (54) 
p é[1+(b/W) ] 


where 
= My*(|Cgs|\?+|Cy|?+/Cs’ |?+ | Cv’ |?) + Mor? (|Cr|?+ [Ca |?+/ Cr’ |?+/Ca’!?), 
th=+2y Rel Mr’ (Cs*Cvt+Cs"*Cv’) + Mer (Cr*Cat+Cr*Ca’) |, 
vy=[1—(aZ)*}}. 


In A, and £, the upper (lower) sign refers to the electron (positron) decay. u(j,ji,j2) and v(j,j:,j2) depend on 
the spin of the parent nucleus, j, and are given in Table I for relevant decay schemes. My and Mar are taken to 
be real numbers. Therefore their product, My-Mgzr, may be positive or negative. Similar formulas for beta-ray 
angular distributions have been given by many authors [see, e.g., Eq. (1) of Ambler ef al.,” or reference 4]. 
No restriction on the coupling constants is used in Eq. (54). 

In the cases of first-forbidden transitions, the angular correlations between the beta rays and the circularly 
polarized gamma rays are more complicated. We give two examples, which are frequently encountered in experi- 
ments. 

(1) 2-(8)2*(7)0*. 


W (0,p1:8—v) = (boo —3 115 +5-§h oo) — [6M + (2-4) bir — 4 (7/30) 1b:2 — $3 (10) Meo ]p Ps (cosd) 
—[$(6-4)b,5 + (14) Moe +3 (14) 412 —3 (14) leo ]P2 (cosd) 
+[2(35)—%12+ (4 7)(2 5) 4bo0% ]piP3(cosé). (55) 


Here p;=+1(—1) for left (right) circular polarization. From Eq. (55), the directional correlation is obtained 
by dropping the P;(cos#) and P;{cos#) terms. Equation (55) is applicable to Cl**,* K®,” As” Rb**,* Sb”, 
and I'**” for which the directional correlations are anisotropic, and to Au'’,’* for which the directional correlation 
is isotropic but the polarization correlation is asymmetric. 


(2) 3-(8)2*(y)0*. 


W (0,p1:8—y) =(—3 1H, +5 Ibos )+[4(2 by, + (15) 412” |p P (cos) 
+[4(6 by; +4012 + (2 7)'bo0 |P2(cos0) —[4(%) die 7 +4($)*bo2 pi P3(cosé). (56) 


Here the coefficient of b:.“) is canceled accidentally. Equation (56) is applicable to Sb™, for which the directional 


correlation is anisotropic™:*’.* and the polarization correlation is asymmetric.” In Eqs. (55) and (56), we use 
the bp 1-‘"’s of Eqs. (7)-(34) or Eqs. (A1)—(A28), or Fqs. (A35)-(A48) if those approximations are valid. Further- 
more, in the case, where the beta interaction is STP withC;=—C,’ and real coupling constants, Eqs. (55) and 


(56) have the form of Eq. (53): 


” Ambler, Hayward, Hoppes, Hudson, and Wu, Phys. Rev. 106, 1361 (1957). 
21 P. Macq, Bull. classe sci. Acad. roy. Belg. 5* Série 40, 802 (1954) ; 41, 467 (1955); Nuclear Phys. 2, 160 (1956), and private com- 
munication to M. Morita (1956). 
2D). T. Stevenson and M. Deutsch, Phys. Rev. 84, 1071 (1951). 
3H. Rose, Phil. Mag. 44, 739 (1953). 
*% PD. T. Stevenson and M. Deutsch, Phys. Rev. 83, 1202 (1951). 
28 T. Shaknov, Phys. Rev. 82, 333 (1951). 
26 F. Boehm and A. H. Wapstra, Phys. Rev. 106, 1364 (1957), and to be published. 
27 E. K. Darby and W. Opechowski, Phys. Rev. 83, 676 (1951); D. T. Stevenson and M. Deutsch, Phys. Rev. 83, 1202 (1951). 
28M. Morita and M. Yamada, Progr. Theoret. Phys. (Japan) 8, 449 (1952); 10, 111 and 641 (1953). 
* H. Appel and H. Schopper, Z. Physik 149, 103 (1957). 
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(1) 2-(B)2+(y)0+. 
oe (FWY -+[(1/48)K2+ (11/112) p?]— (1/ 7)p* cost 


. sowed ———, (57) 
X24 ¥2443(21)-4(p?/W)X—3(14)-4(p?/W) ¥ +[(1/12)K2+ (59/672 
2(21)-*(p°/W) ‘i C mete it (pia) 'V + (3/224)W ](p?/W) cos’é 





where X=i/¢ and Y=n/f. 
(2) 3-(8)2*(y)0*. 


—4¥°-—3WY— (3/56) p?+ (5/ 56) p* cos’? (58) 
——EE Pe 


~ P24 (1/14) (P/W)¥+E(1, 12)K2+ (2/21) p°)]—[(3/14) ¥ + (1/28)W](p2/W) cos’ 


Equations (57) and (58) are also valid for VA with C;=C,’, and in the special case of STPVA when C;= —C,’ 
for i=S, T, P and C;=C;’ for 7=V, A together with &=+A, n=-+yu, and {=+\, and the assumption of time- 
reversal invariance. 











4. CONCLUDING REMARKS 


In the beta-ray angular distribution, Eq. (2), the f,(j) with odd m vanish except for polarized nuclei. Conse- 
quently, W (6:8) is a linear combination of even powers of cosé in aligned nuclei. In this case, the b,.-“°’*™’ given 
in references 8-10 are determined up to the second forbidden transitions. These authors took into account all 
the interferences among S, 7, P, V, and A, but assumed invariance under time reversal for beta decay. For polar- 
ized nuclei, W (6:8) is, of course, a linear combination of odd and even powers of cos@. 

In the case of special decay schemes such as j(8)2L(y:)L(y2)0 with pure electric and/or magnetic 2/-pole 
gamma rays [for example, j(8)4(7:)2(72)0 with pure quadrupole gamma rays }, the angular correlation between 
the beta rays and the circularly polarized 7, rays is equal to that between the beta rays and the circularly polarized 
2 rays. This implies that, for example, we need not discriminate experimentally between the two gamma rays 
with energies of 0.89 Mev and 1.12 Mev following the beta decay of Sc** to the 2.01-Mev state of Ti*® (assuming 
a low intensity of the beta group of Sc** to the 1.12-Mev state of Ti**). This equality also holds in the case 
where the circular polarization of the gamma rays is not observed, and in the case of gamma-ray angular 
distributions from oriented nuclei in similar decay schemes. 

The approximation for the 6,,‘" in Appendix 2 is at least valid for the nuclei Rb**, Sb'”, I’, and Au’*. In 
these nuclei, the beta-ray spectra have an allowed shape which may support the assumption of aZ/2p>W. 
(Actually, aZ/2pW, ~6 for these nuclei.) One of the reasons why we do not neglect the 9)t(B;,*) term in the bp 1)" 
is that a small mixture of Y2(B;,;°) greatly affects the beta-ray angular distributicns and beta-gamma angular 
correlations through its cross terms with the other matrix elements. Furthermore, if we assume that the j-j 
coupling shell model or A. Bohr’s model of the nucleus is strictly valid, the nuclear matrix elements other than 
Wi (B;,*) cancel. The arguments in this paragraph were once justified by us in the theoretical analysis of beta-gamma 
directional correlations for K®, As’®, Rb*®, Sb'”, and °°. The result was that the approximation for the 621°” 
in Appendix 2 is good for Rb**, Sb, I'°*, and rather poor for K® and As”®, 

Upon using the 6;,,‘"’, applications to many phenomena involving double or triple cascade transitions in oriented 
nuclei are easy. 

An analysis of the experimental data on Au'®*,** and Sb™,” is given in Appendix 3. 
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APPENDIX 1. 6,1," IN THE APPROXIMATION (aZ)?<1 
Using Eqs. (36)—(52), the bp1“” in Eqs. (7)-(34) become the following: 


STP 
boo = |M(Bo-r) |?(|Cr|?+|Cr’|*){ (1/9) LK?—2K (p?/W) +p? ]+3[—-K+ (p?/W) JV+V' Af 
+ |M(Bys) |2(|Cp|?+|Cr’ |2) +{iM* (Go-r)M (Bys)}2 Re(Cr*Cp+Cr’*Cp’)4[—K+(P/W)]+V). (Al) 


% Matumoto, Morita, and Yamada, Bull. Kobayasi Inst. Phys. Research (in Japanese) 5, 210 (1955). Their calculation assumed 
the STP combination with real coupling constants. In this approximation, their result is also the same for VA or the special case of 
STPVA, as is written under Eq. (58). 
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bor = {M* (Bo-r)M (Br) } {2 Re(Cr*Cs’+Cr’*Cs) (p/W){ (1/9) (K°—4KW+3p")+3(—K+2W)V+V?} 
+2 Im(Cr*Cs'+Cr'*Cs) (aZ/W)[ (1/18) (—3p’K -4K+3p°W) +2 (3p?+4)V ]} 
— {FN (Bo-1)/M (Ba)}4 Re(Cr*Cr’) (p/W)[4(K—W)—V] 
+ {iDMN* (Bo 1) M (So Xr) }4 Re(Cr*Cr’) (p/W)L(1/9)K (K—W) —-4WV—V?] 
+ {iMN* (Bys)M (Br) } {2 Re(Cp*Cs'+Cp'*Cs) (p/W)[(4K—W)—-V] 
—2 Im(Cp*Cs'+C p’*Cs) (aZ/W) (14+-49")} + {(De* (Bys)M (Ba)}2 Re(Cr*Cr’+Cp'*Cr) (p/W) 
— (M* (Bys)M (Be Xr)}[2 Re(Cp*Cr’'+Cp'*Cr) (p/W) (4K+V) 
—2 Im(Cp*Cr’+C p’*Cr) (aZ/W) (p?/4) ).  (A2) 


by, = —v3{ |M (Br) |2(|Cs\2+|Cs’|2){ (1/9) [3K2— 2K (p?-/W) +3? ]+3[—K+ (p?/W) ]V+V3} 
+ |M (Ba) |?(|Cr|?+ |Cr’ |?) + |M(BorXr) |2(|Cr|?+ | Cr’ |*) { (1/18)[3K2+4K (p?/W) +39") 
+3[K+ (p°/W) V+ V*} —{M*(Ba)M (Bo Xr) }2(|Cr|?+ |Cr’|*) {4[K+ (p?/W)]+V} 
— {IM* (Br)M (Ba) }2 Re(Cs*Cr+Cs'*Cr’) {4K —(p?/W) ]-V} 
— { M*(Br)M (Bo Xr)}2 Re(Cs*Cr+Cs'*Cr’)[(2p?/3W)V+V2)}}. (A3) 


by; =v2{ — |M (Br) |?2 Re(Cs*Cs’) (p/W)(—3KV+V2) — |M(Ba) |22 Re(Cr*Cr’) (p/W) 
— |M(Be Xr) |22 Re(Cr*Cr’) (p/W)[ (1/12) (K°+4KW+3p*) + (3K+W)V+V7] 
+ {M* (Ba)M (SeXr)}4 Re(Cr*Cr’) (p/W)[4h(2K+3W)+V] 
+ { M* (Br)M (Ba) } [2 Re(Cs*Cr’+Cs*Cr) (p/W) (4K —V)—2 Im(Cs*Cr’+Cs'*Cr) (aZ/W) (p?/4) ] 
+ { IM*(Br)M (Be Xr) } {2 Re(Cs*Cr’+Cs'*Cr) (p/W)[—-}(K2°+KW)4+3WV4+V7] 
+2 Im(Cs*Cr’+Cs'*Cr) (aZ/W)[ (1/24) (KP —4K+3p'W)+4(3p+4)V]}}. (A4) 
bu = —y/6{ — |M (Br) |2(|Cs|?+|Cs’ |?) (p?/W)[ (1/9) (—2K+3W)+3V] 
+ |M(BeX r) |2(|Cr|?+ | Cr’ |?) (p?/W)[ (1/36) (4K+3W)+4V ]—{D* (Ba)M (BeXr) } 
XK 2(|Cr|?+| Cr’ |*) (p?/6W) + { M* (Br)M (Ba) }[—2 Re(Cs*Cr+Cs'*Cr’)(p?/3W) 
+2 Im(Cs*Cr+Cs'*Cr’) (p/4)aZ J+ { iM* (Br)M (Be Xr) } [2 Re(Cs*Cr+Cs*Cr’) (p?/6W) (K+V) 
—2 Im(Cs*Cr+Cs'*Cr’ )aZ (p/24){(K+3(p?/W)]+9V} ]}. (AS) 


boo = (1/4/6){ — { M*(Bys)M(B,8)}[2 Re(Ce*Cr+C p'*Cr’) (p?/W)+2 Im(Cp*Cr+Cp'*Cr’)3 paZ | 
+ {M* (Be - 1) M(B; ;4)}2(|Cr|*+ |Cr’ |) (p/W)T4(—K+W)+V]}. (A6) 
bro = —$ (5/3) 4{ (ML (Br) M(B,,*)} {2 Re(Cs*Cr'+Cs'*Cr) (p/W)[ (1/15) (SK°-SKW+6p")+ WV } 
+2 Im(Cs*Cr’'+Cs'*Cr) (aZ/W)[(1/12)(—3K pp’ —4K+3p"W)+ (3p?+1)V]} 
— {M* (Ba)M(B,,4)}4 Re(Cr*Cr’)p in 
+ { M*(BeX HM (Bi,)}4 Re(Cr*Cr’) (p/W)[ (1/30) (SK?+10KW+9p2)+WV]}. (A7) 
bio = —{M* (Br) M(B; ;*)} {2 Re(Cs*Cr+Cs'*Cr’) (p?/2W)(—4K+V)4+2 Im(Cs*Cr+Cs'*Cr’)aZ (p/8) 
X[{—K+ (p?/W)}+3V]} + (M* Ba)M (Bi )}2(|Cr|2+ | Cr’ |?) (p?/2W) 
—{iM* (Bo X 1)M(B,;8)}2(|Cr|2+ | Cr’ |?) (p?/2W)[3(2K+3W)+V].  (A8) 
bro = (1/4/10) { {Me* (Sr) M (Bi) } 2 Re(Cs*Cr’+Cs'*Cr) (p*/W) 
— {iM*(BoeXr)M(B;;*)}4 Re(Cr*Cr’) (p?/2W)}. (A9) 


Baa = [MR (Bis) |*(|Cr|*+ |Cr’|*) (K2+f*) (V/5)/12. (A10) 
baa = |M(Bisf) |*2 Re(Cr*Cr’) (p/W)L (1/24) K*+ (1/40) p*}V/10. (All) 
baa! = — |DL(Bu,P) |*(|Cr|?+ |Cr’ |?) (1/12) @)'p*. aad 
bax = — |M(ByP)|22 Re(Cr*Cr’) (1/2/10) (p*/W). (A13) 


boo =0. (A14) 
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VA 


boo = |M(o-1) |?(!Ca|?+ | Ca’ |?) { (1/9) [K2+2K (p?/W) +97 )+3(K-+ (p°/W) V+ V"} 
+ |MECys) |2(| Ca |? | Ca’ |2) + MO) M(ys)}2(| Ca [2+ | Ca’ |?) 4 K+ (P°/W)]+V}. (AIS) 
bor = —{M*(o-1)M(e)} {2 Re(Ca*Cv'+Cu’*Cy) (p/W)L (1/9) (K?+4KW+3p%) +3 (K+2W)V+V"] 
+2 Im(Ca*Cy’+Ca'*Cy) (aZ/W) { (1/18) (3°K+4K+3p'W) +2 (3p°+4)V}} —(M*(o-)M(a)} 
X {2 Re(Ca*Cy'+Ca*Cy) (p/W)[4(K+W)4+V ]—2 Im(Ca*Cy'+Ca*Cy) (aZ/3W)} 
+{iM* (o-1)M(oX4)}4 Re(Ca*Ca’) (p/W)[— (1/9) K (K+W)+4WV+V"7] 
+{iMN* (ys) M(H) } {2 Re(Ca*Cv’+Ca*Cy) (p/W)[(4K+W)4+V] 
+2 Im(Ca*Cy’+Ca*Cy) (aZ/W) (1+3")} — {De* (ys) M(a)}2 Re(Ca*Cv’'+Ca'*Cy) (p/W) 
— {M* (ys)M (oX1)}4 Re(Ca*Ca’)(p/W)(4K—V). (A16) 


bu = —v3{ |M(n) |2(|Cv |?+ | Cv’ |*) { (1/9) [3K2+ 2K (p?/W) +39") + 3LK-+ (p?/W) JV +V3} 
+ [MU (a) |2(| Cv |?+ | Cv’ |?) + |M(@Xv) |2(|Ca|?+ | Ca’ |?) { (1/18) [3K2—4K (p?/W) +397] 
+3[-—K+ (p?/W)]V+V?} —{M*(a)M(eXxr)}2 Re(Cy*Cat+Cy"*C4’) {(4[—K+(p?/W)]+4+V} 
+ { D* (1)M(e) }2(| Cv |?+ | Cv’ |?) (4LK+(P/W)]+V} 
— { M* (FM (oXr)}2 Re(Cy*Cat+Cy'*Ca’)[ (2p?/3W)V+V7)}. (A17) 
by, =v2{ |M(x) |22 Re(Cy*Cy’) (p/W) (3KV+V2)+ (Ma) |22 Re(Cy*Cy’) (p/W) 
+ |M(eXr) |?2 Re(Ca*Ca’) (p/W)[ (1/12) (K°—-4KW+3p") + (-3K+W)V+V?] 
— {M*(a)M(oXr)} {2 Re(Cy*Ca’+Cy'*Ca) (p/W)[4(—2K+3W)+V] 
+2 Im(Cy*Ca’+Cy'*Ca) (aZ/2W) (4 p°+1)} + { M* (H)M (a) }4 Re(Cy*Cy’) (p/W) (4K+V) 
+ { M* (NM (eX 1) } {2 Re(Cy*Ca’+Cy"*C.) (p/W a (K°-—KW) -4WV—-V?] 
+2 Im(Cy*Ca’+Cy’*C4) (aZ/W)[ (1/24) (Kp’—4K —3p’W) —3(3p?+4)V]}}.  (A18) 


by = —64{ — |M(v) |2(|Cv |?+ | Cv’ |?) (p*/W) (1/9) (2K +-3W)+3V J+ |[M(oXx) |2(|Ca|2+ |Ca’ |?) (P?/W) 
X[ (1/36) (—4K+3W)+4V ]—{M*(a)M (eX) }[2 Re(Cy*Cat+Cy'*Ca’)(p2/6W) 
+2 Im(Cy*Cat+Cy"*Cx’) (p/8)aZ ]— { iM* (1M (a) } 2(|Cv |?+ | Cv’ |?) (p?/3W) 
+ {iM* HM (eXx)} {2 Re(Cy*Cat+Cy'*Ca’) (p?/6W) (—K+V) 
—2 Im(Cy*Cat+Cvy*Ca’)aZ(p/24)[{ -—K+3(p?/W}+9V]}}. (A19) 


boo =6-4{ — { M* (ys) M(By;)}2(| Ca |2+ | Ca’ |?) (P?/W) 
+ {M*(o- 1) M(B,;)}2(|Ca|?+1Ca’ |?) (P?/W)4(K+W)+V]}. (A20) 


bys) = —4 (5/3) 4{ — {M* (H)M(B;;)} {2 Re(Cy*Ca'+Cy'*Ca) (p/W)[ (1/15) (SK°+5KW+6p)+WV ] 
+2 Im(Cy*Cu'+Cy"*Cs) (aZ/W)[ (1/12) (3K pP+4K+3pW)+ 3p+1)V)} 
+ { M*(@)M(B,;)}[2 Re(Cy*Ca’+Cy'*Ca)pt+2 Im(Cy*C4'+Cy’*Ca) (aZ/W) (3"?+1)] 
— {M*(oXnM(B,;)}4 Re(Ca*Ca’) (p/W)L (1/30) (SK?—10KW+9p?)+WV]}. (A21) 
bys = — {M* (r)M(B,,)} {2 Re(Cy*Ca+Cy’*Ca’) (p?/2W) (4K+V) 
+2 Im(Cy*Cat+Cv*Ca’)aZ (p/8)[{K+ (p?/W)}+3V]} 
+{M*(e)M(B;;)}[2 Re(Cv*Cat+Cy’*Ca’) (p?/2W)+2 Im(Cy*Cat+Cy'*Ca’)epaZ ] 
—{iM*(oXr)M (Bi;)}2(|Ca|2+| Ca’ |?) (~?/2W)[3(—2K4-3W)+V]. (A22) 


bis = 10-4 — (De* (ML(B,,)} 2 Re(Cy*Ca+Cv'*Ca)(P/W) + |AM*(@XNM(B,,)}4 Re(Ca*Cy’) (p*/2W)}. (A23) 


boo = |ML(Bis) |*(|Ca|?+|Ca’ |*) (K?+-p") (V/5)/12. (A24) 
box = — |M(B,;) |?2 Re(Ca*Ca’) (p/W)L (1/24) K?+ (1/40) p*W/10. (A25) 
boo ® = — |M(Bi;) |2(|Ca 2+ | Cu’ |?) (1/12) (F)ap*. (A26) 
bos'® = |DR(B,,) |22 Re(Ca*Ca’) (1/24/10) 9°/W. (A27) 


boo = 0. (A28) 
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STPVA with Assumption of No Interference between STP and VA 


See Eq. (35). Here the bz, (L=L’, for STP) are equal to the sx given by Alder, Stech, and Winther* except 
for constant factors which come from a difference in definition. Again, the real part of the b,1,‘*’*™ are equal to 
those given for directional correlations by Morita." The b,:/‘” above are given for electron decay. For positron 
decay, see the last paragraph in Sec. 2. 


APPENDIX 2, FURTHER APPROXIMATION FOR 6:7 


In this Appendix we assume that V=aZ/2p>>Wp and that $t(B,,*) is large compared with the other first 
forbidden nuclear matrix elements. Furthermore, we make the following abbreviations: 


iVCpOM (Bo-r) —C pM (Bys) =e. (A29) 

IVC s°M (Br) —CrOM (Ba) + VCrOM (Be Xr) =. (A30) 
IC pM (Bi F)=o. (A31) 

IVCAOM (0-1) —CgM (ys) =. (A32) 

iVCyOM(r) —Cy” eae ramen eiaiaie (A33) 
IC M(B) =. (A34) 


Here the prime in parentheses means the quantity either with or without a prime. Upon using these abbrevia- 
tions and Eqs. (A1)—(A28), the bz,” for STPVA are greatly simplified as follows: 


are eeu (A35) 
a? = (p/W)LE*n’ + £9 —A¥ yp’ —d* uJ +c.c. (A36) 
by, = —v3L| 9]? | 9! |? | |? | aw’ |?) (A37) 
=Vv2 (p/W)[—n*n’ +u*u' }+c.c. (A38) 
bu? =0. (A39) 
boo 1p? /W) LE HEE +A + Ay’ J +c.c. (A40) 
bi =4 (5/3) §p[—n*t’ — 9/8 + pte’ +u'*v]+c.c. (A41) 
by2 = — (p?/2W)[n*t+0'%0' + uot y’*y’}+c.c. (A42) 
b,: =0. (A43) 
bas = (54/12) (K+ pg /24+ |e [2+ | »|2-+ |v’ |), (A44) 
boo”) = 109 (1/24) K?-+ (1/40) 9? ](p/W)[t*e’ —v*v"]+c.c. (A45) 
boo = — yy (7/2) ¥pT | E|2 |e 2+ | o|2+ | |? (A46) 
bee =3(10)-*(p?/W)[—S*t’+9*0']+c.c. (A47) 
boo =0, (A48) 


If we assume C;= —C,’ for i=S, T, P and C;=C;’ for j=V, A, then §=—#’, n=—n’, S=—{', A=N’, w= wp’, 
and v=v’. In the case of STP, the terms containing A, wu, and yv should be dropped. The above 6:1, are given 
for electron decay. For the case of positron decay, see the last paragraph in Sec. 2. 


APPENDIX 3. FIRST FORBIDDEN BETA DECAYS OF Sb" AND Aus 


A recent experiment on the beta-gamma polarization correlation from Sc* has shown that the interference 
between Fermi and Gamow-Teller interactions, Re(Cs*Cr’+Cs'*Cr—Cy*C4'—Cy'*C), has the maximum 
possible value.” This would imply that the beta interaction is invariant under time reversal. In contrast to the 


31 ss for | fBr| -|/S8oXr| in reference 7 should be read as 
$2= —§ Re[CsCr*+Cs'Cr’*}(p*/E)[¢+€]—% Im[CsCr*+Cs'Cr* Zapf (p?/3E) + (1/9) +e]. 


These authors may have dropped the L; term in the real part and a factor } in the imaginary part. 
# F. Boehm and A. H. Wapstra, Phys. Rev. 107, 1202 (1957). 
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TABLE II. Theoretical values of the anisotropy* a(W) and the asymmetry” A of beta-gamma directional and polarization 
correlations as functions of Y or® z for Sb" at the electron energy W = 5mc* and @= 150°. 











s Y a(W) A 
— 343 0.04 —0.39 0.16 
— 86 0.16 —0.43 0.03 
— 55 0.25 —0.45 —0.07 
— 45 0.30 —0.47 —0.14 
— 88 1.55 —0.47 —0.91 
—- 7.2 1.90 —0.43 —0.91 
— 6.1 2.26 —0.39 —0.89 
Experimental value —0.43+0.044 —0.13+0.06° 





= — — a 








8 a(W) =(W(x) —W(x/2)}/W(x/2). 

» The definition of A is given Eq. (53). 

¢ The quantity z is the magnitude of I(Bi;8) or M( Biz); see text. 
4 See reference 27. 

¢ See reference 29. 


situation with Sc**, the same interference appears to be very small from the experimental data on the beta-ray 
angular distribution from polarized neutrons.** Similar interferences are also expected in the first-forbidden 
transitions of beta decay. Fortunately, we have data on the beta-gamma polarization correlations from Sb™ 
measured by Appel and Schopper,*® and from Au'* by Boehm and Wapstra.** We shall analyze these data together 
with data concerning other phenomena of the same nuclei. 

To reduce the numerical task, we make several assumptions: namely, (aZ)*<1, aZ/2p>>Wo, and real coupling 
constants. The beta interaction is assumed to be STP with C;= —C,’, or VA with C;=C,’, or a linear combination 
of these two interactions'® with £=-bA, etc. Under the above assumptions, the asymmetry, A, of the beta-gamma 
polarization correlation is expressed by Eq. (57) for Au"®* and by Eq. (58) for Sb. Furthermore, the beta-gamma 
directional correlation functions are equal to the denominators of Eqs. (57) and (58). 

In the case of Sb™, the results are shown in Table IT. If we choose Y =0.25—0.30, the theoretical values of the 
asymmetry A, and the anisotropy a(W), of the beta-gamma polarization and directional correlations fit the 
experimental data well. The parameter z= —i9t(B;,*)/IM(BeXr) Lor —iM(B;,;)/M(eXr) for VA], is a measure 
of the magnitude of I(B;;*) Lor M(B;,;) ] and is related to Y by z¥ = — (aZ/2p) with the assumption x—y+1=1. 
(The definition of x, y, and z was given in reference 28, where an extensive analysis was performed on the beta 
decay of Sb™.) It is interesting to notice that the values of z listed in the first column of Table II coincide with 
those listed in Figs. 1-4 of reference 28; however, those listed in Figs. 1 and 3 disagree with the data given by 
Appel and Schopper.” With our choice of Y =0.25—0.30 we can fit the beta spectrum, ff value, and decay scheme 
3- (8)2*(-y)0*, for the same reason as given in reference 28. It should be noticed that the interaction STP without 
M(B;,*) [or VA without M(B;;), or a linear combination of these two ] disagrees with the large anisotropy of the 
beta-gamma directional correlation of Sb™. 

In the case of Au'*, the decay scheme is 2~(8)2+(y)0*. A small anisotropy of the beta-gamma directional 
correlation requires a relation Y = 2(3)!X. The maximum asymmetry of the beta-gamma polarization correlation’ 
is A=0.60 at Y= —0.33, while Agxp=0.52+0.09.* As the allowed shape of beta spectrum of Au'* requires Y 23, 
we cannot obtain a consistent explanation with large values of It(B,;°) and M(B;;). Therefore, we omit these 
matrix elements. The analysis without these terms is equivalent to that given by Boehm and Wapstra.”* In this 
case, it is necessary that the interferences among STP or VA or both be maximum.” These interactions are also 
consistent with the data on the longitudinal polarization of beta particles from Au'*.** 

For both Sb and Au'*, the asymmetry and the anisotropy of the beta-gamma polarization and directional 
correlations may be reduced by assuming complex coupling constants. If the coupling constants have very small 
phase differences, we have no hope of detecting them. 

Concluding the above analysis, the beta interaction is STP with C;=—C,’, or VA with C;=C,, or a linear 
combination of these two. All of the data on Au'* are favorable to the assumption of real coupling constants. 
From the data on Sb™, the reality of the coupling constants is indeterminate, because of large I)t(B;,*) and Mt(B,,) 
terms. 

% Burgy, Epstein, Krohn, Novey, Raboy, Ringo, and Telegdi, Phys. Rev. 107, 1731 (1957). 

* The data from polarized Co® do not result in unique conclusions, because the beta-ray angular distribution shows that Re(Cs*Cr’ 
+Cs'*Cr—Cy*Ca’'—Ca'*Ca)Me/Mor~0 [Ambler, Hayward, Hoppes, Hudson, and Wu, reference 20], and the beta-gamma direc- 
tional correlation shows Im(Cs*Cr’+Cs’*Cr—Cy*Ca’—Cy"*Ca)Mer/Moar=0 [Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 
108, 503 (1957) ]. This implies that (Cs*Cr’+Cs'*Cr—Cy*Ca'—Cy"*Ca) ~0 and/or Mp/Mar~0. 

35 See reference 29. We have assumed that W =5mc* and @=150° in their experiment. 

36 See reference 26. We have assumed that W=2.8mc? and cos*#=} in their experiment. 

37 Fujita, Yamada, Matumoto, and Nakamura, Phys. Rev. 108, 1104 (1957). They obtained a conclusion similar to ours by a theo- 


retical analysis of the beta-ray spectrum of RaE. 
38 Benczer-Koller, Schwarzschild, Vise, and Wu, Phys. Rev. 109, 85 (1958). 
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The assumption is made that the 8 decay of P® is Al-forbidden. The effect of interferences between 
second forbidden matrix elements and the (Al-reduced) allowed elements on the decay probability is pre- 
sented. By using simple shell-model wave functions, an order of magnitude estimate of nuclear matrix 
elements is obtained. The resulting deviation of the energy spectrum from the allowed shape compares 
favorably with the experimental points of Porter, Wagner, and Freedman. 





INTRODUCTION 


HEN the main matrix element in a decay is 

reduced by a selection rule of one sort or 
another, higher order terms may assume relatively 
large proportions and consequently require detailed 
investigation. The 8 decay of P® is such a case, among 
others. 

The large log ft value of 7.9 implies either (1) that 
the decay is forbidden to some order by total angular 
momentum and parity selection rules or (2) that the 
decay is allowed by total angular momentum and 
parity considerations, but that the main term is reduced 
by the imperfect overlap of initial and final nuclear 
wave functions. 

Attempts have been made to fit the observed spec- 
trum on the assumption that the decay is first or second 
forbidden.! The first forbidden assumption gives a 
reasonable half-life, but a spectrum shape out of line 
with experiment. The second forbidden assumption 
gives a half-life much too large. 

The standard explanation has therefore been that the 
decay is allowed in the sense that a total angular 
momentum or parity selection rule does not cause the 
zero-order matrix element to vanish, but that a less 
stringent orbital angular momentum selection rule 
reduces the main term from the value to be expected.” 
The approximately allowed shape of the energy spec- 
trum lends credence to this explanation. 

It has recently been reported that the spectrum does 
show a decided, though slight, deviation from the 
allowed shape.’ It is here shown that, if the Al-for- 
biddenness assumption is followed, the calculated 
effect of higher order matrix elments interfering with 
the lowest order elements adequately accounts for this 
deviation. This is a striking confirmation of the Al- 
forbiddenness hypothesis. 


t This work was supported in part by the Office of Naval 
Research. 

1E. Greuling, Phys. Rev. 61, 568 (1942); E. J. Konopinski, 
Revs. Modern Phys. 15, 231 (1943). 

2E. J. Konopinski and L. M. Langer, in Annual Review of 
Nuclear Science (Annual Reviews, Inc., Stanford, 1953), Vol. 2, 

. 274; M. G. Mayer and J. H. D. Jensen, Elementary Theory of 

uclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955), Chap. IIT. 

* Porter, Wagner, and Freedman, Phys. Rev. 107, 135 (1957). 


If it is supposed that P® decays primarily via the 
tensor interaction and that the decay may be character- 
ized by AJ'=1 (no), then the anticipated higher order 
effects will stem from the interference between normally 
allowed matrix elements and second forbidden matrix 
elements. This statement may be clarified by referring 
to the usual form of the tensor interaction Hamiltonian,‘ 


H'= fof (Wy*Boy,) P (¢e*Boy,)dT nuclear 
+5 f wit8ev) ; (ostBae,\drouir} 


It is useful to expand H’ in the usual orders of 
forbiddenness. The tensor interaction has nonzero 
contributions to a AJ=1 (no) transition in the allowed 
term and in the second forbidden terms. The allowed 
nuclear matrix element is of the form 


[veraeorde, 


The second forbidden nuclear matrix element coming 
from the Se term is of the form 


J vrree.¥.0/D¥ar, 
and that from the fa term is of the form 
[vrraarr/awedr, 


where oo=¢,, a1=—(az+ia,)/V2, and A=Compton 
wavelength of the electron. 

Then |H’|? is composed of the main term and terms 
arising from the interference between the second-order 
and zero-order terms. Higher order terms may be 
neglected. The results of the calculations, described 
below, give 


| H’|?= A (eZy)| (f| Boo] i) |* 
+B(«Zy)(f|Boo| i)*(f| Boo¥ 2°(r/%)?| i) 
+C€ (eZ) (f|Boo|i)*(f|Bai¥s-%/A]i). (1) 


‘E. J. Konopinski, Revs. Modern Phys. 15, 209 (1943). 
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A, B, and C are functions of the energy of the electron, 
the charge of the daughter nucleus, and the angle 
between electron and neutrino. 

Fitting the experimental value of log ft to just the 
zero-order term determines (f|8oo|i) as of order 10~*. 
The content of the Al-forbidden explanation is that a 
d-state nucleon makes a transition into the s state. If 
the wave functions were completely pure, then the 
zero-order matrix element, (f|8oo|i), would be pre- 
cisely zero. It is presumed that there are small compo- 
nents of the wave function that are responsible for.the 


nonzero, though small, value of this matrix elemenf. - 


The crucial point is that the second-order matrix ele- 
ments are not zero; for it is the main parts of the 
nuclear wave functions, rather than the small compo- 
nents, that contribute to these matrix elements. Thus 
the Y,° in 


(f|Ba0¥2°(r/%)*| i) 


will certainly result in a finite contribution for a d to s 
nucleon transition. On the simple shell-model picture, 


(f|Boo¥ 2°(r/%)*|i)~ 10, 


or about one percent of the main element. As products 
of large with small components are involved, an esti- 


IBEN, 





(4m)“*(eo—€)*e(e— 


JR. 


mate of the velocity matrix element, 
(f|BarY +"'7/X| i), 
is not as clear cut. Naively setting 
(f|Bar¥-'7/X| i)~ (0n/c)(R/X)~An/A~PX 10 


determines an upper limit for this matrix element. 

The detailed 8-decay calculations were based on the 
irreducible tensor formulation of Biedenharn and Rose.° 
Electron and neutrino wave functions were expanded 
separately in terms of eigenfunctions of angular mo- 
mentum. The electron wave functions were those of a 
Dirac particle in the potential corresponding to the 
nuclear charge distributed uniformly over a sphere of 
radius R=1.2A!X10-" cm. They were obtained fol- 
lowing an iterative procedure elaborated by Rose and 
Holmes.*® Screening was ignored.’ 

After performing spin sums and the average over 
nuclear orientations, the light particle wave functions 
appearing in the nuclear matrix elements were expanded 
to order (r/X)*. There remain as parameters the then 
energy-independent nuclear matrix elements. 


THE DECAY PROBABILITY 


The resulting expression for the decay probability 
per unit time, per unit energy interval, per unit solid 
angle between electron and neutrino, is 


1)§F (Z,€) |Gr|?{ | (f| Boo] 4) |?[14+4(2/c) cosy Lo—i(4/3) (49/3)! (f| Boo! i)*(f| Bar Ys4/X| t) 


X[eo—1/e+€0(v/c) cosy ]—14(49/3)#(f| Bool i)*(f| Bar VY %w1| 1)[14+4(v/c) cosy] 
+ (4/27) (4m/5)4(f| Boo|t)*(f | Boo¥ 2°(r/X)*| i} (eo—€) (e—1/€) (54+ P2) +3 (eo—€)? cosy+3(e—1) cosy] 


+ (20/9) (4x/5)*(f|Boo]#)*[(f| Boo ¥ 2wr/X| i) 


where « is the electron energy in units of mc’, eo is the 
energy available in the decay, v is the electron velocity, 
7 is the angle between the electron and the neutrino, P2is 
the Legendre polynomial (3 cos*y —1)/2, Aisthe Compton 
wavelength of the electron, and a is the fine structure 
constant, e?/fc. Also F(Z,e) is the relativistic Coulomb 
correction factor for zero order allowed decays,*® 
FL,(Z,e) is the exact Coulomb correction factor for 
allowed transitions,’ and 


Gr= (m5ct/22*h’) ter, 


where gr is the strength of the tensor interaction. 
Further, R is the nuclear radius, the Y’s are ordinary 


5L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
759 (1953). 

6M. E. Rose, Phys. Rev. 82, 389 (1951); M. E. Rose and 
D. K. Holmes, Oak Ridge National Laboratory Report ORNL- 
1022 (unpublished). 

7C. Longmire and H. Brown, Phys. Rev. 75, 264 (1949), 75, 
1102(E) (1949). 

8 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 682. 

* Rose, Perry, and Dismuke, Oak Ridge National Laboratory 
Report ORNL-1459 (unpublished); M. E. Rose and D. K. 
Holmes, reference 6. 


(€eo—€) + (f| Boo¥ 2wor/K|i)(e@—1)' cosy]}, (2) 





spherical harmonics evaluated at nuclear coordinates, 
w1= (aZ/2)(r/R)[1—43(r/R)? ]4+O0(aZr/R)', 
we= (3aZ/10) (r/R)[1— (5/21) (r/R)? ]+O0(aZr/R)*, 


when r<R, and w,= {x—[x— (aZ)*]}!}/aZ, when r> R. 

The expressions factoring the interference terms are 
correct to the extent that (@Z)?/(@—1) may be neg- 
lected in comparison with one. In particular, when 
Z= 16, the expressions are correct to at least one percent 
for electron energies greater than 200 kev. 

The expansion for Zo is rather complicated, but may 
be approximated by 1—(5/3)(aZR/A)e, which predicts 
a straight line deviation from the allowed shape even 
if the main element is not reduced by an approximate 
selection rule. 

The quantity (f|8co|7) is, of course, the normally 
allowed matrix element. (f|Soo¥:°(r/A)*|i) . and 
(f|Ba:Y;'7/X%|i) are usually known as second forbidden 
matrix elements. They are not explicitly dependent on 
the nuclear Coulomb charge. 

The remaining elements, in which aZr/R replaces an 
r/X, are brought about by Coulomb effects on the elec- 
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tron wave function. They are larger than their charge 
independent counterparts by a factor on the order of 
aZXk/R. This, for P®, is about 10. 

The energy and angular dependence of the decay 
probability can be seen more clearly if (2) is written as 


(4ar)-#(€9—€)?(@—1) 4eF (Z,€) |Gr|? 
X {(1—Roet+-Ri)[1+4(v/c) cosy ]} 
+ Ref €o— 1/€+ €0(v/c) cosy ] 
+R3(eo—€)+ Rye(v/c) cosy 
+Rs(eo—€)(e—1/e€)[5+ P2(cosy) ] 
+3Rs[ (€o—€)’+ (e&—1) ] cosy}. (3) 


The R; appearing here are weighted ratios of nuclear 
matrix elements defined by 


Ro~ (5/3)aZR/X, 
R= —14(49/3)4(f| Bar Y 1a, | i)/(f| Boo] i), 
R,= —i(4/3) (44/3)4(f| Bay 7/4] i)/(f| Boo] i), 
R3= (20/9) (44/5)§(f | Boo ¥ 2°(r/A)w| 1)/(f| Boo! i), 
R= (20/9) (49/5) 4(f | Boo¥ 2°(r/X)we| i)/ (f| Boo} 1), 
Rs= (4/27) (4 /5)4(f | Boo 2°(r/X)?| t)/ (f | Boo! i). 
The charge-dependent interference of the main ele- 
ment with the Sa elements (expressed in R; and its 
factor) gives the allowed angular correlation and energy 
dependence. The corresponding charge-independent 
interference (expressed in R; and its factor) gives rise 
to the 1/e deviation. The major effect of the inter- 
ference of higher order 8a elements with the main 
element is a straight line deviation from the allowed 
spectrum shape. This is the deviation proportional to 
(e9—€). 


(4) 


EVALUATION OF MATRIX ELEMENTS 


An approximate value for the main matrix element 
can be obtained from the experimental ft value. gr is 
determined from the decay of He*, supposing this decay 
is via the tensor interaction and that the allowed 
matrix elements assume their full value.’® The result 
is gr=1.52X10~ erg cm’, giving for the P® decay, 


| (f| Boo! i) | (1+Ri+ ReEo)#=0.79X 10°, 


The qualitative effect of the Al-forbidden assumptions 
on the higher order matrix elements has been discussed 
in the introduction. In order to make a more quanti- 
tative estimate, the nuclear wave functions were 
approximated by simple shell model wave functions. 
The two outer nucleons were assumed to move inde- 
pendently in a central core potential, the transforming 
nucleon going from a d; to an s; state, and the other 
outer nucleon maintaining an s, character throughout. 

Integrations over nuclear angular coordinates can be 
performed without any additional assumptions. Radial 


10 EF. J. Konopinski and L. M. Langer, reference 2, p. 284. 
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TABLE I. Weighted ratios, R;, of nuclear matrix elements 
calculated with square-well wave functions and with oscillator 
wave functions. Units are 10-*/(/| Bo! i). 





Calculated with oscillator 


Weighted Calculated with square- - 
wave functions 


ratio well wave functions 





Ri 0.001A/R 0.012 (@R)~*4/R 

Re 0.006 0.000 

R; 0.96R/% ORT nt 2OR) 

Ry 0.56R/% 6.9(aR)*[1—1.2(@R)*JR/A 
13.3(@R)~*(R/A)? 


Rs 1.24(R/X)? 








integrations are, of course, sensitive to the particular 
choice of a central potential. Calculations were per- 
formed by using an infinitely deep square well potentia! 
at one extreme and a simple harmonic oscillator 
potential at the other extreme. 

The only parameter appearing in the ratios, R;, of 
nuclear matrix elements, as determined by square-well 
wave functions, is the nuclear radius. 

Oscillator wave functions introduce a further param- 
eter. Apart from normalization factors, the oscillator 
d and s radial wave functions are (ar)? exp[ — (ar)*/2] 
and [$—(ar)*] expl—(ar)*/2], respectively. The pa- 
rameter & may be estimated by requiring that the mean 
square radius of a nucleus on the oscillator model be 
on the order of that given by the uniform model, i.e., ’ 
(r*) = 2R*. The average r° of thirty-two nucleons filling 
up oscillator levels in the ordinary manner is 
(23/8) (1/a), giving (@R)?~5. 

Table I compares, in the nonrelativistic approxi- 
mation, the ratios of nuclear matrix elements as deter- 
mined by square well wave functions with those 
determined by oscillator wave functions. The depend- 
ence on the oscillator range parameter, 1/&, is shown 
explicitly. Units are 10-*/ (| oo 1). 

The ratios R3, Ry, and Rs depend predominantly on 
products of the large components of the d and s func- 
tions describing the transforming nucleon. The ratios 
R,; and R; depend on products of the large with the 
small components of these same functions. They were 
evaluated in the lowest nonrelativistic approximation. 

The usual matrix element, (/!8oo!i), since it arises 
from the small parts of the nuclear wave functions not 
given by the simple model, cannot be estimated theo- 
retically, even as to sign. It is evaluated by comparison 
with the experimental ft value. The sign of this matrix 
element is chosen so as to fit the data. 


COMPARISON WITH EXPERIMENT 


Upon integration over all angles which the emitted 
electron may make with the neutrino, (3) becomes 
(€o—€)*(@—1)4eF (Z,€)|Gr|*| (f| Boo] i) |? 

X[(1+ Rit Reeo) — Roe— R2/e+R3(eo— €) 
+5Rs(eo—€)(e—1/e) ]. (5) 


The bracketed expression, divided by (1+Ri+R2€0), 
gives the expected deviation from the allowed shape. 































2062 ICKO 
~ 41.05 
~ 
mess | me Experimento! points of Porter 
be, Wagner, and Freedman. 4104 
= 106+ 2 Arbitrary normalization. 
© : 
4103 
i 105} 
z 
Ss 41.02 
"4 - 
F LO4 
w 41.01 
& .O3+ 
c 
o —S Colculoted with squore well 1 
rey woz + wove functions. Scale: right ordinate. [\_ 7400 
S$ Colcuiates with oscillator wave ‘* 
# functions, (@R)"=5. Scale:ieft ordinate, XN, en 99 
Zw} S Colculsted with oscillator wove NS 
a tunctions, (@R)** 7, *.0075. “ee, 
“ Scale: ieff ordinate. N67 -98 
@ \OOr » ee 
N 
\ 497 
agg 1 4 4 1 4 ‘ s 4 1 + 
4 wt? 20 23 26 29 32 35 38 4 44 
€= ENERGY (units mc*) 


Fic. 1. Shape correction factor, S=[(1+Ri+R2€9) —Roe— R2/e 
+Rs(eo—€)+5Rs(eo—e) (e—1/e) ]+ (1+ Ri+Reeo), plotted against 
energy. 


The crude estimates predict that the term R3(€o.—e) 
dominates this deviation and that the concavity due to 
5Rs(€o— €) (e—1/e) exceeds that due to R2/e. 

In Fig. 1 experiment and theory are compared by 
superimposing the expected shape correction factor as 
determined by square-well wave functions and by 
oscillator wave functions on the points obtained experi- 
mentally by Porter, Wagner, and Freedman. (| 8ao| i) 
is here assumed positive. Experimental points are 
normalized to give the best fit with each of the calcu- 
lated curves. 


IBEN, 


JR. 


It is apparent from Fig. 1 that the experimental 
shape factor is in excellent agreement with the shape 
factor determined by square-well wave functions. 
Agreement with the oscillator curve computed with 
(@R)*=5 is less satisfactory. A larger value of (&R)?, 
say (&R)*~7, leads to a better fit. 

The mean of the calculated shape correction factors 
gives a deviation on the order of 6% between «= 1.4 
and e=¢€9=4.4. This result is entirely consistent with 
the experimental points. 


CONCLUSION 


The comparative ease with which one can account 
for the experimental data on the decay P*—S®, when 
one makes the standard nuclear model assumptions, 
suggests that the standard picture is at least approxi- 
mately correct in the case of P® and S®. 

A similar analysis should be made of other very 
slow, but allowed, decays. In particular, such an 
analysis of the case of C™ should provide a test of the 
suggested wave functions. 
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Monoenergetic neutrons in the range 0.5 to 2 Mev have been scattered from U™* and the spectra of 
scattered neutrons have been investigated by a time-of-flight method. Levels have been located at 0.044 
+0,004, 0.146+0.006, 0.304-0.03, 0.7340.02, 0.984-0.02, 1.06+0.03, and 1.26+0.04 Mev. The cross 
sections for excitation of these levels have been obtained corresponding to inelastic neutron scattering at 
90°. An angular distribution has been obtained for the inelastically scattered neutrons corresponding to 
excitation of the 44-kev level by incident neutrons of 550-kev energy. This distribution is of the form 
A(1—B cos’) where A is 0.135+0.02 barn per steradian and B is 0.45+0.1. The cross section is in good 
agreement with calculations by Chase and Wilets which indicate compound nucleus formation is the domi- 
nant mechanism in inelastic neutron scattering by U** at 550 kev, although the anisotropy is larger than 


that predicted. 





INTRODUCTION 


HE purpose of the work described here is to study 
the excitation of low-lying levels in U** by 
inelastic neutron scattering. The energy spectrum of 
inelastically scattered neutrons yields ‘directly the 
locations of levels in the target nucleus. The yields and 
angular distributions of inelastically scattered neutrons 
are pertinent to the interpretation of the mechanism of 
inelastic neutron scattering. Given a proper theory, 
the yields and angular distributions may lead to spin 
and parity assignments for the levels. Data on inelastic 
neutron scattering by U*™* are also of considerable 
interest for reactor design. 

The following is known about the nuclear level 
structure of U**. From information based on the radio- 
active decay of Pu to U™*® a level at about 50 
kev is known.' From Coulomb excitation work? this 
level, the J=2 level of the ground-state rotational band, 
is known to be 44+2 kev. Inelastic neutron scattering 
data have given indications of levels at 50+20 kev and 
140+25 kev,*? of another at about 700 kev‘ and of a 
group of levels centered at 1.18 Mev.® On the basis of 
a value of 44 kev for the J=2 level, the 7=4 level is 
expected to be at 147 kev, so that the existence of a 
low-lying rotational band similar to those observed in 
neighboring even-even nuclei? has been confirmed. 

From the point of view of a model for neutron-induced 
reactions the rotational levels of nuclei are of particular 
interest. The excitation of these levels in heavy nuclei 
by inelastic neutron scattering provides a means of 
studying the relative roles of a direct interaction model 
and the compound nucleus model. Calculations on the 
direct model for excitation of collective motion of a 


¢t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
( 1N. P. Heydenburg and G. M. Temmer, Phys. Rev. 93, 906 
1954). 
? Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 
7R. C, Allen, Phys. Rev. 105, 1796 (1957). 
‘R. Batchelor, Proc. Phys. Soc. (London) A69, 214 (1956). 
5L. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956). 


spheroidal surface have been carried out by Brink,*® 
Yoshida,’ and by Chase and Wilets.* The formulation 
of the theory for the compound nucleus process has 
been given by Wolfenstein? and by Hauser and Fesh- 
bach."® In previous work® on nuclides in the neighbor- 
hood of iron at 2.45-Mev neutron energy the compound 
nucleus model was strongly favored, but discrepancies 
from the detailed predictions of the Hauser-Feshbach 
theory were observed which were attributed to failure 
to satisfy the “statistical” assumption of the theory. 
The nucleus U**, however, has a level spacing at 
neutron binding energy excitation in the neighborhood 
of only 15 ev," so that the level spacing in the compound 
nucleus is very small compared to the separation of the 
ground and first rotational states in U™¥*. One can 
therefore use a band of primary neutron energies broad 
enough to excite sufficiently many levels in the com- 
pound nucleus (of the order of one thousand) to satisfy 
the statistical assumption of the Hauser-Feshbach 
theory while resolving the neutron groups corresponding 
to the levels of the ground state rotational system. 
Thus, nuclei like U™* are strategic choices from the 
point of view of both reaction processes. 

The range of primary neutron energy used in this 
work, 0.5 to 2 Mev, is the range within which it is 
possible with our present technical capability to resolve 
neutrons corresponding to the excitation of some of the 
individual levels in U**. In all cases cross sections were 
obtained corresponding to the neutron yield at 90°. 
The only case in which a detailed angular distribution 
could be measured with significant accuracy, however, 
was the case of the 44-kev level at 550-kev incident 
neutron energy. 


* D. M. Brink, Proc. Phys. Soc. (London) A68, 994 (1955). 

7S. Yoshida, Proc. Phys. Soc. (London) A69, 668 (1956). 

§D. M. Chase and L. Wilets, Bull. Am. Phys. Soc. Ser. IT, 2, 
72 (1957); also Chase, Wilets, and Edmonds, Phys. Rev. (to be 
published). 

®L. Wolfenstein, Phys. Rev. 82, 690 (1951). 

1 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 

4 Neutron Cross Sections, compiled by D. H. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955). 
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METHOD 


The method for measuring inelastically scattered 
neutrons from U™* utilized the Van de Graaff pulsed- 
beam time-of-flight technique described previously.® 
To resolve neutron groups corresponding to excitation 
of the low-lying levels in U** it was necessary, however, 
to use lower primary neutron energy than had been 
used before, that is, energies in the range 0.5 to 2 Mev. 
This, in turn, necessitated adapting the technique and 
apparatus to measuring lower neutron energies than 
had been observed previously. 

To improve the efficiency and signal-to-background 
ratio for the detection of neutrons of energy less than 
500 kev a detector was developed which utilizes coinci- 
dent observation of the light produced in a plastic 
scintillator, together with upper- and lower-bound 
discriminators on the coincident photomultipliers. These 
features, together with refrigeration of the photomulti- 
pliers to ice-water temperature, make it possible to 
detect neutrons down to an energy of 200 kev with an 
efficiency of about 40% with a background of only 2 
counts per second due to noise, cosmic rays, etc. A 
description of this detector has been given in connection 
with its use for the measurement of total neutron cross 
sections.” 

In the course of the measurements of low-energy 
neutron groups it was observed that the lower the 
neutron energy the more the centroid of a neutron line 
shifts to lower energy. The effect becomes noticeable 
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Fic. 1. Time spectra for a primary neutron energy of 550 kev 
at each of two flight paths. The solid curve is for a U™® scatterer, 
the dashed curve is for Pb normalized to the uranium elastic 
peak, and the dot-dash curve is the difference between U™* and 
Pb. The scattering angle was 90°. 


12 Cranberg, Beauchamp, and Levin, Rev. Sci. Instr. 28, 89 
(1957). 
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below about 1.5-Mev energy and amounts to about 
9 mysec at 300 kev under typical conditions. This effect 
may be accounted for by a combination of factors, the 
most important of which appear to be the increased 
role of variation in geometrical flight path at lower 
neutron energy, and tardiness of discriminator response 
for smaller pulses. The effect is not eliminated by basing 
calculations on an extrapolated ‘‘fastest time of arrival” 
or other characteristic feature of the line structure. To 
infer the values of energy levels with greatest accuracy 
by the method of measuring inelastically scattered 
neutrons by time-of-flight the most practical expedient 
seems to be to make a comparison with a known level 
of very nearly equal energy. Thus, for the lowest lying 
level in U*®, the one at 44 kev, the elastic line itself is a 
suitable comparison line. For the next level at 147 kev 
the level in Ta'* at 136 kev proved suitable. 

Cross sections have been obtained, as previously, 
from a knowledge of the relative sensitivity of the 
detector" as a function of energy and a normalization 
to the n-p cross section by observing the scattering from 
hydrogen in a polythene sample. The size of the poly- 
thene sample was adjusted at each primary energy to 
give a transmission of about 80%. Where multiple 
scattering corrections were expected to be important, 
Monte Carlo calculations have been made to determine 
the corrections. 

To resolve adequately the 44-kev level in U** from 
elastically scattered neutrons, it proved necessary to 
use a target thickness of only 20 kev and a flight path 
of 2.5 meters. The most suitable source of primary 
neutrons, considering the limitation on energy spread 
and the flux requirement, proved to be the reaction 
Li’(~,n) Be’, which has a resonance at 2.3-Mev proton 
energy yielding neutrons of 550-kev energy with a 
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Fic. 2. Relative angular distribution of neutrons corresponding 
to excitation of the 44-kev level for 550-kev neutrons incident on 
U*®, The value 1.0 on the vertical scale corresponds to 0.135 
barn/steradian. 


8 The authors are indebted to W. D. Allen and A. T. G. Fergu- 
son of Atomic Energy Research Establishment, Harwell, for 
furnishing the data on the low-energy portion of the zero-degree 
Li’(p,n)Be’ and T(p,n)He® excitation functions on which our 
relative detector calibrations are 
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TABLE I. Cross sections (barns per steradian) for inelastic neutron scattering from U™* at 90°. 
Spin I=2 I=4 I =6 
Soom 4444 14646 300 +30 730+20 980 +20 1060 +30 1260 +40 1400 —1750 
550+10* 0.135+0.02 0.023+0.005 <0.01 

1000+24 0.07 +0.02 0.05 +0.015 0.007+0.004 0.041+0.006 

1500+ 36 0.022+0.002 0.037+0.004 0.037+0.004 

1890+ 30 0.007+0.003 0.041+0.004 0.035+0.004 0.008+0.004 

2000+40 -—-—— 0.10 +0.01 ——-—  0.087+0.008 











* Plus and minus values indicate spread in incident neutron energy. 


cross section of about 120 mb/steradian in the forward 
direction. The T(p,2)He* reaction was the neutron 
source used at higher energies. At lower energies it 
also proved to be important to adjust the geometry of 
the scatterer in relation to source and detector so as to 
minimize the time spread of the scattered neutrons due 
to geometrical variations in flight path. Thus, disk 
scatterers proved to be significantly superior to the 
cylindrical scatters used previously. Final inelastic 
data were taken with disks 1 in. in diameter } in. 
thick oriented with their faces at 45° to the direction 
of the incident neutron beam. Two one-hundred- 
channel analyzers, each covering half the time range, 
were useful for furnishing the fullest details of the 
observed spectra. 


RESULTS 


Illustrative time spectra cre shown in Fig. 1 for the 
scattering of 550-kev primary neutrons at 90° for each 
of two flight paths “‘d,” using a U™*® disk scatterer. 
These spectra represent the difference between “scat- 
terer-in” and “scatterer-out” runs. To resolve the 
neutrons corresponding to excitation of the 44-kev level 
from the elastically scattered neutrons the true elastic 
line shape was obtained by use of a lead scatterer whose 
geometry was identical to that of the uranium sample. 
Figure 1 shows such a line shape normalized to the 
high-energy side of the uranium line. On the shorter 
flight path only an indication of the 44-kev level is 
obtained, but the /=4 level at about 150 kev is seen 
clearly. On the longer flight path the 44-kev level is 
resolved quantitatively by subtracting the normalized 
curve for lead from the uranium curve. The cross 
section for excitation of the 44-kev level amounts to 
about 40% of the elastic yield for uranium at 90°. 

The 44-kev level excited by 550-kev neutrons proved 
to offer the most favorable situation for detailed investi- 
gation that was encountered in the course of this study, 
and an angular distribution was obtained for the 
inelastically scattered neutrons corresponding to exci- 
tation of this level. The results for the relative angular 
distribution are given in Fig. 2. The curve drawn 
represents 1—0.45 cos’@. In Fig. 2 the error in the 90° 
point is absorbed in the errors assigned to the data 
at other angles. Cross-section data are summarized 
in Table I. On the assumption that the angular distri- 


bution is of the form A(1—B cos’) the results are 
adequately described by the values A=0.135++0.02 
barn per steradian and B=0.45+0.1. 

The errors assigned the data points at each angle in 
Fig. 2 are 50% greater than the standard deviation due 
to the statistical uncertainty alone. This 50% increase 
represents an attempt to estimate the contribution to 
the error arising from slight shifts which take place in 
the time spectra from run to run and affect the accuracy 
of the elastic subtraction. These shifts are of electronic 
origin and are the main source of error other than the 
statistical one so far as relative values at various angles 
are concerned. The cross section value was obtained by 
comparison with the scattering from a rod of polythene, 
and it is corrected for errors arising from geometrical 
and multiple scattering effects. Multiply scattered 
neutrons, as calculated by the Monte Carlo method, 
were isotropic and accounted for 26% of the inelastically 
scattered neutrons. Correction for these decreased the 
157°/90° ratio from an observed value of 0.73 to 0.60. 
The angular resolution of the measurements was +10° 
and the angular accuracy was +2°. 

Figure 3 illustrates the comparison between Ta! and 
U** under the conditions which are most favorable for 
determining the energy of the J=4 level by comparison 
with the 136-kev level? in tantalum. The dashed portion 
of the curve for uranium represents an extrapolation of 
the data corresponding to the ground-state and J=2 
neutron groups. The energy and cross-section data for 
the J=4 level are given in Table I. The anisotropy of 
the neutrons corresponding to excitation of this level, 
as measured by the 145°/90° ratio of yields, was 
1.0+0.2. At 550 kev no level was detectable at the 
expected position for 7/=6 corresponding to Q= —309 
kev. 

Time spectra illustrating the results for 1.00-Mev 
neutron energy are given in Fig. 4. Because of neutron 
flux limitations it was not worthwhile to try to resolve 
the 44-kev level. From the time spectrum for the long 
flight path, however, it is apparent that the 44-kev level 
is still strongly excited, with a cross section in the 
neighborhood of 1 barn. Excitation of the J=4 level is 
now appreciably stronger than at 550 kev, and a just- 
detectable peak is apparent in the neighborhood in 
which the level at J=6 is expected. The short flight- 
path result brings in a level at 730 kev which is clearly 
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Fic. 3. Time spectra showing a comparison of the scattering from 
U*8 and Ta!* for neutrons of 550-kev energy. 


to be identified with the level reported earlier‘ at 
700 kev. 

At 1.50-Mev neutron energy (Fig. 5) the ground-state 
rotational band is no longer resolvable. A continuum of 
neutrons is observed due to fission, and the most 
prominent inelastic features are the 730-kev level, with 
cross section reduced from the value observed at 1.00 
Mev, and a broad structure in the neighborhood of 
Q=-—1.0 Mev. This structure is most simply inter- 
preted as due to two levels, about equally excited, 
corresponding to ?= —0.98 Mev and Q=—1.06 Mev. 
The 730-kev level shows an anisotropy of 1.06+0.07, 
as measured by the 155°/90° ratio of yields. 

At 1.89 Mev (Fig. 6) excitation of the 730-kev level 
is substantially reduced, a new feebly excited level 
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Fic. 4. Time spectra for scattering of 1.00-Mev neutrons by U** 
at 90° for each of two flight paths. 
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appears at Q=—1.26 Mev, and fission neutrons are 
more prominent. It is surmised that the levels at 1.26, 
1.06, and 0.98 Mev coalesce to form the unresolved 
broad line centered at 1.18 Mev which was previously 
reported® for a neutron energy of 2.45 Mev. This trio 
of levels appears to be relatively isolated or excited 
with exceptional strength at 2.45 Mev. The analysis 
of the 2.45-Mev spectrum previously given’ implied 
that the trio is superimposed on a feeble continuum of 
unresolved, weakly excited levels in addition to the 
fission-neutron continuum. It would be consistent with 
the earlier data and the uncertainty in the procedure 
for subtracting a normalized fission spectrum, however, 
to suggest that this inelastic continuum is in fact 
negligible and that these three levels are indeed the 
only ones in their energy region. Much improved data 
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Fic. 5. Time spectrum for scattering of 1.50-Mev 
neutrons by U™* at 90°. 


are needed to settle this point. With present techniques 
no levels can be resolved at energies above 1.3 Mev, 
and no attempt has been made to obtain the entire 
yield of inelastically scattered neutrons for primary 
neutron energies of 1.50 and 1.89 Mev. 

At 2.00-Mev primary neutron energy no effort has 
been made to resolve individual levels. An attempt has 
been made, however, to subtract a fission neutron 
spectrum and so to obtain some idea of the distribution 
in energy of the inelastically scattered neutrons. Before 
this can be done, however, account must be taken of the 
following fact. The difference between a “sample-in” 
and “sample-out” run for a primary neutron energy in 
excess of the fission threshold always gives a non- 
vanishing result, and this is true even in the time region 
corresponding to neutron energies at which the detector 
has negligible neutron sensitivity. This result is inter- 
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preted to mean that the detector is observing gamma 
rays associated with the decay of fission products. For 
the most part these should be too long-lived" to give 
observable structure in the time scale of the observa- 
tions, which was 0.2 usec. Consequently they have been 
treated as random in time, and are corrected for by 
subtracting a time-independent background which 
forces the yield to zero in the region of low neutron 
energy for which the detector sensitivity is negligible. 
This procedure was followed also in earlier work.® 

To subtract a fission-neutron spectrum it has been 
assumed as before’ that the spectrum of fission neutrons 
for U™* at the energy of interest is the same as for U™® 
for thermal and epithermal energies. To make the 
subtraction as straightforward as possible the time 
spectrum of fission neutrons for U** has been obtained 
directly by the pulsed-beam method using neutrons 
produced at the threshold of the Li’(p,7) Be? reaction. 
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Fic. 6. Time spectra for scattering of 1.89-Mev neutrons by 
U™ at 90°. In the right-hand figure the background, which was 
structureless in the interesting region, has not been subtracted. 


To reproduce multiple scattering effects the U™* sample 
was identical in size to the sample of U™®, 

Figure 7 shows the time spectrum observed for U™** 
after the “sample-out” background had been sub- 
tracted, together with the level of background which is 
ascribed to fission-product decay. The U*® fission spec- 
trum is also shown. It has been normalized to the U** 
spectrum on the high-energy side of the elastic peak. 
By subtracting the fission neutrons normalized in this 
way the inelastic scattering has been obtained. In 
addition to levels seen at lower energies there is evidence 
of numerous strongly excited levels at Q= —1.5 Mev 
and above. The distribution of the yield in intervals 
suggested by the structures observed is given in Table 
I. No attempt has been made to estimate the contri- 
bution due to levels within 500 kev of the ground state 
or within 250 kev of the primary neutron energy. 

It has seemed worthwhile to check the integral 


4K. Way and E. P. Wigner, Phys. Rev. 73, 1318 (1948). 
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Fic. 7, Time spectrum for scattering of 2.00-Mev neutrons by 
U8, Also shown is the background due to fission-product decay 
and the normalized time spectrum of fission neutrons. This was 
obtained with threshold neutrons from the Li’(p,m)Be™ reaction 
incident on U*5, 


inelastic cross section by measuring the total elastic 
scattering and subtracting it and the reaction cross 
section from the total neutron cross section. Data on 
the cross section for elastic scattering at 1.0 Mev are 
already available.’ Figures 8 and 9 give the elastic 
angular distributions obtained at £,=550 kev and 
2.00 Mev, respectively, using a cylindrical tube of U** 
which was 2 inches long, ? inch o.d. with ;-inch wall. 
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Fic, 8. The angular distribution of elastic scattering for neutrons 
of 550-kev energy incident on U8, 


1 Allen, Walton, Perkins, Olson, and Taschek, Phys. Rev. 104, 
731 (1956). 
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Fic. 9. The angular distribution of elastic scattering for neutrons 
of 2.00-Mev energy incident on U**. The dashed curve is as 
calculated by Beyster'® from interpolated cloudy-crystal ball 
parameters. 


The angular resolution was +7°. These data are 
uncorrected for angular resolution and multiple scat- 
tering. Both these corrections should be small, however, 
and should have negligible effect on the quantity of 
interest, which is the integral of the elastic scattering. 
The elastic scattering data at 2.00 Mev include inelastic 
scattering to the !evels within 500 kev of the ground 
state. The statistical error at each point is less than 3%. 
The estimated error for the integral of the elastic cross 
section due to uncertainties involved in the comparison 
with the n-p cross section is 5%. 

Also shown in Fig. 9 is the angular distribution 
calculated by Beyster'® on the basis of the cloudy- 
crystal ball model!’ and the Woods and Saxon po- 
tential'* using parameters obtained by interpolation 
between those values which fitted experimental data 
best at 1.0 and 2.5 Mev. The values of these parameters 
are: R=8.05X10-" cm, Vo=—44 Mev, ¢=0.075, 
a=0.5X10-" cm, where R is the nuclear radius, Vo is 
the real potential, Vof is the imaginary potential, and 
a is the diffuseness parameter. To the shape-elastic 
scattering calculated on this basis has been added an 
isotropic contribution of 0.05 barn/steradian as the 
estimated contribution of “compound-elastic” scatter- 
ing. This estimate was based on data at neighboring 
energies at which it is unlikely the lowest-lying levels 
were resolved from the ground state, and hence must 
be presumed to include some inelastic scattering. The 
agreement of the experimental and calculated results 


167. R. Beyster, Los Alamos Scientific Laboratory Report 
LA-2099 (unpublished). 

17 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

18 R, D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
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is about the same as was obtained at the energies at 
which the fits were made. The differences between 
calculated and experimental results follow a very 
similar course, except that the second observed mini- 
mum occurs at an angle which is about 20° larger than 
the calculated value. 

Table II summarizes the data obtained on the partial 
cross sections. For E,=1.0 Mev the value for the total 
elastic scattering cross section is taken from Allen et al." 
after subtracting our estimate of the unresolved contri- 
bution due to the 44-kev level. The agreement of the 
sum of the partial cross sections and the measured total 
neutron cross section is always within experimental 
errors. These errors are large enough, however, to allow 
a few-tenths barn cross section to be associated with 
unobserved levels, i.e., those within 250 kev of the 
primary neutron energy. 


DISCUSSION 


The total cross section obtained for excitation of the 
44-kev level at 550-kev neutron energy is much greater 
than has been reported previously.’ The difference 
between this and the earlier results is ascribed to 
incomplete resolution of inelastic from elastic scattering 
in the earlier work. There is also a discrepancy between 
Batchelor’s‘ value for inelastic Corresponding to energy 
loss in excess of 500 kev for 1-Mev incident neutron 
energy and the yield reported here for the 730-kev level 
of 0.52+0.1 barn, which is 4m times the differential 
cross section given in Table I. Batchelor’s value, 
corrected for capture and fission, is 1.0+0.2 barns. The 
corresponding value of Beyster et al." is 0.9 barn with 
unstated uncertainty. These discrepancies may be 
resolved by assuming that the results are sensitive to 
the precise value of the primary neutron energy through 
the excitation of the level at 0.98+0.02 Mev. An 
apparent discrepancy concerns the report by Beyster 
et al. at 1.0 Mev of a cross section of 0.65 barn corre- 
sponding to excitation of levels between 200 and 600 
kev. The only level observed in this range is the one at 
300+30 kev which is excited with a cross section of 
0.09+0.05 barn. It has been suggested” that the 
difficulty here may also be due to inadequate resolution 
in earlier work. 


TABLE II. Partial and total cross sections (barns) for U™%, 








En(kev) Elastic 


550 6340.3 
1000 4.6+0.5> 2.0+0.4° 
2000 3.9+0.24 2.4+0,2° 


Inelastic Fission* Captures Sum of 


1.740.2 <0.01 0.14 82404 8.2+0.1 
0.015 0.10 6740.6 7.0+0.1 
0.56 005 6940.3 7140.1 











* Reference 11. 

> Reference 15 after subtracting 0.9 barn as the estimate for the contri- 
bution due to the 44-kev level. 

© Does not include levels within 250 kev of the primary neutron energy. 

4 Includes levels within 500 kev of the ground state. 


19 Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 
»” J. R. Beyster (private communication). 
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Calculations of the excitation function for the 44-kev 
level by Chase and Wilets*® on the direct interaction 
model and on the compound-nucleus model are given 
in Fig. 10 together with the experimental result. For 
the compound-nucleus calculation the penetrabilities 
have been calculated on the basis of the optical-model 
parameters determined by Beyster'® for 500-kev neu- 
trons. These are: R=8.05X10-" cm, a=0.50K10-% 
cm, Vo= —44 Mev, ¢=0.05, where the quantities have 
been defined above. For the direct interaction the 
calculation was done on the basis of the values of ¢ 
shown in Fig. 10 using R=8.36X10-" cm, A=2.2 
X10-" cm, Vo= —44 Mev, and 8=0.33. The quantity 
8 is the nuclear distortion parameter and A is the 90% 
to 10% falloff distance of the potential. 

It is clear from Fig. 10 that the dominant mechanism 
for the excitation of the 7=2 level at 550-kev neutron 
energy is compound nucleus formation, and that the 
accuracy of the measurement does not permit obser- 
vation of the contribution due to direct interaction. 

Figure 11 gives the calculated angular distributions 
for inelastically scattered neutrons corresponding to 
excitation of the 44-kev level at 550-kev incident 
neutron energy on the two models. The lower solid 
curve is for the direct excitation with ¢=0.05 and 
corresponds to much smaller cross sections than the 
upper solid curve, which is for compound nucleus 
formation. The dashed curve is the sum of the two 
normalized to the experimental data at 90°. 

The experimental! data exhibit an anisotropy greater 
than that calculated for the sum of the compound- 
nucleus and direct-interaction effects by an amount 
outside the assigned errors. It should be noted that the 
error assignment includes a somewhat arbitrary factor 
intended to take account of fluctuations of the data 
which were outside statistics. These data were obtained 
under exceptionally favorable conditions of beam 
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Fic. 10. Excitation functions for the 44-kev level in U™* as a 
function of primary neutron energy for the Hauser-Feshbach 
and direct interaction models according to Chase and Wilets.* 
The direct interaction result is given for two values of the pa- 
rameter ¢ which determines the imaginary part of the potential. 
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Fic, 11. Angular distributions of inelastically scattered neutrons 
corresponding to excitation of the 44-kev level in U™* by neutrons 
of 550-kev energy. The lower solid curve is for direct interaction 
and refers to the left-hand cross section scale. The upper solid 
curve is the Hauser-Feshbach prediction and refers to the right- 
hand scale. The dashed curve is the sum of the two normalized 
to the experimental point at 90° and also refers to the right-hand 
scale. 


intensity and represent the limit of our present technical 
capability. Clearly, the indication here of a significant 
discrepancy can be readily checked by a somewhat 
improved facility. It should be noted also that the 
angular distribution data for elastic scattering at 550- 
kev neutron energy given here indicate a different trend 
in the back direction than was estimated previously for 
a primary neutron energy of 500 kev. Thus, the optical- 
model parameters used in the calculations require 
adjustment to accommodate this fact and to take 
account of the nonspherical shape of the U** nucleus. 

For primary neutron energies in excess of 500 kev, 
calculations of the excitation of low-lying levels by 
compound nucleus formation become difficult because 
of the lack of spin and parity assignments for the levels 
which compete with the low-lying ones. Hence nothing 
can be said at present about the relative roles of direct 
interaction and compound nucleus formation at higher 
energies although calculations are available for the 
former process alone. However, the curve of elastic 
scattering plus inelastic scattering to low-lying levels 
for a neutron energy of 2.00 Mev, Fig. 9, imposes an 
upper limit of 60 mb/steradian on the combined effect 
of both mechanisms at 140° for transitions to the 7=0, 
2, 4, and 6 levels. 

It is pertinent to note also, as has been pointed out 
by Wheeler,” that the competition between inelastic 
neutron scattering and fission may account for the 
well-known" fine structure in the excitation function 
for neutron-induced fission in even-even nuclei. The 
excitation function for fission of U™*, as measured by 
Lamphere,” is shown plotted on a semilogarithmic scale 
in Fig. 12, together with the positions of the pertinent 


% J. A. Wheeler, Proceedings of the International Conference on 
the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. II, p. 155. 

= R. W. Lamphere, Phys. Rev. 104, 1654 (1956), and private 
communication. 
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Fic. 12. The excitation function for neutron-induced fission of 
U*8 according to Lamphere,” with the positions of levels observed 
in inelastic neutron scattering in U™®. 


levels reported in this work. The excitation function is 
a series of exponential rises of diminishing steepness 
alternating with horizontal steps. It is clear that the 
positions and spacings of levels are in rough accord 
with the 0.98- and 1.06-Mev levels. The break at 1.50 
Mev is in accord with the observation of strongly 
excited levels at this and higher energies. There is 
indication of a discrepancy between the position of the 
first break in the excitation function and the level 
reported at 0.73 Mev. But it should be noted that the 
excitation function is uncorrected for an energy reso- 
lution of about 60 kev, and that the statistical accuracy 
of the data in that region is very poor. A more quanti- 
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tative formulation of the competition mechanism is 
required than is now available before one can discuss 
the comparison with experiment in any greater detail. 

More complete experimental data are obviously 
desirable, particularly data at higher energies, where 
the direct interaction process becomes more important. 
It is expected that when the amount of pulsed beam 
available has been increased 3- to 5-fold it will be 
practical to improve the quality of these data and to 
extend results on the low-lying levels to higher incident 
neutron energy. 
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Center-of-Mass Motion in Brueckner Theory for a Finite Nucleus 


Harry J. Lipkin 
Department of Physics, The Weizmann Institute of Science, Rehovoth, Israel 


(Received November 18, 1957) 


Center-of-mass motion, generally not considered in the Brueckner theory, can cause divergences in the 
case of a finite nucleus. A possible way of avoiding this difficulty is presented. 





N Brueckner’s treatment of the many-body problem,! 
“model wave functions” and a “model Hamiltonian” 
are defined. These are used to calculate the energies 
and other properties of a real nucleus. The Hamiltonian 
for a system of nucleons with two-body forces is 


H= 1s T;+ > Vij, (1) 
i i>j 

where 7; is the kinetic energy of the ith particle and 

v,;; is the two-body interaction. The model Hamiltonian 


is 
Auy=DiTitLDi Vi, (2) 


where V; is a single-particle potential defined in terms 
of the two-body potential »;; by use of the matrix and 
a self-consistency requirement. The exact details of the 
definition of V; are irrelevant to this discussion. The 
essential feature of the Brueckner method which is 
considered here is the use of the model Hamiltonian (2) 
as the unperturbed Hamiltonian in a perturbation 
treatment to solve the problem defined by the Hamil- 
tonian (1). 

The real Hamiltonian (1) is translation-invariant, 
and its energy spectrum is continuous because states 
of center-of-mass motion with arbitrary momentum are 
included. There is no reference to a fixed origin in space 
and the nuclear eigenfunctions have a uniform proba- 
bility density throughout all space. The model Hamil- 
tonian (2) is not translation-invariant in the case of a 
finite nucleus. The energy spectrum is discrete and the 
model wave functions are concentrated within a finite 
volume of space. As a result, center-of-mass motion is 
not treated properly in the nuclear shell model, as has 
been noted.?-> Furthermore, any perturbation treat- 
ment of the real problem starting from the model 
Hamiltonian (2) does not converge.’ Thus, one should 
expect to encounter convergence difficulties in treating 
a finite nucleus by the Brueckner method. (This 
problem does not exist, of course, in an infinite nucleus.) 

These difficulties can be avoided by the use of an 


1R. J. Eden, Proceedings of the Rehovoth Conference on Nuclear 
Structure (North-Holland Publishing Company, Amsterdam, 
1958), p. 3. 

2 J. P. Elliott and T. H. R. Skyrme, Proc. Roy. Soc. (London) 
A232, 561 (1955). 

3 Lipkin, de-Shalit, and Talmi, Nuovo cimento 2, 773 (1955). 

4 F, Villars (unpublished). 

5R. E. Peierls, Proceedings of the Rehovoth Conference on Nuclear 
Structure (North-Holland Publishing Company, Amsterdam, 
1958), p. 135. See also R. E. Peierls and J. Yoccoz, Proc. Phys. 
Soc. (London) A70, 381 (1957). 


alternative Hamiltonian to the real Hamiltonian (1): 


H'= P T+ po 1;+Ma (> x;)?/2A, (3) 


i>j i 


where M is the nucleon mass, w is a parameter which 
can be set at a convenient value, x; is the coordinate 
of the ith particle, and A is the number of particles. 
The Hamiltonian (3) differs from the original Hamil- 
tonian (1) only by the addition of a function of the 
center-of-mass coordinate (}_; x;). The internal motion 
of (3) is therefore identical to that of (1) and all 
quantities of physical interest in the original problem 
can be calculated directly from the Hamiltonian (3). 
The only difference is that the center of mass is bound 
by a harmonic oscillator potential instead of being free. 
Thus, instead of the continuous spectrum of states 
describing free translation of the nucleus there will be a 
discrete spectrum of states describing oscillation of the 
whole nucleus in the fictitious potential binding the 
center of mass to the origin of the coordinate system. 
Since this center-of-mass oscillation is completely 
decoupled from the other degrees of freedom of the 
system, these “spurious states’? should cause no 
difficulty. They need only be recognized and rejected. 

Since the Hamiltonian (3) describes a system having 
a discrete spectrum and having wave functions con- 
centrated in a finite volume of space, it may offer a 
more suitable point of departure for the Brueckner 
treatment, avoiding convergence difficulties while still 
giving all desired results. 

The added term in (3) can be conveniently split into 
two parts 


=z T;+ y 2 w+ 4 Mu*x?— yk Mo*(x;—x;)?/A 


i>; i D>7 
=> T.+> 4 Morx 2+ =. U;;, (4) 
i Fi >; 
where 
Uij= D45— Mw (x,;—;)?/A (5) 


can be considered as a modified two-body interaction. 
The Hamiltonian (4) with a harmonic oscillator shell- 
model potential and modified two-body interaction is 
still exactly equivalent to the original problem except 
for center-of-mass effects. 

The modified Hamiltonian (4) can be treated by the 
standard Brueckner methods by defining a modified 


2071 
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model Hamiltonian: 
By’=D T:4-Di $Mo*x?2+L: Ui, (6) 


where the modified single-particle potential U; is 
related to the modified two-body interaction ,; in the 
same manner as JV; is related to »,; in the usual treat- 
ment. The correspondence between Eqs. (1) and (2) 
on the one hand and Eqs. (4) and (6) on the other can 
be shown formally by writing 


T/=T4+4Mox?. (7) 


Equations (4) and (6) are then obtained from Eqs. (1) 
and (2) simply by replacing 7; by 7,’, 4; by u:;, and 
V; by U;. Since the usual manipulations of Brueckner 
theory in a finite nucleus do not require explicitly that 
T; be the kinetic energy operator, the same manipu- 
lations can be done with 7;,’. Therefore all the formal 
treatment of Brueckner theory can be applied to Eqs. 
(4) and (6). 
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In conclusion, we can say that Eqs. (4) and (6) 
present a modified point of departure for Brueckner 
theory, with the following differences from the usual 
treatment: 


1. There should be fewer convergence difficulties due 
to center-of-mass motion. 

2. A harmonic oscillator shell-model potential ap- 
pears in the Hamiltonian from the beginning before any 
approximations are made. It is only the deviation of 
the shell-model potential from the harmonic oscillator 
which appears in the perturbation treatment. This 
seems to be reasonable, since the harmonic oscillator 
potential has been used widely with good results in 
practical shell-model calculations. 

3. The modified interaction u;; is not a short-range 
interaction because of the term (x;—2;)*. This may 
cause difficulty if short-range approximations are 
desirable in calculations. 
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Angular Distribution of Photoprotons from Deuterium from 9 to 23 Mev* 


A. WHETSTONE AND J. HALPERN 
University of Pennsylvania, Philadelphia, Pennsyloania 
(Received November 19, 1957) 


Photoprotons from a deuterated paraffin target irradiated with betatron x-rays have been detected with 
a NalI(TI) scintillator. The angle and energy of the protons have been measured, and the data has been 
fitted to the angular distribution form /(@) = (A+B sin*#) (1+28 cos@). The ratio A/B rises from a value 
of 0.015+-0.041 for the 9- to 12-Mev photon group to a value of 0.133+0.020 for the 20- to 23-Mev group. 
A/B increases in a complicated way suggesting several contributions to the isotropic component. The value 
determined for 8 agrees with the calculation of »,/c. A Schiff thin-target spectrum is assumed for the incident 
photons, and the cross section obtained is consistent with the Marshall and Guth calculations, although 
the energy dependence of the data has slightly less slope than the calculated values. 


I. INTRODUCTION 


HE theoretical calculations! of the photodisinte- 

gration of the deuteron below photon energies of, 
say, 25 Mev predict a predominantly sin*@ angular 
distribution. The electric dipole, ED, transition from 
the *S, part of the ground state to the *P, states 
accounts for most of the disintegration process. The 
electric quadrupole absorption causes a fore-aft asym- 
metry modifying the distribution to sin*#(1+26 cos@). 
In addition a small isotropic component is predicted, 
the explanation of which has become one of the most 
interesting aspects of the deuteron photodisintegration 
problem at intermediate energies. The usual forms 
assumed for the angular distribution are 


f{(0)=A+B sin*6(1+ 28 cos), (1) 


* Supported in part by the Air Research and Development 
Command and by the U. S. Office of Naval Research. 

1 For a comprehensive bibliography of the work see M. Elaine 
Toms, “Bibliography of Photonuclear Reactions,”’ Naval Research 
Laboratory (1955, 1956, 1957). 


and 


f(0)= (A+B sin) (1+28; cosé). (2) 


The recent experimental determinations of the angu- 
lar distribution, that of Halpern and Weinstock? and 
that of Allen,* have shown the isotropic component in 
the region of 20 Mev to be considerably larger than that 
predicted by most of the theoretical work. Experi- 
mentally the ratio A/B is found to be about one-tenth 
at this energy. A brief review of the attempts to explain 
the observed isotropic component follows. 


1. A small contribution comes from the magnetic 
dipole, MD, transition *S;—>1So. Using the usual poten- 
tials, Yukawa or Hulthén, this is estimated to contribute 
0.01 or 0.02 to the ratio A/B at these energies.** 

2. The *S—*P, transition in the presence of a tensor 


2 J. Halpern and E. Weinstock, Phys. Rev. 91, 934 (1953). 
3L. A. Allen, Jr., Phys. Rev. 98, 705 (1955). 

4N. Austern, Phys. Rev. 85, 283 (1952). 

5 L. Hulthén and B. C. H. Nagel, Phys. Rev. 90, 62 (1953). 
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force in the *P state has been shown by Austern‘ to 
contribute to the isotropic component. Iwadare et al.,® 
using a very strong tensor force, can account for about 
half of the experimental value for A/B by this tran- 
sition. 

3. The *D-—‘P transition in the presence of a tensor 
potential in the *D state has been considered in refer- 
ence 6. Also this transition has been calculated by 
Yamaguchi’ using a nonlocal but separable potential, 
the value obtained for A/B being about half of the 
observed value. 

4. A highly singular spin-orbit coupling in the *P 
state can provide some contribution at these energies.‘ 

5. The MD transition in the presence of a repulsive 
core in the \So state has been shown® to be capable of 
giving about half of the required value for A/B. The 
hard core has the effect of pushing the 'S» wave function 
outward to increase the overlap with the deuteron 
ground state wave function. By combining this effect 
with effect 2, Iwadare et al. have obtained enough 
isotropic component to match the experimental value 
at 20 Mev. 
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Fic. 1. General arrangement of apparatus. 


6. The MD transition can be enhanced by the 
inclusion of an interaction moment operator. Most 
investigators®** have found this effect to be small but 
an uncertainty exists. 

7. A meson reabsorption model suggested by Whalin, 
Schriever, and Hanson” and by Wilson" has been 
elaborated on by Austern."? There is a strong modifica- 
tion of the *Po wave amplitude due to a production and 
reabsorption of virtual mesons. Rather than predicting 
the isotropic component from the model, Austern has 
used the existing data to obtain information on this 
particular electromagnetic interaction. 


The present experiment was designed to measure the 
energy dependence of A/B from 9 Mev to 23 Mev with 
the idea that a comparison of the data with more 


6 Iwadare, Otsuki, Sano, Takagi, and Watari, Progr. Theoret. 
Phys. Japan 16, 658 (1956). 

TYoshio Yamaguchi and Yoriko Yamaguchi, Phys. Rev. 95, 
1635 (1954) and Phys. Rev. 98, 69 (1955). 

8H. Feshbach and J. Schwinger, Phys. Rev. 84, 194 (1951). 

*A. Sugie and S. Yoshida, Progr. Theoret. Phys. Japan 10, 
236 (1953). 

1 Whalin, Schriever, and Hanson, Phys. Rev. 101, 377 (1956). 

1 R. R. Wilson, Phys. Rev. 104, 218 (1956). 

12 N, Austern, Phys. Rev. 108, 973 (1957). 
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detailed calculations of the energy dependence of the 
above effects could provide a basis for choosing among 
them. The data have been fitted to forms (1) and (2) so 
that 8 and §; are determined. Also the total cross 
section integrated over angles is determined, but the 
values obtained for a are subject to the usual uncer- 
tainties arising from the difficulty of an absolute 
determination of the number of photons involved. 


II. APPARATUS AND EXPERIMENTAL PROCEDURE 


A target of deuterated paraffin, CD2, was bombarded 
with the photons produced by the bremsstrahlung of a 
betatron run at an energy of 23 Mev. The resultant 
protons were detected by means of a NaI(T1)scintillator 
mounted on a photomultiplier tube. The experimental 
arrangement is shown in Fig. 1. The highly collimated 
beam passes through an aperture in the shielding walls, 
then through the evacuated (y,p) house and the two 
(y,n) houses. The (y,p) house is shown in Figs. 2 and 3. 
There are six beam ports permitting measurements at 
30°, 60°, 90°, 120°, 150°, and 270°. The target frame 
rotates with the entire house so that the target makes a 
constant angle to the detector. Protons leaving the 
target lose a small amount of energy which is thus 
independent of the angle of detection. At 30° and 150° 
the beam projection on the target is a circle of diameter 
™0.4 in. and at other angles it is an ellipse. 
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Fic. 3. The target housing, a cross-sectional view from above. 
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The proton detector measures the energy of the 
proton and its angle with respect to the beam. These 
two quantities define the photon energy. The energy 
resolution of the detector is about 3% for the proton 
energies encountered in this experiment and about 3.5% 
for Po?’ @ particles. The detector aperture is a 1-in. 
diameter circle, and it is 4.64 in. from the axis of the 
deuterium target. The method of preparing and mount- 
ing the scintillator will be described in some detail in a 
forthcoming paper.” The pulses from the photomulti- 
plier tube (DuMont 6292) go through a preamplifier 
and amplifier (Los Alamos model 100) and are displayed 
on a 100-channel pulse-height analyzer“ of the Wilkin- 
son type. 

It is necessary to establish the relationship between 
the pulse height analyzer channel number and photon 
energy. This is done by getting the hy vs T, (proton 
energy) scale and then the 7, vs channel scale. The 
hv vs T, scale comes from the equations for conserva- 
tion of energy and momentum during the photodisinte- 
gration process.!® These equations were programmed 
for a Univac computer. Laboratory to center-of-mass 
angle and solid angle conversions were included in the 
program. To establish the 7, vs channel scale a separate 
experiment was undertaken in which several well-known 
(d,p) reactions produced by an electrostatic generator 
were used as a source of monoenergetic protons. This 
work will be described in reference 13. Briefly, the 
(d,p) experiment showed that the proton energy vs 
channel line extrapolated to (0.46+0.10) Mev at 
channel 0. Brolley and Ribe'*® found this extrapolation 
to be (0.290+0.005) Mev. The ratio of a to proton 
energies for registration in the same channel was found 
to be 1.93+0.04 for 5.3-Mev a particles. The excellent 
agreement of this ratio with the determination made by 
Eby and Jentschek"’ would indicate that the disagree- 
ment with the extrapolation found by Brolley and Ribe 
was not due to an unusually poor crystal surface. Re- 
ferring to Fig. 4, the zero extrapolation and the a-proton 
ratio give two points on the energy scale. 

Background was taken with a CH, target, so the 
maximum energy protons from carbon give a third 
point on the energy scale. The maximum energy of the 
protons from deuterium varies with angle giving five 
additional points on the energy scale. The energies 
assigned to the carbon and deuterium proton spectrum 
end points depend on /vymex, the maximum photon 
energy. For carbon (7) max~(11/12)hymex, and for 
deuterium (7y)max~}h¥max. In fitting a line to the 
eight points the least square sum was minimized with 
respect to Avmax, and the betatron energy was thus 
determined to be (22.90+0.05) Mev. The betatron 


13 Rev. Sci. Instr. (to be published). 

™“R. D. Hiebert et al., Los Alamos Scientific Laboratory Report 
LA-1565, 1953 (unpublished). 

146M. Wiener, National Bureau of Standards Circular No. 515 
(U. S. Government Printing Office, Washington, D. C., 1951). 

16 J. E. Brolley and F. L. Ribe, Phys. Rev. 98, 1112 (1955). 

17 F. S. Eby and W. K. Jentschke, Phys. Rev. 96, 911 (1954). 
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energy was maintained at this value throughout the 
experiment. 

The scintillator was thick enough (~0.040 in.) to 
stop the maximum energy protons. For electrons the 
crystal was thin, so electron pulses were mostly small. 
A discriminator prevented these from registering on the 
pulse-height analyzer. Electron pileup (coincidence of 
small pulses with the larger ones) was virtually elimi- 
nated by operating the betatron at low instantaneous 
intensities but long beam duration (~100 usec). 

The x-ray beam from the betatron was monitored in 
several ways. Current from an air ionization chamber 
was integrated to indicate total photon yield. Next a 
Victoreen r thimble imbedded in Lucite was inserted 
into the beam periodically. The two neutron houses 
shown in Fig. 1 had different targets with different 
energy responses. The ratio of the neutron yields from 
these two targets provided a check on energy stability 
of the betatron (Fig. 5), while the yields themselves 
constituted a sensitive check of beam intensity. The 
only beam monitor capable of giving an absolute photon 
count was the Victoreen r-meter. 

It is seen in Fig. 3 that the detector is on one side of 
the beam at forward angles and on the other at back- 
ward angles. Comparison of the 90° and 270° measure- 
ments provided a test against any systematic lateral 
asymmetry. The measurement of A/B is sensitive to 
geometrical factors, so good resettability was a prime 
consideration in apparatus design. The proton house is 
mounted on a milling vise. The angles are measured to 
an accuracy of one minute, and are resettable to this 
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Fic. 4. The proton energy vs channel scale. The horizontal 
errors represent difficulty in assigning a definite channel number 
to the proton spectrum end points. 
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amount. The axis of the target is determined photo- 
graphically to be the axis of rotation and to be in the 
center of the beam. The gain of the phototube and the 
electronics was checked hourly throughout experi- 
mentation by moving a Po?" a source into the target 
position. Linearity of the proton detection electronics 
was checked regularly with a precision pulser. The 
proton house and neutron house alignment with respect 
to the beam was checked photographically at frequent 
intervals. The relative thickness of the CD, and CH, 
targets was determined by setting the detection dis- 
criminator to a very low level and counting the pulses 
due to electrons from the targets. By determining the 
thickness ratio of the targets as actually mounted in 
the beam, several possible sources of systematic error 
in the background subtraction were eliminated. 

The CD, and CH; targets were prepared by pressing 
the wax between two steel surfaces. At the end of the 
experiment the targets were carefully cut up and the 
pieces weighed and measured. Since the beam projection 
on the target changed from a circle to an ellipse at 
different angles, the areal densities of the targets had 
to be accurately determined over the useful areas. 


Ill. THE DATA 


The experiment required 1100 hours of betatron time. 
The total radiation at the target was 5.5 X 10° roentgens 
with slightly more than half of the total used for CH, 
plus blank background. The data were taken in six 
individual runs. In the analysis of the data the runs 
were kept separate up to a point where they could be 
tested for statistical agreement. The experimental con- 
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Fic. 5. Counts from the neutron houses. The counts provide a 
monitor of beam intensity and the ratio of counts provides a 
sensitive check on energy stability of the betatron. 
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ditions varied in a few details from run to run. Com- 
parison of the runs, then, provided a test against 
systematic errors arising from these details. It was seen 
that the six runs satisfied a statistical test in each of the 
energy intervals. No data were discarded. 

The protons from carbon and the target electrons are 
given by CH; counts—blank counts. The protons from 
deuterium are given by the counts of 


Ni N2 N, 
cp:- (cH. — (bank | ——(blank), 
i 9 N3 N3 


where f is the thickness ratio of the CH: and CD, 
targets and ',, N2, and .V; are the neutron monitor 
counts recorded during the CDs, CH, and blank runs, 
respectively. The neutron counts were taken as the 
prime beam monitor. These counts agreed with the 
other monitors to a small fraction of a percent through- 
out the experiment. 

The net deuterium proton counts thus arrived at 
were next changed, via the energy scale established 
above, from their channel grouping into photon energy 
groupings one Mev wide. The data were then corrected 
for: 


(1) Pulse-height analyzer dead time. This was a func- 
tion of angle and background counting rate. 

(2) Irradiation time at each angle related to the 
irradiation at 90°. 

(3) Number of nuclei in the beam as a function of 
angle. 

(4) Detector solid angle which varied from angle to 
angle as a result of the center-of-mass motion. This 
correction depended on photon energy. 


At this point the six individual determinations were 
combined. It was not feasible to further process the 
runs individually because the next phase of the data 
processing, that of correcting for target absorption, was 
a tedious reiterative process and it was desirable to do 
it just once for each angle. The runs were combined 
with proper weighting for the errors associated with 
each run. 

To correct for proton energy losses in the target, the 
range energy tables of Rich and Madey" were used. By 


‘successive approximations a proton spectrum was found, 


which, when the absorption was applied, produced the 
observed spectrum. This had to be done at each angle. 
Figure 6 shows the result for the data taken at 90°. 
The lower curve is the data corrected for the several 
effects cited above but not corrected for target absorp- 
tion. The errors shown are the standard deviations. The 
target absorption correction produces the upper curve. 
It is seen that the effect is quite large. It is noteworthy, 
however, that the result for A/B is almost identical 
for the corrected and uncorrected data. Thus any small 


18M. Rich and R. Madey, Atomic Energy Commission Report 
UCRL-2301, 1954 (unpublished). 
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Fic. 6. The 90° data plus the 270° data. The upper curve repre- 
sents the target absorption correction applied to the data. 


uncertainty in the absorption correction produces a 
negligible error in A/B. For 8, 8,, and the total cross- 
section values, the target absorption correction is im- 
portant. 

The angle designations, 30°, 60°, etc., are nominal. 
Corrections must be applied for laboratory to center-of- 
mass coordinate conversion and for the finite extent of 
the beam on the target and for the finite solid angle of 
the detector. (This latter correction is small since the 
detector half-angle is about 6.2°, so it can be applied 
either as a counting rate change or as an angular 
change without introducing error of consequence.) 
These corrections are, of course, different in each 
photon bin. 

The data were next folded about 90° to eliminate 8. 
This had to be done reiteratively because the backward 
angles were not exactly supplements of the forward 
angles, so the resultant distribution had to be used to 
effect the correct folding. 


G(6)=(F (6@)+F(180—6) ]/2=A+B sin’#, 
H (6)=(F(@)—F(180—@) ]/4B=8 sin*6 cosé 
=8,[ (A/B) cosé+cosé sin’6]. 


G(6) is plotted against sin’ so that the intercept with 
the abscissa gives A/B independent of 8. The slope of 
H (6) vs sin’# cos@ gives 8 subject to the previous determi- 
nation of B, and the slope of H(@) vs [(A/B) cos 
+cos@ sin’6] gives 8; subject to previous determination 
of A and B. These plots were fitted by the weighted 
least-squares method in each photon bin from 9 Mev 
to 23 Mev. The errors on A/B, 8, and #; can be calcu- 
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lated in two ways: first, by differentiating the least- 
squares formulas, putting in the standard deviation of 
the data for the increments, and combining the con- 
tributions quadratically, and second, by observing the 
deviations of the data points from the least-squares 
lines. When these methods are compared for all of the 
energy bins it is seen that the second method gives the 
smaller error in most cases. In fact, the errors by the 
two methods are in a ratio of 1.6:1 considering all 
energies. The reason for this can be seen by referring to 
Fig. 6. The data points have been connected by smooth 
lines to facilitate the application of the target absorption 
corrections. If the bremsstrahlung energy dependence 
and the deuteron photodisintegration energy depend- 
ence are assumed to be smooth, then the data in each 
energy bin is effectively improved by connecting the 
data points by a smooth curve. For this reason the 
points of the F(6) plot lie closer to the line than would 
be expected statistically. The second method of com- 
puting the error cannot be used for each energy bin 
because, with so few points on the line, the result can 
be accidentally too good or too bad to be realistic. The 
first method has been used, but the result for each bin 
has been divided by 1.6 as indicated by comparison of 
the two methods over all energy bins. The improvement 
in the results comes about from adding information to 
the data, i.e., knowledge of the smoothness of the 
bremsstrahlung and photodisintegration processes, at 
least over energy intervals a few Mev wide. 

There ave several possible sources of systematic error 
in A/B. First the background subtraction is quite 
large at 9 Mev, so any uncertainty in the target thick- 
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Fic. 7. A/B vs energy. The errors shown are the standard 
deviation plus systematic errors combined additively. 











ness ratio becomes important. Above 15 Mev there is no 
background. This error in A/B is 0.02 at 9 Mev and 
decreases rapidly to zero at 15 Mev. The initial measure- 
ment of the angles was made to 0.05°. The resettability 
error is a like amount. The error introduced in A/B is 
0.002. The target uniformity has been indicated to be of 
importance; 0.002 is the error assigned to A/B as a 
result of the correction for nonuniformity. As the (y,p) 
house is rotated there is the possibility of a slight change 
of detector solid angle arising from several possible 
geometric considerations. The resultant error in A/B is 
taken to be 0.001. These errors have been included 
additively in the total errors presented for A/B. No 
error is considered to arise from the energy scale of the 
detector, from shift of peak energy of the .betatron, or 
from the calculations. There are other sources of errors 
which affect 8 and the cross section but not A/B. 

The resulting values for A/B are presented in Fig. 7. 
Figure 8 shows the results for A/B when the data are 
put into larger energy bins. 8 and #8, are shown in 
Fig. 9 together with the curve of v,/c vs photon energy. 

To calculate the cross section as a function of photon 
energy from the data, it is necessary to make an assump- 
tion about the photon spectrum. For this work the 
Schiff thin-target forward spectrum™ is used. The 
spectrum is modified for small amounts of absorbing 
material between the betatron target and the Lucite 
block which holds the r thimble. The total energy 
incident on the Lucite block is converted into esu 
following the method of Zendle et al.” Figure 6 of this 
reference gives the calculated conversion from ergs to 
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Fic. 8. A/B vs energy. The energy bins are larger 
than those of Fig. 7. 


19 L. I. Schiff, Phys. Rev. 83, 252 (1951). 
*” Zendle, Koch, McElhinney, and Boag, Radiation Research 5, 
107 (1956). 
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Fic. 9. 8 and #: are determined by fitting the data to Eqs. (1) 
and (2) after a previous determination of A/B. The errors shown 
are statistical plus systematic. For comparison the function v,/c 
is plotted. 


esu. Laughlin et a/.2" have made a calorimetric determi- 
nation of the conversion for a betatron peak energy of 
22.5 Mev, the result of which is included in Fig. 6 of 
Zendle et al. The conversion read from this figure for 
23-Mev peak energy is 5720 ergs cc/esu cm’. The 
energy in each Mev bin is divided by the mean photon 
energy to obtain the number of photons/cm*-Mev. 
Further corrections are made for air and other materials 
between the r-thimble location and the CD, target. The 
resultant spectrum is applied to the data in order to 
compute the cross section. The results are shown in 
Fig. 10. The solid curve represents the Marshall and 
Guth” calculation for 50% exchange in the proton- 
neutron interaction. 

Errors which affect the total cross-section results but 
not the angular distribution results are listed below. 


1. The shape of the bremsstrahlung spectrum used. 
No error has been included in the presentation of the 
cross section, Fig. 10, due to this source of uncertainty. 
If one wishes to assume the slope of the Marshall-Guth 
calculation to be substantially correct, then the trend 
of the data points would suggest a spectrum with more 
photons at the high end than the one used. 

2. r-thimble calibration. The thimble used has a 
capacity of 250 r. It was calibrated by comparison with 
a 100-r thimble which has been calibrated by the 
National Bureau of Standards. A Landswerk r thimble 
and Lucite block at a different location in the laboratory 

J. S. Laughlin ef al., Am. J. Roentgenol Radium Therapy 


Nuclear Med. 70, 294 (1953). 
2 J. F. Marshall and E. Guth, Phys. Rev. 78, 738 (1950). 
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Fic. 10. The solid curve is the Marshall-Guth calculation for 
50% exchange. The Schiff bremsstrahlung spectrum is used with 
the data to obtain the experimental points. The error indicated is 
largely systematic and is due to the difficulty of ascertaining the 
uumber of photons involved. 


gave results in agreement with the Victoreen instrument 
to about 1%. An error of 5% is assigned to the calibra- 
tion because of indirectness of the comparisons. 

3. The error indicated for the calorimetric measure- 
ment of Laughlin ef a/. is about 5% and this error is 
included in the present work. 

4. There are numerous sources of small errors in the 
measurements of the geometry of the experiment. 


The errors of item 4 and the previously discussed 
errors which contribute to A/B are combined quadrati- 
cally with the counting statistics. The contributions of 
items 2 and 3 total 10% and this amount is included 
additively in each energy bin. The resulting errors are 
shown in Fig. 10. It can be judged from the scatter of 
the points that the statistical errors are smaller than 
the systematic ones. For this reason there is nothing to 
be gained by grouping the data into larger energy bins. 
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IV. DISCUSSION 


For the photon group 20 to 23 Mev the present 
experiment finds A/B=0.13+0.02. Allen has obtained 
a value of 0.11+0.01 for the 20- to 25-Mev group. 
Halpern and Weinstock obtained 0.13++0.04 for photons 
between 18 and 22 Mev. These values can be con- 
sidered to be in good agreement. At the lower photon 
energies, 9 to 18 Mev, there is very little previous work 
of sufficient accuracy to invite comparison. A measure- 
ment was made by Fuller® with a 20-Mev betatron as 
a photon source and photographic plates as the proton 
detectors. Although the accuracy is low because of 
insufficient data, the results are consistent with those 
of the present paper. 

It does not seem possible to connect the A/B values, 
Fig. 7, with an uninflected curve. The points do not 
appear to scatter as much as the assigned error would 
indicate they should. The reason is that the data are 
smoothed somewhat for the target absorption correc- 
tion, so that the value for A/B in a given energy bin 
does not scatter much from its neighbors. No error 
which extends over several Mev can be introduced in 
this way. To connect the data with an uninflected curve, 
too many adjacent points would be forced to lie above 
or below the curve. It is concluded, then, that the 
isotropic component increases in two stages; the first 
increase starting around 10 or 11 Mev and the second 
around 18 or 19 Mev. The slope of a line fitted to the six 
highest points satisfactorily matches the slope of Allen’s 
data, which extend up to 65 Mev. This two-stage effect 
is suggestive of two or more sources of the isotropic 
component. 
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Using the Li’(,m) Be’ reaction as a source of neutrons, strength function determinations have been made 
on a number of intermediate and heavy elements at average neutron energies between 65 kev and 360 kev. 
The strength functions (y2)~/D are obtained from measurements of the deviation from exponential 
attenuation of the neutrons passing through a sample of the element being studied. Values of (y0?)w/D at 
lower energies exhibit qualitatively the dependence on atomic weight predicted by the optical model, in 
agreement with previous measurements. For elements in the region A =90, the rapid increase with energy 
of the (yo)«/D obtained assuming only S-wave interactions suggests appreciable P-wave interactions are 
taking place. The data for these elements have been analyzed to yield (y:*)/D. 





I. INTRODUCTION 


HE strength function (y?)«/D or average 
reduced-neutron-width to level-spacing ratio for 
nuclear energy levels formed by neutrons having orbital 
angular momentum / is a quantity of interest in con- 
nection with theories of the nucleon-nucleus inter- 
action.! To the extent that inelastic scattering and 
capture can be neglected, (y?)«/D is a measure of the 
cross section for formation of the compound nucleus 
by neutrons of orbital angular momentum /. This cross 
section is predicted by nuclear models, but is not 
amenable to direct measurement at low bombarding 
energies. The dependence on atomic weight of the 
S-wave strength function (y°)«/D for low neutron 
bombarding energies has been the suject of considerable 
study. The experimental data show fairly strong 
maxima for (y¢)«/D in the atomic weight regions 
around A=50 and A=150 in agreement with the 
predictions of the optical model'? and in contradiction 
to the black-nucleus, or strong-interaction model* 
which predicted a (y0)~/D independent of atomic 
weight. These results have been obtained principally 
from resonance parameters obtained in analyses of 
neutron total cross sections in the ev region‘ as well as 
from analyses of average total cross sections in the 
kilovolt region.® 
Strength functions are also of importance in con- 
nection with neutron capture cross sections. The 
average capture cross section depends on the radiation 
widths, level spacings, and strength functions in a 


* Work supported by the U. S. Atomic Energy Commission 
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unique way. Determinations of P-wave strength func- 
tions have been reported® which are based on measured 
values of neutron capture cross sections as a function 
of energy. 

The investigation being reported here is a continua- 
tion of previous measurements’ in which strength 
functions were determined by measuring deviations 
from exponential attenuation of a beam of neutrons 
passing through samples of various elements. 


II. METHOD AND PROCEDURE 


The method used to obtain (y@)«/D from the 
measured deviations from exponential attenuation has 
been discussed previously.’'* For neutron energies low 
enough that S-wave elastic scattering is the only 
appreciable interaction, the measured transmission of 
a sample of thickness ¢ can be written 


T=[1+a(t) ] exp(—nét) (1) 


for a monoisotopic sample of zero spin. The term a(f) 
is a measure of the deviation from exponential attenua- 
tion and ¢= /f(E)o(E)dE is the average total cross 
section, where /(Z) is the neutron energy spectrum. If 
it can be assumed 


frewunrae-| fieavaeae] 
n=1,2,3,---, (2) 


a(#) turns out to be proportional to the quantity 
(1—|Uo|?), where Uo(£) is the collision function for 
S-wave neutrons. The quantity (1—|Uo|*) is just the 
cross section for formation of the compound nucleus 
divided by xX? and is uniquely related to the strength 
function.’ 

Equation (1) can be generalized to include cases in 
which the nucleus has nonzero spin and more than one 
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TABLE I. Summary of experimental results. 








Atomic 





Element weight Exs(kev) AEn(kev) 1’-T 1—|Uo}2 
Vanadium 50.96 66 70 0.105 +0.004 0.46+0.02 
136 90 0.076 +0,004 0.68+0.03 
207 75 0.060 40.004 1.07 40.07 
288 70 0.032 +0.004 1.00+0.13 
Manganese 54.94 60 60 0.101+0.006 0.55+0.03 
120 40 0.076+0.006 0.55+0.04 
180 40 0.037 40.006 0.51 40.08 
225 30 0.048 +0,006 0.68 +0.08 
Cobalt 58.96 66 70 0.063 40,004 0.34+40,02 
136 90 0.056 40.004 0.63 4.0.04 
207 75 0.041+0.004 0.80+0.08 
288 70 0.036+0.005 1.17+0.16 
363 70 0,008 +0,005 0.36 40.23 
Copper 63.56 66 70 0.045+0.004 0.29+0.03 
136 90 0.024+0.003 0.34+0.04 
207 75 0.015+0.004 0.45+0.12 
288 70 0.016 +0.005 0.98 +0.30 
Germanium 72.62 60 60 0,026+0.006 0.22+40.06 
120 40 0.017+0.006 0.42+0.15 
180 40 0,004+0,006 0.19 +0.29 
Selenium 78.98 60 60 0.023 +0.006 0.20+0.05 
120 40 0.025+0.006 0.52+0.12 
180 40 0.01640,006 0.62+0.24 
225 30 0.021+0,006 1.19+0.34 
Zirconium 91.24 66 70 0.021+0,004 0.24+0.05 
136 90 0.025 +0.004 0.91+40.15 
207 75 0.030+0,004 2.00 40.26 
288 70 0.017+0.005 2.20+0.64 
363 70 0,010+0,005 1.57+0.78 
Niobium 92.94 60 60 0.013 +0.006 0,07 +0.03 
120 40 0.026 +0.006 0.40+0.09 
180 40 0.023+0.006 0.68 +0.17 
225 30 0.016+0.006 0.63+0.24 
Silver 107.91 66 70 0.000 +0.004 0.00+0.04 
66" e 70 0.018 +0.004 0.16+0.04 
Tellurium 127.64 66 70 0.008 =0.004 0.09+0.05 
136 90 0,006 +0.004 0.20+0.13 
207 75 0,009 +0,004 0.62+0.27 
Thallium 204.45 66 70 0.019 +0.004 0.20+0.04 
136 90 0.013+0.003 0.40+0,.09 
207 75 0.010+0.004 0.63+0.25 
Carbon 12.01 66 70 —0.004 +0.005 
207 75 0.000 +.0.004 








*® Sample cooled to liquid air temperature. 


isotope is present. The (yc)«/D obtained in these 
cases are values averaged over all the contributing 
isotopes and spin states. A further generalization of 
Eq. (1) is required when contributions from higher 
orbital angular momenta are expected to be important. 
At energies such that only S- and P-wave neutrons 
interact appreciably the measured a(é) depend on 
(ye)w/D and (y:2)4/D. Providing the (y0)m/D are 
known, the data can be analyzed to yield values of 
(y1?)w/D. 

The procedure used to determine the a(?) is essentially 
the same as that described in reference 7. Neutrons 
emitted in the forward direction from the Li’(p,")Be’ 
reaction were detected with a propane-filled recoil 
counter 25 cm long with its center 45 cm from the 
neutron source. Scattering samples 2.5 cm in diameter 
were placed approximately 13 cm from the source. 
The energy spread of the neutron beam was deduced 
from the target thickness as measured by the rise 
method as well as from the apparent width of the 
620-kev resonance in the total cross section of Be. 
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Results obtained using the two methods agreed within 
10%. The energy spreads are listed in Table I along 
with the average neutron energies EF, used in evaluating 
the data. These energies were arrived at by taking 
into account the energy sensitivity of the neutron 
detector, the neutron energy spectrum from the 
Li’(~,m) reaction and the variation with energy of 
¥T'.o, which is a measure of the effect being investigated. 
I. is the average neutron width for levels formed by 
S-wave neutrons. 

The transmission 7 of a thin (77~~0.85) sample alone 
was compared with the transmission 7” of the same 
sample for neutrons filtered through a thick (7~0.25) 
sample of the same element. From the difference 7’—T 
the a(#) can then be calculated. The average cross 
section ¢ was obtained from the thin sample trans- 
mission. All of the scattering samples contained 
naturally occurring mixtures of isotopes. 

In the case of Ag the increase in a(é) achieved in 
decreasing the Doppler broadening by cooling the 
sample was measured. Data were taken with Ag at 
room temperatures and at liquid air temperatures. 
For the low-temperature measurements the Ag samples 
were cooled by immersion in liquid air and enclosed 
in Styrofoam containers during the transmission 
measurements. 


III. RESULTS AND DISCUSSION 


Listed in Table I are the measured 7’—T along with 
the corresponding neutron energy spread and average 
energy. In the last column are given the 1—|Uo|? 
calculated from the 7’—T assuming only S-wave 
neutrons to be interacting. The uncertainties given 
with the 7’—T are those associated with counting 
statistics. Values of T’—T for carbon are also given in 
the table. In order to see if any effects other than the 
one being investigated were contributing to the meas- 
ured 7’—T, measurements were taken with carbon 
samples at 66 kev and 207 kev. Since the carbon total 
cross section contains no known resonances in the 
energy region below 400 kev, no appreciable effect is 
expected. The measured values of 7’—T of —0.004 
+0.005 and +0.000+-0.004 indicate that no significant 
deviations from exponential attenuation comparable 
with the expected effects occur. For the geometry used 
in the present experiment, the effect of inscattering 
is negligible. 

Measurements performed on silver at an average 
energy of 66 kev yielded a T’—7=0.000+0.004 when 
the silver sample was at room temperature. With the 
sample cooled to liquid air temperatures a value of 
T’—T=0.018+0.004 was found. In view of the fact 
that the level spacing of the S-wave resonances in 
silver is of the order of 10 ev, this increase in T’—T is 
not surprising, since cooling the sample is expected to 
decrease the Doppler broadening appreciably below 
its value of about 7 ev at room temperature. 

Strength function values computed from the meas- 
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STRENGTH FUNCTION DETERMINATIONS 


ured 7’— T assuming only S-wave neutrons to be inter- 
acting are shown by the solid circles in Fig. 1. The 
uncertainties indicated by the vertical bars include 
those arising from counting statistics and an estimated 
15% uncertainty introduced by the assumptions men- 
tioned in Sec. II and the uncertainty in the knowledge 
of E,, the average neutron energy. The latter un- 
certainty is negligible at the higher neutron energies. 
For values of (1—|Uo|*) near the maximum value of 
unity, a given fractional uncertainty in (1— | Uo|?) 
corresponds to a much larger fractional uncertainty in 
(ve@)n/D, since the relation between (1—|Uo|*) and 
(yé)w/D is linear only for values of Tyo/DK1. The 
dashed horizontal lines drawn in Fig. 1 at (yo 2) /D 
=0.25X10-" cm correspond to the strength function 
predicted on a black-nucleus model. It can be seen 
from the figure that the elements V, Mn, and Co have 
strength functions appreciably larger than the black- 
nucleus value. For some of the heavier elements, 
notably Se, Zr, and Nb, the (y0*),,/D appear to increase 
with increasing neutron energy. An increase of this 
sort may be attributed to a statistical fluctuation in 
(yo)»/D arising from an insufficient average over 
levels, or to the effect of resonances formed by neutrons 
having orbital angular momentum greater than zero. 
That the latter effect is the more important one in 
these cases is strongly suggested by the fact that the 
total cross sections in this energy and atomic weight 
region exhibit a peak which is interpreted as being due 
to a giant P-wave resonance.' Accordingly, the P-wave 
strength function is expected to be large for these 
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Fic. 1. S-wave strength functions as a function of neutron 
bombarding energy. The results, shown by the solid circles, were 
calculated from the data assuming only neutrons of zero orbital 
angular momentum to be interacting. Also shown are the results 
obtained at other laboratories (open circles, Argonne; squares, 
Duke University ; triangles, Harwell). 
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Fic. 2. P-wave strength functions for Se, Zr, and Nb as a 
function of neutron bombarding energy. The S-wave strength 
functions assumed in evaluating the data are also given in each 
case. For Zr, two values of (7:*)w/D are given at each energy, 
corresponding to the two values of (y¢*)w/D assumed. The black- 
nucleus value of (y:*)/D is shown by the dashed horizontal lines. 


interacting yields values of (1—|Uo|?) appreciably 
larger than unity for neutron energies of 207 kev, 288 
kev, and 363 kev. Since (1—|U |?) cannot exceed 
unity, it is clear that neutrons of orbital angular 
momentum greater than zero are interacting at these 
energies. Values of the P-wave strength function can 
be extracted from the measured 7’—T provided 
(y0)~/D is assumed to be known. The data for Se, Zr, 
and Nb have been analyzed in this way and the results 
are shown in Fig. 2. In making the analysis, energy- 
independent values of (yo*)/D were assumed. The 
(ye)m/D were chosen to be somewhat smaller’ than 
given by the lowest energy points in Fig. 1, since it 
appears probable that P-wave effects are present even 
at this energy." It has also been assumed that the 
P-wave strength functions are independent of J, the 
total angular momentum of the compound nuclear 
state. This assumption is not rigorously true as: is 
evidenced by the presence of spin-orbit effects in the 
neutron scattering.” However, lacking any detailed 
information on the dependence of (y2)0/D on J, 
making the above assumption appeared to be a reason- 
able procedure. To calculate (y:2)4/D from the data, 
it is necessary to know the P-wave penetration factors 
and the P-wave potential scattering length R’. The 
former were calculated using the relation R=1.45A? 
X10-" cm for the nuclear radius, and the latter were 
obtained from the optical model of reference 1. It is 
estimated that uncertainties in the R and R’ introduce 
an additional probable error of 30% into the (7,"),/D. 
The (y:2)»/D shown in Fig. 2 depend on the value of 
(yo®)w/D assumed. The extent of this dependence for 
Zr can be seen in the figure where (y;?),/D values 
1 a a Bollinger, and Cote, Bull. Am. Phys. Soc. Ser. IT, 

u Nichols. Furr, and Newson, Bull. Am. Phys. Soc. Ser. II, 2, 
218 (1957). 


1” Adair, Darden, and Fields, Phys. Rev. 96, 503 (1954); A. 
Okazaki, Phys. Rev. 99, 55 (1955). 
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Fic. 3. Strength functions plotted versus atomic weight. The 
ordinate is the dimensionless width-to-spacing ratio reduced to a 
neutron energy of one ev, I',o/D. The solid curve was calculated 
from the optical model using a rounded well with the parameters 
shown, with R=r,A! and Ko= (2mV/h*)!. 


corresponding to two different values of (y¢*)~/D are 
shown. For all three elements, (y;°)s/D is seen to be 
appreciably larger than the black-nucleus value. This 
is in agreement with the results of Nichols ef a/.,"' who 
found a maximum in the (y,”)4/D near an atomic 
weight of 92. The pronounced fluctuations in (7;?)4/D 
for Zr may indicate a large level spacing in the com- 
pound nucleus Zr”. A level spacing of several kev is 
suggested by total cross section measurements on Zr." 

Comparison of the results of the present experiment 
with previous work is possible only at the lowest 
energy, since most of the experiments to date have 
been at energies appreciably below 100 kev. The open 
squares shown in Fig. 1 are the results of Marshak and 
Newson,‘ who analyzed total cross sections in the 
energy region below 100 kev. Their values agree in 
general with the low-energy data of the present experi- 


18 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955). 
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ment. The data of Gayther and Nicholson" (shown by 
the open triangles) and those of the Argonne group"® 
(shown by the open circles) apply to energies below 
30 kev and are also in agreement with the present 
results, except for V and Se. 

Strength function values obtained by averaging the 
66 kev and 136 kev points from Fig. 1 are plotted 
versus atomic weight in Fig. 3. Also included are the 
results of previous measurements’ at this laboratory. 
For Se, Zr, and Nb, only the 66-kev points were used. 
The ordinate is the dimensionless width-to-spacing 
ratio I'4o/D reduced to a neutron energy of 1 ev. The 
error bars in Fig. 3 include besides the uncertainties 
discussed above an additional uncertainty associated 
with the fact that the energy spread of the neutron 
beam averages over a finite number of levels. This 
uncertainty was taken to be (2/n)!, where nm is the 
number of levels included in the energy spread.'* The 
solid curve in the figure gives the predictions of the 
optical model using a rounded-off potential well?!’ 
with the parameters shown in the figure. Qualitative 
agreement between theory and experiment is evident 
in the atomic weight region near A=60, but the 
measured values are generally somewhat smaller than 
the calculated ones. 
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The (p,m) reaction cross sections of Cu, Cu", Zn", Zn®*, and Zn" were measured at energies up to 
12 Mev. The energy dependence agrees with that predicted by the Shapiro calculations, but the large 
variation of cross section among these nuclides suggests that interactions, other than compound nucleus 
formation, are taking place at these energies. The threshold of the reaction Zn™(p,n)Ga™ was determined, 


giving Q= —7.8+0.15 Mev. 


INTRODUCTION 


ASED on the Bohr picture of compound nucleus 

formation in nuclear reactions, a mathematical 
theory of nuclear reactions was developed by Feshbach 
and Weisskopf.! This theory describes the nucleus as a 
shiny black ball in which incident waves, representing 
the bombarding particles, experience partial reflection 
at the nuclear surface but once inside are completely 
absorbed. With some changes in the original calcu- 
lations, Shapiro® compared theoretical and experi- 
mental values of the total reaction cross section of 
nuclei for charged particles. Most comparisons were 
made with the extensive (p,m) cross sections measured 
by the Zurich group** for proton energies from the 
threshold of the (p,m) reaction to 6.7 Mev. In this 
energy range it is assumed that the (p,m) cross section 
is the same as the total reaction cross section. Agree- 
ment with theory was good for most nuclides as far as 
energy dependence was concerned, but the assumption 
of a large variety of nuclear radii was necessary for 
agreement even for nuclei of the same mass number. 

The more recent optical theory for charged-particle 
scattering using the diffuse Saxon® potential can also 
be used to predict total reaction cross sections, with the 
added advantage that the nuclear parameters have 
already been fixed by elastic scattering experiments. 
Unfortunately numerical calculations for reaction cross 
sections are not yet completed. 

Since few data are available above 6.7 Mev®’—an 
energy well below the Coulomb barrier for most nuclei— 
it was felt that extension of some of the results of the 
Zurich group into the energy region above the Coulomb 
barrier would serve as a more conclusive test of the 


* This research was supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t Now with the U. S. Naval Radiological Defense Laboratory, 
San Francisco, California. 
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THE EXPERIMENT 


Measurements were made of the (p,m) cross sections 
of nuclides Cu®, Cu®, Zn™, Zn®*, and Zn® for proton 
energies up to and in excess of the threshold of the 
competing reactions, (p,pn) and (p,2m), or about 10 
to 12 Mev. 

(pm) cross sections were found by bombarding 
metallic target foils of natural isotopic abundance with 
monoenergetic protons from the UCLA cyclotron, 
thereby producing nuclei unstable to positron decay. 
Thus if the total number of protons in the bombardment 
and the target thickness in mg/cm? are measured, the 
total number of positrons emitted by the irradiated 
target is counted, and the percentage of decays via 
positron emission is known (electron capture is an 
alternate method of decay—see Table I), calculation 
of the (p,m) cross section is immediate. This method 
allows measurement of the separate isotopes since the 
(p,m) reactions on each target isotope lead to unstable 
nuclei of different half-life and therefore separable 
activities. 

For each isotope two measurements were made: the 
absolute (p,2) cross section of 10-Mev protons, and 
the relative cross-section measurements over the com- 
plete range of energies. 


Absolute Cross Sections 


In determining absolute cross sections, the 20-Mev 
protons from the deflected beam of the cyclotron were 
degraded in energy as they passed through sheets of 
aluminum, they then irradiated the target foil, and 
finally were collected in a Faraday cup. The mean 
energy of the protons irradiating the target was deter- 
mined before and after each run by measuring the 
range of protons in Al. Proton ranges from the calcu- 
lations of Smith* were used throughout. During a 
bombardment, mean energies would vary less than 50 
kev. The energy spread of protons in the 40-mg/cm? 
target foils resulted from three contributions: (1) 1.1 
Mev was due to stopping in the foil (a non-Gaussian 
distribution), (2) 400 kev was due to the energy spread 
of the deflected proton beam, and (3) 0.26 kev was 
due to energy straggling. These combine to a total 
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Fic. 1. Geometry for the absolute counting of positrons. The 
indicated alternate position for the right-hand counter is that 
used for accidental counting. 


width at half-maximum of 1.4 Mev. Target thickness 
was known to better than 3%. 

Absolute counting of the positrons was accomplished 
in the following way. The irradiated foil was placed 
between two brass plates thick enough to stop all 
positrons emitted. The two 0.51-Mev gamma rays from 
positron annihilation were detected in coincidence by 
two Nal scintillation spectrometers positioned 180° 
from one another with respect to the source. In order 
to show the effect of the brass stoppers on the counting 
efficiency of the two annihilation quanta, counted in 
coincidence, consider a positron, stopped within the 
brass, and subsequently emitting two 0.51-Mev annihi- 
lation gamma rays, in opposite directions, along some 
arbitrarily directed line. For this event, the effect of 
the brass stoppers on the counting efficiency will be 
given by the probability that one, or both, of the 
annihilation quanta have been absorbed and therefore 
a coincidence not registered. However, this probability 
is equal to the probability of absorption of a single 
0.51-Mev gamma ray passing through the total thick- 
ness of brass along the arbitrarily directed line. There- 
fore counting efficiency is not a function of the actual 
position of annihilation within the brass plates and is 
thus independent of the energy of the positron source. 
With the counter geometry used, tests showed that the 
counting efficiency decreased less than 1% for lateral 
movement of the position of a low-energy positron 
source a distance equal to the range of the highest 
energy positrons encountered in the experiment. Cor- 
rections due to counter geometry were well under 1%. 
Calibration of the counting efficiency was made before 
and after each run with a Na” source of positrons 
evaporated on a foil of thickness equal to that of the 
target foils. The absolute activity of this source had 
been determined by the National Bureau of Standards 
with a probable error of 2%. The corrections for chance 
coincidences and real gamma-gamma coincidences from 
de-excitation of the product nucleus were measured by 
setting the counters at some angle other than 180°. 
(See Fig. 1.) Since in no case did these corrections 
exceed 8%, gamma-gamma angular correlation from 
cascade gamma decay was ignored. Separation of 
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activities with different half-lives and corrections for 
bombardment time was straightforward. 


Relative Cross Sections 


Relative (p,m) cross sections were measured by using 
the stacked-foil technique in which protons were passed 
through a stack of target foils of equal thickness. The 
energy of the proton beam was degraded in the stack 
itself and since each foil received the same beam, the 
activity produced in a given foil was proportional to 
the cross section at that energy. After bombardment, 
the foils were placed on an automatic sample changer 
and counted consecutively with a Geiger tube for a 
given time. Again, the usual dead-time, background, 
and exponential decay corrections and half-life sepa- 
ration procedures were used. 

The energy of protons within the stack of foils was 
established as follows. The energies of protons just 
entering and leaving the stack was determined from 
their range in Al by using the range-energy relation 
for protons in copper as calculated by Aron et al.® A 
thickness of copper equivalent to the thickness of the 
stack was found and by interpolation the mean proton 
energy for each foil was determined. The method can 
lead to error only through the use of the improper 
average ionization potential, 7, in the stopping power 
formula and it can be shown that the error will be 
exceedingly small over the range of proton energies 
used in this experiment for a variation of J of as much 
as 50%. The energy spread in each foil has three 
sources: the energy loss in the foil—8 mg/cm? Al, and 
the energy spread of the primary proton beam—9 
mg/cm? Al, which combine to give a total width at 
half maximum of 14 mg/cm?*; and then the small 
contribution due to true energy straggling which is 
almost constant at energies of interest and equal to 
285 kev. The total spread at 10 Mev is 530 kev and at 
5 Mev is 940 kev. 


RESULTS AND CONCLUSIONS 


The relative and absolute cross sections of Cu®, Zn®, 
Zn, and Zn*, and the relative cross section only of 
Cu® were measured. The absolute cross section of Cu® 


TABLE I. Half-lives and probability of positron decay used in 
cross-section calculations. These were obtained from the com- 
pilation of Way et al.* 











Half-life of Probability of 
Reaction product positron decay 
Cu" (p,m)Zn® 38.3 min 0.893 
Cu (p,n)Zn** 245.0 days (0.03) 
Zn™(p,n)Ga 2.6 min 1.00 
Zn**(p,n)Ga* 9.45 hr 0.612 
Zn"*(p,n)Ga* 68.0 min 0.835 








* See reference 10. 


® Aron, Hoffman, and Williams, U. S. Atomic Energy Commis- 
sion Report AECU-663, 1949 (unpublished). 
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could not be measured by using this method, because 
Zn® decays almost always by electron capture. For 
this isotope the absolute cross section obtained by the 
Zurich group at 6.7 Mev was used to normalize the 
relative values obtained here. Table I lists the half-lives 
and probability of positron emission for the (p,m) 
reaction products used in these calculations. They were 
obtained from the compilation of Way ef al." 

In Figs. 2 and 3 the experimental results are compared 
with the calculations of Shapiro for Z=30, A=64, 
Vo=20 Mev (the potential determining the incident 
particle wavelength just inside the nuclear surface), 
and the nuclear or interaction radius R=ro44X10-" 
cm. The probable error in the absolute measurements, 
not including the uncertainty in the electron capture 
corrections, is estimated to be 3%. 

Except for Zn®, it is observed that the shape of the 
experimental (p,m) cross-section curves is similar to the 
theoretical shape in the energy region above the (p,m) 
threshold up to energies well in excess of the barrier 
energy. Variations from isotope to isotope in the 
magnitude of the (p,) cross section had been observed 
at lower energies and it is seen that the variation 
continues at higher energies. It has been felt that the 
classical model of nuclear reactions which pictured 
first the production and later the decay of the compound 
nucleus was essentially correct at these low energies. 
This model can account for the large variation of 
(p,m) cross section in two ways. The probability of 


formation of a compound nucleus, which is essentially - 


Shapiro’s calculation, may vary from isotope to isotope 
or there are other highly probable modes of decay, 
besides neutron emission, available to the compound 
nucleus. The probability of formation of a compound 


1 Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, U. S. Atomic Energy Com- 
mission Report TID-5300 (U. S. Government Printing Office, 
Washington, D. C., 1955). 
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nucleus can be varied widely only through a variation 
of the nuclear radius—potential well depth and trans- 
parency in the case of the optical model having little 
effect for realistic values of these two parameters. 
Recent measurements at this laboratory by R. Boom 
of the elastic scattering of 20-Mev protons from isotopic 
foils of Zn“ and Zn® indicate no difference in the 
nuclear optical model parameters. Thus the cross section 
for compound nucleus formation probably does not 
vary from isotope to isotope and the (p,m) cross section 
represents a lower limit for compound nucleus forma- 
tion. Thus the variation in the (p,m) cross section can 
be identified with the variation of the relative proba- 
bility that the compound nucleus decays by neutron 
emission. Supposedly, the principal competition to 
neutron emission would be proton emission where the 
large density of states in the final nucleus would 
compensate for the small proton barrier penetration 
factor. 

An alternative explanation for the wide variation in 
(p,m) cross section could lie in a picture of nuclear 
reactions in which a large fraction of events consist of 
direct proton-nucleon collisions at the nuclear surface 
without the formation of a compound nucleus. Thus, 
for nuclei rich in protons at the surface, inelastic proton 
scattering would predominate, decreasing the (p,m) 
cross section. It is seen here that small (p,m) cross 
sections are associated with nuclides containing rela- 
tively few neutrons, i.e., Zn™ and Cu®. This surface 
interaction has been directly observed at higher energies 
but was not thought to be significant at lower energies. 


Zn**(p,n)Ga** THRESHOLD 


The toe of the Zn™ excitation curve was investigated 
and corrections were made for the finite energy spread 
in each foil, showing a threshold of 7.9 Mev and an 
estimated probable error of 0.15 Mev. Thus Q= —7.8 
+0.15 Mev for this reaction. 
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Neutron Yields from Thick Targets Bombarded by 18- and 32-Mev Protons* 


Yurn-Kwer Tar,t Georce P. Mitipurn, Seti N. Kapitan, AND Burton J. MOYER 
Radiation Laboratory, University of California, Berkeley, California 
(Received November 8, 1957) 


Neutron yields from thick targets bombarded by 32- and 18-Mev protons were measured for 59 elements 
and compounds. For 23 metallic elements, yields were also measured from targets thick enough to degrade 
the proton energy from 32 to 18 Mev. The neutrons were detected by counting the Mn® activity produced 
by neutron capture in MnSQ, solution contained in a 3-ft by 3-ft tank that surrounded the targets. The 
efficiency of the neutron-detection system was determined with a calibrated Ra-a-Be source. For all three 
energy intervals, the neutron yields increased abruptly at Z=20 and Z=30, and Ni had a yield } that of 


neighboring elements. 


The yields were compared with calculations based on the statistical theory of nuclear reactions. The 
agreement was fair for Z>30, but the calculated yields did not reproduce the sudden jump at Z = 30. 





I. INTRODUCTION 


HE classic interpretation of nuclear reactions 
involving low-energy particles is based on the 
statistical theory developed by Weisskopf! and on the 
concept of the compound nucleus. Reactions that 
involve neutrons as either the incident or emitted 
particle are easier to interpret than those involving 
charged particles because of the lack of complicating 
effects due to the Coulomb barrier. We wish to report 
the results of a systematic survey of neutron production 
by 32- and 18-Mev protons that was undertaken as 
the first step in a study of proton reactions that lead 
to neutron emission. The measurement of total neutron 
yields from 59 thick targets is reported here. Some 
anomalies were found that we could not explain with 
the statistical theory in its present form, and targets 
that should be used in more detailed experiments have 
been suggested. 

The data are presented in a form that makes them 
convenient to use in calculating shielding requirements 
for accelerators or in estimating neutron background 
when designing accelerator experiments. 

Previous measurements of neutron yields have con- 
centrated on deuterons and alpha particles,?* although 
some measurements of yields from proton bombard- 
ments have been made.*~* 

The source of protons was the 32-Mev proton linear 
accelerator,’ and the incident proton flux was measured 
by placing the targets in a Faraday cup. The neutrons 
were detected from the activity induced in a solution 
of MnSO, that surrounded a cavity containing the 
targets. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t National Taiwan University, Taipeh, Formosa. 

1'V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940). 

2L. W. Smith and P. G. Kruger, Phys. Rev. 83, 1137 (1951). 

* Allen, Nechaj, Sun, and Jennings, Phys. Rev. 81, 536 (1951). 
as se Millburn, and Schecter, J. Appl. Phys. 28, 273 

5 W. E. Crandall and G. P. Millburn, J. Appl. Phys. (to be 
published). 

* B. L. Cohen, Phys. Rev. 98, 49 (1955). 

7L. W. Alvarez et al., Rev. Sci. Instr. 26, 111 (1955). 


To compare our results with the predictions of the 
statistical theory of nuclear reactions, the yields ex- 
pected were calculated on an IBM 650. We consider a 
proton of energy E traversing a slab of material of 
atomic mass A and thickness of dx (in g cm~*). If o(E) 
is the cross section for the formation of a compound 
nucleus, then the number of such interactions in dx is 
ny(No/A)o(E)dx where No is Avogadro’s number and 
n, is the number of protons incident. The proton will 
form a compound nucleus of charge Z+1 with an 
excitation energy E+B, (B, is the binding energy of 
the proton). The statistical theory may be used to 
calculate the average number of neutrons, VN(E+B,), 
that will be emitted from the compound nucleus. Then 
the number of neutrons that should be emitted on the 
average in the interval dx is 


dn=n,(No/A)N(E+B,)o(E)dx. (1) 


The range-energy relation may be used to calculate 
the mean energy of protons that have traversed a 
distance x in a material, so we may integrate Eq. (1) 
over a target of one range thickness: 


BE dx 
n(E)=my(¥o/A) f shale teal ee (2) 
0 


where E= f(x) is taken from the Range-Energy Tables.® 
To convert to the number of neutrons per micro- 
coulomb, we divide (2) by m, and by 1.60X10~", the 
charge of a proton in microcoulombs. 

Tests of the predictions of the statistical theory of 
nuclear reactions have been made by many experi- 
menters. Partial summaries of their results have been 
given by Lang and LeCouteur,’ Cohen,” and Blatt 
and Weisskopf." The most striking success of the com- 
pound nucleus was the explanation of resonances in 


8 Aron, Hoffman, and Williams, Atomic Energy Commission 
Report, AECU-663, 1949 (unpublished). 

® J. M. B. Lang and K. J. LeCouteur, Proc. Phys. Soc. (London) 
A67, 586 (1954). 

10 B. L. Cohen, Phys. Rev. 92, 1245 (1953). 

J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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nuclear reactions,’ and these data alone are sufficient 
to prove the validity of the concept of a compound 
nucleus (at least at energies near the binding energies 
of particles). Lang and LeCouteur showed that a 
portion of high-energy nuclear reactions may be in- 
cluded within the framework of the theory. On the 
other hand, it has become increasingly clear that the 
theory frequently does not lead to predictions in accord 
with the data.’ The success of the ‘cloudy crystal ball” 
model of the nucleus” in explaining neutron cross 
sections at 1 to 3 Mev and the striking success of the 
shell model" in explaining regularities in nuclear ground 
states tend to contradict the fundamental assumption 
of the theory that the incident particle amalgamates 
with the target nucleus to form a highly excited com- 
pound nucleus. Thus, we might expect that nuclear 
transparency’ will be important at energies much 
lower than previously supposed, and that nucleon- 
nucleon (or knock-on or direct)!*!8 reactions will be 
superposed on the evaporation of particles predicted by 
the statistical theory. 


II, EXPERIMENTAL PROCEDURE 


Protons accelerated to 32 Mev in the linear acceler- 
ator were deflected 10° by a steering magnet, passed 
through a strong-focusing quadrupole system, and into 
the annex target room (see Fig. 1). The entire path of 
the beam was in vacuum. A carbon collimator approxi- 
mately 1 in. thick and j in. in diameter was placed 4 
to 6 ft in front of the targets. 

The targets were placed in a Faraday cup in order to 
measure the number of protons that struck them. The 
total charge collected in the cup was measured with a 
low-leakage Fast condenser, a 100% inverse-feedback 
integrating electrometer, and a Leeds and Northrup 
Speedomax recorder. The various components were 
calibrated to within 1%. Tests with a magnetic field 
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Fic, 1. Plan view of the experimental setup. 





2 Brookhaven Conference on Statistical Aspects of the Nucleus, 
BNL-331 (C-21), April, 1955 (unpublished). 

18 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

4M. G. Mayer and i H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955). 

18 R, Serber, Phys. Rev. 72, 1114 (1947). 

16 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 

17 R. Nakasima and K. Kikuchi, Progr. Theoret. Phys. (Kyoto) 
14, 126 (1955). 

18 R, M. Ejisberg and G. Igo, Phys. Rev. 93, 1039 (1954). 
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of 400 gauss showed that secondary-electron emission 
from the target amounted to less than 0.5+2.0%. 

Seven times during the course of the experiment, the 
proton energy was determined by measuring the range 
in aluminum; the ranges varied from 0.196 to 0.190 in. 
corresponding to energies of 32.6 and 32.0 Mev.® 

The essential features of the neutron-detection system 
have been described elsewhere.*:>"* The details of the 
detection system used in our experiment differed 
slightly; we used a 3-X3-ft aluminum tank with a 
4}-in.-diam tube through the center in which the 
Faraday cup was placed. In the rear of the tube was 
placed a 4-inch diameter plug that was filled with 
MnSO, solution from the tank before each bombard- 
ment. Storage tanks were placed approximately 200 ft 
from the target area so that the solution in the tank 
could be changed when its specific activity became 
great enough to necessitate a dead-time correction 
greater than 3%. A mechanical stirrer mixed the solu- 
tion in the tank before a sample was withdrawn to be 
measured and counted with immersion Geiger counters. 
A solution of Co® was used to check the performance of 
the counters, which performed satisfactorily throughout 
the course of the experiment. 

A Ra-a-Be source calibrated by the National Bureau 
of Standards to a standard error of 3% was used to 
determine the over-all efficiency of the detection system. 

The background of neutrons present near the target 
area was determined by extending the beam pipe 
through the tube in the MnSO, tank. The Faraday cup 
was placed 2 ft beyond the tank and surrounded by 
approximately 1 ft of paraffin with cadmium sheets on 
the outside. The yields of neutrons from polyethylene 
(CHz) and lead targets in this configuration were 
measured, and by comparison with yields for the same 
targets in the center of the tank, the background could 
be accurately determined. It amounted to 0.15X 10° 
neutrons per microcoulomb and was constant within 
experimental uncertainties. 

After the yields of 32-Mev protons had been meas- 
ured, we decided to reduce the incident-beam energy to 
determine if some of the observed irregularities in the 
yields were due to the particular incident energy used. 
Absorbers placed in the beam path would have resulted 
in a loss of beam intensity and a much more diffused 
beam with attendant experimental difficulties. Instead, 
advantage was taken of the 20-Mev threshold” of C” 
for neutron production by protons and the very low 
yield from carbon by 32-Mev protons. Because C” 
represents 98.9% of natural carbon, the yield from the 
C* present is negligible. The beam energy was degraded 
by placing a carbon absorber, sufficient to reduce the 
beam energy to 18 Mev, directly in front of the target 


19 E. Amaldi and E. Fermi, Phys. Rev. 50, 899 (1936); Amaldi, 
Hafstad, and Tuve, Phys. Rev. 51, 896 (1937). 

® Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 
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TABLE I. Neutron yields for thick targets bombarded by protons 
(in units of 10" neutrons per microcoulomb). 








Energy interval of protons (Mev) 





Target* 0 to 32 0 to 18 18 to 32 

D (D0) 17.8 +1.2 4.78 +0.99 
Li 9.69 3.16 +0.20 ee 
Be 17.7 6.95 9.46° 
B 4.21 1.14 +0.10 see 
Be 2.00 aves a 
C (also CH») 0.567+0.037 0 0.567 +0.037 
N (BN) 1.98 +0.33 0 +0.07 see 
O (H,0) 1.30 +0.08 0.08 +0.06 
F (NaF) 4.15 +0.5 0.96 +0.17 
Na 3.81 0.51 +0.07 tee 
Mg 1.98 0.25 +0.08 1.74 40.10 
Al 3.16 0.46 +0.06 2.64 
Si 0.98 0.10 +0.06 ee 
P 2.44 0.35 +0.06 
S 1.07 +0.10  0.008+0.05 
Cl (CC) 3.74 +0.19 0.52 +0.10 
K (K:SO,and KCl) 1.46 +0.15 0 +0.26 
Ca (CaO) 0.51 +0.08 O +0.13 
Sc (Sc20s3) 6.34 +049 1.09 +0.17 tee 
Ti (also TiO2) 7.61 1.76 +0.13 7.104 
Vv 9.24 2.30 +0.15 ee 
Cr 6.69 +044 1.26 +0.16 . 
Mn 7.16 1.27 +0.11 : 
Fe 6.00 1.00 +0.09 4.78 
Co (Co203) 8.20 +0.50 1.62 +0.18 + 
Ni 3.06 0.32 +0.06 2.68 
Cu 8.30 1.71 40.12 6.45 
Zn 7.16 1.32 +0.11 5.85 
Ga (Ga203) 12.5 +0.7 2.32 +0.35 . 
Ge (GeO:) 11.5 +0.6 2.08 +0.16 
As (As203) 13.0 +0.7 2.80 +0.22 
Se 12.5 +0.7 tee 
Br (NaBr and 13.5 +0.7 2.28 +0.18 

NiBr2-3H,0) 
Sr (SrCOs) 10.6 +0.6 1.35 +0.14 
Y (Y:03) 9.7 +1.0 ee . 
Zr 11.0 1.67 40.13 8.67 
Nb 11.5 tee . 
Mo 11.5 2.02 +0.13 9.80 
Pd 12.4 ee . 
Ag 12.2 2.10 +0.15 9.65 
Cd 12.8 2.14 +0.15 10.5 
In 12.9 1.98 +0.20 11.1 
Sn 12.1 1.94 +0.19 10.0 
Sb 12.7 2.08 +0.15 11.0 
Te 12.0 +09 tee . 
I (Nal) 13.6 +0.8 2.35 +0.17 
Cs (CsCl) 11.9 +0.7 tee 
Ba (also BaSO,) 12.8 + 
La 12.5 + 
Ce (CeO2) 11.6 +0.6 . 
Nd (Nd,0;) 10.9 +0.9 tee tee 
Ta 12.6 1.40 +0.23 10.4° 
W 12.5 1.30 +0.19 10.2¢ 
Pt 11.4 1.11 +0.10 9.26 
Au 10.8 1.05 +0.09 9.48 
Hg (HgO) 10.1 0.86 +0.09 ee 
Pb 10.0 0.85 +0.09 9.15 
Pb™6 10.0 sy aoe 
Bi (also Bi,O;) 10.0 0.99 +0.10 8.79 
Th 20.3 1.94 +0.13 16.0 
U 23. 2.28 +0.15 18.0¢ 
Us 19.5 +2.0 tee ee 





®In cases where the yield of an element was calculated from the yield 
measured for a compound, the compound is indicated in parentheses. 

b _ are 4.5% except as noted (standard error of a single measure- 
ment). 

© Target too thin for indicated energy interval. 

4 Target too thick for indicated energy interval. 





in the Faraday Cup; the total yield for 32-Mev protons 
on carbon was subtracted as a “background.” 
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Also 23 metallic targets were made of such thickness 
that an incident proton of 32 Mev would be degraded 
to 18 Mev; these targets were placed in front of a carbon 
target in the Faraday cup and the neutron yield 
measured was that for protons of energy from 18 to 
32 Mev in the metallic target. 

The counting rates were corrected for dead-time, 
background, and Mn* activity present before the 
bombardment began. The net activity at the end of the 
bombardment was found and corrected for decay during 
the bombardment. If the corrected activity is Aoo; 
the charge collected by the Faraday cup, Q; the 
saturation activity induced by a source that emitted V 
neutrons per minute, A’; and the decay constant of 
Mn**, \; then y= A oo (A’AQ)~* is the yield of neutrons 
per unit charge. 

Possible sources of errors for the techniques used in 
the experiment have been discussed elsewhere.‘® We 
estimate that the yields are accurate to a standard 
error of 4.5% on a relative basis, and to a standard 
error of 7% on an absolute basis. This estimate may be 
too conservative as indicated by a comparison of the 
yields measured for the three different energy regions. 
The yields for the 0- to 18-Mev and the 18- to 32-Mev 
energy intervals were added and compared with the 
yields for the 0- to 32-Mev energy interval. The 
percentage deviations were compatible with a standard 
error of 3%, so that the yields themselves would be 
accurate to approximately 2% on a relative basis, or 
5% on an absolute basis. 


III RESULTS AND DISCUSSION 


The yield data are given in Table I in units of neu- 
trons per microcoulomb. When chemical compounds 
are used to measure the yield, Eq. (2) may be modified 
in a straightforward manner so that the yield for one 
of the elements in the compound can be calculated 
provided yields for all other elements in the compound 


- are known. The calculation involves the ranges for the 


compound and its elements: we took the ranges of the 
elements from a plot of R(Z/A) vs Z and calculated 
those of the compounds by assuming that the stopping 
power added atomically.” 

The errors shown in Table I follow the discussion 
given in Sec. II. The yields for 18-Mev protons have 
larger errors than the other values because they were 
determined by subtracting the 32-Mev yield for carbon 
from the measured quantity. Unless the yield for 
18-Mev protons was large, the subtraction introduced 
sizable uncertainties in the 18-Mev yields. 

The yield from deuterium warrants special mention. 
Aside from the rather unlikely reaction D(p,y)He’, the 
only inelastic reaction with deuterons that may occur 
at these energies is the breakup of the deuteron with 
the emission of one neutron, D(p,2p)n. Thus, in Eq. 


21 T, J. Thompson, thesis, University of California Radiation 
Laboratory Report UCRL-1910, August, 1952 (unpublished). 
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NEUTRON 
(2) we may set N(E+B,)=1 in the integrand and a 
measurement of m is essentially a measurement of 
JS o(E) (dx/dE)dE. We then can calculate the inelastic 
cross section for deuterons averaged over the appro- 
priate energy interval as 


dx 
é f —-(E)dE=6R, 
dE 


where R is either the range or the target thickness. 

We have plotted some of the data in Figs. 2 and 3 to 
display the discontinuities at Z=20 and 30, and the 
very low yield for nickel compared with the neighboring 
elements. The regular fluctuations for Z <30 according 
to whether the target nucleus is even-even or odd-even 
are very pronounced. It is interesting to note that the 
average neutron excess, (V—Z)/A, follows exactly 
the same pattern as the neutron yields, even to a 
pronounced dip at nickel. Such a correlation might be 
expected except that it is not obviously predicted by 
the statistical theory of nuclear reactions. 

Three independent experiments®:** have measured 
o(E£)N(E) for various elements in this energy region. 
Cohen’s results agree very well with ours throughout 
the periodic table; Kelly’s data give an average oN 
for bismuth of 2.77 compared with the 2.40+0.12 that 
we measured; Ghoshal’s data gives 0.87 for Cu® 
compared with the 0.88+-0.04 that we measured for 
natural copper (70% Cu®). 

To calculate the yields predicted by the statistical 
theory of nuclear reactions, it is necessary to know 
o(E) and to calculate N(£) in Eq. (2). For o(£) we 
use the approximation"! 
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Fic. 2. The yield of neutrons in units of 10 neutrons per 
pcoulomb is plotted vs the atomic number of the target nucleus. 
The data in this figure are for 32-Mev protons incident on thick 
targets. The drop in the yield at high Z numbers is most likely 
caused by the coulomb barrier. 


2 Elmer L. Kelly, University of California Radiation Labora- 
tory cao UCRL-1044, December, 1950 (unpublished). 
N. Ghoshal, Phys. Rev. 80, 989 (1950). 
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Fic. 3. Neutron yields are plotted vs the atomic number of the 
target nucleus for (a) 18-Mev protons incident on thick targets, 
and (b) 32-Mev protons incident on targets thick enough to 
degrade their energy to 18 Mev. Some of the latter points were 
obtained by subtracting thick-target yields for 18- and 32-Mev 
protons. The 18-Mev data show the effect of the coulomb barrier 
at high Z numbers, and the general similarity of the two plots 
is striking. 


where R=1.5A'*X10-" is the nuclear radius, A 
=h(2M E)~*+ is the De Broglie wavelength of the proton, 
and Y= B/E is the ratio of the Coulomb barrier to the 
proton kinetic energy. 

We calculate V (EZ) by assuming that only protons or 
neutrons can be emitted by the excited nucleus. If the 
probability of neutron emission is P, and of proton 
emission is P,, then P,+P,=1. We solved for P, and 
P, by calculating P,/P, from the formula given by 
LeCouteur™: 


F. Ra ; Ap . 
—-(—) (~) exp[An(Rn)!—A,(Ry)*], (4) 
P, \R,/ N\A, 


with 
R,= U.— E.- Ves 
and (S) 
A? A 
U,=—r=— 


10 


’ 


where exp(AF}) is the energy level density of a nucleus 


“K. J. ‘LeC outeur, Proc. Phys. Soc. (London) A63, 259 (1950) ; 
A65, 718 (1952). 
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TABLE II. Calculated and observed yields for several odd-Z 
elements bombarded by 32-Mev protons. (In units of 10” neutrons 
per microcoulomb.) 











Relative Calculated Weighted Observed 
Z A abundance yiel yield yield Ratio 
17 35 0.754 3.31% 7.87 3.74 0.475 
37 0.246 17.8 
19 39 0.932 2.66" 3.71 1.46 0.394 
41 0.068 18.1 
21 45 1.000 13.1 6.35 0.485 
23 51 1.000 17.1 9.24 0.540 
25 55 1.000 16.7 7.16 0.429 
27 59 1.000 16.5 8.20 0.496 
29 63 0.690 11.4 13.4 8.30 0.619 
65 0.310 17.8 : 
31 69 0.601 15.08 16.8 12.5 0.744 
71 0.399 19.5 : 
33 75 1.000 17.8 13.0 0.730 
35 79 0.506 16.3 17.5 
81 0.494 18.8 sy 13.5 0.771 
41 93 1.000 17.0 11.5 0.676 
49 113 0.042 16.6* 17.5 12.9 0.737 
115 0.958 17.5 
53 127 1.000 16.6 13.6 0.820 
83 209 1.000 12.9 10.0 0.775 











* Calculation of these yields involved the use of estimated masses that 
affected the p, 2” or p, 3m reactions. 





at an excitation energy E, R, is the energy available 
for the emission of particle x from a nucleus a excited 
to an energy U,, E, is the separation energy of x from a, 
V,’ is the effective potential barrier for x, and 7 is the 
nuclear temperature. For protons we used V,’=0.7B, 
where B is the Coulomb barrier. We assumed A,=A,, 
= (0.4A)! because LeCouteur’s modification of A was 
too slight to cause any appreciable effect on P,/P». 
The ratios are sensitive to the values of E,; these were 
taken from the nuclear reaction energies*® because 
differences in masses are the vital quantities. Some 
masses were unmeasured; these were estimated by 
plotting M vs A for a given Z. The estimated masses 
should have affected the calculated yields only for four 
isotopes indicated in Table II. 

We followed the emission cascade by assuming that 
all particles were emitted with the median energy, 1.77, 
until the residual excitation energy was insufficient to 
permit further proton or neutron emission. Then N (£) 
is the sum of the weighted emission probabilities: 


N(E)=3P2PanP ann 
$+2(PPanP ong t PoP apPagat PoP oaF pan) 
+P rPapPapptP oP pnP ppt P pP ppP ppn; 


where P;;,(E) is the probability that particle k is 
emitted from the excited nucleus following emission of 
particle 7 in the first step and particle j in the second 
step, and the original excitation was E. If only one 
particle can be emitted, then we have N(E)=P,,; if 
only two, 

N(E)=2P Pant PaPapt PoP pn. 


The integrand of Eq. (2) was evaluated at 10 equally 
spaced points for a target equal in thickness to the 


#6 A. H. Wapstra, Physica 21, 367 (1955), 


aldol Desi. harte 
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range of 32-Mev protons, and the integral calculated 
by using Simpson’s 3 rule. 

In Table II we have listed the yields calculated in 
this manner for several elements. The ratio of the 
observed to calculated yield is also given and is plotted 
in Fig. 4. The regularity shown by the ratio as Z 
increases is evident. Nevertheless, the definite decrease 
in its value for Z<31 illustrates an increasing inade- 
quacy of the statistical theory as smaller values of Z 
are approached. 

It is noteworthy that the quantity (V—Z)/A dis- 
plays an abrupt change at that value of Z (i.e., between 
30 and 31) at which the sudden increase in neutron 
yield occurs. We have, however, not been able to con- 
struct a satisfactory link between the two phenomena. 
Cohen and Newman” observed a similar break in the 
neutron-emission probability at Z=29, but for Z=30 
they used a neutron-rich isotope of zinc that has a neu- 
tron excess appropriate for elements with Z>30.** 
A large (p,2p) cross section for nickel has also been 
observed.?” 

One process that appears capable of explaining the 
breaks seen at Z=21 and at Z=31 was advanced by 
Austern ef al.!* The simplest case they considered was 
of a lightly bound neutron in a definite state of orbital 
angular momentum; an incident proton was supposed 
to knock out the neutron and be captured into a 
definite state of orbital angular momentum. Now at 
Z=32, the proton added to a nucleus occupies an f 
shell,* so that a proton incident on gallium (Z=31) 
might easily be captured into a state of high angular 
momentum and knock out a neutron with little or no 
change in the angular momentum of the residual 
nucleus. A similar situation occurs at A= 20, but there 
are no neutrons available in states of high angular 
momentum, and the reaction might be suppressed 
until scandium (Z=21), when neutrons in f states of 
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Fic. 4. The ratio of the observed yield to the calculated yield 
is plotted against the atomic number of the target nucleus. The 
abrupt change in this ratio at Z=30 shows that the statistical 
theory does not predict the increase in neutron production 
observed here although the theory apparently predicts the drop 
observed at Z= 20. 


26 B. L. Cohen and E. Newman, Phys. Rev. 99, 718 (1955). 
27 Cohen, Newman, and Handley, Phys. Rev. 99, 723 (1955). 
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angular momentum are available. A large fraction of 
the reactions would have to proceed by this mechanism 
to explain the abrupt discontinuities. 


IV. SUMMARY AND CONCLUSIONS 


The main results of the neutron survey we have 
reported are new reference points for neutron yields by 
protons and a suggestion of targets to be used in more 
detailed experiments to study the processes responsible 
for neutron production at energies of tens of Mev. 
The yield data themselves suggest that the statistical 
theory of nuclear reactions is not capable of explaining 
the discontinuities observed, and the simple calculations 
we have performed support that suggestion. More 
detailed calculations do not appear to be justified until 
more detailed experiments are available. In particular, 
it would be well to study the charged-particle emission 
as well as neutron emission from separated isotopes 
in the regions near calcium and zinc. Measurements of 
the angular distributions could be compared with 
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theoretical predictions'*.”* that are available, and energy 
distributions might be helpful in deciding whether the 
statistical theory is applicable. A comparison of neutron- 
induced reactions would also be valuable in deciding 
what role the neutron excess plays, and whether it is 
the neutron excess of the target or compound nucleus 
that is important. 
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Average Decay Energy of Tritium 


D. P. Grecory and D. A. LANDSMAN 
United Kingdom Atomic Energy Authority, Aldermaston, Berkshire, England 
(Received December 2, 1957) 


The heat output of tritium has been determined by calorimetry. If one assumes a half-life of 12.26 years, 
the average beta energy is shown to be 5.57+0.1 kev. This is considerably lower than the value previously 
reported, and an explanation of this discrepancy is offered. 


SENSITIVE calorimeter has been built to study 

the heat output of tritium. Its operation depends 
upon the measurement, by differential resistance 
thermometry, of the equilibrium temperature attained 
by a heat source which is thermally insulated from its 
surroundings. The calorimeter was calibrated by means 
of an electrical heater. 

The average figure for the energy output of tritium 
due to decay, obtained by a thermal study of thirteen 
tritium samples, was 0.319+0.001 watt/g. In these 
tritium samples, hydrogen was the only adulterant, 
the tritium concentration being assayed by mass 
spectrometer. The volume of each sample was measured 
and the gas was absorbed onto pyrophoric uranium 
for calorimetric study. By using the half-life value of 
12.262 years recently determined by Jones,! the average 
decay energy of tritium may be calculated and is 
found to be 5.57+0.01 kev. 


1W. M. Jones, Phys. Rev. 100, 124 (1955). 


This is considerably lower than the value, 5.69 kev, 
previously reported by Jenks ef al.** These authors, 
however, also obtained a value for the half-life, 12.46 
years, which is higher than that obtained by Jones. 
Their calculations were based upon the following data 
for one sample of tritium: 


(a) Disintegration rate= 2.436X 10" dis/sec, 
(b) Quantity of tritium= 2.571 std/ml, 
(c) Heat output=2.218X 10~ watt. 


From data (b) and (c), the heat output of tritium 
may be calculated as 0.3208 watt/gram, in good agree- 
ment with the value obtained in the present work. 
This agreement indicates that the reason for the dis- 
crepancy in the average energy of beta decay is due to 
an error in the disintegration rate datum (a), which 
automatically accounts for the high value obtained for 
the half-life by Jenks, Ghormley, and Sweeton. 


2 Jenks, Ghormley, and Sweeton, Phys. Rev. 75, 701 (1949). 
3 Jenks, Ghormley, and Sweeton, Phys. Rev. 80, 990 (1950). 
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Electron-Capture Decay of Gadolinium-151* 


Vircinia S. SHIRLEY AND JOHN O. RASMUSSEN 
Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 
(Received November 22, 1957) 


The photon and conversion electron spectra following electron-capture decay of Gd'*' were studied. 
Transitions of 21.59 (M1), 153.7, 175.0 (M2), 243.8 (£1), and 308.4 kev seen in these spectra and a very 
weak transition of 1555 kev seen in coincidence with the 153.7-kev transition were assigned to the decay 
of Gd"*, Relative photon, conversion-electron, and transition intensities were determined for some of the 
transitions, and coincidence measurements were made at resolving times of 4 and 40 microseconds. The 
175.0-kev transition was observed to depopulate a metastable state with a half-life of 584-10 microseconds. 
A level scheme is proposed for Eu'* including the levels populated by Coulomb excitation, 8~ decay of 


Sm"!, and electron-capture decay of Gd'*!. 





INTRODUCTION 


ADOLINIUM-151, which decays by electron- 

capture with a half-life of 150 days,' is an isotope 
of special interest because it lies in a region where 
nuclear properties change abruptly. Brix and Kopfer- 
mann have noted that in going from 88- to 90-neutron 
isotopes, sharp breaks in isotope shifts occur,’ and, in 
the stable europium isotopes,* that quadrupole moments 
change abruptly. In Coulomb excitation work, Heyden- 
burg and Temmer‘ and later Class and Meyer-Berkhout® 
found a well-developed rotational band in Eu'® but a 
level pattern not readily interpretable in terms of a 
rotational structure in Eu!*!, Information on the levels 
in Eu'* populated by the electron-capture decay of 
Gd'*' was obtained in this work by studying the 
conversion-electron and photon spectra of Gd'*!. A 
recent study on the decay scheme of Gd!" is that by 
Bisi, Germagnoli, and Zappa.* Recent work of Achor 
et al. on the beta decay of Sm’*! yields information on 
the lowest two levels in Eu!®.? 


EXPERIMENTAL PROCEDURES 


The Gd'*' for these experiments was produced in the 
Berkeley 60-inch cyclotron by 17-Mev deuteron and 
12-Mev proton bombardments of europium oxide. 
When natural europium (47.77% Eu and 52.23% 
Eu'™*)! was bombarded, Gd'*! and Gd! were made in 
approximately equal amounts, and when europium 
enriched® in Eu! (91.9% Eu’ and 8.1% Eu!) was 
bombarded, greater amounts of Gd!*! were produced. 
Transitions arising from the decays of Gd'®' and Gd'* 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Original references listed in Hollander, Perlman, and Seaborg, 
Revs. Modern Phys. 25, 469 (1953). 

? P. Brix and H. Kopfermann, Phys. Rev. 85, 1050 (1952). 

3. Brix and H. Kopfermann, Z. Physik 126, 344 (1949). 

4N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
(1955); G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 
981 (1956). 

os) M. Class and U. Meyer-Berkhout, Nuclear Phys. 3, 656 
(1957). 

6 Bisi, Germagnoli, and Zappa, Nuclear Phys. 3, 670 (1957). 

7W. T. Achor (private communication, August, 1957). 

8 Electromagnetically enriched stable isotope, purchased from 
Oak Ridge Research and Development Division. 


were distinguished by comparing the relative abun- 
dances of the gamma rays in the two mixtures of Gd!*! 
and Gd!*, Other gadolinium isotopes produced did not 
interfere because they were either stable or very long- 
or short-lived. The target assemblies and radiochemical 
procedures used have been described in an earlier 
paper.’ 

The conversion-electron spectrum of Gd! was 
measured with the Berkeley permanent-magnet electron 
spectrographs. These are 180°-focusing instruments 
which record electrons photographically with a momen- 
tum resolution of about 0.12%. The four spectrographs 
used in this work have fields of about 50, 100, 200, and 
350 gauss. Their calibration and operation have been 
described by Smith and Hollander. The relative 
intensities of the conversion electrons were obtained 
from densitometer traces of the spectrograph plates. 
The photon energies and relative intensities were 
measured with a scintillation spectrometer using a 
sodium iodide (thallium-activated) crystal 1.5 in. in 
diameter by 1 in. thick, a Dumont 6292 photomultiplier 
tube, a double-differentiating linear amplifier, and a 
Penco" 100-channel pulse-height analyzer. This equip- 
ment operated at 8.5% energy resolution on the 662- 
gamma ray of Cs’, 


CONVERSION-ELECTRON SPECTRUM OF 
GADOLINIUM-151 


Table I lists the transitions assigned to the decay of 
Gd"!, with the conversion-electron lines seen for each. 
The intensities given for the electron lines are visual 
estimates of the degree of darkening of the permanent- 
magnet spectrograph plates, and the electron energies 
listed are weighted averages of values obtained from 
several plates. Internal energy standards were not 
incorporated in the gadolinium activity, but the cali- 
brated energy scale used was checked internally by 
the energies of electrons from three intense transitions 
in Gd'* decay. The transition energies, 69.7, 97.5, and 


® Shirley, Smith, and Rasmussen, Nuclear Phys. 4, 395 (1957). 

1” W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 

1 “Penco” 100-channel gamma analyzer, manufactured by 
Pacific Electro-Nuclear Company, Culver City, California. 
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ELECTRON-CAPTURE DECAY OF Gd!5! 


TABLE I. Conversion-electron lines observed 
in the decay of Gd!®, 











Transition Conversion- Conversion- Visual 
energy electron electron intensity 
(kev) line energy (kev) estimate* Remarks 
21.59 Ly 13.54 S 
Li 13.96 W-M 
M, 19.77 M-S 
My 19.96 Ww N; line is masked 
by K line of Gd! 
69.7-kev transition. 
153.7 K 105.31 VS 
Ly 145.81 M 
M, 152.16 W-M 
N 153.52 VVW 
175.0 K 126.59 VVS 
Ly 167.12 S 
Lin 167.98 VVW 
M, 173.23 M 
M 174.75 VW 
243.8 K 195.15 W-M 
Ly or Lu 235.54 VW ly and Ly lines 
are difficult to dis- 
tinguish in high- 
field spectrographs. 
308.4 K 259.70 W 
Ly or Ly 308.62 VVW Ty and Ly, lines 
are difficult to dis- 
tinguish in high- 
field spectrographs. 
58.01 W 
75.97 W-M 
76.78 VVVW 
79.34 VVW Gd or Gd'8 
81.14 VVW conversion elec- 
111.36 WwW trons not assigned 
315,15 VVW to a transition.” 





*S =strong, M =moderate, W <weak, V =very. 

b These electron lines were not assigned to a Gd'™ or Gd! transition 
either because they were weak and seen only once or because they were 
obviously the only lines seen for a given transition. 


103.2 kev, are in agreement with values of 69.4, 97.3, 
and 103.1 kev reported in Gd'® decay by Church and 
Goldhaber,!* of 69.1 and 102.7 kev reported in Sm'* 
decay by Lee and Katz," and of 69.0 and 102.5 kev 
reported in Sm! decay by Graham and Walker. We 
estimate that the relative Gd!” transition energies are 
good to within 0.1% and the absolute energies to 
within 0.5%. 


PHOTON SPECTRUM OF GADOLINIUM-151 


Figure 1 shows the low-energy sodium iodide scintil- 
lation gamma spectrum of a Gd! and Gd'* sample 
that contained mostly Gd'®'; and Fig. 2 shows the total 
sodium iodide scintillation gamma spectra of two Gd! 
and Gd'* samples, one with mostly Gd! and one with 
approximately equal amounts of Gd'*' and Gd!®, 


RELATIVE PHOTON AND ELECTRON INTENSITIES; 
CONVERSION COEFFICIENTS 


Table II gives the relative photon and electron 
intensities for the Gd!* transitions. In obtaining the 





2 EF, L. Church and M. Goldhaber, Phys. Rev. 95, 626(A) 
(1954). 

13M. R. Lee and R. Katz, Phys. Rev. 93, 155 (1954). 

4 R. L. Graham and J. Walker, Phys. Rev. 94, 794(A) (1954). 
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relative photon intensities varying thicknesses of lead 
absorbers were used, and several sets of relative 
intensities were calculated and averaged. The values 
of Davisson and Evans!* were used in correcting for 
absorption through lead absorbers, and curves from 
Kalkstein and Hollander'* were used to obtain Nal 
crystal counting efficiencies. Table II also lists the 
relative photon intensities given by Bisi et al. These 
values have been normalized to give our figure of 80.6 
to the K x-ray intensity. As mentioned before, the 
relative electron intensities of the stronger lines were 
obtained from densitometer traces of the permanent- 
magnet spectrograph plates. We put the photon and 
electron intensities onto the same relative scale by 
assuming the theoretical (Sliv'?) value for the K- 
conversion coefficient of the 175.0-kev transition. From 
its K/L ratio, L-subshell intensities, and K/M ratio, 
this transition appears to be either magnetic dipole or 
magnetic quadrupole. A measurement of its half-life, 
which is discussed later, essentially establishes the M2 
multipolarity as the correct choice. K-conversion co- 
efficients calculated by Sliv'? and L- and M-conversion 
coefficients calculated by Rose!* were used in assigning 
multipolarities to the Gd! transitions. In addition, 


TABLE II. Relative electron, photon, and transition 
intensities for Gd'*! transitions. 








Gamma-ray Photon Photon 
energy Electron _intensity* intensity> Transition 
(kev) Line intensity* (this work) (Bisietal.j¢ intensity 
21.59 4.4 3.7 ~30 
Ly ~22 
M, ~4 
41.5 
(K x-ray) 80.6 (80.6) 
153.7 6.0 4.8 9.4 
K 2.7 
Ly 0.41 
My, 0.31 
155+54 very weak 
175.0 2.7 9.0 
K 4.9 
Ly 1.0 
M, 0.36 
243.8 4.5 3.2 4.6 
K 0.10 
308.4 0.79 0.24 ~0.88 
K ~0.085 








* Intensities are in arbitrary units, but the photon and electron intensity 
scales were normalized to give the Sliv theoretical M2 K-conversion 
coefficient of 1.8 to the 175.0-kev transition. 

+ Intensity values have been normalized to give the figure obtained in 
this work (80.6) to the K x-ray intensity. 

¢ See reference 6. 

¢ Gamma ray was seen only in coincidence with the 153.7-kev gamma ray. 


16 C. M. Davisson and R. D. Evans, Revs. Modern Phys. 24, 
79 (1952). 

16 M. I. Kalkstein and J. M. Hollander, University of California 
Radiation Laboratory Report UCRL-2764, October, 1954 
(unpublished). 

17L, A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57 ICCK], issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) }. 

18M. E. Rose, privately circulated tables of relativistic L- 
conversion coefficients with screening and M-conversion co- 
efficients without screening. 
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Fic. 1. Low-energy 
gamma-ray spectrum 
for a Gd!®! and Gd! 
sample containing 
mostly Gd!*!; Peak 
A, K x-ray escape 
peak; Peak B, 21.5- 
kev photopeak ; Peak 
C, K x-ray peak. 
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Rose’s K-conversion coefficients were used for calcu- 
lating theoretical K/L and K/M ratios. 

Table III gives the experimental K-conversion co- 
efficients for the Gd!" transitions along with the Sliv 
theoretical K-conversion coefficients for E1, E2, M1, 
and M2 transitions (Z=63). 


MULTIPOLARITY ASSIGNMENTS 
21.6-kev Transition 


The 21.6-kev transition seen in the decay of Gd!® 
has also been seen in the decay of Sm"®,!:7-"9 and is 
believed to be the transition from first excited state to 
ground state in Eu'®.! From its L- and M-subshell 
ratios and Jy;-conversion coefficient this transition 
appears to be magnetic dipole. An M2 assignment was 
ruled out because of the lack of observable conversion 
in the Ly subshell and because the measured Ly- 
conversion coefficient (az;~5) was low. This conversion 
coefficient is perhaps in error by as much as a factor of 
5 because the electron lines were so strong and were 


TABLE III. K-conversion coefficients for Gd"! transitions. 











Gamma-ray Experimental . R : , 
energy conversion Sliv theoretical conversion coefficient 
(kev) coefficient El £2 Mi M2 
153.7 0.45 0.080 0.35 0.50 2.9 
175.0 (1.8)* 0.057 0.24 0.34 1.8 
243.8 0.022 0.023 0.084 0.13 0.61 
308.4 ~0.1 0.012 0.044 0.072 0.28 














* Parentheses indicate that the relative photon and electron intensities 
have been normalized to give the theoretical M2 conversion coefficient for 
this transition, 


# Achor, Phillips, Hopkins, and Haynes, Bull. Am. Phys. Soc. 
Ser. II, 2, 259 (1957). 





riding on such a high scattering continuum that 
intensity values obtained from the densitometer traces 
were uncertain. The theoretical Ly-conversion co- 
efficients for M1 and M2 transitions are 22 for M1 and 
1900 for M2. The half-life of this transition should be 
barely measurable if it were an M1 transition and very 
long if it were an M2. McGowan looked at the radiation 
from a sample of Sm'* and was able to set an upper 
limit of 1X 10~* sec for the half-life of any transitions 
he saw.” We also looked at a sample of Sm" in a fast- 
coincidence setup employing a time-to-height con- 
verter,”' and were able to determine that any gamma- 
ray half-lives in the sample would have to be <4X 10~* 
sec or >10~7 sec. In both McGowan’s work and our 
own, however, there exists the possibility that the 
21.6-kev gamma ray was not detected at all. AnZ1—M2 
mixture assignment was ruled out because the amount 
of El mixing (99.8%) necessary to bring the Lr- 
conversion coefficient down to the experimental value 
gives theoretical subshell ratios that do not agree with 
the experimental ones. Achor ef al. have obtained a 
conversion coefficient of 12 for this transition as seen 
in the decay of Sm", in rough agreement with our 
value of 5. We therefore feel that an M1 assignment 
(with an upper limit of 0.05% E2 mixing:set by the 
lack of Li conversion) is very reasonable. 


154-kev Transition 


The 154-kev transition has a K-conversion coefficient 
of 0.45 and a half-life of <1 millimicrosecond (discussed 

* F. K. McGowan, Oak Ridge National Laboratory Report, 
ORNL-952, March, 1951 (unpublished). 


21 J. O. Juliano, thesis, University of California Radiation 
Laboratory Report UCRL-3759, April, 1957 (unpublished). 
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Fic. 2. Gamma- 
ray spectra for Gd!®! 
and Gd'** samples 
containing mostly 
Gd"! (Curve A) and 
approximately equal 
amounts of Gd!*! and 
Gd! (Curve B). The 
small peak between 
the 41.5- and 103- 
kev peaks in Curve A 
is due to x-rays from 
the platinum sample 
backing. 
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later). From its subshell ratios and K-conversion co- 
efficient, it appears to be an M1 transition (see Table 
III). E2 mixing, if present, would have to be extremely 
small, because a rather strong L; line was seen, but no 
Lu or Ly. Another possible assignment for this transi- 
tion is an 87% E1—13% M2 mixture. Such a mixture 
gives a reasonable K-conversion coefficient and sub- 
shell ratios. 


175-kev Transition 


This transition has already been mentioned as being 
the one used to normalize the electron and photon 
intensities to the same relative scale. From its K/L 
ratio, L-subshell ratios, and K/M ratio it appears to be 
either magnetic dipole or magnetic quadrupole, and a 
measurement of its half-life essentially established it 
as an M2 transition. The theoretical half-life for an 
M2 transition of 175 kev in a nuclide with A= 151 was 
calculated, by use of Moszkowski’s formula,”* to be 
0.4 microsecond. We measured the half-life of this 
transition to be 58+ 10 microseconds by an oscilloscope 
technique described by Hyde, Florence, and Larsh.” 


. 244-kev Transition 


This transition has a half-life of <1 millimicrosecond 
(discussed later) and an experimental K-conversion 
coefficient in good agreement with the theoretical K- 
conversion coefficient for an £1 transition (see Table 


2S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by Kai Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. 13, p. 373. 

*3 Hyde, Florence, and Larsh, Phys. Rev. 97, 1255 (1955). 
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III). We therefore give this transition an £1 assignment. 
K/L and L-subshell ratios could not be used in making 
the assignment because no experimental values were 
determined for these ratios. 


308-kev Transition 


This transition has a half-life of <1 millimicrosecond 
(discussed later) and an experimental K-conversion 
coefficient leading roughly to an M1 or E1—M2 mixture 
assignment (see Table III). As with the 244-kev transi- 
tion, K/L and L-subshell ratios did not enable us to 
choose between the above alternative assignments. 


COINCIDENCE MEASUREMENTS 


By use of slow-coincidence techniques™ (resolving 
time 4 microseconds), gamma-gamma _ coincidence 
measurements were made on a Gd!*' sample. The 308-, 
244-, composite 154~-175-kev, and K x-ray peaks were 
selected for the “gate,” and coincidence spectra were 
measured up to 400 kev. With the available apparatus, 
it was not possible to detect and gate on the 21.6-kev 
photons. 

A very weak coincidence was seen between the 
composite 154-175-kev peak and a gamma ray of 
155+5 kev. By gating on various parts of the 154-175- 
kev peak and observing the change in the coincidence 
counting rate, we determined that the weak gamma 
ray was in coincidence with the 154- rather than with 
the 175-kev peak. When the two crystal detectors 
were placed at right angles to each other with shielding 


“RR. C. Pilger, Jr., thesis, University of California Radiation 
Laboratory Report UCRL-3877, July, 1957 (unpublished). 
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between them, the coincidences were still seen, which 
indicated that they were real and not due to Compton- 
degraded photons from the 308-kev gamma rays. Bisi 
et al.© saw a weak coincidence between the 154-kev 
photon and a gamma ray of about 144 kev. We feel 
that these are the same coincidences as we saw and 
that the energy agreement is poor because of the poor 
counting conditions involved. 

Further very weak coincidences were observed be- 
tween all the gate peaks and a gamma ray of about 
100 kev. With the 154~-175-kev peak, these coincidences 
could be due in part to Compton-degraded photons 
from the 244-kev peak, since they almost completely 
disappeared when the two crystals were placed at right 
angles. In the other cases they could be due to the 
strong 103-kev gamma ray seen in Gd'®* decay or to 
some other contaminant. Bisi ef a/.6 did not report 
these coincidences. 

When the K x-ray peak was used as the gate energy, 
all the Gd!*' photons except the 175-kev gamma ray 
were seen in the coincidence spectrum. The lack of 
coincidences between K x-rays and 175-kev gamma rays 
at a resolving time of 4 microseconds suggested that 
the 175-kev gamma ray arises from a metastable state. 
The half-life of the state emitting this gamma ray was 
then measured to be 58+ 10 microseconds by an oscil- 
loscope technique, as mentioned in an earlier section. 

By use of fast-coincidence techniques” (resolving 
time ~40 millimicroseconds), the 308-, 244-, and 154- 
kev gamma rays were studied for possibly measurable 
delays. From these measurements upper limits on 
half-lives of the 308-, 244-, and 154-kev gamma rays 
were set at <1 millimicrosecond. With the fast- 
coincidence equipment, as with the slow, it was not 
possible to detect the 22-kev gamma ray. 


DISCUSSION 


Except for a transition of 80 kev reported by Bisi 
et al.,* the transitions we assign to Gd!*! decay are the 
same as those reported previously. Their 80-kev 
transition was assigned on the basis of a single conver- 
sion-electron line. Bisi ef al. said that this line (electron 
energy 72.5 kev) was probably due to the L+M 
conversion of a transition of 80 kev, whose K-conversion 
lineZwas not seen because of Geiger-Mueller window 
distortion and because it occurs in the same spectral 
region as the Auger lines. We saw an electron line of 
76 kev, which we left unassigned. If this is the same 
line as Bisi ef al. saw, we feel than an L-shell assign- 
ment is questionable, because a transition with an 
L line of that strength would have a K-conversion line 
easily seen with our spectrographs. 

In trying to formulate a decay scheme for the 
electron-capture decay of Gd'®', the question arises 
whether or not the 308-kev transition seen in Gd!®! 
decay is the same as the 304-kev transition seen in the 
Coulomb excitation of Eu’®*> Class and Meyer- 
Berkhout® state that the 304-kev transition is of 
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predominantly M1 character, an assignment we listed 
as possible for the 308-kev transition (see section on 
Multipolarity Assignments). However, if the two 
transitions were the same, the Gd!* spectrum should 
include the other two transitions (111 and 284 kev), 
which Class and Meyer-Berkhout® say depopulate the 
304-kev state. We see an electron line of 58 kev which 
we have not assigned to a transition and which could 
possibly be the K-conversion line for the 111-kev 
transition. However, the K-conversion line for this 
transition should have an energy of about 62.5 kev, 
and the 58-62.5 energy discrepancy, besides being 
large, is in the opposite direction from the 308-304 
discrepancy. We therefore feel that the 58-kev electron 
line is probably not the K line for the 111-kev transi- 
tion. We see no electron lines that could possibly be 
assigned to the 284-kev transition. When the intensities 
of the conversion lines seen in the Gd'*' decay and 
Eu Coulomb excitation spectra were compared, it 
was obvious that the K lines of both the 111- and 284- 
kev transitions, if present, should have been seen in 
the Gd"! decay spectrum. We therefore feel that the 
308-kev transition seen in Gd" decay is probably not 
the same as the 304-kev transition seen in the Coulomb 
excitation of Eu'®!,5 although our evidence for making 
this decision is not too conclusive. 
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Fic. 3. Proposed level scheme for Eu'®!. The dotted levels and 
transitions are those obtained in the Coulomb excitation of 
Eu'!.45 The solid levels and transitions are those seen in the 
beta decay of Sm!*!,472! and in the electron-capture decay of 
Gd!*!, See text for an explanation of the double energy assign- 
ments given to some of the states. 














ELECTRON-CAPTURE 


Figure 3 shows the proposed level scheme for Eu'. 
Among the five gamma transitions observed in the 
conversion-electron spectrum for the decay of Gd'®, 
only one energy-sum relationship was found (21.59 
+153.7=175.0). This relationship could not be incor- 
porated in the decay scheme, however, because it 
requires that the 154-kev (half-life <1 millimicrosecond) 
and 175-kev (half-life 584-10 microseconds) transitions 
depopulate the same state. Coincidence measurements 
have shown that none of the four highest-energy 
transitions are in coincidence with one another, but a 
weak coincidence with the 154-kev transition was 
found of energy 155+5 kev (144 according to Bisi ef 
al.*), Within the uncertainty of the energy measure- 
ment, the weak 155-kev-154-kev cascade may issue 
from the same level as the 308-kev transition and is 
tentatively so placed in the decay scheme. Our available 
coincidence equipment, as that of Bisi et al.,° was 
incapable of testing for coincidences with the transition 
from the 21.6-kev first excited state to the ground 
state. Thus, in the proposed decay scheme there is a 
choice of energies for the four upper levels, depending 
on whether or not the transitions depopulating them 
go to the ground state or the first excited state. 

From the abundance of K x-rays and the transition 
intensities of Table II (and arbitrarily assuming about 
10% L+M capture), we would calculate that about a 
third of the primary decay occurs to the ground state, 
a third to the first excited state, and the remainder to 
the higher states. The proportion of decay to the 
ground state is quite uncertain, as it depends solely on 
the apparent excess of K x-rays over those accountable 
by decay to excited states. It is possible, within the 
experimental limits of error, that no decay occurs to 
the ground state, though this possibility does not seem 
likely. 


DECAY OF Gd'# 2097 

The ground-state spin of Eu’*! is well known as 5/2.' 
Nilsson and Mottelson® have associated this state 
with the odd-proton orbital (Q=5/2) correlating to 
hyyj2 in the spherical limit, hence, with odd parity. 
With the spin and parity of the ground state of Eu'™ 
fixed, the first excited state (B) can have spins 3/2, 
5/2, or 7/2 and odd parity. States C and F would then 
have odd parity and D and E even. Since it is not 
known whether the transitions from states C, D, E, and 
F go to the ground state (A) or to state B, it is not 
possible to make spin assignments to C, D, E, or F. 

We may set limits for the log ft values of decay to 
states A and B, since observance of a 308-kev transi- 
tion requires at least that much total decay energy: 
logfts>7.3 and logftg>7.3. It is not safe to conclude 
that the decay is first-forbidden, as many cases of 
allowed, hindered transitions have been assigned with 
comparable log/t values by Alaga.”® 
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Proton Strength Functions from (f,n) Reaction Cross Sections* 
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The (p,m) reaction cross section has been measured for thick targets of thirty-one elements ranging in 
atomic weight from 37 to 133 with incident proton energies between 2.0 and 4.0 Mev. The reaction yields 
were divided by a penetrability factor to yield a “reduced cross section” closely related to the proton strength 
function. Peaks in the reduced cross section were observed at atomic weight 50 and 68. These were 
tentatively identified as the peaks in the D-wave and S-wave strength functions of the complex-potential 
model corresponding to effects observed in neutron experiments at atomic weights 40 and 51. Assuming 
these identifications, the difference between proton and neutron potentials was calculated. Within the 
validity of the assumptions, Vro? for nuclei in the vicinity of atomic weight 70, was found after Coulomb 
corrections to be 64:6% larger for protons than for neutrons. The reduced cross section was observed to 
double in going from atomic weight 37 to 133, possibly because of the effect of spheroidal deformation 
on the barrier penetrability. Angular distribution measurements showed symmetry about 90° to better 
than 5%, indicating no measurable direct-interaction component in the reaction. The largest anisotropies 


observed were approximately 20%. 





INTRODUCTION 


HE general interest in average characteristics of 

nuclear resonance levels, in particular the success 
of the complex-potential model! in predicting the over- 
all properties of the interaction of a nucleon with nuclei, 
invites systematic experimental measurements of 
reaction cross sections for protons. Of particular interest 
is the reduced particle width of nuclear resonance levels 
divided by the average energy spacing of the levels 
(the strength function),’ a quantity directly related to 
the average reaction cross section. The source of most 
of the experimental information on the strength 
function has come from neutron experiments, usually 
in the low-energy region.’ Most of the detailed theore- 
tical work on the strength function has been concerned 
with the interpretation of these data. 

The particular circumstances of (p,m) reactions 
permit measurements of reaction cross sections averaged 
over many hundreds of levels in the compound nucleus, 
thus yielding an inherently more accurate measurement 
than is obtainable from neutron experiments, where 
at most a few dozen and often less than ten levels are 
measured in a given nucleus. In the present work‘ 
we have measured (p,m) reaction cross sections using 
thick targets of thirty-one elements ranging from 
atomic weight 37 to 133. For this range of elements and 
for bombarding energies up to 4 Mev, the decay of 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954); 
H. H. Barschall, Phys. Rev. 86, 431 (1952). 

2T. Teichman and E. P. Wigner, Phys. Rev. 87, 123 (1952); 
R. G. Thomas, Phys. Rev. 97, 224 (1955); Lane, Thomas, and 
Wigner, Phys. Rev. 98, 693 (1955). 

* Carter, Harvey, Hughes, and Pilcher, Phys. Rev. 96, 113 
(1954); H. Marshak and H. W. Newson, Phys. Rev. 106, 110 
(1957); Coté, Bollinger, and LeBlanc, Phys. Rev. (to be 
published). 

‘A preliminary report at an earlier stage of this work has 
already been published, J. P. Schiffer and L. L. Lee, Jr., Phys. 
Rev. 107, 640 (1957); also J. P. Schiffer and L. L. Lee, Jr., 
Bull. Am. Phys. Soc. Ser. II, 2, 177 (1957). 


the compound nucleus formed by an incident proton 
will be overwhelmingly by neutron emission whenever 
this is energetically possible. Thus the (p,m) reaction 
cross section is very nearly equal to the compound- 
nucleus cross section for protons. If this measurable 
quantity is divided by the penetrability factor of the 
Coulomb and centrifugal barriers, it ought to yield 
a “reduced cross section” which is closely related to 
the proton strength function. 

Two groups have reported systematic measurements 
of (p,m) cross sections in the range of energies covered 
in the present work.® The cross sections were fitted to 
the “black nucleus” model of compound nucleus 
formation (which assumes a constant strength function) 
and variation between isotopes was explained in terms 
of fluctuation in the radius at which the Coulomb 
barrier was penetrated. The order of magnitude of 
these changes would require that the Coulomb energy 
of a uniformly charged nucleus should change by 
several tens of Mev although no such effects are 
observed in atomic masses. In the present experiment 
the radius was assumed to be a smooth function of 
atomic weight, and fluctuations in the yield were 
attributed to variations in the interior properties of 
the nucleus. These properties are represented by the 
strength function.® 

On the basis of the Breit-Wigner resonance formula, 
the reaction yield from a thick target, averaging over 
many resonances and assuming random resonant 
phases, is 








WJ+1\ Tyl's 
SodE=D sei ) : 
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5 Blaser, Boehm, Marmier, and Peaslee, Helv. Phys. Acta 24, 
3 (1954); Blaser, Boehm, Marmier, and Scherrer, Helv. Phys. 
Acta 24, 441 (1954); Johnson, Galonsky, and Ulrich, Bull. 
Am. Phys. Soc. Ser. II 2, 177 (1957). 

6 A recalculation of the results of the last experiment in reference 
5 in terms of a smoothly varying radius yielded strength functions 
in agreement with the work reported here. C. H. Johnson (private 
communication). 
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PROTON STRENGTH FUNCTIONS 


where ¢ is the total cross section at bombarding energy 
E, AE is the energy interval in question, S is the 
stopping power of the target material in units of 
target atoms/(cm? Mev), 2x4 is the wavelength of 
the incident proton, J is the spin of the target nucleus, 
J that of the resonance, I’, is the incident proton 
width of the resonances, I’, is the total neutron width 
for decay of the resonance states to all states in the 
final nucleus, and the sum is over all the resonance 
states in the energy interval AE. 

Assuming (a) that I<, so ',I'./('p+T'.)=Tp, 
and using ')=>-,,(2/AA2)y,,.2 where A?=F2+G? is 
the usual Coulomb penetrability factor for the incident 
proton with orbital angular momentum /, and s is the 
incident channel spin, we have 


2 
is SodE= r[s— ae > nut} 
2I+1 Le KAP 


Now assuming (b) that the level spacing is small 
compared to the energy required to make an appreciable 
change in S, A, or A,’, we have 


f SodE= 
AE 


- S (2S+1) (5, 0, Paw 


1J.st 
N5ue 
AE 


Here (y;,1,.2) is the average reduced partial width 
for levels with spin J and the channel described by the 
quantum numbers / and s, and Ny,,,, is the number of 
such reduced widths. The assumption is implicit that 
(c) the distribution of states designated by J, /, and 
s is random over the energy interval and the level 
density is high enough to permit one to neglect the 
statistical fluctiation in y’. 

Next one assumes (d) that both (ys,;,.?) and the 
level spacing Dy,,,=AE Nj;,,,, are independent of 
channel spin and that their ratio is also independent 
of J. This yields 
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I} SodE = 2r*> (21+-1) f —4dE. 
AE t Di Yar AP 
The reduced cross section § is then defined by 
(vy?) AS J AS 
s=0 (a+) f —dE /E +i) | — ae. 
t l ag Af t AE 


It will be noted that if the strength function is independ- 
ent of /, then $ is equal to the strength function. If, 
on the other hand, the strength function is different 
for different values of /, then $ represents an average 
of the strength functions, the relative weights in the 
average being determined by their respective statistical 
and penetrability factors. 
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ASSUMPTIONS 


The validity of the assumptions made in analyzing 
the data has an important bearing on the validity of 
the conclusions. It is therefore of interest to briefly 
consider these assumptions in more detail. 

(a) The assumption I',<I', is very good in view of 
the large difference in proton and neutron penetrabilities. 
In the worst cases, in which the proton penetrability 
becomes as much as 10% of the neutron penetrability, 
it is probable that for a few levels this assumption 
breaks down. However, as long as the proton penetrabil- 
ity is not more than 10% of the neutron penetrability 
and the average neutron and proton reduced widths 
are equal, the measured (p,m) cross section will be 
only 10% lower than the true compound-nucleus 
cross section. No correction has been applied to the 
data to compensate for such an effect, which is as 
large as 10% only for one, or possibly two, of the 
measurements and in most cases is negligibly small. 
The assumption that the radiation widths are small 
compared to the neutron widths is also implicit. For 
the energies and nuclei involved, this assumption is 
sufficiently good that the radiation process may be 
neglected. 

(b) The assumption that the level spacing is small 
compared to the energy difference for which the 
penetrability would change appreciably is not tested 
for all the nuclei studied. Most of the nuclei are of 
odd mass number so that their binding energies are 
relatively small, and thus the excitation energy reached 
in the compound nuclei would be relatively high. 
Some experimental evidence for this exists for the 
lighter of the nuclei studied’; in none of these experi- 
ments was it possible to clearly resolve all of the 
resonance states. A typical value for the spacing of 
the stronger resonances is 4 kev for Cr**. Since pene- 
trabilities would change by only from 10% to 50% 
while the bombarding energy changed by 100 kev, 
the assumption is probably reasonably good. Although 
no evidence regarding level densities in any of the 
heavier elements is known, evidence from neutron 
experiments indicates that the level density increases 
for the heavier elements so that this assumption should 
be justified. 

(c} Both neutron* and proton’ experiments give 
reasonably good evidence for the random distribution 
of widths at higher excitation energies. 

(d) There is no reason to believe that channel spin 
has an influence on the value of either the reduced 
widths or the level spacing. There is some experimental 


7 For instance Lovington, McCue, and Preston, Phys. Rev. 
85, 585 (1952). Qualitative measures of the level density can be 
obtained from experiments such as R. A. Chapman and J. C. 
Slattery, Phys. Rev. 105, 633 (1957). 
*D. J. Hughes and J. A. Harvey, Phys. Rev. 99, 1032 (1954); 

C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 

* Schiffer, Moore, and Class, Phys. Rev. 104, 1661 (1956); 
ot Prosser, and Class, Bull. Am. Phys. Soc. Ser. II, 2, 60 
(1957). 
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TABLE I. Summary of target information. 











% Abundance* Q values for 
Target Isotope in target (p,") reactions* 
NaCl ci" 14.9 —1.64 
KF K# 4.65 —1,.22 
CaF: Ca*® 0.075 —3.00 
Ca*® 0.095 —0.64 
Sc203 Sc 65.2 —2.83 
Ti Ti® 5.51 —1.39 
Ti® 5.34 —3.2 
Vv ye 0.24 +0.4 
va 99.76 —1.53 
Cr Cr 9.55 —1.38 
Cr 3.38 —2.16 
Mn Mn* 100 — 1.00 
Fe Fe*? 2.17 —1.22 
Fe's 0.31 —3.08 
Co Co* 100 — 1.86 
Ni Ni® 1.25 —3.02 
Ni® 1.16 —2.49 
Cu Cu® 30.9 —2.14 
Zn Zn*? 4.11 —1.79 
Zn* 18.56 —3.68 
Zn” 0.62 —1.45 
Ga,0; Ga® 44.8 —3.01 
Ga™ 29.6 — 1.02 
Ge Ge” 7.61 —1.15 
Ge™ 36.74 —3.34 
Ge" 7.67 —1.9 
As As? 100 — 1.65 
Se Se”? 7.58 —2.15 
Se® 49.82 — 2.67 
Se® 9.19 —0.89 
NaBr Br” 39.24 —2.40 
Br® 38.43 — 1.08 
RbF Rb®* 59.0 —1.88 
Rb*? 22.8 —0.60 
SrF2 Sr’? 4.90 —2.9> 
Zr Zr 11.23 —2.0 
Zr® 17.11 —2.9 
Zr™ 17.40 —1.0 
Zr 2.80 ¢ 
Nb Nb* 100 —1.3 
Mo Mo* 15.70 —2.4 
Mo* 16.50 —3.8 
Mo” 9.45 e 
Mo* 23.75 e 
Mo'™ 9.62 e 
Ru Ru® 12.8 —2.5 
Ru 17.0 e 
Ru'® 31.3 —3.1 
Ru 18.3 —1.8 
Rh Rh'® 100 —1.34 
Ag Ag? 51.35 —2.22 
Agi® 48.65 —0.94 
Cd Cd! 12.75 —1.20 
Cd" 24.07 —3.32 
Cds 12.26 e 
Cd" 28.86 —2.2 
Cd" 7.58 —1.8 
In In" 4.23 —1.2 
Ins 95.77 —0.28 
Sn Sn" 7.57 —1.5 
Snus 8.58 —1.5 
Sn!” 32.97 —3.4 
Sn!2 4.71 —2.4 
Sn™ 5.98 —1.3 
PbI: ys" 55.0 —1.5 
CsI q"27 48.85 —1.5 
Cs! 51.15 —1.5 








® Nuclear Level Schemes, A =40—A=92, compiled by Way, King, 

McGinnis, and van Lieshout, Atomic Energy Commission Le rt TID-5300 
. S. Government Printing Office, Washington, D. C., 1955) and Nuclear 

ta Cards (National Research Council, Washington, D C., 1956, 1957). 

> Because of the large spin change involved in the transition between 
the ground states, the Q value for an — state was used. 

¢ Information relevant to Q values for (p,m) reactions is not available. 
It is assumed on the basis of systematics of stable nuclei that the (p,n) 
threshold i is well below 3.5 Mev. 
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evidence that the dependence on J of both reduced 
widths and level spacings is the same, and that thus 
the strength function is independent of J.° 


’ EXPERIMENTAL METHOD 


Thick targets were bombarded by monoenergetic 
protons from the Argonne electrostatic generator, and 
neutrons were detected in a long counter the face of 
which was 8 in. from the target position. The efficiency 
of the counter was calibrated by using a RaBe neutron 
source of known intensity. Because the counter was 
so near the source, its response was probably not 
entirely independent of the neutron energy and 
considerable error might be present in the absolute 
values of the cross section. The relative values of the 
cross section are believed to be reliable to perhaps 
25%. Targets were either in metallic form or, when 
available only in powder form, were formed on a 
hydraulic press into pellets 14 in. in diameter. All target 
materials in which contaminants could influence the 
results were subjected to spectrochemical analysis in 
order to verify their purity. 

Measurements of the yield were all made at 45° with 
respect to the incident proton beam. A few angular- 
distribution measurements were also taken to check on 
the absence of a direct-interaction component in the 
reaction yield as well as to check on the reliability of 
the yields at 45° as measures of the total cross sections. 
All the angular distributions were symmetric about 
90° in the center-of-mass system, within an experi- 
mental! error of 5%. The largest observed anisotropy 
was about 20%. Hauser and Feshbach’’ predict 
symmetry about 90° for many levels in the compound 
nucleus and one final state, and isotropy for many 
states in the final nucleus. Since in most of our cases 
there are several (but not, satistically speaking, 
many) states in the final nuclei, the angular distribu- 
tions are consistent with these expectations. 

The measurements were made exclusively on elements 
with natural isotopic abundances. Thus in many of 
the cases the (p,m) yield was due to only one isotope 
whose abundance had to be known in order to obtain 
a cross section. In other cases several isotopes of one 
element contributed to the reaction yield and thus the 
measured yield represented an average of the yields 
of these isotopes. The elements used, the bombarding 
energies, the isotopes contributing, their abundances, 
and their Q values from (p,m) reactions are given in 
Table I. 

The lack of reliable stopping powers accounts for 
one of the principal sources of error in the calculations. 
Some measurements of the stopping powers of Al, 
Ni, Cu, and Ag exist," and some further values have 

10 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 

1H. A. Bethe and J. Ashkin, in Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. 1; S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 


779 (1953); H. Bichsel and B. J. Farmer, Bull. Am. Phys. Soc. 
Ser. II, 2, 15 (1957), and private communication. 
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TABLE II. Summary of measurements. 








Total 
number of 
Bombard. neutrons per 


Total 
number of 
Bombard. neutrons per 





energy 107 incident a $ (3 )*av energy 10? incident a 8 ($)*Av 
Target (Mev) protons. (mb-Mev) (10™4cm) (1074 cm) Target (Mev) protons. (mb-Mev) (10-%cm) (107% cm) 
NaCl 2.0 1.38 6.43 2.00  1.97+0.30 Ge 2.5 0.184 0.992 494  4.96+0.65 
2.5 7.38 29.9 2.21 3.0 1.08 5.31 4.97 
3.0 15.4 57.1 1.69 3.5 4.54 20.3 5.23 
40 315 38.8 4.68 
KF 2.0 0.272 446 2.29 1.7140.55 
2.5 0.941 13.0 1.49 As 2.5 0.663 0.539 3.96  4.61+0.65 
3.0 2.43 30.6 1.34 3.0 4.67 3.43 4.37 
CaF; 30 0.173 69.3 3.39  3.5640.70 ie > a —: 
3.5 0.332 119 3.63 ' ' 
Se 35 994 9.94 3.95  4.45+40.90 
S:0, 35 31.9 27.1 1.31  1.31+0.25 4D 38 351 406 
Ti 2.0 0.235 340 449 4.3240.50 
' 25 136 165 4.28 NaBr 3.0 1.86 181 3.62 3.94+40.60 
' ; 3 421 3.5 9.11 8.29 4.51 
ad bea - 40 291 20.7 3.70 
V 2.0 1.71 1.39 3.04  3.40+40.35 
2.5 14.8 10.1 3.65 RbF 3.0 0.944 0.976 387  3.7740.45 
3.0 54.0 32.4 3.44 3.5 4.69 446 3.94 
3.5 147 80.4 3.48 4.0 14.8 13.1 3.51 
Cr 2.0 0.142 1.23 3.55 4.01+0.60 SrF 40 4.72 8.46 3.30 30+0. 
25 1.48 867 3.75 es cae 
3.0 5.96 30.9 4.22 Zr 3.5 1.24 2.05 3.71 3.7240.50 
3.5 16.9 78.8 3.97 4.0 4.90 758 3.73 
40 390 163 4.26 
Nb 3.5 1.69 1.35 317 3.3140.35 
Mn 2.0 1.39 132 4.92 4.15+40.50 
25 925 631 419 4.0 7.23 5.41 3.45 
30 38.6 25.3 4.16 Mo 3.5 1.02 145 394 4.2140.65 
3.5 108 61.3 3.81 40 ‘41 461 10 
4.0 246 126 3.69 ) ' 
F 3.0 0.351 10.4 2.53 2.78-+-0.50 Ru 3.0 0.073 0.137 3.69 4.04+0.50 
, 35 133 308 265 3.5 0.701 0.747 4.13 
4.0 421 00.6 3.17 4.0 3.79 3.81 4.31 
Co 2.5 3.04 2.24 2.96  3.25+0.35 Rh 3.0 0.0989 0.0896 3.45  3.7840.40 
3.0 17.4 11.3 3.27 3.5 0.701 0.602 3.74 
35 55.9 32.6 3.19 4.0 3.51 282 4.15 
40 158 85.3 3.60 
A 3.5 0.395 0.347 3.61  3.92+40.40 
Ni 30 0.235 13.6 5.57 4.204+1.0 . 40 219 1814.23 = 
3.5 0.874 21.8 3.33 
4.0 2.96 68.0 3.70 Cd 4.0 1.37 137 3.81 3.81+0.60 
Cu $96.19 13.6 = 6.11 5.55-£0.65 In 35 0.247 0.224 3.84  3.9440.40 
3.5 19.0 38.1 5.32 40 133 6 as 
40 48.4 90.1 5.21 , : 
Zn 3.0 0.632 9.27 5.32 5.56-+0.85 Sn 3.5 0.065 0.224 449 4.38+0.60 
3.5 2.20 29.7 5.80 4.0 0.622 0.932 4.28 
Ga0, 2.5 0.679 2.11 7.56  6.35+1.10 PbI, 3.5 0.0579 0.0951 430  4.05+0.50 
3.0 3.15 7.58 5.42 4.0 0.300 0.455 3.80 
3.5 16.0 20.4 5.95 
40 59.7 71.6 6.48 CsI 4.0 0.441 0.414 456  4.56+0.60 











* Estimated relative errors are given. 


been computed on the basis of theoretical expressions.'* 
Smooth curves of the stopping power at different 
bombarding energies were plotted as a function of 
atomic number. Values for the various target materials 
were obtained by interpolation. The definition of the 
reduced cross section $ involves the integral /,2(SA/ 
A?)dE. Machine computations yielded the slightly 
different quantity /o"(A/A,)dE which was obtained 


#2 Aron, Hoffman, and Williams, U. S. Atomic Energy Commis- 
sion Report AECU-663, 1951 (unpublished). 


to 5% accuracy. This was then multiplied by a value 
of the stopping power suitably averaged over the energy 
interval. It is estimated that this process might have 
introduced a systematic error of perhaps 5%. The 
values of the stopping power are thought to be 
uncertain to perhaps 20%. 

Table II shows a summary of the data taken. It 
lists the actual yield of neutrons per incident proton for 
the various target materials and bombarding energies 
used. This yield, corrected for chemical and isotopic 
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Fic. 1. The calculated relative contributions to the yield of 
incident protons with different / values. The values are plotted 
for the approximate region of bombarding energies used under 
the assumption of the same strength function for each / value, 
a square-well potential, and a spherical nucleus. 


abundances, was divided by the effective stopping 
power for that target and energy and the resultant 
mean cross section ¢, in units of millibarn-Meyv, is also 
shown. The reduced cross sections § and their average 
for the several bombarding energies for each target 
are given in the last columns. Estimates of the errors 
in the relative values of the averaged reduced cross 
sections are given. Absolute values of the reduced 
cross sections are believed to be uncertain by another 
20%. The errors are largest in target elements with even 
Z, for which generally a smaller fraction of the isotopes 
was contributing, and in the heavier elements. 

Calculations of the penetrabilities’ used in the 
reduction of the data were made on an IBM 650 
computer using the approximate formulas of Feshbach, 
Shapiro, and Weisskopf.“ The integral was also com- 
puted and tabulated. It is believed that values of A? 
and of the integral are accurate to 5% or better. 
Only values of A,’ with /<4 were used in the calcula- 
tions, the error introduced by neglecting higher / values 
being extremely small. Figure 1 shows the relative 
penetrability and statistical factors for the different 
1 values over the range of elements and bombarding 
energies involved, indicating the relative weights of the 
factor multiplying the strength functions for the various 
1 values. 

The integration of A/A/ was carried out from zero 
energy and thus the value of the integral at threshold 
had to be subtracted from the value at the bombarding 
energy. Where a large spin change was involved in the 
transition between ground states, the energy at which 
the neutron penetrability became larger than the 
proton penetrability was used as the effective threshold 
energy. In general the measurements were taken 
sufficiently above the threshold energy that the total 
correction for the threshold was less than 25% and thus 


13 J. P. Schiffer, Argonne National Laboratory Report ANL- 
5739, 1957 (unpublished). 

14 Feshbach, Shapiro, and Weisskopf, U. S. Atomic Energy 
Commission Report NYO-3077, 1953 (unpublished). 
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LEE, JR. 
relatively large errors in the choice of threshold energy 
could be tolerated without appreciably affecting the 
final results. 


DISCUSSION 


A graphical summary of the measurements of the 
reduced cross section is given in Fig. 2. There appeared 
to be no systematic fluctuations in the strength function 
with bombarding energy. To average out any effects 
due to individual resonances, the mean reduced cross 
section (S)4 was plotted. It appears quite evident that 
there is no strong dependence on whether the atomic 
number of the target is even or odd. This fact in itself 
tests the assumptions regarding the dependence of 
the reduced widths and the level spacing on J and on 
the other quantum numbers. There appears to be no 
appreciable effect as the magic numbers of twenty 
and fifty are crossed. There is a dip at Co”, where the 
compound nucleus has twenty-eight protons, but 
since the more prominent magic numbers show no 
effect it would appear that this does not result from 
closure of a shell. In general, states of quite different J 
are populated when the target nuclei have spins 
differing by two or three units, and the cross sections 
show no detectable dependence on J. 

A previous experiment using inelastic scattering to 
the 2+ first excited states of even-even nuclei for 
46 <A <64 revealed no significant fluctuation in the 
proton strength function.'® This was in contrast to 
the findings of neutron experiments in whicha maximum 
in the strength function was found at about atomic 
weight 51. In the present experiment a definite peak 





— tt 
x EVEN 2 
o ODD 2 





6 ~d 
a ; 
‘ Ty 1 Lh 
'o - f 4 
Zeol s]/ SLACK NUCLEUS VALUE | 











60 80 100 120 
ATOMIC WEIGHT 


Fic. 2. The reduced cross section ($)4 plotted against atomic 
weight of the target nucleus. Where more than one isotope 
contributed to the yield an average atomic weight is plotted. 
The solid line ace a smooth curve drawn through the points 
in order to emphasize the qualitative features of the curve. The 
dotted line was calculated for strong absorption of the incident 
protons (black nucleus) in a spherical square well calculated for 
an intrinsic proton well of 47 Mev and a Coulomb correction as 
discussed in the text. The error bars shown are estimates of the 
relative experimental errors only; they do not represent errors 
in the assumptions or the number of levels involved. The error 
in the absolute value of the scale is about 20%. 


16 Schiffer, Lee, Davis, and Prosser, Phys. Rev. 107, 547 (1957). 





PROTON STRENGTH FUNCTIONS 


in the reduced cross section is observed at A=68+3. 
Margolis and Weisskopf'* pointed out that the 3S 
maximum in the strength function, observed at A=51 
for neutrons should be expected to appear at approxi- 
mately this mass number for protons. Because of the 
repulsive Coulomb forces, protons are bound by a 
potential less deep than that for neutrons. This is 
evidenced by the neutron excess in stable nuclei. 
The shallower potential would mean that protons 
would have a lower kinetic energy and thus a longer 
wavelength. Hence in order to obtain the condition 
for the maximum in the strength function, a larger 
radius and therefore a heavier nucleus will be required 
for protons than for neutrons. 

The present data fall on a considerably smoother 
curve than did our earlier values,‘ principally because 
of the improved method of calculation of the Coulomb 
penetrabilities. A secondary maximum is quite evident 
at about atomic weight 50. By analogy with the 
interpretation of neutron data in the region of A=40, 
this might perhaps be assigned to a maximum in the 
D-wave strength function. This assignment is consistent 
with the penetrability and statistical factors in Fig. 1. 
The expected S-wave contribution is roughly twice as 
large as that for D-wave protons, the same as the 
ratio of the observed peak heights. 

A radius of R=1.45A!X10-" cm was chosen some- 
what arbitrarily for the penetrability calculations. 
The calculations were also carried out using R= (1.3A! 
+0.5)X10-" cm. This radius yielded the same reduced 
cross section for the lightest elements, but it gradually 
increased for the heavier elements, yielding values 
50% higher for Cs“. The values of § above the S-wave 
resonance for elements with A>80 are about twice as 
high as the values for the three elements below the 
D-wave resonance with A <48.t This effect becomes a 
factor of three if R=(1.3A'+-0.5)XK10-" cm is used. 
The use of the penetrabilities in the present formalism 
implies a radius outside which there are no nuclear 
effects and inside which the nuclear potential is sufficient 


to overcome the Coulomb barrier, in other words a: 


square well. A nuclear potential with a diffuse edge 
would modify the penetrability factors used. Qualita- 
tively the introduction of a diffuse potential, such as 
the Saxon potential’? would decrease the calculated 
reduced cross sections, since the long attractive nuclear 


16 B, Margolis and V. F. Weisskopf, Phys. Rev. 106, 105 (1957). 

+ Note added in proof.—The authors are indebted to Dr. A. M. 
Lane for pointing out to them that the neglect of (p,«) reactions 
is serious for the lighter elements. A rough estimate of the mag- 
nitude of this effect would bring the points for Cl and K to ap- 
proximately the “black nucleus” value. Additional corrections for 
the high proton energy used for the measurement on Sc would 
bring this point to the same level. Three further data points have 
been obtained in the region of 135<A<160, by use of the Rice 
Institute 6-Mev van de Graaff accelerator withjthe kind permis- 
sion of Professor T. E. Bonner. These measurements all yielded 
reduced cross sections of approximately 4X10- cm. Thus the 
increase of the reduced cross section with atomic weight is not as 
pronounced as appears in Fig. 2. 

17R, D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
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tail would, to some extent, cancel the repulsive Coulomb 
barrier and would require a diffuse region which 
increases with atomic weight to explain the increase in 
reduced cross sections. A more plausible explanation 
might be the effect of nuclear deformation.’* Since 
the Coulomb barrier penetrability factor is about 2.5 
times as sensitive to change in radius around atomic 
weight 130 than it is around atomic weight 40 and 
since deformations are appreciable in this region of 
atomic weight,” this effect would also tend to be in 
the right direction. 

If the data were plotted alongside a theoretical curve 
including the variation in the strength function, a 
reasonable fit could be obtained. Since the assumption 
of a square well” and a spherical nucleus” are important 
in determining the exact shape of the variation of 
the strength function with atomic weight and since 
neither of these assumptions is believed to be very 
good, a detailed comparison has little meaning. The 
positions of the maxima in the S-wave strength 
function will be discussed in the next section. The 
relative heights of the maxima are in the ratio to be 
expected from the penetrabilities. The value of the 
imaginary fraction of the potential needed to fit the 
height of the maximum in the reduced cross section 
data is 0.04+0.01, under the assumption of a spherical 
complex square well.! 


THE PROTON WELL DEPTH 


If the peak observed in the reduced cross section 
may be attributed to a maximum of the S-wave 
strength function, certain conclusions can be drawn 
regarding the proton well. In particular comparisons can 
be made between the parameters of the proton and 
neutron wells. 

The latest value for the position of the maximum in 
the S-wave neutron strength function* is A=51+3. 
The 3S maximum for neturons in a square well occurs 
when KR=$nx, where K=(2mV)!/h, m being the 
reduced mass of the neutron and V the well depth, and 
R is, more or less arbitrarily, taken as R=1.45A'X10-% 
cm. From this one gets 45.0+1.7 Mev for the depth of 
the neutron potential. 

For protons in a square well, the condition for a 
maximum in the S-wave strength function has been 


18 The effects of spheroidicity of nuclei on Coulomb barrier 
wongtatn > 1 have been treated for the case of alpha decay in 
eavy nuclei by J. O. Rasmussen and B. Segall, Phys. Rev. 103, 
1298 (1956) and by P. O. Fréman, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. Skrifter 1, No. 3 (1957). 
( 19 s M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 976 
1957). 
™ A calculated curve of the S-wave neutron strength function 
for a Saxon-type potential is given in V. F. Weisskopf, Revs. 
Modern Phys. 29, 174 (1957); details of the calculation do not 
appear in the literature. 
(19st) Margolis and E. S. Troubetzkoy, Phys. Rev. 106, 105 
957). 
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given by Margolis” as 


sd B 
K(R)R col f eat Tee Ao= 0. 


Here K(r) is the wave number for a proton in a square 
well nuclear potential but in addition subject to the 
repulsive Coulomb potential of a uniform spherical 
charge distribution, E is the kinetic energy of the 
incident proton, B= Ze*/R is the height of the Coulomb 
barrier, and Ao is the level shift for protons of zero 
angular momentum. This expression uses the WKB 
approximation which is valid as long as the protons 
have an energy which is low compared to the barrier 
height, a condition that is satisfied in the present 
experiment. 

Using 3 Mev for the mean energy of the protons 
one obtains a level shift of —2.19. Solving for V with 
the peak position of A=68+3, one gets V=46+1.5 
Mev. The assumption here is that the radius of the 
charge distribution is equal to the radius of the square 
well. Since measured values of the electromagnetic 
radius are considerably smaller than this, a more 
reasonable value might be 1.2A!X10-" cm for the 
radius of the charge distribution. This would yield 
47.5+1.5 Mev for the intrinsic proton well depth. 

It can be concluded from these results that the 
intrinsic proton well for this region of atomic weight is 
2.52.5 Mev deeper than the neutron well. The choice 
of radius is not critical in this conclusion; if, as an 
extreme, one were to use a radius of (1.2A!+0.8) 
X10-" cm the results would be affected by less than 
one Mev. If it turns out that the radius of the potential 
for protons is different than the one for neutrons the 
above conclusion is, of course, incorrect. However, 
the general statement can be made that the quantity 
Vré (where R=roA*X10-" cm) is 646% larger for 
protons than it is for neutrons. Although these calcula- 


2 B. Margolis, “Proton Width Strength Function” (unpublished 


note). 
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tions are for a square well, it appears reasonable to 
expect that they would not be altered much for a 
diffuse potential, provided the diffuseness is the same 
for neutrons as for protons. These conclusions also 
rest on the, perhaps not very well founded, assumption 
that the effects of spheroidal deformation on the 
strength function are, if not negligible, comparable in 
the regions of both maxima in such a way that the 
shift in the maxima would not appreciably affect 
their relative positions. 

It is interesting to compare this result with that 
obtained by Margolis and Weisskopf.'* Their Eq. (2) 
yields essentially a difference between the neutron 
and proton potentials based on the neutron excess in 
stable nuclei and the binding energies of protons and 
neutrons. Using the average neutron excess for the 
seven target nuclei from atomic weight 60 to 75 and 
the difference in the proton and neutron binding 
energies computed from the Q values for (~,) reactions, 
one gets 47.4 Mev as the intrinsic proton potential 
corresponding to a 45-Mev neutron potential. The 
assumption is again that the charge radius is 1.2A! 
X10-" cm. This is excellent agreement between the 
calculations of Margolis and Weisskopf, which con- 
sidered only the energies of particles on top of a Fermi 
distribution and the number of particles, and the 
present analysis of the positions of the strength-function 
maxima. The present results also appear to be in 
qualitative agreement with more elaborate theoretical 
calculations.” 
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The differential cross sections for elastic scattering of 5-Mev neutrons from C, O, Al, Fe, Ni, Cu, Mo, 
Ba, W, and Pb were measured over an angular range between 30° and 150°. The experimental! values are 
compared with the predictions of a diffuse-surface optical model. 





INTRODUCTION 


HE general features of the interaction of fast 

neutrons with nuclei can be described with 
reasonable accuracy by an optical model! of the nucleus 
in which the interactions are described in terms of the 
action of a complex single-body potential on the incident 
neutron. The best functional form and numerical 
values of the parameters involved in this potential 
can be determined only by a systematic comparison of 
many calculations with experiment. Angular distribu- 
tion data provide a check on potential forms and 
parameters previously determined from the total and 
reaction cross section data. The model is not expected 
to give exact agreement between the predicted values 
and the observed cross sections; thus a considerable 
amount of experimental information is necessary in 
order to determine the best form of potential and the 
value of the parameters over a wide range of elements 
and energies. 

With this model, only the shape-elastic or hard-sphere 
scattering can be computed explicitly. Elastic scattering 
that proceeds through the compound nucleus is included 
in the compound-nucleus formation cross section. 
However, if the compound nucleus has many levels 
available for its decay in the residual nucleus, then 
competition among the various modes of decay will 
reduce the probability of compound-elastic scattering 
enough so that it will be negligible compared to the 
shape-elastic. A neutron energy of 5 Mev was chosen 
for this experiment since most of the elements studied 
do have a number of levels below this value. 


APPARATUS AND PROCEDURE 


A schematic view of the experimental arrangement 
is shown in Fig. 1. The deuteron beam from the West- 
inghouse electrostatic generator bombarded a deuterium 
gas target to produce 5-Mev neutrons in the forward 
direction. The neutrons were scattered by cylindrical 
samples of the elements investigated, and the angular 
distributions of the scattered neutrons were measured 
with a biased scintillation detector. Iron wedges 
shielded the detector from the neutron source. 

The gas target chamber was 3.2 centimeters in 
length and was separated from the vacuum system by 

* Assisted in part by the joint program of the Office of Naval 


Research and the U. S. Atomic Energy Commission. 
1 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 


an aperture ;%s in. in diameter covered with a 0.0001-in. 
thick nickel foil. A pump circulated the deuterium 
through a cooling system and returned the cold gas to 
the chamber through a jet aimed at the foil.? The 
average target pressure was maintained at one atmo- 
sphere with a resulting spread in neutron energy of 
+100 kev. A deuteron beam current of about 6 or 7 ya 
was used throughout the experiment with only occa- 
sional foil changes. 

The neutron detector consisted of twenty layers of 
plastic scintillator 0.001 inch thick separated by 
glass disks 0.050 inch thick and 2 inches in diameter, 
all mounted on an RCA 6342 photomultiplier. In the 
bias range used throughout the experiment, the 
efficiency for counting 5-Mev neutrons incident in a 
plane parallel to the scintillating layers was about 100 
times greater than the efficiency for counting neutrons 
of the same energy incident perpendicular to the 
scintillating layers. The efficiency for counting gamma 
rays was not direction-dependent, and was negligibly 
small for all the bias settings used during the experiment. 
The directional properties of the counter made it 
possible to work quite close to the neutron source with 
a minimum of shielding so that the scatterers were in 
a region of relatively high flux. Although the absolute 
efficiency of this counter is very low, it is hoped that a 
considerable improvement can be achieved in future 
models by employing a higher scintillator-to-glass 
ratio and better optical design. A more complete 
description of this type of counter will be presented 
elsewhere.* 


Cylindrical 


cotterer 


Gas 
Target 


Deuter on 
Beom 








Scale in inches 


Fic. 1. Schematic view of experimental arrangement. 
2C. O. Muehlhause and R. N. Noble, Conference on Fast 
Neutron Spectrometry by Time-of-Flight at Los Alamos Scientific 
Laboratories, June 14 and 15, 1956 (unpublished). 
*R. W. Hill (to be published). 
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Fic. 2. Differential cross sections in the laboratory system for 
scattering of 5-Mev neutrons by Pb, W, and Ba. Ordinates on 
the left are for Pb and Ba; on the right, for W. 


Two bias settings were used for each scattering 
measurement. The low bias was kept fixed for all 
angles and elements while the higher bias was varied 
depending on the momentum transfer to the target 
nucleus at a particular angle. The relative efficiency 
of the counting system as a function of neutron energy 
was measured at frequent intervals by rotating the 
counter about the neutron source and comparing the 
counting rate with that of an energy-insensitive long 
counter. 

Subject to several corrections, the differential cross 
sections are given by 


S—B\R 
a(8) - (—) , 
D N 


where S is the number of counts per monitor count with 
the detector at angle @ and distance R from the scatterer, 
B is the corresponding number of counts with the 





ene Peat Se a TRE 

























HILL 
soo a es a fos ae a, a a a en Ua 5 
bed = 3 
“ Mo 4 
OE 10.0 
= : 
= 
0,01;- 0 
§ : = 
SS a 
” 
~~ 
E — —jO) 
&S - pa 
6 - + 
9) —4 0.01 
= 3 
b- 4 
7) "= 
ODI 4 
= a 
ee a a eo er ee oe co or oe eee ee Oe ee See nee eee 
000115 Qs “05 “LO 


i?) 
Cos 8 
Fic. 3. Differential cross sections in the laboratory system for 


scattering of 5-Mev neutrons by Mo, Cu, and Ni. Ordinates on 
the left are for Mo and Ni; on the right, for Cu. 





scatterer removed, D is the number of counts per 
monitor count with the detector at the position normally 
occupied by the scatterer, and N is the number of 
nuclei in the scattering sample. 

At each angle, S and B were measured alternately 
for all eleven scatterers. The direct beam count D 
was determined at the beginning and end of each series. 
All runs were taken for the same number of monitor 
counts and lasted about four minutes. Additional runs 
were made if the statistical uncertainty for a measure- 
ment with the scatterer in was greater than 10%. 

Cross section measurements were made at angles of 
30°, 40°, 50°, 70°, 90°, 110°, 130°, and 150° for all 
eleven scatterers. With the exception of barium and 
water, the measurements were repeated at these angles 
and additional measurements were made at 60°, 80°, 
100°, 120°, and 140°. The angular resolution of the 
system was approximately +10°, 

The scatterers were chosen to give as wide a range of 








ANGULAR DISTRIBUTIONS OF ELASTIC SCATTERING 


atomic weight as possible with materials which were 
available in the laboratory. 

Two methods were used to obtain the oxygen cross 
section. This cross section was measured with a high 
purity sample of sintered Al,O;, and then the approp- 
riate subtraction of the Al cross section was made. 
Since the subtraction of two not too dissimilar numbers 
may be subject to considerable error, a more direct 
approach was tried. A thin-walled brass can was 
constructed in order to measure the scattering from 
water. Of all the compounds of oxygen, water has a 
decided advantage for elastic-scattering measurement 
in that the contribution from the scattering from 
hydrogen is almost negligible for angles larger than 
about 40° because of the large energy loss of the 
scattered neutrons. Background runs were made with 
the empty can in place. 

The barium scatterer was rectangular in cross section 
and two inches long. All of the other scatterers were 
cylinders two inches long with diameters equal to 
approximately one-half of a mean free path for 5-Mev 
neutrons. 


ANALYSIS 


The cross sections were corrected for the difference 
in counter efficiency for the detection of the primary 
and scattered neutrons, since momentum transfer to 
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Fic. 4. Differential cross sections in the laboratory system for 
scattering of 5-Mev neutrons by Fe, Al, and Al,O;. Ordinates 
on the left are for Fe and Al;O3; on the right, for Al. 
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Fic. 5. Differential cross sections in the laboratory system 


for scattering of 5-Mev neutrons by O and C. The dashed curve 
is the oxygen cross section obtained by combining the Al and 
Al,O, cross sections. Ordinate ca the left is for O; on the right, 
for C. 


the target nucleus reduces the energy of the scattered 
neutrons. Also corrections were made for the attenuation 
of the incident flux in the scatterers‘ and for multiple 
scattering. 

The multiple-scattering corrections were based on the 
method described by Blok and Jonker.® In this method, 
one calculates the effect of multiple scattering on an 
assumed value of the true cross section. The process is 
repeated for different assumed cross sections until the 
calculated cross section agrees with the experimental 
data. Some modifications of the formalism were neces- 
sary to take into account the effect of inelastic scattering 
and also the difference in geometry used by Blok and 
Jonker and that used in this experiment. The computa- 
tions were done by the Mathematics Department of 
the Westinghouse Research Laboratory. In order to 
check both the reliability of the method and the coding 
for the computer, a calculation was made using the 
data for Fe given by Walt and Beyster.® The calculated 
curve agreed very well with their results except at the 
first minimum where their value was 25% lower. 


‘ Total cross sections were taken from Neutron Cross Sections, 
compiled by D. J. Hughes and J. A. Harvey, Brookhaven National 
Laboratory Report BNL-325 (Superintendent of Documents, 
U. S. Government Printing Office, Washington, D. C., 1955). 

5 J. Blok and C. C. Jonker, Physica 18, 809 (1952). 

*M. Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955). 
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Fic. 6. Comparison of theory and experiment for Pb and W. 
The solid lines are the theoretical cross sections calculated for 
the values of effective nuclear radius shown. All quantities are 
in the center-of-mass system. The ordinate on the left is for 
Pb; on the right, for W. 


RESULTS 


Figures 2, 3, 4, and 5 show the differential cross 
sections for elastic scattering of 5-Mev neutrons by 
Pb, W, Ba, Mo, Cu, Ni, Fe, Al, Al,O;, O, and C. All 
quantities are given in the laboratory system of 
coordinates. The solid lines are the final assumed cross 
sections used in the multiple scattering calculations. 

The points indicated by solid triangles at 10°, 15°, 25°, 
30°, and 35° for C, Al, Fe, Cu, and Pb are the results 
of a previous experiment done with ring scatterers.’ 

The points shown are the averages of the cross section 
values computed for the two bias settings, since for 
most of the scatterers, the low bias was not low enough 
to detect a significant amount of inelastic scattering. 
At 30° and 40°, the scattering from hydrogen in the 
water scatterer was quite apparent, and only the cross 


7R. W. Hill, Bull. Am. Phys. Soc. Ser. II, 1, 174 (1956). 
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Fic. 7. Comparison of theory and experiment for Ba and Mo. 
The solid lines are the theoretical cross sections calculated for the 
values of effective nuclear radius shown. All quantities are in the 
center-of-mass system. The ordinate on the left is for Ba; on 
the right, for Mo. 


sections from the high bias data are plotted. The errors 
shown are the statistical errors plus an estimate of the 
errors in the multiple scattering correction. The 
magnitude of this correction depends strongly on the 
shape of the distribution and is greatest at the minima. 
For Mo, which had the most rapidly varying distribu- 
tion, the correction resulted in a 50% change in the 
cross section at the second minimum. Thus if the method 
is in error by as much as 25% at the minima, this 
corresponds to a 12% error in the cross section at these 
points. 
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Fic. 8. Comparison of theory and experiment for Cu, Ni, 
and Fe. The solid lines are the theoretical cross sections calculated 
for the values of effective nuclear radius shown. All quantities 
are in the center-of-mass system. The ordinates on the left are 
for Cu and Fe; on the right, for Ni. 


In Fig. 5, the dashed curve is the oxygen cross section 
obtained by combining the Al and Al,O; cross sections. 
DISCUSSION 


A measurement of the differential cross section for 
the elastic scattering of 5-Mev neutrons by lead has 
been published by Rhein.* Although the counter used 


§W. J. Rhein, Phys. Rev. 98, 1300 (1955). 
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Fic. 9. Comparison of theory and experiment for Al, O, and 
C. The solid lines are the theoretical cross sections calculated 
for the values of effective nuclear radius shown. All quantities 
are in the center-of-mass system. The dashed curve is the oxygen 
cross section obtained from the Al and Al,O; cross sections. The 
ordinates on the left are for Al and C; on the right, for O. 


by Rhein did not completely discriminate against 
inelastically scattered neutrons, the corrected curve 
called “probable elastic differential cross section’’ is in 
reasonably good agreement with the results given here 
for lead. 

A complex potential model with a diffuse boundary 
and surface absorption has been proposed by Emmerich 
and Amster.’ In this model, the real part of the potential 
consists of a constant spherical core and a diffuse 
surface, (e’—x)~! times the value in the core, where 


® W. S. Emmerich and H. J. Amster, Bull. Am. Phys. Soc. Ser. 
II, 2, 71 (1957). 
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x=(r—R,)/r. R. is the radius of the core and 7 is a 
diffuseness parameter. The imaginary part was taken as 
\ times the derivative of the real part with respect to x. 

A particular set of parameters was chosen, based on 
the results of previous calculations. The following 
parameters were used in all the computations: V=40 
Mev, r=0.84, \=0.4, and various values of the nuclear 
radius ranging over the region of interest. 

The model predicts the total cross section, the 
differential cross section for shape-elastic scattering, 
and the cross section for the formation of a compound 
nucleus. For most of the elements studied, the neutron 
energy was high enough so that many levels could be 
excited in the target nucleus. For these elements, the 
cross sections for compound nucleus formation were 
essentially equal to the known nonelastic cross sections. 
However, for Pb, Al, O, and C the cross sections for 
compound nucleus formation were larger than the 
nonelastic cross section. The difference was taken as 
the compound-elastic cross section and added isotrop- 
ically to the shape-elastic curve. 

A comparison of the experimental values with the 
theory is shown in Figs. 6, 7, 8, and 9. All quantities 
are in the center-of-mass system. The solid lines are 
the theoretical cross sections for the values of Reg; 
which gave the best fit to the experimental angular 
distributions. The dashed curve in Fig. 9 is the oxygen 
cross section obtained from Al and Al,O;. 

In general, a value of the effective nuclear radius 
given by Rer=(1.27A!+0.75) X10-" cm resulted in 
the best fit for both the angular distribution and the 
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total cross section with the set of parameters used. 
However, for Ba, the value of Rey=7.3X10-" cm 
which gave reasonable agreement with the total cross 
section and with the second maximum and minimum 
of the angular distribution would not fit the forward 
angles. The curve shown is for a value of Res=7.6 
X10-" cm. Also the observed maxima and minima 
for Pb occur at larger angles than predicted by theory® 
if the value of Rep=8.6X10-" cm which gives good 
agreement with the total cross section is used. The 
curve in Fig. 6 was computed for a value of Reg=8.3 
X10-" cm and is the best fit to the observed angular 
distribution. The similarity in the distributions for 
Fe, Ni, and Cu confirms the prediction of the model 
that elements with nearly the same atomic number 
should have similar distributions. 

For the lightest elements C, O, and Al, the level 
spacings in the compound nucleus are large enough so 
that the influence of individual resonances may be 
great enough so that this model, which assumes an 
average over many resonances, may not be applicable. 
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A twenty-atmosphere hydrogen-filled diffusion cloud chamber located in a magnetic field of 10 500 gauss 
was exposed to a beam of 1.9-Bev *~ mesons from the Brookhaven Cosmotron. Out of 20000 pictures 
taken of the chamber there are two examples of V-particle production in the gas of the chamber, and 78 
examples of decays of V particles which were presumably produced in the stainless steel walls of the chamber. 
One of the production events in the gas of the chamber is best interpreted as x~+p—A°+K°+7°, while 
the other is an example of ~+p—>2~+K*. The 63 neutral decays observed include 28 identified A° particles 
and 11 identified # particles. Momentum and angular distributions for the A° and # particles were obtained. 
Six of the V®° decays, or about 10%, were classified as anomalous. Of these, three seemed to represent the 
B decay of neutral V particles into **+-e* +». From the data on neutral V-particle decays the mean lifetime 
of the 6,° was qualitatively measured as being probably between 10~* and 10~* sec. The cross section for 
V-particle production by 1.9-Bev «~ mesons on protons is estimated to be ~1 mb. Some evidence was 
found which suggests the existence of a heavy cascade K meson which decays into a conventional K 


meson and a pion. 





INTRODUCTION 


-PARTICLE production by x mesons has been 

investigated by the Wisconsin group’ at 1.0 Bev, 
the Columbia group’ at 1.3 Bev, and the Brookhaven 
group*® at 1.4 Bev. The present experiment concerns 
the production of V particles by 1.9-Bev x mesons 
from the Brookhaven Cosmotron. At this higher bom- 
barding energy. the thresholds of more production 
reactions are reached, and there is more phase space 
available to the reactions having lower thresholds. In 
this experiment, the total energy available in the 
production center-of-mass system is nominally 2.1 Bev. 
For other than very light nuclei the Fermi motion 
inside the struck nucleus can increase this value to a 
maximum of 2.3 Bev available. 


APPARATUS AND PROCESSING OF DATA 


Protons accelerated to a kinetic energy of 2.95 Bev 
by the Brookhaven Cosmotron struck an internal carbon 
target. Negative pions emitted from the target in a 
forward direction were collimated and magnetically 
analyzed so that those in a momentum interval of 
1.87+0.20 Bev/c passed through a hydrogen-filled 
diffusion cloud chamber®’ operated at 20 atmospheres 
in a magnetic field of 10500 gauss. A typical beam 


* This research was supported by a joint Office of Naval 
Research and U. S. Atomic Energy Commission Contract. 

t Now at Oak Ridge National Laboratory, Oak Ridge, Ten- 
nessee. 

t Now at Syracuse University, Syracuse, New York. 

1W. D. Walker and W. D. Shephard, Phys. Rev. 101, 1810 
(1956). 

2 Budde, Chretien, Leitner, Samios, Schwartz, and Steinberger, 
Phys. Rev. 103, 1827 (1956). 

3 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 91, 
1287 (1953). 

‘Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 93, 
861 (1954). 

5 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 98, 
121 (1955). 

6 Fowler, Fowler, Shutt, Thorndike, and Whittemore, Phys. 
Rev. 91, 135 (1953). 

7 Fowler, Shutt, Thorndike, and Whittemore, Rev. Sci. Instr. 
25, 996 (1954). 


pulse contained about 15 negative pions which crossed 
the chamber. 

Each stereo view of a pair of chamber photographs 
was area scanned, and also scanned along the tracks. 
The scanning was done by both scientific and non- 
scientific personnel, with a scanning efficiency estimated 
to be from 85 to 95%. Eighty V particles, of which two 
were produced in the gas, and 195 elastic and inelastic 
®-p scatterings were found in 20000 pictures. The 
space angles and coordinates associated with the events 
were measured using a three-dimensional reprojecting 
system. The momentum of a particle was determined 
by measuring the radius of curvature of the track 
directly on the film by means of a microscope with a 
micrometer stage. 

V events which seemed to be neutral V particles were 
first tested for compatibility with the A° and @° decay 
schemes, using the measured momenta, included angles, 
and estimated specific ionizations. If the event satisfied 
both decay schemes, it was placed in an either-or 
category. If the event satisfied neither the A° nor 6° 
decay schemes, it was investigated as a charged V 
particle. Any event which could not be identified 
according to the above procedure (and further, could 
not be a pion or muon decay) was classified as anoma- 
lous. 


EXPERIMENTAL RESULTS 
V Particle Production in Hydrogen 


Two examples of unstable particle production in the 
gas of the chamber were found. Event number 94472 
(Fig. 1) is best interpreted as #~+p—A°+@°+ 2°, while 
event number 99358 (Fig. 2) is an example of *-+p—> 
>~+Kt. The pertinent measurements for event number 
94472 are given in the caption of Fig. 1. The beam 
track a ended in the chamber, with no change of 
ionization or curvature. At a point about 6.5 cm away 
from the stoppage in the direction of the beam is a V° 

ecay. We assume that the V° was produced at the 
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Fic. 1. Drawing of event number 94472. This event is best 
interpreted as x +p—A°+K°+7°. A beam-like negative particle 
a stopped in the chamber, with no change of ionization or curva- 
ture. A typical V° decay appeared in the direction of the beam 
from the stoppage. The line } connecting the stoppage with the 
vertex of the V® decay and the tracks V, and V_ are coplanar. 
The measured moments are: Pz=1.7+0.2 Bev/c, P_=0.29+0.08 
Bev/c, and P,>0.77 Bev/c. The appropriate space angles be- 
tween the tracks are: 5.5+0.5° between b and V,, 17.8+0.5° 
between 6 and V_, and 6.0+-0.5° between b and a. The estimated 
specific ionization is 1 for all of the tracks in the event. 


point of stoppage. This hypothesis is reinforced by the 
fact that the line of flight of the V° and tracks V, and 
V_ are coplanar, within experimental error. 

If one assumes a two-body decay, the momentum of 
V, can be computed from P_ (the momentum of V_) 
and 6, and 6_ (the space angles that V; and V_ make 
with the line of flight 5). From this information the 
two-body decay is identified as a A°. Better values of 
P,, 0,, P_, and @_ are computed by choosing them so 
that correspondence with the kinematics of the A° decay 
is obtained. The best values so computed are P_=0.28 
Bev/c, 06-=17.8°, P,=0.983 Bev/c, and 6,=5.0°, 
corresponding to a A® momentum of 1.25 Bev/c. P, 
and P, are used in the computation of the neutral mass 
deficiency in the production reaction. The neutral mass 
thus computed is 927+55 Mev/c. This mass require- 
ment does not correspond with that of any known 
boson, but could be satisfied if two neutral particles 
were produced. The most likely assumptions, consider- 
ing the thresholds of various possible reactions, are 
a +p-N++°, and 1 +p->2°+ +7" with subse- 
quently 2°—A°++. The possibility that the event is 
a +p 2°+ is eliminated on a kinematical basis. 
The dihedral angle between the production plane and 
the decay plane is 18+2°. In the production c.m. 
system the A° has a momentum of (0.12_.0;+°-*) Bev/c 
and is emitted at an angle of (72_,,;*+) degrees. If we 
assume that the production c.m. system angular distri- 
bution of the hyperon in the reactions x-+p—°+A° 
or 2° is fairly constant over the range 1.0 to 1.5 Bev, 
then the totality of these reactions to date (47 events) 
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shows that the A° distribution is markedly peaked in 
the backward direction.'* In the present example of 
a +p—A°++7° at 1.90 Bev, the A° particle was 
emitted at 72°, in the forward direction. It is interesting 
to note that at 1.9 Bev the only observed case of 
neutral V-particle production is a three-particle reac- 
tion, whereas at the lower energies, only two-particle 
production has been observed to date. 

The measured values of angles and momenta for 
event number 99358 are shown in the caption of Fig. 2. 
An incoming particle 1, about 5° out of the beam, 
produced a reaction, from which a positive particle 3 
and a negative particle 2 emerged. The negative particle 
underwent a subsequent decay in the chamber into the 
charged particle 4 and a neutral particle. Tracks 1, 2, 
and 3 are coplanar within experimental error, which 
strongly suggests a two-body production scheme. We 
assume the production scheme #~+p—2~-+K*, and 
verify it in the following manner. From the measured 
P, and 6, (the space angle between 2 and 4) and the 
assumed =~ decay scheme, P2 may be calculated. It is 
necessary to take the lower limits of P, (0.42 Bev/c) 
and 64 (27°) in order to satisfy the =~ decay scheme. 
From the calculated value of P:, and the angles 6; and 
6; (the space angles between track 1 and tracks 2 and 3, 
respectively), values for P; and P,; may be computed, 
which in turn lead to a mass determination for particle 
3. This mass M; thus computed is 470+70 Mev/c’, 
verifying the assumed reaction. Kinematical calcula- 
tions show that the event cannot represent the reaction 
x-+p—2*+K-, which is forbidden by the conservation 





Fic. 2. Drawing of event number 99358. This event is an 
example of «~+p—2~+XK*, with the subsequent decay ~~ 
+n occurring in the chamber. An incoming particle 1, about 5° 
out of the beam, produced a reaction, from which a positive 
particle 3 and a negative particle 2 emerged. The negative particle 
2 subsequently decayed into the negative sats es 4 and one or 
more neutral particles. Tracks 1, 2, and 3 are coplanar within 
experimental error. The measured values of momenta are: P; 
not measurable, P2=(0.9.9.4*!*) Bev/c, P;>0.13 Bev/c, and 
P,=0.44+0.02 Bev/c. The measured space angles are : 02=22+1°, 
6;=51+40.5°, and 6,=29+2°. The estimated specific ionization 
is 1 for all of the tracks in the event. 
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of strangeness. The angle between the production plane 
and the decay plane of the =~ particle is 77+2°. In the 
production c.m. system the =~ is emitted at an angle of 
74+3° with a momentum of 500+100 Mev/c. 

We estimate the cross section for V-particle produc- 
tion by 1.9-Bev x~ mesons on protons to be ~1 mb. 
This value is to be compared to Walker’s estimate’ of 
1 mb at 1.0 Bev and to Shutt’s‘ estimate of 1 mb at 
1.5 Bev. Thus the V-particle production cross section is 
seen to be fairly constant in the range from 1.0 Bev to 
2.0 Bev. 


Neutral V-Particle Production in 
Stainless Steel 


In addition to the two cases of V-particle production 
in the gas of the chamber, there are 78 events repre- 
senting V particles presumably produced in the walls 
of the cloud chamber. The category chart (Table I) 
shows the classification of the events. From Table I 
the ratio of identified A° to identified 6° particles is 2.5. 
Unfortunately, the eleven events which are in the 


TABLE I. Category chart of events from chamber wall. 





Neutral V particles* No. Charged V particles 
Identified A° 28 Identified K* 3 
Identified # 11 Identified K~ 1 
A° or ® 11 K~ ord 9 
Anomalous V°® 6 Unanalyzable charged V 1 
Unanalyzable V° 6 
Event with charged 

V and neutral V 1 1 
Total number of V° 63 Total number of charged V 15 
Total number of events 78 





* In the above collection one picture contained two neutral V's. 


region of overlapping kinematics of the A° and the 6° 
cannot be separated on the basis of lifetime, production 
c.m. system angular distribution, or production c.m. 
system momentum distribution. The anomalous V 
particles and a picture (number 95056) which contains 
a charged V particle and a neutral V particle will be 
discussed subsequently. 


Identified A° Particles 


The 28 A° particles observed to decay in the chamber 
are probably all produced in the stainless steel walls of 
the cloud chamber. The mean life of the A° is short 
enough (~3X10~" sec) that any A° particles produced 
much further away from the sensitive region of the 
cloud chamber should have decayed before reaching 
the chamber. 

The laboratory kinetic energy spectrum and the 
laboratory angular distribution of the A° particles were 
measured. The kinetic energy spectrum is shown by 
the circled points in Fig. 3. If it is assumed that the A° 
particles are produced in z-nucleon collisions within 
an Fe nucleus, then subsequent interactions of the A° 
within the parent nucleus could seriously distort the 
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Fic. 3. Laboratory energy spectra of A° particles. 


emission spectra. However, in transforming the ob- 
served laboratory angular and momentum distributions 
to obtain the production c.m. system distributions, 
these unknown subsequent interactions cannot be taken 
into account. We followed the procedure of transforming 
the laboratory observations to a c.m. system character- 
ized by the incoming 1.87-Bev/c pion and a stationary 
struck nucleon. These distributions are shown in Fig. 4. 
We realize that the distributions thus obtained will give 
only a qualitative description of the true production 
c.m. system distributions. It is to be noted that the 
experimental production c.m. system angular distribu- 
tion (Fig. 4) shows a marked preference for the back- 
ward direction. The vertical dotted lines in the produc- 
tion c.m. system momentum distribution indicate the 
extreme values that the c.m. system momentum may 
assume when the Fermi motion of the nucleons in the 
struck nucleus is taken into account. The portion of 
the momentum curve below the lower Fermi limit could 
represent the production of pions in addition to the 
assumed associated hyperon and K particle. 

Block and Jastrow® have calculated the effect of 
subsequent interactions of A° particles in the parent 
nucleus on the laboratory kinetic energy spectrum for 
the case of 1.9-Bev/c #- mesons on carbon and lead. 
The computed escape spectrum is in fairly good agree- 
ment with both the cosmic-ray data from lead and the 
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Fic. 4. Angular and momentum distributions of identified A® 
particles in production c.m. system. The vertical solid line in the 
momentum distribution represents the unique production c.m. 
system momentum in the associated production of A® and 
eee we by 1.9-Bev x~ mesons on protons. The vertical dotted 
ines indicate the extreme values that the c.m. system momentum 
may assume when Fermi motion of the struck nucleon is taken 
into account. 


8 M. M. Block and R. Jastrow, Nuovo cimento 2, 865 (1955). 
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Fic. 5. Angular distribution of protons in A° decay c.m. system. 


results from the present experiment (Fig. 3). The 
agreement between the experimental curves is somewhat 
remarkable in view of the fact that the cosmic-ray A° 
particles were produced by a distribution of incident 
particles as well as a distribution of incident particle 
energies, while the Cosmotron A°’s were produced by a 
monoenergetic beam of ~ mesons. 

The angle of emission of the proton in the rest frame 
of the A° particles is shown in Fig. 5. The distribution 
shows anisotropy, with a bias against the forward or 
backward directions. However, the statistical errors 
associated with only 28 events limit the reliability of 
statements made on the basis of the histogram. 

The most probable Q value of the A° computed from 
our data by maximum likelihood considerations is 
38.5 Mev, with a standard deviation of 0.9 Mev as 
computed from the errors of the individual events. The 
standard deviation as computed from the dispersion of 
the data is 1.0 Mev, indicating that the data are in- 
ternally consistent. This determination is to be com- 
pared with Friedlander’s® Q value for the A° of 36.9%0.2 
Mev. 


Identified 0° Particles 


The production c.m. system angular and momentum 
distributions of the 6° particles were computed from the 
laboratory spectra in the same manner as for the A° 
particles. They are shown in Fig. 6. Again the part of 
the production c.m. system momentum distribution 
which is below the lower Fermi limit may be the result 
of production of additional pions. The angular distri- 
bution shows a peak in the forward direction. 

The most probable Q value for the @° particle com- 
puted from our data is 213.6 Mev, with a standard 
deviation of 3.5 Mev from the errors of the individual 
events and an error of 6.9 Mev from the dispersion. 
This measurement is in good agreement with Thomp- 
son’s’® @° O value of 214+5 Mev. 


9M. W. Friedlander, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Nuclear Physics (Interscience Pub- 
lishers, Inc., New York, 1956), p. V-40. 

10R. W. Thompson, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Nuclear Physics (Interscience Pub- 
lishers, Inc., New York, 1956), p. V-4. 
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Anomalous V°® Particles 


As shown in the category chart (Table I), there are 
six anomalous V° particles out of a total of 63 V® 
events. The large deviations of the median Q values of 
some of the events which have been classified as A°® and 
6° could mean that some anomalous V particles have 
been included in these categories for lack of more 
information. Thus the 10% of the particles which are 
classified as anomalous represent only a lower limit to 
the fraction of anomalous V particles present. 

Electron V° particles—In the present experiment 
there are three events which represent the decay of V° 
particles having electron secondaries. These three 
events, together with three other similar events re- 
ported in the literature,” furnish quite strong evi- 
dence for the existence of electron V° particles. These 
events, which have been reported on previously™:!® in 
considerable detail, are best interpreted as K°—+1++ e* 
+y. 

Event number 95638.—The pertinent measurements 
for this event are shown in Table II. On the basis of 
specific ionization and momentum the charged second- 
aries are light mesons or lighter. The measurements in 
this event do not fit the kinematics of any known 
two-body decay scheme. 

On the assumption that both particles are pions, the 
Q value for a two-body decay scheme is 45+2.5 Mev. 
Since the maximum two-body Q value of 74 Mev for 
the r° meson decay is not exceeded, the decay scheme 
1°—t+-+2-+7° is a possible explanation of the event. 

The beta decay of a neutral V particle is also a 
possible interpretation of this event. Three events 
which strongly suggest this scheme are found in the 
present experiment. The postulated decay scheme is 
Kt +eF+y, O,-™**=354 Mev. For this event 
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Fic. 6. Angular and momentum distributions of identified # 
particles in production c.m. system. The solid vertical line 
indicates the unique production c.m. system momentum in the 
associated production of A° and @ particles by 1.9-Bev x~ mesons 
on protons. The vertical dotted lines indicate the extreme values 
that the c.m. system momentum may assume when Fermi 
motion of the struck nucleon is taken into account. 


1 E. W. Cowan, Phys. Rev. 94, 161 (1954). 

2 C, Peyrou (private communication). 

13N. F. Harmon, Ph.D. thesis, Washington University, 1955 
(unpublished). 

4 Block, Harth, and Blevins, Phys. Rev. 100, 959(A) (1955). 
( 16 Block, Harth, Blevins, and Slaughter, Nuovo cimento 4, 46 
1956). 
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TABLE II. Event measurements for anomalous neutral V particles and charged V particles. 














Ov (deg) P.(Mev/c) I4* P_(Mev/c) S$. Pin(Mev/c) Tin Pou(Mev/c) Tous 
Neutral anomalous V particle 3441 327.5468 1 208.5+3.6 1 

00354 Neutral anomalous V particle 66405 360425 2-6 56420 2-4 

12944 Neutral anomalous V particle 64.5+1 365410 1.5—3 751°? 1.5—3 

98802 K*, not Ky2, may be Kye 61.5+1 400_207* 1 242+20 1 
99355 K*, 3-body decay 28.542 476+100 1 160+20 1 
00115 K,;* 103+0.5 191.777” 1-2 62+1 1—1.5 
94557 K~, could be Ky2, Ky2, Kes, Kus 4642 312484 2-3 262 12518 1 











* J is defined as specific ionization. 


r-e*= (126_22+%) Mev and Q,+,-= (95_.+*) Mev, so 
both interpretations are possible. 

Events number 00354 and 12944.—These events are 
similar enough phenomenologically to be discussed 
together. The measured momenta and estimated specific 
ionizations for these two events are given in Table II. 
Neither event is compatible with the A° or # kinematics. 

On the basis of ionization and momentum measure- 
ments the positive particle in event number 00354 is 
either a K particle or a proton. The positive particle in 
event number 12944 is most likely to be a K particle. 
The negative particle in both events is a light meson. 

These events may represent alternate decay modes of 
the A° hyperon, in which A°->p+y"+». For this mode 
QO», 47 is (12_s*”) Mev for event 00354 and (18_.+°) Mev 
for event 12944. This interpretation for event 12944 is 
rather unlikely on the basis of momentum and specific 
ionization for the positive particle. 

The assumption that the decay products are a posi- 
tive K particle and a negative pion gives the following 
decay scheme: K,°—K*++2-+(, where K,° is a heavy 
boson of mass ~ 660 Mev/c?. For event number 00354, 
the Q in the above reaction is (23_;+*) Mev, and for 
event number 12944 the Q is (26_,**) Mev. 

Determination of the 6° mean lifetime.—According to 
Gell-Mann and Pais,'* the 6° and the & are equal 
mixtures of 6,° and 6,° quanta. Thus the 6,° and 6,° 
should have the same angular and momentum distri- 
butions at the point of production. The @,° is defined 
to be even under charge conjugation, while the 6,° is 
defined to be odd. Under the assumption of rigorous 
invariance under time reversal, this implies that the 
6,° and the 6.° have mutually exclusive modes of decay, 
and presumably different masses and lifetimes. The 6,° 
undergoes the two-pion decay mode, whereas this mode 
is forbidden for the 6,°, and it may go instead into other 
decay modes, such as r*+ 67+, r*+yu*+», or 24+7. 
Thus according to this theory not more than half of 
the K° particles produced can undergo the well-known 
decay into two pions. We have found four anomalous 
events which could be interpreted as 6°. Since the 
completion of this experiment, a large number of 
similar events have been observed by Lederman and 
others.!718 


16 M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

17 Lande, Booth, Impeduglia, Lederman, and Chinowsky, Phys. 
Rev. 103, 1901 (1956). 

18K. Lande and L. M. Lederman, Phys. Rev. 105, 1925 (1957). 


Since the interaction probability for these particles 
is negligible in the chamber, both particles should have 
the same proper time available for decay in the sensitive 
region of the chamber, and the chamber should be 
equally efficient for detection of both particles, except 
for lifetime considerations. 

The number of 6,° which pass through the chamber 
may be calculated. This is done by correcting the 
observed number of 6,° for undecayed particles and 
neutral decay modes using the experimentally deter- 
mined lifetime’ and branching ratio.* The lifetime of 
the 4° particle may then be calculated by computing 
the probability that a particle with mean life 72, having 
available the set of proper times 7;, should decay in 
the chamber. Under the above assumptions, the proper 
times 7; are identical to the experimentally determined 
set for the 6,°. The above probability is equated to the 
fraction of @,° particles passing through the chamber 
which actually decayed in the chamber. This fraction 
is found by dividing the number of 6,° particles passing 
through the chamber (by the theory of Gell-Mann and 
Pais'* equal to the total number of @,° particles passing 
through the chamber) into the number of 6,° decays 
actually observed. The four events which could repre- 
sent the alternate 6,° decay mode of K°® particles are 
the three electron V° events and event number 95638. 

If all of the events in the uncertain “‘A° or 6°” category 
(11 in number) are divided in the same ratio as the 
well determined events, the mean lifetime computed 
for the 62° is (19_,:+*5)K10- sec. The errors given 
reflect only the standard deviations in the numbers of 
events and the error in the branching ratio.” If all of 
the uncertain events are put in either category and all 
of the errors assumed to be in the same direction, the 
mean lifetime as computed could be as short as 2X 10~ 
sec or as long as 10-® sec. However, more recent 
measurements” give the lifetime as (7.8_32***) X10-* 
sec. 


Charged V-Particle Production in 
Stainless Steel 


As shown in the category chart (Table I) three K+ 
and one K~ were found in the present collection. The 
pertinent measurements for these events are given in 


19D. B. Gayther, Phil. Mag. 45, 570 (1954). 
” Bardon, Chinowsky, Fuchs, Lande, Lederman, and Tinlot, 
Bull. Am. Phys. Soc. Ser. II, 3, 24 (1958). 
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Fic. 7. Drawing of event number 95056. An explanation of 
this event which satisfies the kinematical requirements is the 
cascade decay of a negatively charged heavy K particle (track 4) 
into a x meson (track 3) and a conventional K® (track 0). The 
K® subsequently undergoes a three-body decay in the chamber. 
Tracks 0, 3, and 4 are coplanar within experimental error. The 
measured momenta are: P}=120+40 Mev/c, P2=(570_s60t*™) 
Mev/c, P:= (440_215*™) Mev/c, and P,>75 Mev/c. The appro- 
priate space angles between the tracks are: 93+1° between tracks 
1 and 2, and 6>=77+1°, 6:=78+3°, 6.=42+1°, and 6,=47+3°. 
The estimated specific ionizations are: 1 to 2 for track 2, from 1 
to 3 or larger for track 4, and 1 for tracks 1 and 3. 


Table II. Event number 00115 is of particular interest. 
The incoming track is not a light meson because the 
subsequent decay is not a r—y or w—e decay. It is 
most probably a K particle as determined from specific 
ionization and the (poor) momentum measurement. 
The secondary is identified as a positron from momen- 
tum and specific ionization. This event is classified as 
the K.3 meson found in nuclear emulsions, probably 
undergoing the decay scheme K,3+—e++-29°+-». 


Cascade V Particle 


Event number 95056 is shown in Fig. 7, with the 
pertinent measurements in the caption. Within experi- 
mental error, tracks 0, 3, and 4 are coplanar, while 
tracks 0, 1, and 2 are not coplanar. This suggests a 
two-body decay at the 0, 3, 4 vertex, and a three-body 
decay at the 0, 1, 2 vertex. An explanation of this 
event which can fit the kinematical requirements is: 


a~+nucleon—K ;~(4)+hyperon (not seen), 
with the subsequent decay 
Ki (4) K°(0)+2-(3), 
followed by either 


K°(0)—>t (2)+u-(1) + 
or 
K°(0)—rt (2) +€- (1) +». 


SLAUGHTER, HARTH, AND BLOCK 


The numbers inside the parentheses are the track 
labels indicated in Fig. 7. The Ky~ particle has a mass 
of about 750 Mev/c, and decays into an ordinary K® 
and a negative pion. The K® subsequently undergoes a 
three-body decay. This cascade interpretation satisfies 
both the production and decay kinematics. 

If the momentum relations between 0, 3, and 4 are 
solved for P, from the known value of P3, then the 
calculated value of P, and the estimated specific ion- 
ization of track 4 yield a mass of about 750 Mev/c 
for the incoming particle. Also the values of Pi, Ps, 4; 
and 62 (6, is the space angle between tracks 0 and 1, 
etc.) can be adjusted so that Mo is the K-particle mass. 

The probability that unrelated neutral and charged 
V events occur in the same picture satisfying the 
observed coplanarity requirements is about 1/3000. In 
addition to the observed coplanarity, one of the 
strongest arguments against the interpretation of this 
event as the associated production of a neutral and a 
charged V is the impossibility of balancing transverse 
momentum in the neutral V. The possibility that track 
3 is that of the incoming particle is ruled out because 
the momentum computed for particle 4 by a momentum 
balance would indicate that its ionization should be 
near minimum. The hypothesis has been investigated 
that this event represents the cascade hyperon decay 
= —n-+A°, with subsequently A°->p+yu-+v. The 
momentum relations between 0, 3, and 4 were solved 
for P, using the measured value of P;. It was found 
that the mass computed for particle 4 was incompatible 
with the cascade hyperon mass. An interpretation of 
tracks 1, 2 as due to a hyperon decay fails both because 
of absence of transverse momentum balance and 
because of a calculated neutral mass that is too large. 

In a similar event, described as the cascade decay of 
a heavy K particle,” an incoming charged particle has 
as decay products a @° and a particle that is probably a 
light meson. The primary has a mass greater than 745 
Mev/c’, and cannot be a cascade hyperon, since the 
subsequent V° decay is not a A° decay. Also, a charged 
V particle of mass 742+5 Mev/c has been previously 
reported by the Duke University group.” These data, 
in addition to event number 95056, are strongly 
suggestive of a heavy K meson cascading into a con- 
ventional K meson. 
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Measurement of the Spin-Flip Probability in Photoproduction of 
Negative Pions from Deuterium* 
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Negative pions photoproduced from deuterium (i.e., from the neutron) by the bremsstrahlung of the 
Berkeley synchrotron have been investigated by observing pion-proton coincidences. A (CD2)n—(CH2)n 
subtraction yields the neutron contribution. The purpose of the investigation is to determine how often the 
initial triplet spin state of the deuteron changes to a singlet spin state for the two final identical nucleons in 
the reaction y+d-—+-x-+ +>. LeLevier has calculated the pion-energy spectra under two assumptions: 
(a) the spin state always remains the same, and (b) the spin state always changes. The experimental measure- 
ments are integrals over meson energy from a lower limit upwards, and over the time of flight between the 
proton and the pion, within the resolution time of the coincidence system. Thus, when the theoretically 
predicted spectra are folded into the experimental resolution of the equipment and the bremsstrahlung 
spectrum, there results a number proportional to the experimental measurement. The ratios of various 
experimental measurements can be compared with the theoretically predicted ratios. Within the limitations 
of the theory and the accuracy of the experimental measurements, the results indicate an interaction that is 


intermediate between the spin state’s always changing and the spin state’s never changing. 





INTRODUCTION 


HE problem of nucleon spin flip in the photo- 

production of pions from deuterium is certainly 
one of the most interesting in this field; however, 
little experimental progress has been made. 

Originally it was hoped that the present rough 
measurements would be refined, however, owing to 
the erratic character of the synchrotron beam intensity 
this has not been possible; the driginal investigators 
have moved on and this experiment is no longer being 
actively pursued. Because no reports of similar work 
have appeared, it was decided to publish the present 
crude results. The work reported here was completed 
in the first half of 1953, and is condensed from an 
unpublished report.’ 

The fact that the plus-minus ratios of photon- 
produced pions were close to unity and independent of 
angle and energy suggested that the photon interaction 
with the magnetic moment of the nucleon was im- 
portant.? This naturally raised the question, what is 
the nucleon-spin dependence of production? In the 
phenomenological meson theory that was adopted to 
provide a framework for this question, the interaction 
Hamiltonian is assumed to be made up of two com- 
ponents, H= L+(e-K), where L and K are the ampli- 
tudes of the non-spin-flip and the spin-flip components, 
respectively. 


PREVIOUS INVESTIGATIONS 


A number of theoretical predictions have been made 
that one could determine the relative amounts of these 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Present address: University of California Radiation Labora- 
tory, Livermore, California. 

Present address: Republic Aviation Corporation, Farming- 

dale, Long Island, New York. 

1K. C. Bandtel, thesis, University of California Radiation 
Laborato Report UCRL-2324, July, 1953 (unpublished). 

2K. A. Brueckner, Phys. Rev. 79, 641 (1950). 








two components by comparing the ratio of x* produc- 
tion from deuterium with that from hydrogen. The idea 
is, of course, that in production from deuterium the 
Pauli principle excludes certain states, depending on 
whether the spin flips or does not, whereas production 
from hydrogen is not affected. Consider the reaction 
y+d—+-r++2 nucleons. Considering states of the two 
final nucleons, we find that 


1§ 3P 1p ap, .. 
3§, 1P, 4p, 1p, - 


- are allowed, 


- are excluded, 


by the Pauli exclusion principle. 

It is evident that if one could select only that final 
state in which the two nucleons are in a pure S state, 
then the reaction would proceed if spin flip were 
allowed, and it would be inhibited if spin flip were 
forbidden. This is the basis of the method. 

Three-body kinematics show that this S-state con- 
dition of the two final nucleons occurs most often 
(a) at threshold, (b) when the meson is emitted forward, 
(c) near the upper end of the meson spectrum (for a 
given photon energy). 

Previous investigations** have all compared experi- 
mental deuterium-to-hydrogen cross-section ratios to 
theoretical predictions.*? A great many other people 
have calculated essentially the same thing and hence 
will not be listed here. Lax and Feshbach assume that 
the two final nucleon wave functions are plane waves, 
thus neglecting the important low-energy nucleon inter- 
action that would tend to augment their prediction. 
Chew and Lewis usually make the same approximation, 
but for some calculations they employ a “closure 
approximation” which sums over some final states not 


3 Lebow, Feld, Frisch, and Osborne, Phys. Rev. 85, nd im. 
4 White, Jacobson, and Schulz, Phys. Rev. 88, 836 (19. 52). 

5 Hagerman, Crowe, and Friedman, Phys. Rev. 106, 818 (1957). 
6 G. F. Chew and H. W. Lewis, Phys. Rev. 84, 779 (1951). 
7M. Lax and H. Feshbach, Phys. Rev. 88, 509 (1952). 
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Fic. 1. Experimental arrangement. 





PHOTON BEAM 


actually allowed by energy and momentum conserva- 
tion. They state that this tends to compensate the 
neglect of final-state interaction mentioned just pre- 
viously. It should be noted that this neglect of final- 
state interaction is important when the two final 
nucleons are in an § state. The spin dependence is also 
most evident experimentally (because of the Pauli 
principle) in exactly the same circumstance. It is 
acknowledged by both authors that this approximation 
may not be justified. One should bear this in mind when 
comparing these predictions with experimentally meas- 
ured ratios. Neglect of the multiple scattering of the 
outgoing pion (in the case of deuterium, but not 
hydrogen) is an additional difficulty with these calcu- 
lations. Crowe’s article refers to calculations being 
made by J. J. Tieman, which presumably will correct 
some or all of these difficulties. 

Lebow eé al. present the D-H ratio as a function of 
pion laboratory-system angle (integrated over energy). 

White e al. present the D-H ratio as.a function of 
pion energy for various lab angles. 

Crowe ef al. present the ratio as a function of lab 
angle, and also show all the previous experimenters’ 
points (with White’s data integrated over meson 
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8K. A. Brueckner, Phys. Rev. 89, 834 (1953). 
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energy). All experimenters show their measured values 
compared with the theoretical predictions by Chew 
and Lewis, or Feshbach and Lax. The theoretical 
curves shown in all these papers assume a plane wave 
for the wave function of the two final nucleons. 

If one wants to take the statistics seriously, then in 
general the results at angles near 90° are in accord with 
no spin flip, while the results at angles near 30° are in 
accord with all spin flip. On the other hand, one can 
be conservative and say that the data at forward angles 
favor spin flip somewhat, while at backward angles the 
accuracy is not good enough to distinguish between 
them. Within statistics, one could say that all the 
experiments are in agreement. 

It is the authors’ opinion that one cannot conclude 
very much about spin flip from these data until the 
theoretical treatment is more realistic; however, there 
is general agreement with either the flip or no-flip 
prediction, and one may be able to conclude, as White 
points out, that these data support the validity of the 
impulse approximation. 


LeLEVIER’S CALCULATED SPECTRA 


The experiment presented here is compared with 
calculations by LeLevier.’ LeLevier’s predicted spectra 
are integrated over the variables as determined by the 
particular experimental arrangement, thus giving a 
number to compare with our experimental number. 
An integral experiment may not be as satisfactory as a 
differential experiment, but a conclusion can be drawn 
just the same. If this experiment were to be pursued, 
a differential experiment would be the next logical step. 

LeLevier calculated the spectrum of negative pions 
produced by monoenergetic photons on deuterium, 
subject to the conditions that the pion be at 120° (lab), 
and one of the protons be at 20° (lab) (the reason for 
this is elucidated in the next section). For the experi- 
mental arrangement see Fig. 1. The calculation was 
carried out on the basis of the same assumptions as 
made by Chew and Lewis and by Lax and Feshbach, 
except for one important addition: LeLevier treated 
the S state of the two final protons by fitting data from 
low-energy p-p scattering. The essence of our experi- 


9R. E. LeLevier, Phys. Rev. 85, 771 (1952); also private com- 
munications. 














SPIN-FLIP PROBABILITY 
mental method is that certain three-body kinematical 
conditions are sensitive to the spin flipping, while 
others are not; hence, by comparing this ratio we get 
a measure of the spin flip, using only deuterium. Note 
that multiple-scattering corrections to the impulse 
approximation are not involved if they are independent 
of the energy of the outgoing pion. 

A typical calculated pion spectrum is shown in 
Fig. 2. Note the large broad maximum centered about 
the energy appropriate to production from a free 
neutron at rest. The spin-flip effect is manifested near 
the upper pion-energy limit since this corresponds to 
a low relative-energy state of the two protons. How- 
ever, the two protons do have an appreciable energy in 
the laboratory system (they are essentially recoiling as 
one particle), and thus their detection with counters is 
feasible. 
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Fic. 3. Free production angular correlation for 
various photon energies. 


EXPERIMENTAL METHOD AND RESULTS 


The method developed out of investigations that the 
authors had been making of pion-proton coincidences 
from deuterium,'* which indicated that coincidences 
could be observed that were centered about the angles 
which would be predicted if the neutron were free. 
Other investigations of pion-proton coincidences have 
been made by Keck and Littauer.’*:* Figure 3 shows 
these correlated angles as a function of photon energy. 
They do not change very much from 240 Mev to 320 
Mev. Figure 4 shows the three-body kinematics, calcu- 
lated for a given photon energy. We see that the relative 
energy decreases monotonically as we approach the 


1 Madey, Bandtel, and Frank, Phys. Rev. 85, 771 (1952). 

1 R. Madey, thesis, University of California Radiation Labora- 
tory Report UCRL-1634, January, 1952 (unpublished). 

2 Bandtel, Frank, and Madey, Phys. Rev. 91, 487 (1953). 

13 J. Keck and R. Littauer, Phys. Rev. 86, 602(A) (1952). 
4 J. Keck and R. Littauer, Phys. Rev. 88, 139 (1952). 
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Fic. 4. Three-body kinematics of the reaction y+d—«x~+ p+) 
for a photon energy of 280 Mev. 


maximum possible pion energy, as stated earlier. At 
this point the two nucleons, in effect, recoil as one 
particle. For convenience in discussion we refer to the 
“free-production peak” and the “spin-flip spike”— 
recognizing, of course, that in reality there is a gradual 
transition between the two conditions. These are the 
points corresponding to the two maxima shown in 
Fig. 2. Figure 5 shows a plot of these as a function of 
photon energy. Referring back to Fig. 4, we see that 
(for this particular photon energy) the proton (at 20°) 
associated with the free-production condition carries 
off about 80 Mev, whereas for the spin-flip condition 
the proton moves with about 20 Mev. This energy 
difference suggests that a time-of-flight measurement 
could be used to separate these two types of protons. 
In Fig. 5, there is a line drawn at 57 Mev and another 
at 80 Mev. Since the bremsstrahlung upper limit is 
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Fic. 5. “Free-production peak” and “spin-flip spike” 
vs photon energy. 
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322 Mev, we can see that by using only absorbers to 
specify the lower energy limit of the pions as indicated, 
one would be able partially to separate the spin-flip 
condition. 

Figure 6 shows the combined effect of proton time of 
flight and pion energy selection. The measurements 
will be denoted in the following way: 


Minimum pion Relative pion-proton 


Measurement energy (Mev) delay (10~ sec) 
A 57 6.38 
B 57 12.24 
c 80 6.38 
D 80 12.24 


Measurements B and D are designed to emphasize the 
spin-flip effect. Measurements A and C are designed 
to provide a control point—either all flip or no flip 
should predict nearly the same thing. 

The following experimentally measured ratios were 
obtained (probable errors quoted) : 


B/A=0.08+0.02, C/A=0.26+0.03, 
D/A=0.017+0.007. 


INTERPRETATION OF DATA 


In order to obtain numbers that can be compared 
with our experimental numbers, we must start with 
the calculated spectra of LeLevier and fold in%the 
experimental resolution of the equipment with respect 
to (a) time-of-flight resolution, using the experimentally 
measured resolution function, (b) pion-energy lower 


limit, (c) pion corrections (multiple scattering, decay in 
flight, nuclear absorption), (d) bremsstrahlung spec- 
trum (corrected for finite expulsion time and for the 
occurrence of expulsion before peak magnetic field), 
and (e) finite target thickness (causing time-of-flight 
dispersion). The excitation function was taken to be 
constant over this energy range.'*:'® 
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1s z, Steinberger and A. S. Bishop, Phys. Rev. 86, 171 (1952). 

16 Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 210 
(1955); Tollestrup, Keck, and Worlock, Phys. Rev. 99, 220 
(1955). 

















SPIN-FLIP PROBABILITY 
To write down mathematical expressions for all these 
things would not add much to the discussion, because 
the volume of the numerical calculations that were done 
would make it impossible to present them. These 
calculations are detailed at greater length in reference 1 
for those persons particularly interested. The results of 
these calculations are 
B/A=0.140—flip 
=0,00816—no flip, 
C/A=0.215—flip 
=().228—no flip, 
D/A=0.0427—flip 
=0.0078—-no flip. 


These results are plotted and compared with the experi- 
mentally measured numbers in Fig. 7. 
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CONCLUSIONS 


This experiment seems to indicate an interaction 
intermediate between all flip and no flip. Or, saying 
this another way, we can “explain” the experimental 
result within the framework of the theory used here by 
a proper choice of the ratio between flip and no-flip 
amplitudes. 
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Continuing our program on the study of positive K mesons, we 
have investigated the interactions of K mesons with hydrogen 
and complex nuclei in photographic emulsions primarily in the 
energy interval 100 to 220 Mev. We are reporting on interactions 
found in 320 meters of K* track length followed, of which 227 
meters were in the energy interval 100 to 220 Mev. The exposure 
was made to an enriched K-meson beam at the Berkeley Bevatron. 
The ratio of K mesons to minimum ionizing background particles 
ranged from 1:1 to 1:3 across our stack. Thirteen new K-hydrogen 
scattering events were found and added to those previously 
published. We find the K-H cross section to be energy-independent 
in the energy interval from 20 to 200 Mev. The average cross 
section over this energy interval is 14.542.2 mb. The differen- 
tial cross section appears to be due predominantly to S-wave 
scattering. 

The data obtained on inelastic collisions with complex nuclei 
have been analyzed by using an independent-particle model for 
the nucleus. Using this model and correcting for (a) nucieon 
shading, (b) Coulomb repulsion, (c) Pauli exclusion principle, 
and (d) repulsive potentials, we obtained the average K-nucleon 


I. INTRODUCTION 


Rhye serge our program!” on the study of posi- 
tive K mesons, we have investigated the interaction 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at Florida State University, Tallahassee, Florida. 

1 Chupp, Goldhaber, Goldhaber, Iloff, Lannutti, Pevsner, and 
Ritson, Proceedings of the 1955 Pisa Conference [Suppl. Nuovo 
cimento 4, 361 (1956) ]. 

2Chupp, Goldhaber, Goldhaber, Helmy, Tloff, Lannutti, 
Pevsner, and Ritson, Phys. Rev. 101, 1617 (1956), 





cross section as a function of energy. This cross section appears 
energy-independent in the energy interval 60 to 180 Mev. The 
values for the elementary cross sections obtained in this analysis 
for Tx=60 to 180 Mev with V=Vy+Vc=35 Mev were & 
(the average K-nucleon cross section) =11.8+1.3 mb, oxv=9.8 
+3.0 mb (with ox,=0,*+0,° where c,* is direct neutron scatter- 
ing and ¢@,° is charge-exchange scattering), ¢,+=5.8+3.1 mb, 
and ¢,°=4.0+0.8 mb. In this case the ratio oxp:on*:o7°3.6:1.5 
:1. We observe a backward peaking in the differential cross section 
and believe that this is due to a sma]! P-wave contribution. 

These results lead us to believe that the K-nucleon scattering 
is a short-range force interaction and does not proceed through 
single x-meson exchange. The latter would require high-angular- 
momenta contributions and would presumably result in a strongly 
energy-dependent cross section. 

A repulsive potential was necessary to explain the behavior 
of the fractional energy loss as a function of energy. The magnitude 
of the potential necessary for a best fit V~30 Mev agrees very 
well with the results of a partial wave analysis of the elastic- 
scattering data. 


of K mesons with hydrogen and complex nuclei in 
photographic emulsion primarily in the energy interval 
100 to 220 Mev. The exposure was made to an enriched 
K-meson beam at the Bevatron. The K-hydrogen 
scattering events found have been added to those 
previously published and the improved cross section 
and angular distribution is discussed. The data obtained 
on the inelastic collisions with complex nuclei have 
been analyzed by using an independent-particle model 
for the nucleus from which the K-nucleon cross section 
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was deduced. It was also possible to obtain an estimate 
of the K-neutron elastic and charge-exchange cross 
section. The observed energy loss of the positive K 
mesons is shown to be consistent with a repulsive 
nuclear potential. A discussion of the ratio of charge- 
exchange to noncharge-exchange scattering as well as 
the angular momentum states involved in the scattering 
process is given in the last section of this paper. In 
the following paper’ the elastic scattering of K+ mesons 
is analyzed. 


Il. EXPERIMENTAL DETAILS 
A. Exposure 


In this experiment we used a partially separated 
positive K-meson beam. We were able to obtain a 
ratio of K mesons to minimum-ionizing background 
particles ranging from 1:1 to 1:3 across our stack. 
This is to be compared with a K: ratio of ~1:100 
in an unseparated beam. 

The separation scheme used consisted of a double- 
focusing magnet system with an energy degrader 
between the magnets. This system was designed, in 
cooperation with D. H. Stork of the University of 
California at Los Angeles, for K mesons with energies 
up to 200 Mev. The physical setup is shown in Fig. 1. 

Particles emitted at approximately 60° from a 
copper target enter a system of three 4-inch quadrupole 
lenses Q and are deflected through an angle of 32° by 
an analyzing magnet M,. The particles then pass 
through an 18.5-inch Be degrader (87 g/cm?) and 
finally are deflected by a magnet M, through 42°. 
The system was tuned so that positive particles of 
momentum 725+23 Mev/c were incident on the 
degrader. The degrader reduced the K-meson momen- 
tum to 480+30 Mev/c and the pion momentum to 
580 Mev/c. With these momenta and magnet Mz set 
at maximum field, the central pion trajectory was 6 
inches from the central K-meson trajectory at the 
stack position. The total distance from the target 
to the stack was 24.3 ft. The total time of flight was 


3Igo, Ravenhall, Tieman, Chupp, Goldhaber, Goldhaber, 
Lannutti, and Thaler, Phys. Rev. 109, 2133 (1958), following 


paper. 
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1.9X 10~* sec. The exposure was carried out for 4.7 X 10" 
protons on the target. The stack exposed consisted of 
129 (4-inchX 7-inch X 600 yw) Ilford G-5 emulsions. 

The yield for this system was approximately ten 
K mesons per 10° protons on the target over an area of 
about 250 cm*. The background of lightly ionizing 
particles striking the emulsions in the beam direction 
consisted of pions, muons, and electrons. In the center 
of the beam there was about one lightly ionizing track 
per K meson, and this ratio increased by a factor of 
about three on the side of the stack nearest the separated 
pion beam. The proton contamination having the same 
grain density as the K mesons was less than 2%. 
This was easily identified by ionization (grain-count) 
range measurements. See Appendix I for details. 


B. Scanning and Measurements 


The plates were examined under 53 X 10 magnification 
by an along-the-track scanning technique. Tracks 
were picked up 5 mm from the entrance edge. Because 
of the initial momentum spread, the K-meson tracks 
had a grain density ranging from 1.5 to 1.9 times 
mimimum corresponding to an energy spread of about 
42 Mev. The background tracks had a grain density 
ranging from 1.0 to 1.1 times minimum. The following 
types of measurements were carried out on the K-meson 
tracks: 


1. All space angles with projected angles greater 
than 2° were measured up to a residual range of 3 
mm (i.e., 7x%>20 Mev). 

2. For scattering events with visibie-energy release, 
such as prongs or distinct change in ionization, grain 
counts with 3% to 5% statistics were carried out before 
and after the interaction. This measurement was also 
performed on all scattering events with space angle 
greater than 40° (large-angle elastic- and inelastic- 
scattering events). 

3. All prongs from a K-meson interaction were 
identified and their ranges measured. 

4. For those interactions in which none of the prongs 
were identified as a K meson, the mass of the primary 
particle was measured by multiple Coulomb scattering 
vs grain count (charge-exchange scattering events). 

5. For events in which the secondary particle was 
near minimum ionization, grain counts on the primary 
and secondary were carried out which identified the 
event as a decay in flight. (In the case of a decay in 
flight of a 7 meson or K,3 with low-energy u mesons, 
identifications were obvious.) 


C. Classification of Events 


Throughout this work an attempt has been made to 
classify each event as elastic, inelastic, charge-exchange, 
or decay-in-flight. 

Elastic interactions refer to those cases when the 
K meson interacted with the nucleus as a whole, and 
energy and momentum were conserved. In colliding 
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with a light nucleus in emulsion this could mean a 
considerable energy loss but would result in a visible 
recoil. Using the range-energy data of Reynolds and 
Zucker' for nitrogen and the kinematics of the scatter- 
ing, we could identify this type of event. 

The measurement technique used to determine energy 
losses could reliably detect energy changes equal or 
greater than 10%. AT/T >10% was thus chosen as a 
criterion for inelastic events. This classification is not 
rigorously correct because it is possible to excite low- 
lying rotational levels of the nuclei. Thus a K meson 
could have lost several Mev in such an inelastic- 
scattering process, and the loss would not have been 
detected. Consequently, the scattering would have 
been classified as elastic. Furthermore, in the high- 
energy interval the resolution is such that it is possible 
for the K meson to knock out or cause the evaporation 
of one or two nucleons and yet have an energy loss of 
less than 10%. Three such events were found which had 
an energy loss of less than 10% and yet emitted an 
evaporation-type proton. These were included among 
the inelastic events. To correct somewhat for the 
corresponding events giving neutron emission, these 
events were weighted by a factor of two in any distribu- 
tion of events. This was actually a small correction 
among the 284 inelastic events found in all the system- 
atic scanning. It is difficult to make a reliable estimate 
of the number of such events to be expected. However, 
since the Pauli exclusion principle inhibits low-energy- 
momentum transfers for scatterings off single nucleons, 
one would not expect a large fraction of scattering 
events with energy losses less than 10%. Thus we feel 
that our reaction-cross-section determination (excluding 
nuclear-level excitation) is not seriously affected by 
the 10% cutoff criterion. 

In those cases classified as charge exchanges, consider- 
able effort was expended to ascertain that the K meson 
was not among the visible prongs. If a prong was longer 
than 3 mm, its identity was established by direct 
measurement of scattering or ionization properties. 
If shorter, proof that it was not a K meson was based 
on the fact that no decay product was seen. This proof 
was quite good provided the track ended at least 20 
microns from either surface of the emulsion. With the 
development used, K-meson decay secondaries had 
grain densities at least 21 grains per 100 microns. 
It was found that an experienced observer could find 
secondaries with nearly 100% efficiency if clear of 
either surface. At the surface the efficiency drops to 
about 80%. In this experiment only two doubtful 
events were found with prongs ending near the surface. 
These prongs had a range less than 1 mm. This is to 
be compared with all our other inelastic events in 
which only one case was found with a scattered K-meson 
range as low as 2 mm. All other scattered K mesons 


4H. L. Reynolds and A. Zucker, Phys. Rev. 96, 393 (1954). 
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had ranges greater than 4 mm. It thus appears safe to 
assume that these unknown prongs were not K mesons. 

The classification of an event as a charge-exchange 
scattering rather than an absorption of a K meson, 
which would violate the AS=0 rule, was based on the 
visible-energy release which never exceeded the kinetic 
energy of the incoming K meson. Strong supporting 
evidence (see Sec. V-E) comes from the similarity 
between the stars produced by noncharge-exchange 
inelastically scattered mesons and the events classified 
as charge-exchange scattering events. 


III. CONSERVATION OF STRANGENESS 


One effect of great interest in this work is the fact 
that so far no positive K-meson interaction has been 
observed in which the K meson gives up its rest energy. 
The limits can therefore be expressed as no case was 
observed in 304 inelastic interactions reported here. 
This characteristic behavior of the positive K meson 
supports the scheme presented by Gell-Mann and 
others? for a particle of positive strangeness. According 
to these schemes, it is not possible for a K* meson to 
produce any of the known hyperons in a strong reaction 
because it would require a strangeness change of two, 
which violates the selections rule that AS=0 in strong 
reactions. 

No evidence was found for the production of any 
hyperon-type particle (which would have to be of 
strangeness +1) or for an excited fragment containing 
a bound K meson.® The metastability and decay of 
such fragments has been discussed by Pais and Serber.’ 


IV. K-HYDROGEN CROSS SECTION 


Among the interactions of K+ mesons with emulsion 
nuclei, those with hydrogen are of special interest in 
studying K-nucleon forces. We identify these events by 
checking momentum and energy conservation, as 
well as coplanarity of the three prongs involved (i.e., 
the incoming K meson, the scattered K, and the recoil 
proton). In scanning along 283.7 m of K* track in the 
energy region 20 to 220 Mev, we have found 13 K-H 
interactions giving a mean free path of Axn=21.8 m, 
which corresponds to a cross section of 14.4 mb. To 
improve the statistics we are including 30 events 
available from other published work with emulsion 
(Géttingen, 14 events; Padova, 6 events; Brookhaven, 
4 events; Dublin, 2 events; Berkeley-Massachusetts 
Institute of Technology, 2 events; Rochester, 1 event; 
and Bristol, 1 event).* We evaluated the cross section 


5M. Gell-Mann and A. Pais, Proceedings of the Glasgow Con- 


Serence on Nuclear and Meson Physics (Pergamon Press, London, 


1955); T. Nakano and K. Nishijima, Progr. Theoret. Phys. 
(Japan) 10, 581 (1953); R. G. Sachs, Phys. Rev. 99, 1573 (1955) ; 
M. Goldhaber, Phys. Rev. 92, 1927 (1953); 101, 433 (1956). 

* Fry, Schneps, and Swami, Phys. Rev. 99, 1951 (1955). 

7A. Pais and R. Serber, Phys. Rev. 99, 1551 (1955). 

’ Communications of the Bristol, Dublin, University of 
California, Géttingen, and Padova groups, Turin Conference, 
September, 1956 (unpublished); Biswas, Ceccarelli-Fabbrichesi, 
Ceccarelli, Cresti, Gottstein, Varshneya, and Waloschek, Nuovo 
cimento 1, 137 (1957); B. Sechi-Zorn and G. T. Zorn (private 
communication). 
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Fic. 2. The K*-H cross section as a function of kinetic energy. 


in four energy intervals. These results are shown in 
Fig. 2. The statistics are still poor, but these data are 
consistent with a constant cross section in the interval 
20 to 200 Mev. The mean cross section over the total 
interval is 14.5+2.2 mb. Shown also on the plot for 
comparison are the results of Meyer e/ al.* (propane 
bubble chamber)—9.4+1.7 mb for the interval 20 
to 90 Mev—and the counter result of Kerth et al.°— 
15.4+3.0 mb at 192+25 Mev. The propane bubble 
chamber result is somewhat lower than the emulsion 
result in the same energy region, but the difference is 
probably not statistically significant. 

The angular distribution of all the data is shown in 
Fig. 3. In Figs. 3(a) and 3(b) the events have been 
plotted in two energy intervals below and above 
100 Mev. In Fig. 3(b) the bubble-chamber data have 
been included. The angular distribution of the emulsion 
data is consistent with S-wave scattering in both 
energy intervals. In Fig. 3(c) we combine the data of 
both energy intervals. The new data weaken the earlier 
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Fic. 3. Angular distribution of the K*-H scattering in the 
center-of-mass system. Events from all sources have been added 
together. (a) Emulsion and bubble-chamber data, 20 to 100 Mev. 
(b) Emulsion data, 100 to 200 Mev. (c) Combined data, 20 to 
200 Mev. 


® Meyer, Perl, and Glaser, Phys. Rev. 107, 279 (1957). 
© Kerth, Kycia, and Van Rossum (private communication). 
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conclusion discussed in the literature*"? that the 
K-p angular distribution indicated a rise in the forward 
direction compatible with a superposition of Coulomb 
scattering upon S-wave repulsive scattering. The lack of 
events in the first cosine interval of the bubble-chamber 
data is due to an experimental cutoff as discussed by 
Meyer ef al. The drop in the differential cross section 
in the cosine interval —3 to —1 is observed by both 
experiments and is not due to any experimental bias. 


V. INELASTIC INTERACTIONS 


A. Energy Dependence of Inelastic 
Interaction Cross Section 


In Table I we have listed the inelastic-scattering 
events, i.e., AT/T 210%, charge-exchange-scattering 
events, elastic-scattering events with 6).,>40°, and 
K-H scattering events. The data have been divided 
into five energy intervals, and the corresponding path 
length scanned in each energy interval is listed. Source 
Be-MIT is data previously published.? Sources Be 
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Fic. 4. Reaction cross section in emulsion as a function 
of incident kinetic energy. 


and Bo are data obtained in the present work at 
Berkeley and Bologna, respectively, in systematic 
along-the-track scanning. Source Be(s) was data 
obtained in the present work at Berkeley in which 
additional K-meson tracks were followed in a search 
for charge-exchange scattering, K-hydrogen scattering 
events, and decays in flight, only. By not analyzing 
the elastic and inelastic scattering events, we were 
able to speed up the work considerably and increase 
the statistics on the type of events mentioned above. 
The data of sources Be-MIT, Be, and Bo were used 
to obtain the variation of the reaction cross section 
for inelastic interactions with energy. These data are 
shown in Fig. 4, which indicates a rise of the reaction 
cross section with energy. The rise in the last energy 
interval, 180 to 220 Mev, is especially interesting 
because it is near the threshold for pion production 


1 Biswas, Ceccarelli-Fabbrichesi, Ceccarelli, Gottstein, Var 
shneya, and Waloschek, Nuovo cimento 5, 123 (1957). 

22 Cocconi, Puppi, Quareni, and Stanghellini, Nuovo cimento 
5, 172 (1957). 
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TABLE I. Experimental data (20 to 220 Mev). 
Number of events 
Energy Average Path Inelastic Charge-exchange 
interval energy length With no With no Elastic, 
(Mev) (Mev) Source (meters) Total prongs* Total prongs @>40° K-H 
20 to 60 44 Be-MIT 11.1 8 2 1 0 5 0 
Bo 10.8 10 9 1 1 8 0 
Be> 8.1 5 5 0 0 5 0 
Combined 30.0 23 16 2 1 18 0 
Be(s) 4.5 tee see 0 0 — 0 
60 to 100 81 Be-MIT 16.3 10 3 3 0 10 0 
Bo ° 2A 16 7 6 2 5 1 
Be> 13.4 18 9 0 0 5 2 
Combined 51.8 44 19 9 2 20 3 
Be(s) 8.7 tee see 1(+1) 0(+1) eee 1 
100 to 140 120 Be-MIT 8.8 2 1 0 0 0 2 
Bo 33.2 31(+1) 18(+1) 8 2 1(+1) 1 
Be> 30.9 45 7 8 0 5 3 
Combined 72.9 78(+1) 26(+1) . 16 2 6(+1) 7 
Be(s) 23.7 see tee 7 2 cee 1 
140 to 180 157 Be-MIT 0.4 0 0 0 0 0 0 
Bo 21.6 30 8 8 3 1 0 
Be> 49.1 43 6 12 2 0 2 
Combined 71.1 73 14 20 5 1 2 
Be(s) 40.0 eee cee 7 0 - 1 
Bo 1.2 3 0 0 0 0 0 
Be> 9.2 16 4 2 0 1 1 
Combined 10.4 19 4 2 0 1 1 
Be(s) 74 tee tee 1 0 0 
Totals Be-MIT 36.6 20 6 4 0 15 2 
Bo 88.9 90(+1) 42(+1) 23 8 15(+1) 2 
Be> 110.7 127 31 22 2 16 8 
Combined 236.2 237(+1) 79(+1) 49 10 46(+-1) 12 
Be(s) 84.3 eee see 16(+1) 2(+1) .° 3 





* With no prongs other than the K meson. 





t Elastic scatterings >2° were measured for part of the path Jength and are discussed in the following paper (reference 3) by Igo et al. 


¢ Numbers in parentheses are doubtful. 


(225 Mev on free protons); Zorn ef al."* confirm these 
results in the last energy interval with improved 
statistics. 


B. K-Nucleon Cross Section 


The inelastic interaction of high-energy neutrons 
with heavy nuclei can be described in terms of a simple 
model in which the nucleons within the nucleus are 
assumed to act as independent scattering centers, 
unaffected by their neighbors.“* The nucleus is 
considered as a degenerate Fermi-Dirac gas of neutrons 
and protons without mutual interaction. This model is 
suited to describe the A*-scattering process for the 
following reasons. The mean de Broglie wavelength 
for the K mesons in the energy interval under considera- 
tion is of the order of the nucleon size. The observed 
interaction cross section for K* mesons is small (0.3 to 
0.5 times geometric). 

Applying this model, we can deduce the cross section 
for an elementary collision with a single nucleon from 
the inelastic scattering cross section with complex 
nuclei. According to this model an inelastic collision 

48 B. Sechi-Zorn and G. T. Zorn (private communication) have 
observed 43 meters in the energy interval 190-210 Mev and find 
a mean free path of 54+6 cm. 

14M. Goldberger, Phys. Rev. 74, 1269 (1948). 


15 B. Rossi, High-Energy Particles (Prentice-Hall, Inc., Engle- 
wood Cliffs, New Jersey, 1952), p. 359. 


occurs when the K meson, on traversing a complex 
nucleus, scatters elastically off one of its nucleons. 
The probability of such an event depends on the 
cross sections for K-p and K-n scattering, ox, and oxa, 
respectively. The average cross section per nucleon 
(é) is then given by: 


é=[Zoxpt+ (A—Z)ox,|/A. (1) 


To deduce a value of ¢ from the mean free path for 
inelastic interaction in emulsion, a number of effects 
must be considered: 


1. In the first approximation we can consider the 
emulsion as a collection of free nucleons. The resulting 
value for the K-nucleon cross section is given as 
6; in Table II. 

2. The shading effect. To take into account the 
shading of nucleons, we proceeded as follows: using 
& as a parameter, we have calculated a cross section for 
an inelastic interaction for each element in the emulsion 
according to the optical model.'*!® These individual 
cross sections were combined to give the mean free 
path in nuclear emulsion, A, according to the equation 


A=1 Dd i(N 3), (2) 


where J, is the number of nuclei per cm® of the ith 
element and a; is the inelastic cross section for the ith 
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TABLE IT. Successive estimates of the K-nucleon cross section. 




















Energy Average Mean C.E. 
interval energy free path Temu! a a2 os a os(V =25 Mev) _--— 
(Mev) (Mev) (cm) (mb) (mb) (mb) (mb) (mb) (mb) Non-C.E., 
20 to 60 44 120.24 =178_35*# = 3.7_» 7709 4.6_;.9*16 6.1_;,,*?? 10.9_2.5*#4 see 0.08_0.05*? 
60 to 100 81 98_32715 217430 4.5+0.6 6.0+1.1 6.9_;.2715 9.1_; 6t? 10.6_, 34 0.21+0.08 
100 to 140 120 77779 277428 5.7+0.6 8.4+1.1 9.4.) 571-8 11.3_,,,t?? 11.9_, ,*?4 0.22_0. 057° 
140 to 180 157 77+8 277429 5.7+0.6 8.4_, 714 9.2_1.3*7” 10.5_; 5774 10.8_; 5*?4 0.24+0.05 
180 to 220 192 50_,,7* 430_93;71* 8.9_; g*?-4 (18.5_7.2 8.0)b (19.0_, 6 8 5)b (21,710) 0.09_» os*? ” 


(22_9*i0)b 








* In this energy interval the correction is extremely sensitive to the K-nucleon potential, making this value unreliable. 
> These results must be treated with caution because the method used to obtain o: is unreliable for large cross sections. 


element. The summation is taken over all elements of 
Ilford G-5 emulsion, excluding hydrogen. Hence one 
obtains ¢ as a function of \ under the assumption that 
& is the same for each element. Thus, from the experi- 
mental values of the mean free path A, we obtain é 
as given in Table II. The results given here are obtained 
by using R=r,A! with ro= 1.2K 10-" cm. 

The cross section for the highest energy interval 
must be considered as a crude approximation only, 
because the model used to calculate the effects of 
nucleon shading is applicable only when the interaction 
cross section is small. 

3. The Coulomb repulsion effect. To allow for the 
decrease in the observed cross section (0; os) from 
Coulomb repulsion, we used the approximation’® 


Zé 
0; amo 1 —“_| (3) 


(R:+A4)T 
where R; is the nuclear radius of the ith element, Z; 
is its charge, X is the de Broglie wavelength of the 
incident K meson, and T is its kinetic energy. Substitut- 
ing ¢; obs for o; in Eq. (2), and calculating ¢ as a function 
of \ for each energy interval, we obtain the values 63, 
as given in Table II. 

4. The Pauli-exclusion-principle effect. The Pauli 
exclusion principle limits the number of small-energy 
transfers to bound nucleons. Thus the cross section 
for interaction with a nucleon in a complex nucleus 
will be less than that with a free nucleon by a factor 
f(T), depending on the K-meson energy, T. The 
factor f(T) has been calculated by Sternheimer'’ for 
various incident K-meson energies. Sternheimer has 


OL 
treated the nucleons within the nucleus as forming a me 
degenerate Fermi-Dirac gas with a maximum Fermi 1x =60-I80 Mey 
energy of 25 Mev and has assumed the K-nucleon Oxp 
differential cross sections to be isotropic. Applying 2 | eae 


Sternheimer’s results, we obtain ¢, in Table II. 

5. The repulsive nuclear potential. If the K-meson 
experiences a repulsive nuclear potential, the Pauli 
exclusion principle factor f(7) must be applied to 


16 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 350. 

17 R. M. Sternheimer, Phys. Rev. 106, 1027 (1957). See also I. 
G. Ivanter and L. B. Okun, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 402 (1957); English translation: Soviet Physics JETP 5, 340 
(1957). 


Tin, the kinetic energy inside the nucleus, where 
Tin= T—V, and V is the combined Coulomb (V,) and 
nuclear (Vy) repulsive potential. Taking V= +25 Mev, 
for example, we obtain és, as given in Table II. The 
choice of magnitude of the repulsive nuclear potential 
has a large effect on the cross section, és, in the low- 
energy interval but this is not so critical for 7x>100 
Mev. This is demonstrated in Fig. 5(a) where the 
cross section is plotted as a function of V. For V=0 the 
value of &; is identical with ¢;. This model breaks 
down for the evaluation of the cross section for K 
mesons with kinetic energies close to the value of the 
potential itself. Thus the results obtained for the energy 
interval 20 to 60 Mev are not reliable. 

The results for the energy interval 60 to 180 Mev 
have been combined and a mean value of és; has been 
plotted in Fig. 5(b) as a function of V. In this energy 
interval we consider @; to be the final best value of ¢ the 
average K-nucleon cross section. Using the average 
value of ox, given in Sec. IV and Eq. (1), we have 
calculated the K-neutron cross section, which is also 
plotted in Fig. 5(b). 
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Fic. 5. Elementary cross sections as a function of the combined 
nuclear and Coulomb potential. (a) The effect of the potentials 
on the average K-nucleon cross section for various incident 
energies. (b) The effect of the potentials on the elementary 
scattering cross sections in the energy interval 60 to 180 Mev. 
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The ratio of charge-exchange events to noncharge- 
exchange inelastic events is practically constant in 
this energy interval and is equal to 0.227+0.029. 
This ratio was used to obtain the cross section for 
charge-exchange scattering, ¢,°, which is also shown 
in Fig. 5(b). Since oxn=on°+on*, where on* is the 
cross section for direct scattering off neutrons, o,* 
was deduced and is presented in the same figure. 


C. Angular Distribution of K* Inelastic 
Scattering Events 


As discussed in Sec. V-B, the inelastic scattering has 
been assumed to be scattering off single nucleons in 
complex nuclei. It can thus be expected that the 
differential cross section for inelastic scattering can be 
related to the differential cross section for K-p and 
K-n scattering. Figures 6(a) and (b) give the angular 
distribution of K scattering events in the laboratory 








Number of Events 


nm 





=10 


| 
10 


Fic. 6. Inelastic-scattering events in laboratory system, 
(a) for energy interval 100 to 220 Mev; (b) for energy interval 
20 to 100 Mev. 


system for incident K-meson energies above and below 
100 Mev, respectively. From these data we can obtain 
the angular distribution in the center-of-mass system 
to the first approximation if we (a) neglect refraction 
effects on the K-meson angles from the K-nucleus 
potential, and (b) assume the K-nucleon collisions to 
occur with a nucleon at rest.'* Figures 7(a) and (b) 
give the resulting angular distribution in the center-of- 
mass system. In the backward hemisphere the distribu- 
tion should now approximate the K-nucleon differential 
cross section. In the forward hemisphere the Pauli 
exclusion principle tends to suppress the cross section 
strongly, an effect which is enhanced by a repulsive 
potential. The arrows on Figs. 6 and 7 indicate the 
effective average cutoff angle’? below which scatters 


18 Comparison with Monte Carlo calculations for similar 
processes have shown this to be a good approxirnation (private 
communication by G. Puppi). 
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Fic. 7. Inelastic-scattering events in center-of-mass system, 
(a) for energy interval 100 to 220 Mev; (b) for energy interval 
20 to 100 Mev. 


are prohibited by the Pauli exclusion principle. Experi- 
mentally we observe, however, a number of events at 
small scattering angles, where the Pauli exclusion 
principle should be most effective. These events can 
be partly explained as corresponding to K mesons that 
have undergone two successive collisions.” In some of 
these events the K meson suffered large energy losses 
as shown in Fig. 8 lying above curve C. This may be 
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Fic. 8. Fractional energy loss vs laboratory scattering-angle 
correlation-diagram for scatters in complex nuclei. Curve A is 
for free protons at rest. Curves B and C show limiting cases of 
scattering from nucleons moving with momentum 218 Mev/c 
opposite to and in the direction of motion of the K meson, 
respectively. Curve D is for a free a particle at rest. The dashed 
cutoff lines correspond to the 10% resolution cutoff and 40° 
angular cutoff. The triangles indicate events with “knock-on” 
protons (T,>20 Mev). 

The number of K particles undergoing two collisions is 
estimated to be approximately 25% [Brueckner, Serber, and 
Watson, Phys. Rev. 84, 258 (1951)]. 
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taken as evidence that these K mesons made more than 
one collision before leaving the complex nucleus. 

The backward peaking for the high-energy interval, 
indicating P-wave scattering, has also been observed 
by other groups using more elaborate transformations 
to the center-of-mass system.":°.! 


D. Energy Loss in Inelastic Collisions 


The characteristic feature of the positive K-meson 
inelastic scattering is that the energy loss is in general 
smaller than expected for collisions with a free nucleon. 
The energy loss does, however, increase with increasing 
scattering angle as expected in collisions with single 
nucleons. This behavior can be contrasted with the 
inelastic scattering of pions, which always suffer large 
energy losses. The large energy loss in pion scattering 
can be explained on the basis of the very large scattering 
cross section near the 3, 3} pion-nucleon resonance. 
The pions undergo several collisions inside the complex 
nucleus and finally emerge with a low energy for which 
the scattering cross section is small. For the K-meson 
case under consideration here, the K-nucleon scattering 
cross section is small so that in the majority of the 
interactions only a single collision will occur. The 
small energy loss observed in K-meson scattering can 
be understood in terms of a repulsive K* nuclear 
potential, as has been pointed out already."'* 

Figure 8 shows the correlation between the fractional 
energy loss A7x/Tx and the scattering angle 6;., of 
the K-meson scattering events we have found in the 
energy interval 100 to 220 Mev. Curve A shows the 
energy loss in K-p collisions with free protons as a 
function of the scattering angle 4;.,. Curves B and C 
show the two limiting cases of collisions with a nucleon 
in motion having a maximum Fermi momentum of 
218 Mev/c. The two curves B and C correspond to a 
nucleon moving opposite to and in the direction of 
motion of the K meson, respectively. As can be clearly 
seen from Fig. 8, the majority of the events are inside 
the limits imposed by curves B and C. The average- 
fractional-energy loss versus scattering-angle curves 
lies, however, below curve A in accordance with a 
repulsive K-nucleus potential. It has been suggested 
that the reduced energy loss of K+ mesons may be 
due to collisions with heavier nuclear clusters such as 
a particles." Curve D shows the fractional energy loss 
for collisions with free a particles. It can be seen that the 
scattering events do not follow this curve. There is 
thus no evidence from the present work that the 
smaller energy losses are due to K—a interactions. 
It should also be noted that carbon or oxygen disintegra- 
tions by K mesons”-* need not imply specific K—a 

® Baldo-Ceolin, Cresti, Dallaporta, Grilli, Guerriero, Merlin, 
Salandin, and Zago, Nuovo cimento 5, 402 (1957). 

21 Bhowmik, Evans, Nilsson, Prowse, Anderson, Keefe, Kerman, 


and Losty, Nuovo cimento 6, 440 (1957). 
2 Anderson, Keefe, Kernan, and Losty, Nuovo cimento 4, 


1198 (1956). 
2 Hoang, Kaplon, and Cester, Phys. Rev. 107, 1698 (1957). 
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collisions. Such disintegrations are also observed with 
y rays,“ « mesons,” protons,* and neutrons.””? The 
events indicated by a triangle A in Fig. 8 are those 
inelastically scattered K*+ mesons with an associated 
fast “knock-on” proton (7,>20 Mev). Most of these 
events correspond to quasi-elastic scattering events, 
i.e., the angular and energy correlations of both the K 
meson and the proton agree roughly with the kinematics 
of K-nucleon scattering. The fact that the quasi- 
elastic events are distributed uniformly among all 
inelastic events further strengthens the hypothesis 
that the mechanism for inelastic K-meson scattering 
proceeds through elastic collision with a single nucleon. 

In Fig. 9 the mean fractional energy loss AT «/Tx 
is given as a function of the incident K-meson energy. 
The AT«/Tx values vary from 0.2 at about 40 Mev 
to 0.5 at about 200 Mev. The curves correspond to an 
estimate of AT x/Tx as modified by various values of a 
K-nucleus repulsive potential. In this estimate an 
isotropic angular distribution for the K-meson scattering 
was assumed, and the effect of the Pauli exclusion 
principle was applied. Here again a repulsive potential 
is indicated, with a best estimate of Vc+Vyw~30 Mev. 


E. Comparison of Charge-Exchange and 
Noncharge-Exchange Events 


The classification of events in which the charged 
K meson is not re-emitted as ‘‘charge-exchange scat- 
tering” is based on the assignment of isotopic spin 
T=} to the positive K mesons and the selection rule 
AS=0 for strong interactions.’ From the experimental 
point of view the evidence is as follows: 
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Fic. 9. Fractional energy loss versus kinetic energy of K meson 
for all inelastic events. Curves are expected behavior for various 
potentials V=V,+ Ve. 


m4 — Telegdi, and Zunti, Helv. Phys. Acta 21, 203 (1948); 
V. L. Telegdi and M. Eder, Helv. Phys. Acta 25, 55 (1952); 
F. K. Goward and J. J. Wilkins, Proc. Phys. Soc. (London) 
A64, 201 and 1056 (1951); C. H. Millar and A. G. W. Cameron, 
Can. J. Phys. 31, 723 (1953); S. D. Softky, Phys. Rev. 98, 173 
(1955). 

* Bernardini, Booth, and Lederman, Phys. Rev. 83, 1277 
teal Della Corte, Fazzini, and Sona, Nuovo cimento 2, 1345 
(1955). 

26 J. L. Need, Phys. Rev. 99, 1356 (1955). 

*7H. Aoki, Proc. Phys.-Math. Soc. Japan 20, 755 (1938); 
L. L. Green and W. M. Gibson, Proc. Phys. Soc. (London) 
A62, 296 (1949). 
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1. In none of the interactions does the visible energy 
release exceed the kinetic energy of the K meson. 

2. As shown below, the stars associated with the 
events in which a K meson is nol re-emitted, resemble 
very closely the group of stars associated with non- 
charge-exchange inelastic scattering. Figures 10(a) 
and (b) show the energy distribution of prongs (con- 
sidered as protons) from charge-exchange and non- 
charge-exchange events, respectively. Only events 
occurring at Tx 2100 Mev have been included. 
Here prongs with range <10u (7,<0.8 Mev) have 
been omitted. Both distributions are consistent with 
an evaporation spectrum superimposed on a tail of 
energetic “knock-on” protons. Both curves correspond 
to nuclear temperature r= 2.6 Mev, which was deter- 
mined from the average energy loss in the noncharge- 
exchange inelastic scattering events (ATx)=64 Mev. 
The prongs with kinetic energy less than 4 Mev [shaded 
regions in Fig. 10(a) and (b)] are presumably partly 
due to unidentified a particles and partly to protons 
from light elements for which the evaporation theory is 
not applicable. The fact that the evaporation spectra 
from both charge-exchange and noncharge-exchange 
scattering events can be fitted by the same nuclear 
temperature indicates that the average energy loss 
is very similar in the two processes. Table III gives 
comparative data between the two types of processes. 
A priori, certain differences are expected between the 
two processes. In the charge-exchange process the 
nuclear excitation is initiated by a proton from the 
reaction (a) K++n—K°+)p, while in the noncharge- 
exchange inelastic scattering the nuclear excitation can 
be initiated by either a proton or a neutron from the 
reactions (b) K++p-—>K*+ 9, and (c) K*t+n—Kt+n. 
This difference gives rise to two effects: 

(i) A charge excess among the nuclear evaporation 
particles from reaction (a) as compared with reactions 
(b) and (c) combined, due to the increased probability 
for proton emission. 

(ii) A larger probability for fast-proton emission 
(“knock-on” protons) from the charge-exchange scatter- 
ing reaction (a). 
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Fic. 10. Comparison of prong energies of charge-exchanger stars 
with those of noncharge-exchange stars. Curves are evaporation 
spectra for excitation energy of 64 Mev. 
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TABLE III. Comparison of charge-exchange scattering events 
with noncharge-exchange inelastic scattering events, for 7.x = 100 
to 220 Mev. 





Noncharge-exchange Charge-exchange 


No. of knock-on prongs/ 


total number of stars 0.27+0.02 0.47+0.08 
No. of evaporation 

prongs/total number 

of stars 0.51+0.04 0.71+0.12 


Visible knock-on energy*/ 
total number of stars 

Visible evaporaticn 
energy*/total number 


15.6+1.2 Mev 21.4+3.5 Mev 


of stars 7.0+0.5 Mev 9.8+1.6 Mev 
Visible knock-on 

energy*/No. of stars 

with knock-on prongs 60.0+9.0 Mev 48+ 14 


Average energy loss 64.2+4.9 





* These quantities include the binding energy. 


Both of these effects have been observed and are 
given in Table III. It is interesting to note that the 
number of “knock-on” protons from reaction (a) is 
about twice that from reaction (b) and (c). The 
difference in the number of “knock-on” protons could 
be used to compute the K-neutron cross section. The 
present statistics do not warrant such a computation, 
but are certainly consistent with the K-neutron cross 
section (ox,) given in Sec. V-B. 


VI. DISCUSSION OF RESULTS 


From the results of K* scattering discussed in this 
paper, we draw the following conclusions: 

(a) The cross section of the K-hydrogen elastic- 
scattering appears to be energy-independent in the 
energy region 20 to 200 Mev. The differential K-H 
cross section as determined by A* scattering off 
hydrogen in emulsions shows mainly S-wave scattering. 

To analyze the combination of the emulsion data and 
bubble chamber data for K-hydrogen scattering, as 
shown in Fig. 3, one has to compensate for the fact 
that the identification of K-H scattering events in a 
propane bubble chamber becomes exceedingly difficult 
in the cosine interval 1 to 3. 

The decrease in the differential cross section in the 
interval —} to —1 is not subject to experimental bias 
by either method. To fit such a distribution by partial 
wave expansion, one would have to include high 
angular momenta. It is, however, difficult to reconcile 
the energy-independent cross section with angular 
momenta terms higher than P wave. These arguments 
indicate that the X-H scattering in the energy interval 
under discussion is due mainly to S-wave scattering 
with possibly a small P-wave contribution. This, 
however, does not fully explain the large drop in the 
last angular interval observed in the differential cross 
section, which we would like to attribute in part to a 
statistical fluctuation. 

The average K-nucleon cross section between 60 to 
180 Mev is essentially energy-independent. The 
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TABLE IV. Reaction probabilities for K*-nucleon scattering. 














Reaction Probabilities* 
K++p—K++ p |A,|? 
K++n—-Ktin t|Ai+Ao|? 
Kt+n—K°+p 3|4,—Ao|? 








* Ai and Ao represent the T =1 and T =0 scattering amplitudes, respec- 
tively. 


backward peaking observed in the differential cross 
section in the energy interval 100 to 220 Mev is most 
likely due to P-wave scattering. These two observations 
are not inconsistent because the angular distribution 
is more sensitive to a small P-wave component than 
is the energy dependence of the cross section. 

We conclude, therefore, that the results in both the 
K-hydrogen scattering and the average K-nucleon 
scattering can be interpreted as predominantly S-wave 
scattering with a small P-wave contribution. 

These results lead us to believe that the A-nucleon 
scattering is a short-range interaction and does not 
proceed through single r-meson exchange. The latter 
would require high angular-momenta contribution to 
the K* scattering even at an energy below 100 Mev 
and would presumably result in a strongly energy- 
dependent cross section. 

(b) The rise in the K-nucleon cross section observed 
in this work as well as that of Zorn ef a/."* in the energy 
interval 180 to 220 Mev can be interpreted as follows: 
(1) P-wave scattering becomes more significant at this 
higher energy. (2) This energy interval is near the 
pion-production threshold, and a rise in the cross 
section could be expected. 

(c) A repulsive potential was necessary to explain 
the behavior of the fractional energy loss as a function 
of energy (Fig. 9). The magnitude of the nuclear 
potential was determined independently from an exact 
phase-shift analysis of the elastic-scattering data’ to 
be of the order of 27 Mev. This result is in good agree- 
ment with the results shown in Fig. 9. 

(d) Because the K meson is an isotopic spin doublet, 
the K-nucleon interaction can occur in both singlet 
and triplet isotopic spin states. Table IV gives the 
reaction probabilities for K*-nucleon scattering. 

It is of interest in this connection to examine the ratio of 
cross section for charge exchange to noncharge exchange 
inelastic scattering. As is shown in Table II, this ratio 
appears to remain constant with energy and equal to 
~+ in the energy region Tx=60 to 180 Mev. The 
ratio is based on 64 charge-exchange events obtained 
by following 268 meters of K-meson track. In the energy 
interval 20 to 60 Mev this ratio becomes ~75 on the 
basis of very poor statistics, namely, two charge 
exchange events in 34.5 meters of K* meson track 
followed. A very similar result was obtained in the work 
of Hoang ef al.” in an energy region T7x=30—65 Mev 
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in which 0 to 2 change events were reported in ~45 
meters of K* track followed. 

From the present data we like to take the simplest 
approach to the K*-nucleon scattering process and 
attribute it mainly to S-wave scattering. We thus 
assume the ratio of charge-exchange to noncharge- 
exchange scattering to be energy-independent and 
attribute the low value in the energy interval 20-60 
Mev to a statistical fluctuation. As will be shown 
below, this leads to scattering principally in the T=1 
state. This approach is contrary to the point of view 
taken by Hoang et al. who, on the basis of the apparent 
small value of the charge-exchange scattering in the 
30-65-Mev energy region, suggested a large contribution 
to the scattering in the T=0 state. 

We find that the ratio ox y:oxn+:ox,* is equal to 
3.6:1.5:1, if we assume a repulsive nuclear potential of 
25 Mev and a Coulomb potential of 10 Mev. As can 
be seen in Fig. 5, this ratio is a function of the nuclear 
potential, but is consistent with an assumption that the 
scattering in the T=0 state is small. 

The calculated value of the average K-nucleon cross 
section for the energy interval 60 to 180 Mev with a 
nuclear potential of 25 Mev is 11.8+1.3 mb. In making 
this calculation, the existence of double scattering in 
the nucleus and refraction and reflection from the 
nuclear potential’ have not been considered. Corrections 
due to these effects will tend to increase the cross section. 

Expressing the above arguments quantitatively, we 
are now in a position to evaluate the S-wave phase 
shifts. Let us denote the A-nucleon phase shifts by 
59 and 6, for S waves and isotopic spin T=0 and T=1 
respectively, and by 401, 402, 11, 6:3 for p waves, where 
the first index is the isotopic spin JT and the second 
index is twice the total angular momentum (2/). The 
forward scattering amplitude in the isotopic spin state 
T, keeping only S and P waves, is then given by 


1 
fr(0) re sindr+2eTs sindr3+e%?! sindr), (4) 


which yields 
1 
Imf7(0)= arte sin’6r3+sin’671), (5) 
and 


1 
re il "a il sin26r3+sin267}). (6) 


We can now apply the further approximation that the 
P-wave phase shifts are small (based on the experi- 
mentally observed lack of energy dependence of the 
K-nucleon cross section). Thus terms involving the 
square or product of P-wave phase shifts can be 
neglected. 
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We obtain thus: 


4 . 

oKp=— sin’, (7) 
hk 
4 

oKnt=—| }(e% sind, +e sinds) (2, (8) 
Be 
4dr 

7Kn°=—|}(e! sind; —e” sindg) |”. (9) 
| i 


We shall now use the values ox,=14.542.2 mb, 
OK,*=5.84+3.1 mb, and ox,*=4.0+0.8 mb which are 
obtained for V=Vw+Vc=35 Mev (see Fig. 5) and 
are valid in the energy region T7x=60-180 Mev, as 
discussed above. We can use these cross sections to 
evaluate the S-wave scattering lengths ar where 
ar=sinédr/k assuming this quantity to be energy- 
independent. 
Equation (7) becomes 

(7’) 
giving a,;= —0.24+0.02 in units of h/m,c. The negative 
sign is used in correspondence with a repulsive potential. 
We now make the further simplification that 6, and 49 
are sufficiently small so that the phases in Eqs. (8) 
and (9) can be neglected.”* Of these two cross sections, 
ox, is known with greater precision and we thus solve 
for ao from 


a 
OKp=4na;’, 


OKn = 7 (a,— do)’. (9’) 


This gives the two possible values a9= +0.014+0.03 
and do=—0.49+0.03. The latter can be ruled out 
immediately by comparing with ox,*. Although oxn* 
is not determined to great precision, the alternative 
values of ox,* are 3.2 mb and 24.7 mb, respectively. 
These are obtained by solving for ox,* from 
OKn*= 4 (a1+a9)’, (8’) 
and by substituting a, and the two possible values of 
a. This indicates clearly that the proper choice for 
a is d9>= +0.014+0.03. To obtain information on the 
P-wave phase shifts, an analysis of the differential 
K-hydrogen cross section dox,/d2 would be required 
which we feel is premature on the basis of the presently 
available K-hydrogen scattering data (Fig. 3). Some 
corroboration of the assumption that the P-wave 
phase shifts are small can, however, be obtained from 
a quite different approach. 
We can compute the real part of the optical potential 
from the expression” 





1 1 a 
Vy =— 2aoo(—+— Ref (0), (10) 
Mr Mp 
= For instance, at 7x=140 Mev=m,c*, 6:=—26° and the 


approximation sind; ~ 4; is still reasonable. 
2 See, for instance, Frank, Gammel, and Watson, Phys. Rev. 
101, 891 (1956). 
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where po is the nucleon density in the central region of 
the nucleus,”® mx and m, are the K-meson, and nucleon 
masses, respectively, and f(0) is the forward scattering 
amplitude as averaged over neutrons and protons in 
emulsion nuclei: 


1 
JO) =Uo(0) +1.24(0)] 


=0.73 f:(0)+0.27 fo(0); (11) 


we have used f,(0)= f,(0) and f,(0)=43[f1(0)+ fo(0) J. 
The units used for energy and length are m,c? and 
h/m,c, and we have taken h=c=1. If we again apply 
the small-phase-shift approximation and write 6b7* 
= (1/k)(2 siné73+sinér;) for the nonspin-flip P-wave 
scattering length, we obtain 
Ref (0) =0.73[a,:+6:* ]+0.27[ao+bor] 

= —0.17+0.014+-0.736;++0.27bo*, (12) 


giving Vy (expressed in Mev) as Vy=29.24+2.4—171 
(0.73b;++0.27bo+) Mev, where the term in parentheses 
corresponds to the P-wave contributions. In comparing 
this value of Vy with the magnitude obtained by 
fitting the small-angle scattering data, in the following 
paper,’ V~y=27 Mev, we see that the agreement with 
the contribution due to S waves alone (V y= 29.2+2.4) 
is very good. We could also proceed and obtain W, 
the imaginary part of the optical potential, which is 
related to Imf(0) by an equation identical to Eq. (10) 
except that one must include the factor n due to the 
Pauli exclusion principle.!’ This step is taken in the 
following paper’ where one gues in the reverse direction, 
namely, from W to ¢, where 


@= (4r/k) Imf (0). 
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APPENDIX I. IDENTIFICATION OF CHARGE 
EXCHANGE-EVENTS AND THE 
PROTON CONTAMINATION 


For all interactions in which a K meson was not 
emitted as an interaction product, a mass measurement 
was performed on the primary track. The mass deter- 
mination consisted of a grain-density and multiple- 


%® See Eq. (8) in the following paper (reference 3). 
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Fic. 11. Grain density versus p8 for multiple-scattering measure- 
ments most of which were on primaries of charge exchanges. 


Coulomb-scattering measurement. For tracks long 
enough to enable us to determine the variation of 
ionization versus residual range, an independent mass 
determination was performed by grain count. As an 
example we show in Fig. 11 a plot of p68 obtained from 
the mean multiple-scattering angle versus the grain den- 
sity for all measurements performed on the Berkeley 
data. 

As discussed in Sec. II-B, we selected only those 
tracks to be followed whose grain density fell into the 
interval 1.5 to 1.9 times minimum ionization. Among 
the tracks followed we found a proton contamination of 
1.8%. For the path length of protons observed and 
using a geometric mean free path of 36 cm (ro=1.2 
X 10-* cm), one expects ten inelastic proton events for 
the plates scanned in Berkeley. This is in good agree- 
ment with the results of the 8 and grain-density 
measurements discussed above in which nine of the 
inelastic events were identified to be due to protons. 


APPENDIX II. THE MEAN LIFE 
DETERMINATION 


Since in the present experiment we have a source of 
K* mesons that is very different from previous emulsion 


LANNUTTI 
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ET Af: 


experiments,” i.e, Tx=390 Mev at production, 
1.9X10-* sec proper time of flight to stack, and 
traversal of 87 g/cm? of Be, we have compiled the K+ 
decay events to obtain a K* lifetime under these 
conditions. We have found 84 decays in flight; using 
the observed proper time of flight for all K mesons, 
we obtain a mean lifetime of 


T= (1.59 0.16"-*°) K 10-* sec. 


This value is two standard deviations from the counter 
value (1.22+0.01) X 10~* sec.** It should be noted that 
in principle some of the disappearances in flight 
(ie., charge exchanges with no visible prongs) could 
have been decays in flight in which the decay secondary 
was missed. However, almost all the disappearances 
occurred in the middle of the emulsion where there is 
little difficulty in locating decay products in the 
present stack. In addition, the fraction of the charge 
exchanges that are disappearances is consistent with 
what is expected from the fraction of noncharge- 
exchange inelastic scattering events that have no 
prongs other than the K meson. However, if one does 
consider all the disappearances in flight to be decays 
in flight (a situation which we certainly do not believe) 
the lifetime becomes (1.38+0.13°*)X10-* sec. In 
addition, this would change the ratio of charge exchange 
to noncharge exchange in the interval 60 to 180 Mev 
from 0.227+0.029 to 0.183+0.026. 

In view of the new proposals that assert that the 
7—6 puzzle may be accounted for by parity noncon- 
servation, the most likely explanation for the difference 
between our observed lifetime and the counter result 
is that it is due to a statistical fluctuation. 


31 Tloff, Chupp, Goldhaber, Goldhaber, Lannutti, Pevsner, and 
Ritson, Phys. Rev. 99, 1617 (1955); Bhowmik, Evans, Nilsson, 
Prowse, Anderson, Keefe, Kannan, Biswas, Ceccarelli, Waloschek, 
Hooper, Grilli, and Guerriero, Nuovo cimento 5, 994 (1957); 
Davis, Hoang, and Kaplon, Phys. Rev. 106, 1049 (1957). 

® V. Fitch and R. Motley, Phys. Rev. 101, 496 (1956) ; Alvarez, 
Crawford, Good, and Stevenson, Phys. Rev. 101, 503 (1956). 
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Some new experimental results on the scattering of K* mesons in emulsion are presented, in two energy 
ranges, Tx =40 to 100 Mev and 7x=150+30 Mev. An optical-model analysis is made of these results, 
which avoids many of the approximations of previous workers. It is concluded that the K*-nucleus 
interaction is repulsive and that the K*-nucleon cross section inside the nucleus is compatible with the 


observed cross section for free protons. 





INTRODUCTION 


CONSIDERABLE amount of information is 

now available on the nuclear interaction of K+ 
mesons in photographic emulsions.'~’ A certain part of 
this, the elastic differential cross section and the 
inelastic total cross section, is susceptible of a relatively 
unambiguous interpretation in terms of the optical 
model of the nucleus, and such an analysis. has been 
made by many authors.'~* The contribution of this 
paper is, from the experimenta! side, to present new 
data in a higher energy range (7 <=150+30 Mev), 
as well as to give some additiona! results in the range 
already covered by previous workers (Tx=40 to 100 
Mev). The object of the theoretical part of the paper 
is to analyze both sets of data in terms of the optical 
model, The analysis improves on that of previous 
workers in a number of respects, and the results are 
in some ways considerably different. In fact, in con- 
tradiction to previous work we find it impossible to 
deduce the sign of the K*-nucleus potential from the 
lower-energy interaction. The data at the higher energy, 
however, allow us to conclude that it is positive (i.e., 
repulsive), although it is considerably larger than has 
been suggested by earlier authors. It is then found that 
the effective K+-nucleon cross section inside nuclei is, 
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after allowing for the Pauli principle, approximately 
the same as the cross section of K* mesons with free 
protons. 

An analysis of the inelastic interaction of K+ mesons 
is given by some of us (W.W.C., G.G., S.G., and J.E.L.) 
in a separate article.® 


EXPERIMENTAL DETAILS 


The experimental technique used to determine the 
elastic differential cross section consisted of following 
K-meson tracks and measuring all elastic K*+-nucleus 
scattering events with projected angle in the plane of 
the emulsion larger than 2°. 

For this work a nuclear-emulsion stack was exposed 
to a beam of positive K mesons of momentum 480+ 30 
Mev/c. We thus obtained information on the elastic 
scattering from the energy 220 Mev down to a low- 
energy cutoff. A low-energy cutoff was necessary because 
at low energies single scattering events cannot be 
easily distinguished from multiple Coulomb scattering. 
Although this effect becomes predominant only at an 
energy Tx~20 Mev, we have chosen a cut-off energy 
of 40 Mev because the correction for small-angle 
detection efficiency was still appreciable up to this 
energy. We have compiled the data in two energy 
intervals, viz., 40 to 100 Mev and 100 to 220 Mev. 

The angular cutoff of 2° was chosen by comparing 
the observed scattering with point-charge Rutherford 
scattering. From this comparison it was found that the 
detection efficiency decreases considerably below 2°. 
A geometric correction was made to take into account 
the loss of events introduced due to the 2° cutoff in 
projected angle. 

The data for the energy interval (7x=40 to 100 Mev) 
is based on 18.1 meters of K-meson track followed. 
We analyzed the scattering events in the form (do/dq), 
where g=2ksin(@/2) (the recoil wave number), for 
reasons which will be discussed later. 

Because our observed path length per energy interval 


® Lannutti, Goldhaber, Goldhaber, Chupp, Giambuzzi, Marchi, 
Quareni, and Wataghin, Phys. Rev. 109, 2121 (1958), preceding 


paper. 
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Fic. 1. Path-length distribution observed. The dashed distribu- 
tion is the resulting approximation obtained by using the weighting 
factors given. 


in the region 40 to 100 Mev varied considerably with 
energy, a path length normalization was made. We 
divided the energy region 40 to 100 Mev into six equal 
energy intervals and weighted each scattering event by 
the inverse of the path length followed in the interval 
in which the scattering was observed. In compiling 
the data, we thus obtained 





ee $>(1/L,;)(An/Aq); 
Swae ? { ) 
dq 


LN; 


where L; is the path length observed in the jth energy 
interval; An is the number of scattering events having 
q between g and g+Aq; Ag is the momentum transfer 
interval and N; is the number per cm’ of each element 
in the emulsion excluding hydrogen. The (do/dq) 
distribution was converted to (do/dQ) and corrections 
made for the angle and energy cutoffs. 

The data for the energy interval 100 to 220 Mev are 
based on 75.8 m of K-meson track. Figure 1 gives the 
path-length distribution observed in 10-Mev intervals. 
As an approximation to this distribution the calculations 
were made at the three energies shown, and the cross 
section obtained at each energy was weighted by the 
path length observed in the energy interval it represents, 
ie. 


(da/d2)=> f;(do/dQ),, (2) 


where f;=L;/>-L;. The three values of the weighting 
factors f; and the energy intervals are given on the 
graph. In view of the almost normal distribution about 
150 Mev, these high-energy data will be referred to as 
having an energy of T7x=150+30 Mev. 

Throughout this work, an attempt was made to 
determine whether each scattering event was elastic 
or inelastic. Elastic interactions refer to those cases 
when the K meson interacted with the nucleus as a 
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whole, and energy and momentum were conserved. 
In colliding with a light nucleus in emulsion this could 
result in a considerable energy loss for the K meson but 
then there would be a visible recoil. The measurement 
technique used to determine energy losses could 
reliably detect energy changes equal or greater than 
10%. AT/T >10% was thus chosen as a criterion for 
inelastic events. This classification is not rigorously 
correct because it is possible to excite low-lying nuclear 
levels. Thus a K meson could have lost several Mev 
in such an inelastic scattering process and the loss 
would not have been detected and, consequently, the 
scattering would have been classified as elastic. Further- 
more, in the high-energy interval the resolution is 
such that it is possible for the K meson to knock out 
or cause the evaporation of one or two nucleons and 
yet have an energy loss of less than 10%. Three such 
events were found which had an energy loss of less than 
10% and yet emitted an evaporation-type proton. 
These were included among the inelastic events. To 
correct somewhat for the corresponding events giving 
neutron emission, these events were weighted by a 
factor of two. This was actually a small correction to 
the cross section (~1%) but it shows the existence of 
the effect. It is difficult to make a reliable estimate of 
the number of such events to be expected. However, 
because the Pauli exclusion principle inhibits low- 
energy-momentum transfers for scatterings off single 
nucleons, one would not expect a large fraction of 
scattering events with energy losses less than 10%. 
Thus we fee] that our inelastic cross-section determina- 
tion (excluding nuclear-level excitation) is not seriously 
affected by the 10% cutoff criterion. 

The observed cross sections for inelastic scattering 
in emulsion (including charge exchange) for the two 
energy intervals were 


Tx=40 to 100 Mev: 
Tx=150+30 Mev: 


oinei= 205+ 23 mb, 
Cinei= 284+ 20 mb. 


THEORY 


The starting point of the analysis of the data is the 
optical model of the nucleus: the elastic scattering of 
the K+ mesons from the nuclei in the emulsion is 
calculated on the assumption that each nucleus may be 
represented by a smooth potential with both real and 
imaginary parts. This kind of analysis is by now 
familiar in its nuclear physics applications, and it is 
not necessary to elaborate on the actual mechanics of 
the calculation beyond saying that it involves a partial- 
wave analysis of the Schrédinger equation which makes 
essentially no approximation.” The form of the experi- 
mental data and the extent to which the nuclear 
parameters can be determined are somewhat different 
from other situations. It will be seen, however, that the 








We ignore relativistic effects, except in the kinematics of 
the scattering. For the higher energies, »*/c? is about 0.5. 

















SCATTERING OF K* 


essential features of our results should not depend 
critically on the particular values chosen. 

Initially it is necessary to specify the four parameters 
characterizing the complex nuclear potential 


(V+iW)[e-r0/44. 171 (3) 


for each element in the emulsion. It is clearly not 
possible to determine all of these parameters with the 
present experimental data, so that ro and d, which 
fix the radial shape, are taken over from the results of 
other experiments. The radius and surface thickness of 
a nuclear potential presumably depend on both the 
nuclear-mass distribution and also the range of the 
interaction potential between the scattered particle 
and the nucleons. Because the K+t-nucleon interaction, 
while unknown at present, is expected to have a 
considerably shorter range than, say, the nucleon- 
nucleon interaction, we have chosen to set it equal to 
zero, and touse for the shape of the K*-nucleus potential 
just the nuclear mass distribution. In fact we have used, 
instead of the mass distribution, which is not well 
known at present, the charge distribution," which is 
probably not much different from it. Thus we take the 
values 


ro= 1.07 A*X10-" cm, d=0.57K10-"% cm. (4) 


These same parameters have been used also for the 
charge distribution itself, in the calculation of the 
Coulomb interaction. The choice of the remaining two 
parameters, V and W, is simplified because the experi- 
ment also measures the inelastic scattering.!* Hence for 
any value of V the value of W can be fixed. Because the 
actual experimental number to be fitted is an average 
over both the elements in the emulsion and the incident 
energy, Tx, the actual choice of W could be made in 
many ways. For simplicity we have made the following 
choice: we have assumed that V and W are independent 
of element and energy in each of the energy ranges 
(although not the same in both, of course). For the 
various values of V we have considered, W has then 
been chosen after many trials to give an averaged 
total inelastic cross section that agrees with the 
experimental value in that energy range. The averaging 
over elements in the emulsion has been simplified by 
classifying all light nuclei as nitrogen, so that the 
emulsion is assumed to consist of silver, bromine, and 
nitrogen in the ratios 


Ag: Br: N: :0.22:0.22:0.56. (5) 
We shall comment on the above simplifications later. 


a Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
( "i 

1 Because the criterion for inelasticity is that AT/T>10%, 
what we assume to be elastic scattering could possibly include 
inelastic scattering that involves excitation of low-lying nuclear 
levels. It is difficult to examine the effect theoretically, but 
estimates we have made, using electron-scattering results as a 
guide, indicate that in the interference region it is negligible, 
while at large angles, where we deal only with the total cross 
section (elastic plus inelastic), it is immaterial. 
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(Experimentally, the hydrogen events beyond 7° are 
recognizable as such and are not included.) 

The qualitative features of the elastic differential 
cross section can be well understood by considering the 
Born approximation for the process. In fact this 
approximation has been used to analyze earlier experi- 
ments,!** although it is by now realized that in this 
application it is quantitatively unreliable. The essential 
features are that in the forward direction the crosssection 
is dominated by the Rutherford cross section, while at 
large angles the scattering comes almost entirely from 
the nuclear potential. Of main interest to us is the 
angular region where the two types of scattering are 
comparable, and where the constructive or destructive 
interference between the two will be observed. It is 
fortunate that it is well separated from the region 
where diffraction effects due to the finite size of the 
nuclear potential occur, because our decision as to the 
type of interference will thus not be strongly influenced 
by our previous choice of the finite size. In the lower- 
energy range (Tx=40 to 100 Mev) we have taken 
advantage of a clue given to us by the Born approxima- 
tion, and both experimentally and theoretically we 
have used as the independent variable not the scattering 
angle @ but the recoil wave number g; where 


g= 2k sin(30); k=[2Mc?T.4+-T/?]*/he; (6) 


and Mc? is the rest mass energy of the K meson. It 
turns out that in our exact partial-wave analysis, as 
in the Born approximation, the differential cross 
section plotted against @ is surprisingly independent 
of energy. The advantage of the g plot is therefore that 
the averaging in energy does not wash out the details 
of the angular distribution. In the higher-energy region 
(Tx=150+30 Mev), this was not done because of 
fractional range in energy is rather less, and the energy 
dependence of the differential cross sections plotted 
against @ is not so pronounced: consequently the 
advantage of the g plot is then outweighed by the 
greater difficulty in analyzing the experimental data. 

The important region for deciding on the magnitude 
of V (as distinct from its sign) is at large angles, 
where the scattering comes entirely from V. It is here 
that the choice of nuclear size and shape is important. 
However, the inelastic scattering is also large, so to 
avoid any uncertainty due to difficulty in identifying 
the events that are elastic, it is better to consider the 
total cross section (elastic plus inelastic). In order te 
exclude the region containing Rutherford scattering 
(which involves a large differential cross section 
depending very little on V), we calculate the total 
cross section (elastic plus inelastic) for angles greater 
than a certain 4. 


NUMERICAL RESULTS 


As will be seen, our final results are not in quantitative 
agreement with those of earlier workers, while our 
general method is quite the same. We think that the 
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Fic. 2. Differential cross section for the scattering of 75-Mev 
Kt mesons from silver, with a real potential of —20 Mev. The 
two curves are for W=0 (no absorption) and for W=—4.1 
Mev, which gives the observed cine. They show the marked effect 
of including W on the shape of the elastic cross section. This, and 
the following figures up to Fig. 9, are for the energy range 7x =40 
to 100 Mev. 


difference is due to an accumulation of small differences 
rather than to any one effect. To make this clear, we 
will describe briefly the various stages of the analysis, 
and comment on the intermediate results. 

First, in contrast to earlier authors,'~** we have used 
a realistic shape for the complex nuclear potential, 
and have made an exact partial-wave calculation of 
the scattering due to it. The shapes used by other 
authors seem to have been selected for analytical 
convenience rather than for physical reality, being 
either square (no surface thickness), Gaussian, or even 
exponential. As we have argued earlier, the shape chosen 
may not influence too much the decision as to the sign 
of V, but it will affect conclusions drawn about its 
magnitude, 

Just as important a defect in the earlier work is the 
neglect of the imaginary potential in computing the 
elastic differential cross section. The change that this 
produces’ is illustrated Fig. 2, where we show for 
V=—20, Mev, a typical value, the differential cross 
section for both W=0 and W=-—4.1 Mev; the latter 
value leads to a total inelastic cross section in agreement 
with experiment. Of great importance in this particular 
case, where the structure in the interference region is 
to be investigated, is the fact that the inclusion of W 
smooths out the interference minimum into a flat 
plateau. We understand this as the effect of adding to 
the scattering amplitude due to V a part due to W 
which is out of phase with it, and which is smooth in 
this region. The decrease of the cross section at larger 


iGO ET AL. 


angles due to W is, we feel, the influence of W in 
subtracting from the incident flux of particles as they 
pass through the nucleus, so that there is less flux to 
deflect. It should be remarked that the curve for W=0 
of Fig. 2 has a very much shallower interference 
minimum than that obtained by other authors! ** 
using the Born approximation. 

With the assumption that V and W are the same for 
all nuclei in the emulsion and at all energies in the range, 
the choice of W for any selected V is made by calculating 
the total inelastic. cross section gine: for a number of 
values of W at the median energy, and taking the 
average of Ag, Br, and N according to the ratios of 
Eq. (5). That value of W which at this energy gives 
the experimental value for cine: is then obtained by 
interpolation. Although the values of ojnei at the other 
energies then differ slightly from the experimental 
value, the differences almost disappear in taking the 
energy average. It is of interest to note that while the 
7 inel required to fit the emulsion average is considerably 
smaller than geometric, so that the nuclei are relatively 
transparent to K*+ mesons, the cine: for the three 
elements (for the same V and W) are in general not 
proportional to A ; in fact they seem to depend also on 
V and 7x. This can be understood qualitatively as the 
effect partly of the bending of the trajectories of the 
incident particles in the long-range Coulomb field 
of the nucleus, and partly of the changed velocity of the 
K+ meson inside the nucleus, although we have not 
studied these reasons too closely. In any case the 
procedure we have used is the correct one. 

To show the effect of the emulsion average on the 
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Fic. 3. Differential cross sections at 75 Mev for silver, bromine, 
and nitrogen, for the attractive potential V= —45 Mev, W= —3.8 
Mev, to illustrate the contributions of the elements of the 
emulsion. 
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differential cross section, we have plotted in Figs. 3 and 
4 the separate contributions of Ag, Br, and N for typical 
cases of attractive and repulsive nuclear potentials. We 
observe first of all that everywhere in the repulsive case, 
and in the interference region in the attractive case, the 
contribution from N (approximating C, O, and N) is 
quite small, although not negligible. At larger angles in 
the attractive case, it is large enough to fill in the diffrac- 
tion structure of the Ag and Br cross sections, but it is 
nowhere dominant. In any case both the large spread ing 


(or 6) and the large uncertainties of the experimental . 


points in this region mean that the detailed shape of the 
curve is not important there. The approximation of 
replacing various light nucleiin the emulsion (principally 
C and O) by N is thus reliable and the use of the Fermi 
shape, with parameters appropriate to the heavier 
nuclei, in obtaining the N cross section is accurate 
enough in this angular region. 

Secondly, we can remark on the actual shape of the 
cross sections in the region where the finite nuclear 
size is expected to produce diffraction structure. In the 
Born approximation the cases V and — V will show the 
same diffraction structure ; the only difference will occur 
in the interference region, and for larger angles the 
Coulomb effects become unimportant. Even if the 
approximation is improved by including in the zero- 
order wave functions some of the distorting effects of 
the Coulomb potential, this similarity between the 
V and the —V cross sections is expected to persist, 
because in the diffraction region they will still be 
proportional to V*. We see that, in fact, this does not 
happen : whereas the — V cross sections show diffraction 
dips with the correct dependence on A, those for +V 
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Fic. 4. The corresponding situation to that of Fig. 3, for the 
repulsive potential V=25 Mev, W = —5.6 Mev. 
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Fic. 5. Differential cross sections for the emulsion, at 45, 75, 
and 95 Mev, for the attractive potential V= —45 Mev, W=—3.8 
Mev. They illustrate the contributions of the various parts of 
the energy range. 


are almost smooth. This indicates that the scattering 
cannot be represented by such approximations. It also 
means that to the extent that the diffraction region is 
important in determining the nuclear potential, those 
analyses that have used the Born approximation or 
modification of it'*-* are unreliable. In apparent 
disagreement with our results with repulsive potentials, 
the cross sections obtained by Cocconi ef al.,? using a 
partial-wave calculation, show considerable diffraction 
structure. These authors assumed a _ square-well 
potential, however, and it is well known that a finite 
skin-thickness has a pronounced effect on the cross 
section at large angles, making it both smoother and 
smaller. This means that the result of these authors as 
to the magnitude of V is not reliable. The same criticism 
can presumably be made of the phase-shift analysis of 
Costa and Patergnani,’ used also later by Biswas et al., 
and by Ceolin ef al.,° insofar as they try to predict the 
integrated elastic cross sections at large angles. 

The next stage of the calculation, in which the 
differential cross sections are averaged over the energy 
range, is illustrated in Figs. 5 and 6. For lower energies, 
where the experimental data have been normalized 
so as to have the same effective track lengths at all 
energies, we take a simple, equally weighted average of 
cross sections at 45, 75, and 95 Mev. At the higher 
energy range, where the track-length distribution is as 
described in Fig. 1, we have averaged cross sections at 
115, 150, and 185 Mev with respective weights 0.24: 
0.56:0.20, as previously discussed. The justification for 
using q, the recoil wave number, as independent variable 
is evident from these illustrations; while in other 
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Fic. 6. The corresponding situation to that of Fig. 5, for the 
repulsive potential V=25 Mev, W = —5.6 Mev. 


respects these cross sections are quite different from 
those predicted by the simple Born approximation, 
they are remarkably independent of energy when 
plotted against g. Thus the energy average does not 
wash out the detailed structure of the cross sections, 
which is the feature of principal interest in this problem. 
(It certainly does if cross sections are plotted against 
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Fic. 7. The total cross section (elastic plus inelastic) for angles 
greater than 4, plotted against V, for 6:.=8° and @.=30°. It has 
been averaged over the elements of the emulsion and over the 
energy range 7x =40 to 100 Mev. The horizontal lines mark the 
experimental! values with standard deviations. The calculations 
were made only for the indicated points, and the curve was 
sketched in. 
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Fic. 8. Differential cross sections averaged over the emulsion 
and over energy for the two potentials whose total cross sections 
agree with experiment.’ They are V=25 Mev, W=—5.6 Mev 
and V=—45 Mev, W=—3.8 Mev. 


6.) For the lower-energy range this more than justifies 
the greater labor required to classify each scattering 
event according to g rather than just according to @. 
Even for experiments that use a more-or-less mono- 
energetic beam of particles, such a property of the 
theoretical cross sections is of considerable use in 
comparing results at different energies. 

The final results for the lower-energy range are 
presented in Figs. 7, 8, and 9. In obtaining the total 
cross section, we have used two values of >. For 
§)= 30°, the elastic cross section includes none of the 
interference region, and the object is only to obtain 
the magnitude of V. The total cross section for 6)=8°, 
which was also calculated, includes the interference 
region. It is therefore, as information, not independent 
of the results shown in Fig. 8, where we have plotted 
the energy-averaged elastic differential cross section. 
The hope was to make better use of statistics on the 
question of the sign of the interference. The fact that 
for both 6.=30° and @)=8° the same attractive as well 
as the same repulsive potentials gives agreement with 
experiment does, however, confirm our deduction of 
this fact from the plot of the differential cross sections. 
The results for some other values of V are shown in 
Fig. 9. They are in accord with the information given 
by Fig. 7, that only for sufficiently large values of V 
is the elastic differential cross section large enough at 
large angles to give agreement with experiment. We 
should explain that, because of the large amount of 
labor involved in investigating even one value of V, 
we have not made an exhaustive calculation of ¢wotai 
for (@>6o) as a function of V, but have contented 
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ourselves with making calculations only at the indicated 
points, sketching in the remaining curve. We do not 
think that this affects the conclusions appreciably. 
These results differ from those reached by several 
authors'"* who analyzed data in the same energy 
interval, They concluded that the data could not be 
fitted with an attractive potential. 

In view of the results in the higher-energy range, 
which we shall describe presently, it is perhaps only 
of academic interest that the conclusions we have just 
come to differ from those of previous authors on the 
very important question of the sign of V. It seems to us 
that in the work of previous authors, even where a 
partial wave calculation was made, there was no real 
attempt to fit the data with an attractive nuclear 
potential. We would say that it is very difficult to 
detect the sign of V at the low energies, because of the 
fact that in the interference region the structure has 
been so washed out by the imaginary part of the 
potential and by the averaging over the emulsion. 

Fortunately, the situation at the higher energies is 
unambiguous. We see from Fig. 10 that there is both 
a positive and a negative value of V for which oot. 
for (@>10°) is in agreement with experiment. Of the 
differential cross sections for these two cases, however, 
only that for the positive V is in good agreement with 
experiment. Our ability to throw out the curve for 
negative V is due partly to the improved statistics of 
the experiments at the higher energy, but mainly to 
the fact that the structure of the theoretical curves is 
less washed out by the imaginary potential and by the 
averaging procedures. From the other theoretical cross 
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Fic. 9. Differential cross sections averaged over the emulsion 
and over energy for the two potentials of the previous figure, 
and also for V=10 Mev, W=—4.9 Mev and V=—20 Mev, 
W = —4.1 Mev to show the effect of varying V. 
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Fic. 10. The corresponding situation to that of Fig. 7 For 
Tx=150+30 Mev, and @,.= 10°. 


sections in Fig. 11, this is seen to be true in general for 
attractive potentials. 

If we believe that the sign of the potential does not 
change in going from about 75 Mev to 150 Mev, we 
must then conclude that the nuclear potentials are as 
follows: 


Tx=40 to 100 Mev: V=27+8 Mev, 
W =—5.7+1.1 Mev; 
+3 Mev, 


W = —10.341.6 Mev. 


V=27 


Tx=150+30 Mev: 


It is rather difficult to be sure of the errors on these 
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Fic. 11. The corresponding situation to that of Fig. 8 for the 
energy range 7x=150+30 Mev and for the potentials V=35 
Mev, W=—10.7 Mev; V=25 Mev, W=—10.6 Mev, V=—15 
Mev, W=-—9.1 Mev; V=—30 Mev, W=-—8.8 Mev; and 
V=—40 Mev, W=-—8.2 Mev. The results at larger angles are 
shown in the inset figure. : 
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quantities; those shown for V are due to statistics in 
Srotal(9>30°) and orotai(@>10°) in the two cases, 
respectively; and those for W are due to statistics 
in Tinel- 


CONCLUSIONS 


The imaginary potential W can be related by simple 
semiclassical arguments to the average K+-nucleon 
cross section (&) inside the nucleus; the result is that 


o= —2W (hop), (7) 


where v and pp are the velocity of the K+ mesons and 
the nucleon density, both taken inside the nucleus, 
and 7 is a correction factor that allows for the effect 
of the Pauli principle on the collisions inside the 
nucleus and has been calculated by Sternheimer.” 
For a matter distribution of the Fermi shape, po is given 
by 

po= A [4703 ( 1 +9.884/re }. (8) 
Substitution of our values of W then leads to 


Tx=40 to 100 Mev: 
Tx=150+30 Mev: 


¢=21+8 mb; 
6=13+2 mb. 


The rather large quoted errors on the result for the 
low-energy range come both directly from the uncer- 
tainty in W, and indirectly through the influence on 
n and » of the uncertainty in V. It is also possible that 
Sternheimer’s calculation of 9 as a universal factor may 
not be reliable for the low energies, where it has a 50% 
effect on ¢. The result for 150 Mev is much more 
reliable because all these effects are less important there. 
The result is in good agreement with the values quoted 
as &; in Table II in the preceding paper.® The resulting 
K+-hydrogen“ and K+-neutron cross section have also 
been discussed in reference 9. It is, of course, also pos- 
sible to obtain information on the elementary cross sec- 
tion from the real part of the potential V, for a par- 
ticular model, as is carried out in the previous paper.® 
It should be noted that V is referred to as Vy in that 
paper, while V there stands for Vw+Vc, the real part 
of the nuclear and the Coulomb potentials, respectively. 

The result for the high-energy range is probably not 


13 R. M. Sternheimer, Phys. Rev. 106, 1027 (1957). See also I. 
G. Ivanter and L. B. Okun, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, > (1957); English translation: Soviet Physics JETP 5, 340 
(1957). 

1 The K*+hydrogen cross section measured in a propane bubble 
chamber [Meyer, Perl, and Glaser, Phys. Rev. 107, 279 (1957) ] 
of 9.44+1.7 mb, for 7x=20 to 90 Mev, is somewhat lower than 
the emulsion result in this energy region. The reason for the 
difference is not clear, but it is probable that the difference is 
not statistically significant. 
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too dependent on our initial choice of radial parameters 
for the potential, although with a larger radius we 
should have needed a smaller W to fit gine), the nucleon 
density po would be correspondingly smaller, and the 
influence of the value of V on » and 7 is unimportant. 
At the low energies the last statement is no longer true, 
but the only way to find out the dependence of V 
and W on the assumed nuclear size is to repeat the 
whole calculation with a different radius, and this 
we have not found the energy to do. It is certainly not 
clear that the choice is unimportant or easily corrected 
for, but we feel that the choice we made is the most 
reasonable on the basis of our present knowledge of 
nuclei. 

These last remarks introduce a justification of some 
assumptions we have not as yet commented on: we 
have assumed that V and W are independent of A 
and 7x in each energy range. A theoretical deviation 
of V and W from some assumed A*-nucleon interaction 
would presumably give them to be proportional to po 
at least for nuclei as large as Ag or Br. Our formula, 
with our assumption about ro and d, gives for po values 
for Ag and Br that differ by only 2%. Because the 
contribution from N has been seen to be not very 
important, it does not matter that our assumptions 
about the shape of this nucleus and about the constancy 
of V and W are not very good. As regards the variation 
with 7x, our results show that as 7x doubles (Txn~75 
Mev to 150 Mev) W almost doubles. It is thus in 
principle necessary to redo the whole calculation, 
building in this first approximation to the energy 
dependence of W. We do not believe that this would 
alter our conclusions appreciably, and certainly not in 
the high-energy range. 

To summarize the calculations, we have found from 
an examination of experiments in the two energy ranges 
Tx=40 to 100 Mev and T7,=150+30 Mev that the 
nuclear potential for K+ mesons is repulsive, and about 
27 Mev at both energies. The imaginary potential, after 
allowance for the Pauli principle, is at both energies 
compatible with a K-nucleon cross section of the same 
size as that measured for free protons. 
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Expressions are derived for the matrix elements of the transition operator relevant to that situation in 
which so-called surface potentials are to be taken into account as perturbations upon the usual core poten- 
tials. Some comparison is made of the class of approximations which appear in the literature and the re- 


strictions upon their generality. 





I. INTRODUCTION 


HE approximation procedure to be used in the 
scattering of quantum-mechanical systems in the 
presence of two potentials has been discussed by Gell- 
Mann and Goldberger! and by Watson.? Usually it is 
the aim to treat one of these potentials exactly and the 
other in some degree of approximation, depending upon 
the nature of the physical problem. 

The present form of the theory of direct nuclear 
reactions involves the notion of perturbations generated 
from the classical Wigner reaction picture.** So-called 
surface potentials are introduced in order to properly 
account for the nuclear interactions within open chan- 
nels. These interactions arise from overlap between 
various channels in the vicinity of the nuclear surface 
as defined by the distinct separation of configuration 
space into an internal region and a channel, or external 
region. The surface potentials are introduced heuristi- 
cally by expressing the total potential between inter- 
acting systems as 

V=V'+V". (1) 


One considers V‘, the surface potential, to contain all 
of those interactions between fragments not included 
in the core potential, V*, which is defined ideally for 
nuclei of infinite mass. Presumably, then, the inter- 
actions represented by V* occur through the tails of 
wave functions of the reactants in two-body channels. 
These, by the nature of the specific assumption, ought 
to give rise to comparatively smaller scattering ampli- 
tudes than those associated with V*. Accordingly, one 
has in some sense the basis for a perturbation analysis. 
Carried out with regard to the amplitudes per se, the 
procedure is comparatively straightforward. Neverthe- 
less, the large core contribution to the direct reaction 
cross section is a continuing source of difficulty. 

One can develop the perturbation in terms of the 
T-matrix in a manner consistent with the foregoing 
observations. Now, of course, some assertion must be 
made concerning the potentials appearing in Eq. (1). 
This is particularly true if one is to develop the T-matrix 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1M. Gell-Mann and M. Goldberger, Phys. Rev. 91, 398 (1953). 

2.N. Watson, Phys. Rev. 88, 1163 (1952). 

3H. Ui, Progr. Theoret. Phys. (Kyoto) 16, 299 (1956). 


*K. Tobocman, Technical Report No. 29, Nuclear Physics 
Laboratory, Case Institute of Technology, 1956 (unpublished). 


from the algebraic scattering formalism. The core poten- 
tial is in general a many-body interaction of short range, 
which is no less true of V*. However, one can generally 
obtain by considering a given reaction, or its time-re- 
versed state, a fairly useful estimate of the effect of V* via 
the various optical model approximations. In particular, 
the 7-matrix contributions from V* will turn out to be 
evaluated in the distorted-wave Born approximation. 
To arrive at this result is not as straightforward as one 
might suppose, within the framework of the algebraic 
formulation. There are certainly approximations in- 
volved, the order of which is not easily discernible. 
This difficulty arises from the generalization of the 
reaction theory to include surface potentials for both 
initial and final states. 

While one may think of the problem as simply that 
of inclusion of final and initial state interactions, there 
is certainly more involved. This is particularly true if 
one does not have the advantage of symmetry, or 
identity, of interaction for both sets of states. It is 
then the purpose of this note to re-examine the formal 
algebraic derivation which includes pairs of potential 
interactions between nuclear systems. In Sec. II we 
discuss the approximations underlying the results ob- 
tained by Gell-Mann and Goldberger. In particular, 
we compare their result with the similar, but, in a 
special sense, more exact one of Watson. Finally, in 
Sec. III we consider the general case of distinct pairs of 
initial and final state interactions. 


Il. SIMPLE TWO-POTENTIAL SYSTEMS 


Let us consider the transitions induced between the 
sets of noninteracting states ¢, and ¢» by potentials U 
and V. It is desired to treat the potential U exactly 
and V approximately. (Our notation is chosen to 
conform with that of Gell-Mann and Goldberger.) 
Then if 


(Ea—K)¢a=0; (F,—K)o,=0, (2) 


where K is either the kinetic energy operator or some 
appropriately chosen operator, the stationary state of 
interaction is given by 


———___(U+V)}s.= 24, 
a —(U+V) (3) 


a = E+in— K. 


vat =dat 
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As is usual, the states @ denote the relative motion of a 
pair of systems and contain additionally the description 
of their internal structures. Also we are interested in 
scattering on the energy shell, E,=£,=E. The exact 
inclusion of the potential U is implied by the definition 
of functions x, satisfying 


1 
———U¢,=w'"$.. (4) 
av — U 


Xa‘t =d¢at 


The transition matrix 74,=(@| (U+V)\y,"*) is then 


determined by evaluating the operator 
T=(U+V)Q” 
1 
-w+n|1+——__w+)] (5) 
a —(U+V) 


between plane wave states ¢» and ¢,. As a result of the 
operator identity 


1 
[1+ ——__v+n)] 
a —(U+V) 


1 1 
f+ Jiro 
a®—(U+V) aY—U 


the operator T is given as 








w+v)|1+ v| (6) 
a—(U+V) 

when acting upon the state X,*. Hence this form is 

evaluated between ¢, and X,*. Then, upon using the 

familiar relation for the difference between inverse 

operators, there obtains 


1 
r=u+|i+0 —|[1+7—__|v 
a?—U a —(U+V) 


1 1 
au+|itu -|y|1+——__v] 
a —U &—(U0+V7) 








or 


1 
+— ~—_.v| (7) 


T=U+0' vv 
a) —(U+V) 


However, one can show by direct algebraic manipu- 
lation, as did Gell-Mann and Goldberger, that 


YP =x, ——Vx,, (8) 


aH—(U+V) 
Consequently, it follows that 


Tra= (bo| U | Xa") + (Xo | V |). (9) 


os gt 
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It is observed that this statement involves no approxi- 
mations. Then from Eq. (8) it follows that if one is to 
treat U exactly and V to first order, the transition 
matrix element is 


Tra(bo| U |X.) +(x, 1V X,"*). (10) 
The boundary condition on the function x has appeared 
as a direct formal consequence of the expansion pro- 
cedure. 

Watson, while proceeding from Eq. (2), has con- 
sidered the case in which transitions between non- 
interacting states are induced by a rather special 
potential. Here it is considered that final-state systems 
scatter each other through some potential U’. The total 
interaction, V7, while written as /+V carries with it 
the stipulation that U operating on any set of states 
except a given set of final states vanishes. Therefore, 
V is defined as Vr—U. Immediately, then, one has 
distinguished between final and initial states in choosing 
a specific reaction channel. The obvious symmetry of 
states of preceding paragraphs has been removed. 
Equation (4) still holds, but only for the designated 
set of final states, say “B,” of which ¢ is a member. 
Now the expression for the transition element is 


Ta= (Xo | V Ya?) = (>| Vy) 


+WO—X4|U fy), (11) 


a direct transcription of Watson’s result, where ¥,‘~ is 
given by Eq. (3), yx“ by an analogous statement, and 


1 
YIM =N'V Ge, No? =1+——_V.. 
av—YV 


Watson’s result, Eq. (11), is to be compared with Eqs. 
(9) and (10). As he has pointed out, a perturbation 
expansion in the sense that the first matrix element be 
large in comparison with the second, is possible in two 
limiting cases. The first is that V be in reality a small 
perturbing potential; the second, that it be so strong 
that the intermediate state sum which results vanishes, 
or nearly so. The latter may be an important point in 
the formal theory of surface reactions. Again we note 
that no approximation is to be made for U. 

Thus far we have just recounted well-known and 
previously obtained results. In the following section, 
we analyze a more complex situation. 


III. GENERAL TWO-POTENTIAL SYSTEMS 


Let us consider that configuration in which Eq. (2) 
is replaced by 


(E—Hy)¢.=0, (E—H,)bs=0, (12) 


the Hamiltonian operators for initial and final non- 
interacting systems being in general different. The 
stationary state of interaction of initial systems is 
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given by 


HWa= Eva; ap) = E+in—Hp; 


1 (13) 
vy = eT Page V aba; H= Ho+ Vo. 


ay? — J 4 


Additionally, the total Hamiltonian is expressed by 
H=H,+V>. The interaction potentials Va, V. for 
initial and final states are further decomposed as 
Va=V.'+V.°, Vo=Ve'+V2°. Again the superscripts 
have the meanings employed in Eq. (1). From Eq. (13) 
we obtain 


1 1 
Va? =o.t—- [itr opens |v 
a,"* as?—V, 
ar=E+in—H,, 
which leads to the transition matrix element 
VY, $.)= vp V «| ba) 
= (¢o| V2. | ba) 


Trax (bo Q 
(14) 


The second member of the identity is obtained by 
considering the solution of the integral equation 


1 


Vv» =O1T V_w_o' i (15) 


a 


and employing the relation 7,4,=7_»,-.'. Subscripts 
with negative signs denote, as is customary, the time- 
reversed states. 

Following our earlier procedure, the 
operator taken between plane-wave states is 


transition 


1 
P= (Vyr+ Vo] 1+ - - —( vetve| 


ae — (V,°+- V 4°) 


1 
=(We+ V9] 14 - - ve 
ay) — (Vat'+Ve') 


1 
[1+ —V.'] 
. aP—V,° 


Then, if the transition operator is evaluated between 
the states @, and G,“*, where 


1 
G,\* = dat “x: 


ay * 


-V.£G., (16) 


in accordance with our desire to take the potentials V° 
into account without approximation, it becomes 


1 
T=( Vit+ | 14+ ——--—__-—-_- — ve ( 17) 
dl | Vit Ve 


do ‘) 


By straightforward application of the operator identity, 
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the relation between the stationary state and G, is 
found to be 


1 
y.? =G6,° +———_ spsccinssiiivamanitaatataacatiit V.'G,*?. 
ao) — (Vat+Vo") 


(18) 


This relation is just that of Gell-Mann and Goldberger, 
Eq. (4.9). The matrix element of Eq. (17) is then 


Tra= (bo Viet V," Va /s 


which is exact. Because one has separated interactions 
in initial and final states, one should not expect to carry 
over the relation expressed by Eq. (9), i.e., 


T r.= (o>! V,° G,* +(G,' V,° yar ), 


(19) 


(26) 


In fact, Eq. (19) is @ priori obvious from Eq. (14), 
while that above is correct only in a restricted sense. 
Let us see to what extent Eq. (20) can be considered 
as valid. 

We rewrite Eq. (17) in the form 


1 
T=V5°+(Ve'— ve+[i+ viet Vor) Vat 
a‘t 
a* = E+in—H, 


from which there follows 


[= Vo+ ( V,'- V.") 


+[1+Vi— : —]1+¥e |v. 
asH—V,° a 

Upon evaluation of this expression between the states 

¢, and G,, we obtain 

T a= (bo! Vo"| Ga) +(e) (Ve'— Va") |Ga) 

Va"|Ga)+(Gs | Ve |W —Ga) 

(0! Vo" |Ga) +(G, | Va? | Pa) 

— (Gx — de! (Vi'— V") |G) 

= (oy! Ve°| Ga) +(Ge | Vo" Pa) 





+(Gp 


Il 





1 | 
(Gy [Ve -(Vie— V,*) G,‘t ). (21) 


a; 
f 


The essential point as concerns this exact result is that 
the core potential vanishes throughout the external 
region of configuration space, by its definition. Also, 
the surface potentials are zero for the internal region. 
It is therefore a good approximation to drop the last 
term, involving as it does a contribution depending 
upon the difference in volume of the core regions for 
final and initial states. One should then judiciously 
choose the radii involved such that large error is not 
involved. At the same time these radii are to be deter- 
mined to be sufficiently close to a physical nuclear 
radius so that many open channels are available. In 
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view of these remarks, the relation of Eq. (20), derived 
by Ui, can be justified. For the “first-order” approxi- 
mation in the surface potential, the expression reduces 
to 


Toa= (0| Vo°|Ga)+Ge™ | Vo" |Ga). (21) 
The second, or surface, matrix element is therefore to 
be evaluated in the distorted-wave Born approximation, 
as is disclosed by examination of Eqs. (16) and (18). 
An identical result has been obtained by Tobocman 
whose derivation, not in the algebraic formalism, is 
rather more transparent. 


IV. CONCLUSIONS 


While the foregoing is predominantly formal, and 
quite removed from a general theory of nuclear reac- 
tions, deuteron-induced or otherwise, many of its 
aspects can be regarded as having relevance to physical 
evidence as disclosed by experiment. Specific to strip- 
ping, one is inevitably faced with the problem of 
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eliminating the core contribution to the transition 
matrix element of Eq. (21), or at least making it very 
small.° In this connection it is requisite that theories 
which explicitly contain the fine-structure expansion 
of Wigner or Kapur-Peierls for interior nuclear wave 
functions be utilized with care. One must, if the dis- 
torted waves arise from complex potentials,* not only 
be restricted to incident energy uncertainties covering 
many resonance levels, but also to the computation of 
explicit averages of the scattering amplitudes over this 
energy interval. Indeed this raises the well-known 
question of level-width correlations, which up to now 
is not answered in any satisfactory way. 

Despite the inherent difficulties associated with the 
formulation, we are carrying out computations of cross 
sections for D(d,p)H* and (a,m) reactions, and as well, 
polarizations for the former; these being based upon 
Eq. (21) in one or more of its specific forms. 

5 A. M. Lane, Revs. Modern Phys. 29, 191 (1957). 

®W. Tobocman and M. Kalos, Phys. Rev. 97, 132 (1955). 
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This paper investigates the method of obtaining bounds on scattering phases developed by T. Kato. 
Circumstances under which it is possible to obtain rather good bounds on the phase shifts by simple pro- 
cedures are investigated. Useful formulas and techniques are presented and illustrative examples given. 


1. INTRODUCTION 


HE use of variational methods for calculating 
phase shifts in scattering problems has proved 
very fruitful. A variety of variational formulations has 
been developed and it has been shown that with an 
intelligent choice of the trial wave function these formu- 
lations give good approximations to the phase shifts. 
Unfortunately, with most of these methods it is not 
generally possible to determine whether the approxi- 
mation to the phase shift is above or below the correct 
value. This is a very serious defect, since, in the first 
place, the variational expressions are in some cases 
extremely sensitive to the choice of trial function and, 
in the second place, the inclusion of more free parame- 
ters in the trial function does not guarantee improved 
results. 


* The research reported in this document has been supported 
in part by the Geophysics Research Directorate of the Air Force 
Cambridge Research Center, Air Research and Development 
Command. 

t Submitted by Martin Kelly in partial fulfillment of the re- 
quirements for the degree of Doctor of Philosophy at New York 
University. 


Fortunately, Kato’ found a variational formulation 
which gives both upper and lower bounds to the phase 
shifts under rather general conditions. He applied the 
method to a particular problem in which the method 
gave very close bounds to the phase shift with a simple 
trial wave function and a modest amount of com- 
putation. 

The Kato formulation is not without its limitations. 
Trial wave functions that give good results in other 
variational methods may give very poor bounds in the 
Kato method or may even cause the integrals to diverge. 
However, the obvious superiority of the Kato method 
over other methods in cases where it does work well 
certainly justifies further investigation. 

Some of the difficulties involved in the application 
of the Kato method will be investigated here, and some 
circumstances in which the method gives good bounds 
by means of simple trial functions and modest calcu- 
lational efforts will be presented. Before we speak more 


1T. Kato, Progr. Theoret. Phys. (Kyoto) 6, 295 (1950) ; 6, 394 
(1951); Phys. Rev. 80, 475 (1950). 
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explicitly of these matters, however, it will be con- 
venient to give a brief introduction to the formulation. 


2. KATO METHOD 


In Kato’s paper’ the formalism is developed for the 
case of zero angular momentum. However, as Kato 
pointed out, the extension to arbitrary angular mo- 
mentum 1s formally trivial, and since this paper will be 
chiefly concerned with cases where L>0O, we will 
present the formalism for the case of arbitrary L. 

The operator £, is defined by 


@ L(L+1) 
£,=—+F-———+W (1). (1) 
dr? r 


The “potential” W(r) stands for —2mhV(r), where 
V(r) is the potential. The problem is to obtain bounds 
on the phase shift 4; due to W(r). In all that follows 
the exact quantities will be distinguished from trial 
quantities by being barred. 

The wave functicns are normalized by the condition 
that their asymptotic form be as follows: 


ue (kr) — cos(kr— 3 Lx+6) 
+cot(n.—9) sin(kr—4}L4+6). (2) 
The normalization constant, 6, lies between 0 and x 


but is otherwise arbitrary. 
The quantity P(#,) is defined by 


P(x) =k cot (471—0)—k cot (nr —8)+ f wos 2imedr (3) 


Then it can be shown that the following inequality 
holds: 


— ani { p\(£im)ars P (4x) 


<Bor f p(Lruer)*dr. (4) 


Here p is some non-negative weight factor and as, and 
Bex are certain eigenvalues of the differential equation 


LrOatrtunponr=O, 0<r< oe, (5) 


The eigenfunctions ¢,, and their corresponding eigen- 
values wu, are determined by the boundary conditions 
that the ¢,: vanish at the origin and have the asymp- 
totic phase shift, 5z(u) given by the equation 


5.(u)=0+ne, n=0,+1,---. (6) 


Then agz is the smallest positive eigenvalue and (—{¢z) 
the smallest (in absolute value) negative eigenvalue. 
The values of aez and fo, need not be determined 
exactly. Even quite crude lower bounds on ae, and Bez, 
will suffice to give close bounds on the phase shifts, 
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provided the integral /'p~'(£1e1)*dr, which vanishes 
for the exact wave function, can be made sufficiently 
small. 

The conditions on the choice of p(r) are that it be 
non-negative for all r, and that it behave in such a way 
that the phase shift in Eq. (6) is well defined for all 
values of u. 

We are now in a position to state the matters that 
will be covered in the following sections. In Sec. 3 the 
case p=W>O0 will be considered and formulas for 
bounds on az and fz, will be given. In Sec. 4 the 
circumstances under which fz can be put equal to 
infinity will be investigated. This is a particularly 
important special case since the calculation of one of 
the bounds on #z is greatly simplified. In Sec. 5 the 
choice of br~* for p will be investigated and the ad- 
vantages that attend this choice will be pointed out. 
I}lustrative examples will be given in Secs. 4 and 5. 


3. BOUNDS ON as; AND ($¢; WHEN o(r) =| W(r)| 


If the “potential” W(r) is of constant sign, then a 
permissible and rather natural choice for p is p= | W(r) |. 
For this case there are a few simple formulas for lower 
bounds on az and §¢,. To simplify the discussion only 
the case where W(r) is non-negative so that p=W/(r) 
will be presented. 

The eigenvalue equation (5) now takes the form 


Fb L(L+1) 
—oatth'bat— iéitaew a Ontt (1 +yp,)Wo.1=0. (7) 
ar a 

Apart from the unique case .= —1, 6=0 there will, in 


general, be no analytic, closed-form solutions for any 
values of u and 6. The possibility of finding lower bounds 
on az, and 8¢, arises from the two circumstances that, 
first, there are “potentials” for which Eq. (7) is solvable, 
and second, that there is a theorem which states that 
the phase shift increases monotonically with increasing 
“potential.’” 
Now, for almost any non-negative W(r) met with in 
practice, the inequality 
W (nr) <b/r* (8) 


holds for some value of 6. The Lth phase shift of the 
equation 


& L(L+1) b 
—ontrtkbnr———¢att (1+u’)—¢,.1=0 (9) 
dr r r 


is known for any values of yu’ and } such that 
L(L+1)—(1+n')b>0. (10) 
The Lth phase shift is given by —(»—L)(x/2) where v 
is determined by the equation ; 
v(v+1)=L(L+1)—(i+n’)d. (11) 


*This monotonicity theorem is mentioned by Kato and is 
easily proved by the calculus of variations. 








2146 i. 


8) 











“1+b LiL +l) Gp 


Fic. 1. Determination of lower bound on ag, under the as- 
sumptions that 0<W<br, that 6<L(L+1), that (s—1)x 
+6<71, and that $ir<sx+6@. The dashed curve represents the 
(solvable) phase shift associated with Eq. (9). Equation (9) has 
no meaning beyond yw’ = —1+6-'L(L+1), which is a lower bound 
on ager. [If H1’<sr+6 but 4Lx>sx+46, the dashed curve crosses 
the sx+ line. The point of crossing then serves as a lower bound 
on agz, and we have Eq. (14). If b5>LZ(L+1), the dashed curve 
does not even cross the vertical axis and ag cannot be determined 
by this method. These last two situations are not shown in the 
figure. ] 


Now, because of the monotonicity theorem, the value 
of (1+ ’) in Eq. (9) which produces a specified phase 
shift is smaller in absolute value than the value of 
(1+ ) in Eq. (7) which produces the same phase shift. 
For zero phase shift, w and yw’ are both equal to —1. 
For the same negative phase shift, u<yu’<—1. For the 
same positive phase shift, u>y’>—1. 

By considering first the 6 eigenvalue, it can easily be 
seen that if #,>7, then 84, <1; since .=0 corresponds 
to a phase shift greater than x, and .= —1 corresponds 
to zero phase shift in (7), a phase shift @ must be 
obtained for some value of » between 0 and —1. An 
upper bound on §¢; is useless, though, for the inequality 
given by (4) is not preserved if it is used. 

If, however, 4#:<~ and, if it is possible to show that 
there is a @ such that #,<6@<z, then the phase shift in 
Eq. (7) for —1<y<0, is between 0 and 4, and thus 
never equal to @(mod. 7). To attain a phase shift 
6(mod. x) for negative u, ~ must be less than —1. The 
phase shift for the first negative eigenvalue will be 
(9—m). The value of yu’ which produces a phase shift 
(@—) in Eq. (9) is obtained by solving for v from 
(9—x)=—}(v—L)x, substituting into Eq. (11) and 
solving for u’. The value of —y’ so obtained serves as 
a lower bound on §¢;. In this way it is found that 


Bor > 1467 (2—264-) (2L+3—26r-). (12) 


This is a generalization of a result obtained by Kato 
for L=0.' For large L and/or small 8, it can be a con- 
siderable improvement upon the result 8¢,>1 which 
follows from 4#,<0<7x. 

Turning now to the bound on a¢z;, it is seen that the 
eigenvalue equation with the “potential” br-* has no 
well-defined phase shift for any positive eigenvalues 
unless 6< L(L+1). Thus one cannot obtain any bound 
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by this procedure for the case L=0. Moreover, because 
of this pecular character of the “potential” 6r~* having 
no admissible solutions for negative », if (7,—4L4)>0, 
the present method is not applicable. Furthermore, if 
O> (4#:—4Lx)>—z, then the best lower bound on ag, 
for any 6 such that 6<(x—}Lr+ 7) is given by that 
value of uw’ in Eq. (9) for which the phase shift, 
—}(v—L)z, is equal to Lx. This corresponds to v=0, 
and from Eq. (11) it is found that 


agp> —1+5°L(L+1). (13) 


However, if (#:—}L7) is less than —7x and s is the 
largest integer for which 4,>[(s—1)x+6], then ae, 
is the eigenvalue of Eq. (7) for which the phase shift 
is (sr+6). The value of yu’ that produces such a phase 
shift in (9) serves as a lower bound on ag¢,. Using Eq. 
(11) to obtain y’, one readily finds that 


aon > —1+b-(2s+260-) (2L+1—2s—26e-?) (14) 


(see Fig. 1). 

Bounds on ae, and $6, for cases in which W is non- 
positive and p=—W are readily obtained in the same 
fashion. 


4. CONDITIONS UNDER WHICH 84, 
GOES TO INFINITY 


Since it is often a very tedious matter to evaluate 
the integral (£119,)*p‘dr in the error term, it greatly 
simplifies matters in obtaining one bound on %, if one 
can cause the term to vanish by showing that 89, goes 
to infinity. From inequality (4) one then has 


k cot(#_,—0) =k cot(ns—8)— f uer&asmdr (4’) 


It was pointed out by Kato that if W(r) vanishes 
for r>a and if %#0<0@<~ and ka< (x—6), then it can be 
shown, by considering the phase shift due to a “po- 
tential” that is perfectly repulsive for r<a, that 
Boo ©. 

More generally the result 84, — ~ can be obtained 
under the following conditions. If the “‘potential” W (r) 
is solvable for r>a so that one can form a trial function 
uex for which £:%,=0, r>a, and if the phase shift 
7” (W), due to a “potential” that is infinitely negative 
for r<a and equal to W(r) for r>a, differs from 4, by 
less than 7, then it is possible to pick 6 so that Bs, — ~. 

This result comes about as follows. Since £,19,=0 
for r>a, p(r) can be chosen arbitrarily small for r>a 
without affecting the value of the _ integral, 
S (£1uer)*p dr. In the associated eigenvalue Eq. (5), 
the contribution of p for r>a to the phase shift can be 
made arbitrarily small for any value of u by choosing 
p for r>a sufficiently small. Hence, for any negative 
value of wu, no matter how large in magnitude, it is 
possible to choose p so that the phase shift is less 
negative than #,”(W). If @ is chosen so that there is 
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no value @(mod. x) between 4, and #,%(W), then Ber, 
can be put equal to infinity. (Alternatively, the prob- 
lem can be reformulated in terms of the region 0 <r <a. 
Note that the trial function must be continous and 
have a continuous first derivative at r=a.) 

Now of course the “potentials” with which one 
ordinarily deals neither vanish identically nor are 
solvable beyond some point. However, it frequently 
happens that the “potential” beyond some r=a can 
be closely approximated by some solvable “potential.” 
If a solvable “potential” U(r) is such that U(r) <W(r) 
for r>a, then a lower bound on the phase shift that 
results from substituting U(r) for W(r) for r><a is also 
a lower bound on 4. If the change in phase shift caused 
by the substitution is small then a good lower bound 
on the new phase shift is also a good lower bound on 
fi. Furthermore, and this is the significant feature, the 
substitution may enable one to set 8», equal to infinity. 

To illustrate this procedure, consider now the case 
of a Yukawa-type “potential” with values for the 
parameters involved taken from a paper by Mowrer’: 


W (1) =Wo(ro/r) exp(—r/ro), 


Wore=5.85, kro=0.72. 


A lower bound on %, will be found. 

Since W(r)>0 one can choose U(r)=0. In order to 
take the cutoff point, a, as far out as possible while still 
preserving the feature 8s,—+ ~ one must choose 6 as 
small as possible, subject to the condition 6>%,. It is 
therefore necessary to have a fairly close upper bound 
on #2 before the method can be reasonably applied. It 
will be shown in Sec. 4 that #2 is less than 8°. A value 
for a/ro of 70/9 leads to a value for 4.%(W) of (8.5°- 
180°) so that @ may be taken as 8°, using such a cutoff 
point. The part of the potential discarded is obviously 
insignificant. From the simple trial function‘ 


tte2= A (r/a)?+ B(r/a)*+C(r/a)', 
ug2=[sin(n2—8) }[ — (singe) krne(kr) 
+ (cosn2)kr j2(kr) |, 


r<a 
(15) 
r> a, 


substituted into inequality (4’), one obtains the result 
fi2>6.2°. The value for #2 calculated by Mowrer by 
numerical integration is 6.3°. It will be shown in the 
Appendix that the additional phase shift due to the 
discarded “potential” tail is much less than 0.1° so 
that the difference between Mowrer’s value and the 
value calculated here is not due to cutting off the “‘po- 
tential,” and the result could be improved by a more 
complicated trial function. 

If the “‘potential” tail is not positive, then a lower 
bound on the phase shift due to the truncated “‘po- 
tential” is not necessarily a lower bound on 4. How- 
ever, the sum of a lower bound on the phase shift due 





3 L. Mowrer, Phys. Rev. 99, 1065 (1955). 

‘For definition of jz(kr) and nz,(kr), see P. M. Morse and 
H. Feshbach, Methods of Theoretical Physics (McGraw-Hill Book 
Company, Inc., New York, 1953), Vol. 1, p. 622. 
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to the truncated “potential” and a lower bound on the 
additional phase shift due to the “potential” tail is a 
lower bound on the phase shift 4, due to W(r). This is 
the simplest procedure for utilizing the result 8¢, — © 
when the tail of W(r) is not positive. 

However, one can, if one chooses, follow the original 
procedure of substituting a U(r) for W(r) for r>a, 
where U(r) <W/(r), by taking U=—b/r*. The analytic 
solutions for this potential are known for arbitrary L. 
The solutions for a particular value of 6 must be ob- 
tained from the series expansion for j¢(kr) and ng(kr) 
as functions of the index G. 

As an example of this, consider the repulsive ex- 
ponential “potential” 


W (r) = —Wo exp(—r/ro), 


where Wor? =1, kro=0.25. The case L=O is treated 
because this has an analytic solution® with which the 
approximate result can be compared. 

For r>x/k one makes the. substitution —dr~ for 
W where 3 is given by 


b= (x/k)*Wo exp(—2/kro). 


Then §¢o goes to infinity if # is chosen so that (1) (@—7) 
is greater than the phase shift that results from the 
new “potential” and (2) (@—2r) is less than the phase 
shift due to the “potential” that is infinitely negative 
for r<a/k and is —b/r for r>x/k. A value of @ equal 
to (r—0.01) is satisfactory. 

For r>2/k the trial function must be of the form 


ueo=[sin(n—8) }Lkrje(kr) cos(n+3Gr) 


T 
—krng(kr) sin(n+4Gr) ], rs (16) 

where G(G+1)=6. For r<2/k the trial function 
ugo= A (kr/x)+B(kr/x)?+C(kr/x)*+D(kr/x)* (17) 


was used. Substituting this trial function into inequality 
(4’), one finds that #o0>—0.2765. The exact calculation 
gives the result #o= —0.2759. 


5. CHOICE’ OF br? FOR o 


Since the potential br~ is solvable for all Z and for 
all values of 6 such that b< L(L+1), it seems a rather 
obvious choice to select br~* as the weight function, p. 
However, there is the difficulty here, that with this 
choice for p, the associated eigenvalue equation will 
not have eigenfunctions with well-defined phase shifts 
for large positive values of yw. Since the inequality (4) 
was based on the assumption that the ¢,z formed a 
complete set, the proof breaks down. 

This difficulty can be avoided as follows. Consider 
br~ as the limit case of the “potential” dr (r+«)— as 

5 See reference 4, Vol. II, p. 1670. 


® The authors are indebted to Professor Kato for a very useful 
suggestion on this matter. 
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€ goes to zero. With p=dr(r+e«)"', the associated 
eigenvalue equation has eigenfunctions with well- 
defined phase shifts for all values of u. In addition, for 
those values of » for which the limit case br~ has solu- 
tions with well-defined phase shifts, the values of u 
resulting in a given phase shift with p=dr(r+e)" 
can be made to differ by arbitrarily small amounts from 
the corresponding values of u with p=br~ by taking « 
sufficiently small. 

The advantages of this choice of p over p=W are, 
first, that it can be used in cases where W is not of 
constant sign and hence not suitable as a choice for p, 
second, that it usually leads to better bounds for the 
same trial function and third, that it makes possible 
the use of a wider class of trial functions. 

The fact that the choice p=dr~? usually leads to 
better bounds for the same trial function than p=>W 
can be seen as follows. Since bounds on ag¢z and §¢; are 
ordinarily obtained by comparing W with br® the 
bounds on agz and 8, are much the same for the two 
cases.’ On the other hand, the integral /(£191)*p ‘dr 
will be smaller for p=dr~ than for p=W since 6 will be 
chosen so that br-?>W/(r). Hence for the same trial 
function, p=6r~ will usually produce better bounds. 

The fact that the choice p=br~* makes possible the 
use of a wider class of trial functions arises as follows. 
Since most W(r) fall off exponentially with large r, the 
integral (L101) dr will not converge for p=W 
unless £;%, vanishes at least exponentially. Because 
of this, the asymptotic form of the trial function must, 
to this same order of exactness, be equal to 


[sin(n,—6) |" — (sinnz)krnz(kr)+ (cosnz)krjx(kr) |. 


With p=br~, on the other hand, the integral will 
converge if £1», vanishes as r~*, as it does for many 
simple trial functions. In the following example a simple 
trial function will be used with p=dr~ that cannot be 
used with p=W. 

Returning now to the Yukawa-type “potential” 
used in the previous section,’ we shall obtain an upper 
bound on #2 with the choice br~ for p. The trial function 
used is 


ex = [sin (n2—8) PE (cosn) kr ja(br) 


—(sinn)krj3(kr)]. (18) 


The integrands that result are all quadratically inte- 
grable over the range 0 to ©. They can also all be done 
analytically. It is possible to add exponentials to im- 
prove the trial function without losing these features. 








7More exactly, it can be shown that using a comparison 
“potential” br results in the same lower bound on agz for the 
two cases, but, for 8gz, the bound on the 8¢z associated with 
“<7 is greater by 1 than the bound on the 8x associated with 
p=br, 
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A lower bound on ag: for values of @> #2 is obtained 
by using dr as comparison potential. By arguments 
similar to those used in Sec. 3, it is shown that 


ogo > b-* (264) (5 — 264) —1. (19) 


The value of @ is varied by steps to obtain the best 
bound. In this way the following result was obtained: 


912<6.6°. 
Mowrer’s value for #2 is 6.3°. 


APPENDIX 


Our purpose here is to show how the additional phase 
shift, Aj ,, due to a “potential” tail, may be bounded 
if the phase shift 4,° due to the inner part of the 
“potential” is known to a good degree of accuracy. 
This additional phase shift is assumed to be small 
compared to the total phase shift so that rough bounds 
are sufficient. 

The procedure for finding bounds on Aj, is, with a 
few necessary changes, quite the same as the procedure 
for finding phase shifts already outlined. However for 
this case, in the associated eigenvalue problem one 
takes p=0 for r less than the cutoff point, a. With such 
a choice of p one must take for the trial function in the 
region r <a the exact wave function. This wave function 
is of course unknown but one formally takes the exact 
wave function for the truncated potential as the new 
trial function over the whcle range of r. Then, since 
Lue, is zero for r<a and Wu, for r>a, the bounds 
on Afr are given by the inequalities 


—an' f (utepW)*pdr<k cot(Aq,—8) +k cotd 


+f uatWar <u f 


a a 


a 


(tte.W)*p ‘dr, (Al) 


where the ag, and fe, are eigenvalues of the new as- 
sociated eigenvalue problem. Thus for r>a the exact 
wave function for the truncated potential is 


uot =([sin(9.°—8) }“[ — (singz*)krnz (kr) 
+ (coshr*)krjx(kr) |. 


The function is not exactly determined since 4,‘ is not 
exactly known but if 4° is closely bounded this defect 
is not serious. 

This method has been used to get an upper bound on 
the phase shift due to the “potential” tail of the Yukawa 
type “potential” in Sec. 4. The asymptotic form, 
ue =sin(kr—4Le+ 9 °)/sin(#z°—8), and p=W were 
used in evaluating the integrals. In this way it was 
shown that Afe is less than 0.004°, 


(A2) 
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Though the Kato technique for obtaining bounds on the cotangent of the scattering phase shift, 7z, is 
extremely general and powerful, an integration must be performed which can be quite troublesome, and 
some preliminary, albeit crude, information about 7, is required before the method can be applied. It is 
shown here that in the evaluation of the upper bound on cot , the integration can often be eliminated 
without any significant increase in the value of the upper bound. It is also shown that the Kato formalism 
is often useful even when one does not possess the necessary a priori knowledge of 7; under realistic specified 
conditions, a bound can be obtained on #z even when a bound cannot be obtained on cot# . Further, a 
procedure analogous to iteration is introduced whereby this bound on 7, can be improved. The bound on 
jx is of interest in its own right. It may also help to provide the preliminary information necessary for the 
determination of bounds on cotir. 

It is shown that if the potential V (r) is nonpositive, #:, and/or | z~| must be larger than the Born phase 
shift ner,, where 7x14 are the phase shifts associated with +V; if V(r) <0 and if |z.| <x, then cot#z, 
—cotij,_<2 cotnar,. A slight generalization of the Schwinger integral variational principle gives similar 


results for phases related to V24U’. 


1. INTRODUCTION 


ARIATIONAL techniques have proved invaluable 

in scattering theory, in the evaluation of phase 
shifts, for example. They nevertheless suffer from the 
serious disadvantage, compared to the corresponding 
variational calculations of binding energies, for in- 
stance, that they do not provide a bound on the phase 
shift. This disadvantage is most pronounced in prob- 
lems of such difficulty that one cannot guess at a 
reasonable form for the trial function, though it is 
precisely for those problems that variational techniques 
are potentially most valuable. (We might for example 
be interested in a particular problem of scattering by 
a compound system which could not readily be handled 
by a machine.) For a poor trial function, the second- 
order error involved in the variational calculation is 
not necessarily small. Further, there is the disheartening 
feature that the inclusion of additional parameters into 
the trial function may give worse rather than better 
results. 

For these reasons, the general and powerful (and 
elegant) technique introduced by Kato! for obtaining 
upper and lower bounds on cot(#,—8) is of considerable 
significance. For nonrelativistic scattering by a central 
field, Kato deduced the inequality 


—agr'eo12<k cot(#i,—8)—k cot(nr—8) 
+f waBimnidr< Baie’ (1.1) 


* This work was partially supported by the Geophysics Research 
Directorate of the Air Force Cambridge Research Center, Air 
Research and Development Command. 

t This research was begun at New York University and com- 
pleted at Cambridge University where the author spent a portion 
of a sabbatical leave. 

1 T. Kato, Progr. Theoret. Phys. (Kyoto) 6,394 (1951). All of the 
references to Kato are to this article, and the terminology and 
notation follow this article and that of reference 2. See also Progr. 
Theoret. Phys. (Kyoto) 6, 295 (1951), and Phys. Rev. 80, 475 
(1950). 


where 


cut= former (1.2) 


The generality of the method consists in the fact that 
there are no restrictions on the central potential; in 
principle, it can also be applied to more complicated 
problems such as the scattering by a compound system. 
The power of the method lies in the latitude that one 
has in the choice of the normalization, 6, the trial 
function, #»:, and the weight factor, p. 

There remain nevertheless two disturbing questions. 
The first is the practical question concerning the diff- 
culty of performing the integration that appears in 
Eq. (1.2). The second question, a more serious one in 
principle, is whether one can in fact determine the 
eigenvalues as: and $9, or bounds on them which 
preserve the inequality. Now, it is known’? that there 
is a wide variety of central potentials for which neither 
of the two questions proves to be very serious. In these 
cases, the integrals are not really too tedious, and it is 
not very difficult to obtain bounds on ag, and 8¢z. On 
the other hand, in scattering by a compound system, 
for example, these questions assume much more serious 
proportions. As is not too surprising, other questions 
arise in an attempt to obtain bounds on the phase shift 
for scattering by a compound system. These will be 
treated at a later date. It is more profitable to examine 
scattering by a fixed potential first, but from a point of 
view such that the results will prove useful for appli- 
cation to scattering by a compound system. Thus, 
techniques are sought whereby it will not be necessary 
to evaluate the integral in Eq. (1.2), since for scattering 
by a compound system the integration of the analog 
of Eq. (1.2) may -well be prohibitively laborious. 


2L. Spruch and M. Kelly, Phys. Rev. 109, 2144 (1958), pre- 
ceding paper. 
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Further, we seek techniques by means of which one 
can obtain ae, and/or 8, with a minimum of a priori 
information about #z, or, assuming that one cannot 
obtain aez or Bez, we seek any information which can 
still be extracted from the Kato formalism. (In the 
case of a fixed central potential, bounds on ag; and So: 
can generally be determined by comparison of the given 
potential with known solvable potentials'”; this is not 
generally possible in the case of scattering by a com- 
pound system, since there are no such realistic solvable 
potentials.) 

With regard to the first question, concerning the 
elimination of the integration, we note that under 
specified conditions'? §¢, is infinite. Under these 
circumstances, for the purposes of obtaining an upper 
bound on cot(#z—6), the integration need not be per- 
formed. The evaluation of an upper bound is then not 
essentially more complicated than the usual variational 
calculation. The conditions include the requirement that 
the potential be of a solvable form beyond some point 
a. We consider for the moment the simplest such 
example, that of a potential which vanishes identically 
beyond the point a. This suggests,’ for a “potential” 
W (r) which is non-negative but which does not vanish 
identically, that one define a cutoff potential W*(r) 
=W (r)=(a—r), where 2(a—r) is a step function. By 
the appropriate choice of a, one can cause the f¢z°, 
associated with W*(r), to be infinite, in which case 
7x°, the Lth phase shift associated with W°“(r), can be 
bounded from above without performing the compli- 
cated integration. Since W(r)>W*<(r), it follows that 
7L>7L°, so that the bound obtained on 7,° serves as a 
bound on #z as well. While this has been shown to be 
a reasonable procedure’ in general, there is sometimes 
a considerable loss in accuracy, in that it may be 
necessary to choose a rather small value of a. The 
difference between W and W< may then be considerable, 
in which case even a close bound on 7;° will be a poor 
bound on 7z. It will be shown in Sec. 3 that the intro- 
duction of a constraint on the trial function, #;, makes 
possible an increase in the value of a, thereby decreasing 
the difference between W and W< and therefore be- 
tween 7, and 4 °, and making it possible to obtain a 
better upper bound on #,. Since it turns out that the 
constraint on sz is almost always satisfied automati- 
cally, there is no real loss of freedom in the choice of 
USL. 

Since there does not seem to be any way of elimi- 
nating the troublesome integral when one seeks a lower 
bound on cot(#z,—8), it is only the upper bound which 
can ever be obtained relatively simply. This upper 
bound is of course of interest in its own right; there is 
in addition the pleasant feature associated with the 
presence of even only one bound that the inclusion of 
more free parameters in the trial function guarantees 
an improved result. 

It will also be shown in Sec. 3 that it is still very 
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profitable to introduce the constraint on uz where one 
must evaluate the integral, or where one prefers to 
evaluate the integral rather than lose any accuracy at 
all by introducing W*(r). If, as is usually the case, the 
constraint is autematically satisfied, one obtains an 
improved bound, as compared to that given in the 
formulation of Kato, without doing any additional 
calculation. 

Turning now to the second question, concerning the 
prior knowledge of #z, we assume, in line with the 
previous discussion, that so little is known about 4 
that aez, and 8, cannot be determined. Even though 
one cannot then obtain a bound on cot(#,—8), it will 
be shown in Sec. 4 that under realistic specified con- 
ditions, the Kato method does give a bound on , 
itself. Further, a procedure analogous to iteration will 
be introduced in Sec. 5 whereby this bound on 4, may 
successively be improved. The bound on 4, is of course 
of interest in its own right; it may also help to provide 
the preliminary information necessary for the appli- 
cation of the Kato method to the determination of 
bounds on cot(#,—8). 

In Sec. 2, a property of the Schwinger integral 
variational principle deduced by Kato will be used to 
develop a very simple but useful inequality involving 
the phases 9,4 associated with +W(r), and the Born 
phase shift. A similar inequality is deduced involving 
phases related to W(r)+U(r) by starting with a slight 
generalization of the Schwinger principle. 


2. EQUAL AND OPPOSITE POTENTIALS 
A. Phase Shifts Associated with + W 


Assume that the /th phase shift #:, associated with 
W(r)>0 satisfies #2.<a. Under these circumstances, 
as was shown by Kato, a bound on & cot# ,, is provided 
by the Schwinger integral variational principle, that is, 


poottis sf Worstdr— far f dror.WG.Wo,, (2.1) 


where the only restriction on the trial function 0,,(r) 
is that it must satisfy 


kf br jlbe)W Ores ar=1, (2.2) 


and where the free-particle Green’s function Gz(r,r’) 
is given by 

Gi(ry’) = —khreji(kre)krsnzi(kr>). (2.3) 
Assume further that the Lth phase shift #,_ associated 
with —W(r) satisfies #,.>—-7. Then, similarly, 


k cota.> f (—W)er-tdr 


~ far f dre (— mG —W)oz, 


(2.4) 
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where the only restriction on v,_(r) is that it must 
satisfy 


ef rjulbr)l- W (r) }or_(r)dr=1. (2.5) 


From Eqs. (2.2) and (2.5), it is clear that it is per- 
missible to choose v,_(r)= —vz,,(r). If this is done, it 
follows from (2.1) and (2.4) that 


cothr,—cot#, << 2k tf Wopestdr, (2.6) 


where v,,(r) satisfies (2.2). Equation (2.6), which gives 
a bound for one of the two phases if the other is known, 
has the pleasant feature that it does not contain 
G.(r,’); the question as to whether it is likely to 
provide a useful bound remains to be discussed. 

The choice of v,,(r) will now be considered. We can 
write 


coth14—coth,< FL, ], (2.7) 


where the functional F[0,, | is given by 


~2 
Flor, ]=2k f Wersti| i bub) Wovdr| , (2.8) 


and where there are now no restrictions whatever on 
v,,(r). If, in the denominator, we use the fact that 
W(r)>0 to write W(r)==W'(r)W*(r), an application 
of Schwarz’ inequality gives 


| f ecient ersar| < fCbrju(teyFwvar f Weratar 


It then follows that 


~1 
Flor. J> 2 f Chr ju(br)}War| 


(2.9) 


=Z cotngi.4.= —2 cotysL_, 


where naz is the Lth phase shift for +W in the Born 
approximation. On the other hand, 


Flor, =krjr(kr) |=2 cotnary. (2.10) 


It follows from Eqs. (2.7), (2.9), and (2.10) that once 
one has chosen vz_(r)=—vz,,(r), the best possible 
choice for 0z,(r) is krj,(kr). In summary, we see that 
if W(r)>0, if #14<2, and if #,_>—7, then 


(2.11) 


One. might expect the bound given by (2.11) to be 
exceedingly poor, because of the choice 2,_(r)= 
—vz,(r). Actually, due to the presence of the Green’s 
function in the Schwinger variational principle, it is 
somewhat misleading to think of z,(r) and v,z_(r) as 
the trial functions. Thus, the trial functions in the 


cothr4—coth#, <2 cotner.. 
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COTH,,-COTH,- (Curve A) and 2COT4— (Curve A’) 





COTH,,-COT e- (Curves B,C) and 2COT Mire (Curves 8,c') 





0 10 20 
Woa® (Curves A, &,C,C) 

Fic. 1. A comparison of cot#,,—cot# ~ (the solid curves) with 
its upper bound, 2 cotngz, (the dashed curves), for the case of a 
square well of strength W, and range a. 7x1. and naz, are the 
exact phase shifts associated with +W and the Born approxi- 
mation phase shift, respectively. The values of Z and of ka for 
curves A, B, and C are L=0, 0, and 1, and ka=5x/4, 107, and 2, 
respectively. The pius and minus signs on the graph represent 
the points at which #,,= 42 and at which #1;_= —}r. 


Kato formalism which give rise to the Schwinger 
variational! principle are 


tora(0)=cotneakr ju(br)+ f Gul-+W)rradr. (2.12) 


Then, with o,,(r)=krjz(kr) = —vz_(r), we have 


tors (r) =cotnrkrjr(kr) 
+ f Glee) Dkr jell a. (2.13) 


The choices of n,, and nz areeach completely arbitrary, 
so that there can be considerable difference between 
tor, and woz. More important is the fact that if 
fir+ and |#z_| are not too large, woz, and mz should 
be fairly reasonable trial functions. (It is to be noted 
that if nz. and |nz_| are less than 32, cotyz, and 
cotnz— will be of opposite sign, so that the “correction 
terms” involving the integral appear in (2.13) for 
Uor+ and uz in effect with opposite signs, as they 
should.) Equation (2.11) should not therefore give too 
crude a bound for #2, and |#z_! not too large. As 
examples, we have plotted in Fig. 1 the bounds on and 
the exact values of cot#,,—cot#,;— for the case ofa 
square well for a few sets of values of the parameters. 
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It can be seen that, qualitatively, the bound becomes 
crude only when 41+ or |#z_| is of the order of $x. 

When Eq. (2.11) is valid, 424 or |#z_|, or both, 
must be larger than ng1+. Since ngz+ as defined by 
(2.9) is less than w (in fact, it is less than 2/2), it 
follows without any prior information about #14 or 
|#x_|, that if W(r)>0, then at least one of 42, and 
|#z-| must be larger than 7274. 


B. Phase Shifts Associated with W1U 


The above results can be generalized somewhat. 
Let W(r) be a solvable “potential”; in particular, let 
the phase shift 4z, the “absolute normalization” 
solution f,(r), and the (irregular) solution g,(r) which 
has the asymptotic form 


(2.14) 


be known. Let the Lth phase shifts associated with 
Wx2U be #144714, respectively. (The Ajzs are of 
course not the phase shifts associated with +U.) No 
assumptions are made regarding the relative magnitudes 
or ranges of W and U. We seek a simple inequality of 
the form of Eq. (2.11) which involves the Aq; . 

Kato determined bounds not only for phase shifts 
but for “additional phase shifts” of the type Ajz.. 
If U(r)>0 [no such assumption must be made for 
W(r)], and if Afjiz,<2, the choice p=U and 6=0 
gives 8o,4=1, and the bound becomes 


§1(r)—>—cos(kr—3L4+91) 


k cotAqr.<k cotdnis~ ff tors Lrsttradr 


+ f U(er,mors)Ar (2.15) 
where 
a L(L+1) 
£14=—_ + ———_+ W2U, 
dr’ r 


and where the trial function woz, must vanish at the 
origin and must have the asymptotic form 


uor4—cos(kr—3Lr+ Fz) 


+cotAnz, sin(kr—4La+ 1). (2.16) 


Choose 


tors (r)=cotAnrsf1(r) 
s f Gulry’)U(r’)or4(9’)dr’, (2.17) 


where the Green’s function Gz is given by 
Gi(rr’)=— kf (rgx(rs), 


and where the only restriction on v,, is the normaliza- 
tion condition 


| fuQU (es (Nar 1. 


(2.18) 


(2.19) 
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Equation (2.15) then becomes 


cotati SA f Ueustdr— fr1sUGiU4dr) 
—2 
x( f Ujuerdr) . (2.20) 


The right side of (2.20) is a slight generalization of the 
Schwinger integral variational expression for the phase 
shift. It does not seem to have appeared in print, 
though the corresponding generalization of the 
Schwinger integral variational principle for the scatter- 
ing amplitude has been given.’ 

Equation (2.20) will not in fact often be useful as 
it stands, due to the presence of the Green’s function. 
It can be of use, however, when employed in conjunction 
with the corresponding bound on cotA% ,— which arises 
if Aj;_> —7. An analysis identical to that of subsection 
A gives 


a 
cotati cotta, <2#( f Ujstdr) (2.21) 


This bound can be expected to be useful if, roughly 
speaking, Af, and | Afz_| are each rather less than 3. 

Equations (2.11) and (2.21) have the virtue that 
the bounds are simple to calculate, for they do not 
involve the Green’s function, and yet the bounds 
differ from the true value by a second-order term since 
they arise from variational forms. 


3. INTRODUCTION OF 2867 
A. Advantage of Introducing 23», 


By definition, —8»: is that negative eigenvalue 
imi Which is smallest in absolute magnitude, so that 


(—pmt)*S (Box), (3.1) 


(The value of m’ depends upon the problem under 
consideration.) The second-order error term in the 
Kato variational principle is given by* 


for all m. 


feneasondr=B > (bat) bar’, (3.2) 


where w is the difference between the trial function 
and the exact function, where 


> bath f p-(Limei)dr— ke97?, (3.3) 
and where 


ims =h* fms rsecit (3.4) 


_ —Hnik* {wore mur (3.5) 


3 See, for example, H. E. Moses, Phys. Rev. 96, 519 (1954). 
* A factor of k is missing from some of Kato’s formulas, but not 
from any of his final results. 
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The $2: are the eigenfunctions of the associated 
eigenvalue problem. It follows that 


J enessnuars (Bus)*  -*(ums)ar. (3.6) 


It will be shown later that is often possible to choose 
the trial function we, in such a way that bw1=0. 
(This is certainly not always possible for one cannot 
generally solve for ¢m1.) In those cases for which 
b»’1=0, Eq. (3.2) becomes 


f oy oer a) ye A MS) 


where the prime on the sum denotes the exclusion of 
the value m=’, while Eq. (3.3) becomes 


LU bar? = bf o-*(oame)'ar (3.8) 


We now define 


SeL= ~~ m’—1, Ly (3.9) 


so that —23s, is the negative eigenvalue which is 
second smallest in absolute magnitude; hence 


(—pmt)*S (2801), 


and it follows, if },,-,=0, that 


mm’, (3.10) 


J eneusenirs (811) f o-*(2ume:)¥ar (3.11) 


There are three quite different possible advantages 
associated with (3.11) as opposed to (3.6). (a) There is 
the simple fact that 25¢z is larger than 8», so that the 
upper bound on the error term and on cot(#,—8) is 
reduced. (b) In the replacement of W(r) by a cutoff 
“potential,” W*(r), which enables one to drop the 
difficult second-order error integral, it will be possible 
to choose a larger value of the cutoff point a. (c) There 
are circumstances for which 28s, is infinite while 
Bex is finite. 

Examples of these three cases will be treated in 
subsections C, D, and E, respectively. First, however, 
we will demonstrate with an example that there are 
in fact cases for which one can arrange to have b,,,=0. 


B. Possibility of Introducing 23,7 


There exists one- particularly important case for 
which it is trivial to solve for $1, namely, that of a 
non-negative W (r) whose Lth phase shift is less than x. 
For the choice p=W and 6=0, a solution of the asso- 
ciated eigenvalue problem which satisfies the necessary 
boundary and normalization conditions is 


Om’ L=dor= Nkrjx(kr), 


where the dimensionless constant N is determined from 


(3.12) 
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the relation 


ko f [Nk jx (kr) PW (n)dr=1. (3.13) 


(In this case, Ba:z=Sor= —uor=1, and Bor.= —pw-1,1 
is greater than one.) 
It follows from Eq. (3.5) that 


Dm’ L = bor = nf (uor— ior) Wher ji (kr)dr. (3. 14) 
It is then a consequence of the relation 


J eater julte)ar=b, (3.15) 


which is just the usual exact expression for & sin#z, 
written with 6=0 normalization rather than absolute 
normalization, that },,-1=bo,=0 if uoz satisfies 


[wouter julir)ar=e, (3.16) 


as well as the usual boundary conditions. Equation 
(3.16) is to be satisfied by adjustment of the parameters 
contained in woz. (Alternatively, it is possible to choose 
a trial function tz which satisfies the necessary 
boundary conditions, and then to subtract from tz 
that component which is not orthogonal with weight 
factor p=W to doz, i.e., to set 


tot =Vor—[Nkrjx(kr) ] 


x| —av-tava fot jkr] 


This trial function satisfies (3.16) and the boundary 
conditions automatically, i.e., without adjustment of 
any parameters, but it may be unwieldy.) 

It is important to recognize that the constraint 
imposed upon oz by (3.16) is not an unnatural one; on 
the contrary, as seen from (3.15), the exact function 
lio, satisfies precisely this condition. Furthermore, 
for a very natural choice of the form of woz and for 
some very natural methods of determining the constants 
which characterize woz, Eq. (3.16) will aulomatically 
be satisfied. In particular if we write 


tuor(r) =cotnrkrjr(kr)+Y¥1(r), (3.17) 


where Y, satisfies the necessary boundary conditions 
and depends upon various constants C,; but not on 
cotn,, and if, following Kato, we choose the C; and 
cotn, by minimization of 

coit= f o7*(&xan)dr, (3.18) 
minimization of €o,? with respect to cotn, can readily 
be shown to lead to (3.16), for p=W. Similarly, for 
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a trial function of the form given by (3.17), minimiza- 
tion of the entire expression for the bound on & cotn, 
can also readily be shown to lead to (3.16). The latter 
case includes the special case for which 28oz is infinite. 


C. 230, as Opposed to 85: 


In subsection C, we will restrict our attention to 
non-negative W(r) whose Lth phase shift is less than 
x. Further, we choose p=W and trial functions of the 
form given by Eq. (3.17). As was shown in subsection B, 
for 6=0 normalization one can then simply replace 
Bor by Bor. We note that oz, is clearly larger than 
Sex for all @ including 6=0. 

For 6=0 normalization, it is obviously preferable to 
use 2807 rather than Boz, since one has the same trial 
function in each case and 289;7' is smaller than 8,7", 
so that the upper bound on cot#, is reduced. The 
question which naturally arises, however, is whether 
one should use 6=0 and 28o,, or whether one should 
use say = }7. In the latter case one would, in general, 
have to use §:,, 1, since for 2=}2 one cannot in general 
solve for @,°z and one cannot therefore introduce 
283r,1. It is not immediately clear which is preferable, 
for while 280, is larger than §;,,7, the trial functions 
have different normalizations, and further, in one case 
one bounds cot, while in the other case one bounds 
cot(#z:—32). It turns out to be preferable to use 6=0 
and 280, rather than 6=}2 and §;,,1. To see this let 
the upper and lower bounds on k cot#, as determined 
by Kato, Eq. (1.1), for @=432 normalization, be denoted 
by B, and B,, respectively, and let By denote the 
upper bound as determined with the use of 282. Then 


By=k cota f wor£rmardr+ Bore" (3.19) 
or 


By=B,—(k cotn,—B,)*(B,)* 


—€017(8yx,5'— Bor"). (3.20) 


The use of 6=3 normalization is permissible only for 
fit<4m, in which case k cot#, (and therefore B,) is 
greater than zero, so that By is in fact a better bound 
than B,. While the difference between them is only of 
second order, this difference may well be significant 
for those difficult problems for which one cannot 
readily obtain a good trial function. 

In order to get a feel for the reduction in the upper 
bound on cot#, that can be effected through the 
introduction of 280z, as opposed to 6j,,1, we will 
consider a specific problem. It will first be necessary, 
however, to derive an explicit expression for for. 

For 0<p=W<6b/r and for 4#,<0<z, conditions 
which have been assumed to be satisfied in this sub- 


section, it was shown previously’? that 
Bor>1+6-1(2— 26) (3—26e +421). (3.21) 


Under these circumstances, the evaluation of a bound 
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on or consists of the determination of that value of 
u for which the Lth phase shift associated with [ (1+) 
—L(L+1)]r* is —x. This corresponds to the case 
#1<6 with @ approaching zero, so that, from Eq. 
(3.21), if 0<p=W<6b/r and if 4.<z, 


8Bor>1+67(6+4L). 


Consider now the evaluation of an upper bound on 
cot#> and hence of a lower bound on 4p for 


W (r) = (2/ae?)[ (ao/r) +1] exp(—2r/ao), (3.23) 


the “static hydrogen potential” analyzed by Kato. 
He showed that W<0.5871r-*, and chose as his trial 
function 


(3.22) 


uoo(r) =coskr+cotno sinkr 


—[1+C,(r/ao)] exp(—2r/ao), (3.24) 


which is of the form of Eq. (3.17). If the trial function is 
simplified by setting C,=0, it is found for k=0 with 
6=}m normalization that y =k cotyno=0.1250 and that 


k cot#o<0.1096= B,, 


while 6=0 normalization and the use of 28o=11.22 
(as compared to 8;,,0=4.407) give 


k cotho<0.1070= By. 
It is known from Kato’s work that for k=0 
0.10560<k cot%o<0.10598. 


Taking the most unfavorable case, that is, assuming 
that k cotj#o=0.01560, we find that the difference 
between By and k cotio is only one-third of the difference 
between B, and k cot# even though the calculations of 
By and B, are essentially identical in that the trial 
functions differ only in normalization. 

The values of B, for the trial function given by 
(3.24), with C; and cotno adjustable, have been 
tabulated by Kato for a number of values of k. Since 
he also tabulates y=k cotno, and e€o°, the values of 
By can be determined immediately from Eq. (3.20). 
[Normally, of course, one would determine By from 
Eq. (3.19). ] As was noted above, the difference between 
By and B,, is of second order, and since we are now 
using a rather good trial function, the improvement in 
By over B, is not so great. Even so, for the least 


TaBLe I. Comparison of upper bounds on & cot. B, is deter- 
mined from Eq. (1.1), while the determination of By depends 
upon the introduction of 2890. B; is a lower bound. 














kao Bi Bu Bu 
0 0.10560 0.10598 0.10592 
0.068 0.10917 0.10952 0.10947 
0.136 0.11982 0.12008 0.12004 
0.272 0.16186 0.16192 0.16191 
0.384 0.21629 0.21632 0.21632 
0.608 0.37414 0.37468 0.37455 
1.000 0.78564 


0.78278 


0.78643 
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TaBLeE II. Error introduced by cutting off the potential. A comparison of the difference between the true phase shift, Ho, and the 
phase shift for the cutoff potential, #o°, for L=0 scattering by the potential given by Eq. (3.23), for the choices 6=x/2 and @=0, 


respectively. The latter choice is possible only with the introduction of 28. The symbol a(—) represents aX 10~°. 














0.384 








kao 0 0.068 0.136 0.272 0.608 1.000 
Ho—To’, 0=x/2 0 1(—19) 4(—10) 1(—6) 2(—4) 4(—3) 3(—2) 
4(—40) 4(—20) 3(—10) 2(—7) 4(-—5 2(—3) 


Hjo—To*, 6=0 0 








favorable assumption as to the true value of k cotio, 
the improvement is about 15% and is somewhat larger, 
as one might expect, for the value kag=1 for which 
B,—B, is largest, that is, in the region for which the 
trial function is least adequate (see Table I). 


D. Increase of the Cutoff Point, a 


If #90<0<- and if W(r) vanishes for kr>ka=x—8, 
then Bs=*, and the calculation of an upper bound 
on cot(#o—8@) is essentially no more complicated than 
a standard variational calculation.® If #9<@<- and if 
W(r) does not vanish but is non-negative for kr>ka 
=a—6, a lower bound on 4%» is provided’ by the deter- 
mination of a lower bound on fo‘, the L=0 phase shift 
associated with W*(r), where W*(r) is simply W(r) 
but cut off at the point r=a. Since here too Byo=«, 
the calculation of a lower bound on f° reduces to a 
variational calculation. Finally, if #0< and if W(r) is 
non-negative for all r, we introduce 280. With the choice 
a= kx, which is considerably larger than a=k"'(x—@) 
for # not too small, we have 28o= ™ ; once again, the 
evaluation of a lower bound on 7° and hence on jo 
reduces to a variational calculation. 

For W(r) non-negative, it follows from the mono- 
tonicity theorem that an increase in the value of a 
reduces the error introduced by cutting off W(r) at 
r=a, that is, reduces #:—%7°. Qualitatively, it is clear 
that the reduction will be significant for an increase 
of a from k'\(x—6) to kx if W(r) for k"(x—0) <r 
<k-'e is not yet small and if # is rather larger than 
x—6. In order to obtain a more quantitative idea of 
the reduction that might be expected, we will study a 
particular problem. The “potential” given by Eq. 
(3.23) will again be considered, for L=0. The exact 
expression for Ho— fjo* is given by 


k tan( jo fio’) -f W diotiodr, (3.25) 


where tio and tip° are the exact “absolute normalization” 
solutions for W and W’, respectively. If a is sufficiently 
large, then fo~fo°, Wo°~to~sin(kr+fo), and r can 
be replaced by a in the integrand except in the expo- 
nential. (The exponential is rapidly varying and jo 
is not too close to a multiple of 3 for the values under 





5See references 1 and 2. To generalize to L¥0, replace 
—ka=fjo* by H1r*=cot[nz(ka)/jx(ka)], the Lth phase shift 
for an infinitely repulsive square well of range a. 


consideration.) Equation (3.25) becomes 
fio— fo’ = sin? (kat fo)[ (ka)'+ (kao) | exp(—2a/ao). 


Since 4o0<7/2 for all k for this “potential,” it is permis- 
sible to set 6=2/2=ka or, with the introduction of 
Boo, to set 2=0 and ka=z. Using the known values’ of 
jo, one finds the results shown in Table II. It is clear 
that while either method is quite adequate for the 
values of kao under consideration, accurate results can 
be obtained for somewhat larger values of kao only with 
6=0 normalization. 

The advantage of cutting off W with @=0 rather than 
6= 4} normalization, namely, the increase in a and the 
consequent reduction in #:— 71°, is not offset by any 
increase in the complexity of the wave function or of 
the calculation. To see how the calculation proceeds 
for 6=0 normalization, consider for simplicity L=0. 
If jo is less than x, we cut the potential off at a=rk™. 
For r>a, we must have an exact solution of the form 


Uoo(r) = Cotno sinkr+coskr, 
while for r<a@ we might for example choose 
Uoo(r) = Coto sinkr—sindkr+)>. .C, sinnkr. 
Cotno is arbitrary, but the C, must satisfy 
>.(—1)"C,=0, 


in order to satisfy continuity in slope and value. This 
trial function is relatively simple and, generally, should 
be expected to give reasonably accurate bounds without 
too much work. 

As a concrete case, consider 


W (r) =Wo exp(—r/ro) 


for kro=Wore=1. The exact value of cotio, which 
follows from the known analytic solution, is 2.37. 
Comparison with the solvable Hulthén potential shows! 
that fo is less than 4x, and we can therefore use the 
above trial function. If we simply set C,=0 for all n, 
variation of cotnyo leads to cotfo<cotho°< 2.79, while 
setting C.=3C, and C,=0 for n>2 leads by variation 
of cotn and ‘of C; to cotho<cotho°< 2.56. Further 
improvement on the bound could of course be effected 
by the inclusion of more nonvanishing coefficients C,. 


E. 2Ber Infinite While Be L Finite 


The cases treated thus far have specifically assumed 
that W(r) is non-negative and that it can be shown 
that the phase shift of the angular momentum under 
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consideration is less than x. The following two examples 
will show that these are not inherent limitations of the 
method. These examples will at the same time show 
that, as was asserted previously, there are in fact 
cases for which 28¢, is infinite while Be, is finite. 

Thus, assume again that W(r) is positive for r<a 
and vanishes for r>a, but let it only be known that 
6<Lr<a+6@ and that —71+6<9,”. 
p=W, 8ez is finite and one cannot solve for dm 1=01 
so that one cannot introduce 28¢z, and the difficult 
second-order error integral would have to be evaluated. 
We can however choose p=>W—W*, where W*>0 is a 
square well (with range less than a) and where W>W’*. 
The associated differential equation introduced by 
Kato is readily solvable for .=—1, being simply the 
equation for a square well potential. For those cases 
for which it is possible to choose a W* which satisfies 
W*<W and for which the phase shift associated with 
W* and therefore with the then known function ¢oz is 
6, the choice of a trial function which satisfies 


bari =bor= I f drr£zeudr=0 


enables us to introduce 2$¢,, which is now infinite, 
thereby avoiding the difficult integration. 

As an example of a case for which W(r) need not 
be non-negative, let the only condition on W(r) be 
that it vanish for r>a. Let it be known that 6—z 
<71<6, and that 

0—24 <HL* <0—Z. 
Choose p=W+W*, where W*>0 is a square well of 
range <a such that W+W*>0. For those cases for 
which it is possible to choose W* such that the Lth 
phase shift associated with (—W*‘) is @—z, $-1,1 
is known, and if uz, is chosen such that 


bm t=b1, p= fons tL uerdr=0, 


we have 286,= ©. [If W(r)>0, it will always be possible 
to choose such a W*. ] 

Formally, one can impose two subsidiary conditions 
on the trial function, namely, },,,.,=0 and b,—1,,=0, 
and introduce 38¢,. While this would be very useful, 
the subsidiary conditions can be satisfied only if one 
can determine both @m, and @m—1,1, and this does 
not seem to be possible. 

It will occasionally be useful to introduce saz, the 
advantage being of the kind discussed in subsection C 
above. Unlike the case of 8¢,, however, this will never 
produce the major improvement of eliminating the 
difficult second-order error integral for one can never 
have sae1=@. 


4. PHASE-SHIFT INEQUALITIES 


It is an unfortunate feature of the Kato formalism 
that a certain amount of (crude) information about 


For the choice 
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jx is required before one can proceed to the determina- 
tion of close and useful bounds on cot(#,—86). (The 
information is essential to the evaluation of as, and 
Ber. Roughly speaking, 4; must be known to within an 
interval of x.) This can be quite disturbing, for the 
Kato method is potentially most useful for precisely 
those very difficult problems for which one is not likely 
to have the requisite information, crude as that 
information need be. It is therefore satisfying to note 
that at least limited use can be made of the Kato 
formalism even when there is no such prior information ; 
in particular, one will often be able to obtain a bound 
on #z, even when one cannot obtain a bound on 
cot(jz—6). " 

Assume, for example, that W(r) is non-negative, so 
that #,>0. Kato showed then that if 7, <7, one obtains 


(4.1) 


where cotn,(S) is the Schwinger variational expression 
defined by the right side of Eq. (2.1) and by Eq. (2.2). 
This definition of coty,(S) determines 9,(.S) only to 
within modulo x. We will choose 7,(S) to lie between 
0 and 7; it is then uniquely determined. If we know 
that #7 is less than x, Eq. (4.1) is valid and it then 
follows from our definition of 9,(.S) that #,>72(S). 
But the point which we want to make is that this last 
relationship follows whether or not we know that 4, 
is less than x. To see this, we note that obviously, 
either #,>7 or #,<*. In the latter case, Eq. (4.1) is 
valid, and it follows that #:>1:(S). In the former case, 
it is certainly true that #;>71(S). It therefore follows 
for W(r)>0, without any prior knowledge of #z, that 


ir>n1(S). (4.2) 


On the other hand, one can wot say that Eq. (4.1) is 
valid unless one knows that 4,<7. 

Equation (4.2) is in itself useless with regard to 
immediate application to a cross-section calculation, 
for it places no limit on sinf,. However, it can be of 
interest in and of itself. Further, it raises the lower 
bound on #, from 0 to 7,(S), so that if one has some 
upper bound on #:, one may in fact have narrowed the 
range of possible values of 4, to a width less than 1; 
finally, if the width is still not less than z, it will be 
shown in Sec. 5 that a modified reapplication of the 
above technique will often enable one to raise the 
lower bound still more. 

Equation (4.1) is a very special result of the Kato 
formalism, corresponding to @=0 normalization and 
essentially to a particular form of trial function. 
More generally, it follows for W(r)>0, if #:<@<z, 
in which case the choice p=W leads to 8g,>1, that 


cot#z,<cotn,(S), 


k cot(#z:—8)<k cot (ns—0)— f workasnadr 


+ f W>(orm)Par (4.3) 
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Again, it may be possible to deduce a useful bound on 
ji, without the knowledge that 4,<0<z, for either 
91206 or 4,<6. In the latter case, Eq. (4.3) is valid, 
and since —r<#,—6<0, we are led to a result of the 
form #,—0>—B, where 0<B<z. (This is a useful 
result only if B is less than 6, for we knew at the outset 
that 4, was positive.) If 4, is greater than 6, then 
certainly 4,>08—B. We then have the general result 
for W(r)>0, without any prior knowledge of #z, that 


41>90—B, 0<B<z, (4.4) 
where B is determined by setting —k cotB equal to 
the right side of Eq. (4.3). Again, while the conse- 
quence of Eq. (4.3), namely, Eq. (4.4), is in any event 
valid, Eq. (4.3) itself does not follow unless one knows 
that 41<6. 

The above technique is clearly not restricted to the 
two special cases thus far considered. It is almost 
always possible to obtain a lower bound on the phase 
shift; one can, for example, compare the potential 
under consideration with a repulsive inverse square 
law potential. Provided that one can evaluate 8s, if 
it is known that the phase shift lies within an interval @ 
of the lower bound, where @ is less than x, one can use 
this value of 8», in an attempt to raise the lower bound 
without the knowledge that the phase shift lies within 
the interval. If the lower bound can be raised in this 
manner, one can then proceed anew from the improved 
lower bound. Of course, at each step it must be possible 
to evaluate 89, under the assumption, wich need nol 
be true, that the phase shift lies within an interval 6 of 
the new lower bound. 


5. ITERATIVE PROCEDURE 


To examine the iterative procedure in more detail, 
and to develop it further, we consider again the case 
W(r)>0. It is then of course true that #,>, =0. 
We can, however, do much better. In particular, it 
was shown in Sec. 4 that one can deduce from the Kato 
method a bound of the form #,>.™, where 0<9,™ 
<x. [For 6=0, 7:™ was the Schwinger phase shift 
nz(S).] It will be the purpose of the present section 
to raise still higher the lower bound on #,. In order to 
do so, it will be necessary to digress for a moment; 
we will find bounds on 6;() for all u>—1. 

For p=W, 6:(u) is simply the Lth phase shift 
associated with (1+y)W. It is then of course true that 


b1(u) 26, (u) =0, w2—-1; (5.1) 


the more significant point is that this bound can be 
raised for arbitrary u.>—1 exactly as was done in Sec. 
4 for »=0. [It will be recalled that 4,=6:(0).] In 
particular, if we think of (1+,)W rather than W as the 
“potential,” and if we choose p= (1+ )W, we have for 
6=0 
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|i coté,(u)<k cottin(s)— ff uau(2o-+ ul andr 


+ f C(it+n)W}[(L£1+uW)uor Pdr}. (5.2) 


We now define 5,™(u) by setting k cots, equal to 
the right side of (5.2) and choosing that solution for 
5,™(u) which lies between 0 and x. We then have 


§1(u)>5.™ (yu). 


The trial function woz in (5.2) satisfies the usual 
boundary conditions but is a function of uw as well as 
of r, while 5,7(u) is the trial Lth phase shift associated 
with (1+,)W and is determined by the choice of woz. 
The curly brackets around (5.2) signify that while 
(5.2), which involves cot#z, may or may not be valid, 
the bound on %z itself deduced from (5.2) and stated in 
(5.3) is nevertheless valid. [The condition for the 
validity of (5.2) for any specified value of u is obviously 
that 6,(u) be less than x, and we do not know if this 
is the case. ] The curly bracket notation will be adhered 
to from now on; a bound surrounded by curly brackets 
will be referred to as a “conditional bound.” 

We now have a lower bound, 6, (u)>0, on 6z(u) 
for all «> —1. If #:=5z(0) is greater than }r, it will 
often be possible to determine a negative value of yu, 
to be called y4,, 1, for which 


(5.3) 


51 (ge, 1) = 3. (5.4) 
(The value $7 is a convenient but not necessary choice, 
as will be seen shortly.) We consider a case for which 
such a uw can be found. With 6’=}2 normalization, it 
follows, since #: is now known to be greater than $7, 
that 

Bye,t>—Byx.t, if Hr<¥e. (5.5) 
But this is exactly the type of relationship which is 
required in order to utilize the results of Sec. 4 and 
therby improve the lower bound on #z (see Fig. 2). 
[The sole purpose in deducing bounds on 6;(u) was to 
obtain (5.5).] In particular, we have from Sec. 4 
and Eq. (5.5) 


—ktangr<—k tanns~ f LL ye, Lar 


+ (—pie, 2 f Wea. avar|, (5.6) 


and 


21; (5.7) 


ni™ is determined by setting —k tann,™ equal to the 
right side of (5.6) and choosing that solution for 7, 
which lies between 34 and $1. Equation (5.6) is 
guaranteed to be valid only if #z is less than $x, but 
Eq. (5.7) is valid whether or not this is the case. 
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Fic. 2. A schematic representation of the iterative procedure for 
raising the lower bound on 7,. The sequence of curves 6, (xy), 
51, (uw), etc., represent successively better lower bounds on 6;(,). 
The bound on 7, is determined from the relationship 7:=6z(0). 


As a concrete example, consider L=0 scattering by 
W (r)=W, exp(—r/r0). 
With @=0, and with the choice 
uoo(u,r) =coskr+cotdo(u) sinkr—y(u,r), 


where y(u,0)=0 and where y(u,r)-0 as r>~, Eq. 
(5.2) reduces to 


{i cotdn(u) <— f(y? Ryde 


+ fCa+mW HO" +ey)ar 
Choosing 
(ur) =[1+C (1/10) +D(r/10)*] exp(—1/r0), 


where C and D can be functions of yu, we find, for 
kr,—0, 


{kro cotdo(u) < f(C,D)(1—g(C,D) 
XL(itn)Woeer})}, (5.8) 
where 


f(C,D)=—3}(2—2C0+C’—2D+ DP°+CD), 
and where 
g(C,D) = — (1—2C+2C°+4D*)/f(C,D). (5.10) 


It follows from Eqs. (5.3) and (5.4) that yj,,9 is that 
value of u for which the right side of Eq. (5.8) vanishes. 
(It is the fact that the right side then vanishes which 
is the convenience, mentioned earlier, associated with 
the choice 6=}7.) From Eqs. (5.5) and (5.8), we 
then find 


(5.9) 


Biz, o> — Mix, 0=1—1.456(Wore?), (5.11) 
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where 1.456 was obtained by maximizing g¢(C,D), 
defined by Eqs. (5.9) and (5.10). Equation (5.11) has 
meaning only if §j.,0 is greater than 0, that is, only if 
W ore> 1.456. 

We now fix our attention upon the particular 
numerical value Woro?=25/4. The exact solution for 
kro is then® jo—27+2.470 kro, so that tanio/ (kro) 
— 2.470. Equation (5.11) gives 84, 0>0.76704. [The 
exact value of 84,0, which in this case is that value of 
8 for which the phase shift associated with (1—8)W,> 
is 32, is 0.7686. | Note, incidentally, that we now know 
that Ho=450(0)>do(ujx,0)>32. We take a trial function 
of the form used for example by Huang,’ but with 
kro—0, and normalized to 6= 41, that is, 


(—kro)~ "aye, 0o= X+C1— (C1 +-C2X +C3X7*+C,) 

Xexp(—X)+C,exp(—2X), (5.12) 
where X=r/ro, and where C; is to be thought of as 
(1/kro) times the tangent of the trial phase shift. 
This trial function was used in Eq. (5.6), first neglecting 
and then including the —1/yj,,9 term, that is, in an 
ordinary variational calculation, and in a calculation 
which gives a conditional lower bound on tanjo/ (ro). 
The bound is conditional because we proved that fo 
was greater than 37, but simply assumed that jo was 
less than 3x. The bound deduced on 4» is of course 
nevertheless guaranteed to be correct. 

The coefficients in the calculation of the bound were 
determined by minimizing the entire expression for the 
bound rather than by minimizing &. There is no point 
to the latter procedure here, for it is not any simpler 
than the former and must give a poorer bound on 
tanjjo/(kro). Further, that procedure negates one of 
the very pleasant features associated with the approp- 
riate use of the Kato formalism; in particular, if one 
minimizes the entire expression for the bound, the 
inclusion of more parameters in the trial function can 
only improve the bound, while if one minimizes é, 
the inclusion of more parameters may make the 
bound worse. (The situation in the latter case is then 
of the same nature as that of the usual variational 
calculation.) Of course, one might still minimize é if 
one were primarily interested in an accurate wave 
function rather than in an accurate bound. 

The results, shown in Table III, are about as might 
be expected. Since the true value of fo is greater than 
x, a number of coefficients are required even for the 
variational calculation to give accurate results; the 
bound, arising from a rigorous expression, is rather 
conservative. (On the other hand, for somewhat 
smaller values of Wo, quite accurate results are 
obtained for the bound as well as for the variational 


6 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 1688. 
Note, however, that they are not concerned with multiples of z, 
while we are. 

7S. Huang, Phys. Rev. 76, 1878 (1949). 
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Taste III. Variational calculation of tan%> and calculation of bound on fj. Scattering by W (r) = W >» exp(—r/ro) for L=0, kro — 0, 
W we? =25/4. The trial function is given in Eq. (5.11). The calculation does not use any solvable comparison potentials. The coefficients 


C; through C, for cases (b) through (e) were calculated from the Kato variational principle with 6=x/2; this is precisely the Kohn 
variational] principle. The coefficients for cases (f) through (i) were chosen by minimizing the bound. The true values are tano/ (kro) — 


2.470 and (fo—x)/ (kro) > 2.470. 

















(1) (2) (3) (4) (5) (6) (7) (8) 
Variational Lower 
calculation of bound on 
Case Ci Cs Ca Cs tan #0/ (kre) (m0 —x)/ (kre 47 ,0/ (kre?) 
(a) exe +12.500 — 3.7964 +12.500 
(b) — 2.9603 i? — 1.377 wie mAs 
(c) +0.72659 +9.4581 es +1.147 
(d) +2.3834 + 10.041 + 2.6548 eae +1.761 
(e) +-2.2944 +35.178 —4.8426 — 26.281 +2.45 a re 
(f) — 3.1886 cig od — 3.4140 +1.6252 
(g) + 16.122 +10.324 5 oe —0.835 +276.68 
(h) +10.772 +8.2011 +0.76605 aes —0.651 +125.96 
(i) + 1.0480 +28.541 — 2.9300 — 20.715 +2.08 +1.26 





result with three or even two parameters in the trial 
function.) 

The only rigorous statement that follows from the 
calculations is that % is greater than 2+2.08kro. 
In practice, however, the four-parameter calculations 
show, through the fair degree of consistency of the 
four values of C;, C;, the variational value of tanfjo/ (kro) 
and the bound on tanfjo/ (Aro), and through the smallness 
of &, that in fact one could be fairly certain that the 
true value of taniio/(kro) or (%o—7)/(kro) is close to 
2.45, the variational estimate. This would be the case 
even if we could not obtain some supper bound on 4p. 

From the point of view of this section, however, the 
most interesting result of these calculations is that it 
‘has been possible to raise the lower bound significantiy, 
in particular above x, without recourse to a knowledge 


of the phase shifts associated with any other potential. 
In effect, we have used as our comparison potential 





the potential under consideration, but with varying 
strength. 

In principle, one can introduce 6; (yu) and higher 
curves, but in practice this would probably not be a 
reasonable procedure. 

The discussion of Secs. 4and 5 can also be immediately 
applied to the case in which one has an upper bound 
on 4x and agz is determinable under the assumption 
that x lies within an interval 6 of this upper bound, 
where 6 is less than r. 
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A model is considered for the strong interactions of pions, K mesons, nucleons, and hyperons. A system 
of interactions is postulated and several features of the experimental situation are discussed from the new 
viewpoint. No restrictions are placed upon the coupling parameters involved other than that they 


characterize a system of strongly interacting particles. 





N this note we shall discuss a possible model for the 

strong interactions of pions, K mesons, nucleons, 
and hyperons. At the outset it should be said that the 
proposed scheme rests primarily on several suggestive 
features of the present experimental situation. Our 
comments will be couched in the language of conven- 
tional field theory, as the latter supplies a framework 
suitable to the discussion. We shall first outline the 
model, making clear its points of similarity to and 
departure from the recent models of Gell-Mann!’ and 
Schwinger,” and then we shall discuss the experimental 
features that underlie it. 

Under the simplest assumptions for the above 
system of strongly interacting particles, namely that 
the fermions have spin one-half and the bosons have 
spin zero and that there is no parity doubling of the 
strange particles, the number of interaction terms of 
the Yukawa type which may be present in the Hamil- 
tonian is eight,’ each term being characterized by a 
coupling strength. The model of Gell-Mann’ reduces 
this number of coupling parameters to five by intro- 
ducing the hypothesis of global symmetry for the 
pion-baryon interactions. This requires that the 
coupling of a pion to cascade particles and to 2 particles 
as well as the coupling of a pion to a 2 and a A be of 
the same strength as the well-known pion-nucleon 
coupling. The mass differences are attributed in this 
theory to the K-meson couplings which are assumed 
to be somewhat weaker than the pion-baryon inter- 
actions. In the original theory of Schwinger,’ the 
three pion-hyperon interactions enumerated above 
were not considered to be primary, leaving only the 
pion-nucleon interaction in this group. In addition, a 
four-dimensional symmetry imposed upon the & triplet 
and the A on the one hand, and the cascade particle 
and nucleon doublets on the other, required the 
couplings of these particles with K mesons to be of 
equal strength. Finally, a linear interaction between a 
pion and two K mesons of opposite parity was con- 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ A National Science Foundation Postdoctoral Fellow. 

1M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

2 J. Schwinger, Phys. Rev. 104, 1164 (1956). 

3See, for example, R. H. Dalitz, Eight Lectures on Strong 
Interactions of Strange Particles, given at Brookhaven National 
Laboratory, Summer, 1957 (unpublished). 


sidered.‘ The number of coupling parameters was thus 
three. In this theory it is hypothesized that, after the 
K-meson interactions have separated the cascade 
particle-nucleon quartet from the Z-A quartet, the 
pion-nucleon interaction serves to depress the nucleon 
mass below that of the cascade particle, while the 
a-K interaction separates the = and A masses. It is 
to be noted that each of these theories consider as 
primary the pion-nucleon interaction as well as the 
four K meson-baryon couplings. Starting at this point, 
with the five coupling parameters thus introduced, we 
have addressed ourselves to the question of how much 
else must be added to this interaction Hamiltonian in 
order to arrive at a scheme which may be capable of 
making contact with the early experimental situation, 
as well as a scheme of some predictive power. One 
answer to this question is that of Gell-Mann, namely 
the introduction of three primary pion-hyperon inter- 
actions in conjunction with the hypothesis of global 
symmetry, with the consequent predictions for the 
behavior of pion-hyperon systems in analogy with the 
pion-nucleon system. In this note we would like to 
take an alternative viewpoint which avoids the explicit 
introduction of these three terms and hence the need 
for the broad hypothesis of global symmetry. We 
would like instead to consider the consequences of 
adding a single additional interaction term to the 
Hamiltonian, this being a boson-boson interaction 
term of the form K'Kz’ (here the symbol for the 
particle denotes its field operator and the isotopic 
indices are suppressed). Interaction terms quadratic 
in two boson fields have existed as a consequence of 
general principles for some time in quantized field 
theories. One instance occurs when the Lagrangian for 
the free pion field is made gauge-invariant in the 
presence of the electromagnetic field. The term is of 
the form e?A,A“x'w where ¢ is the electric charge, A, 
is the four-vector potential and x and xt destroy 
(create) and create (destroy) positive (negative) pions. 
respectively. A similar term exists with the pion field 
replaced by the K-meson field. An interaction term of 
the form Az‘ is present in the relativistic theory of 


‘ This interaction was considered in the light of early angular 
distributions in associated production phenomena by M. Gold- 
haber, Phys. Rev. 101, 433 (1956), and also by S. Barshay, Phys. 
Rev. 104, 853 (1956). The latter note also considered the pion- 
hyperon couplings in connection with these angular distributions. 
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pion-nucleon phenomena as an infinite counterterm to 
renormalize the divergent pion-pion scattering. Whether 
a finite part of this term contributes a real pion-pion 
effect is a question for future refined experiments to 
investigate.’ These are, of course, not Yukawa-type 
interactions, and one may take the view that Yukawa 
interactions should be considered as primary, even 
when the number of such terms requires a simplifying 
hypothesis to make the theory manageable. We would 
like to take an alternative view that a nonlinear 
boson-boson interaction of the form suggested may be 
an important part of a field-theoretic scheme of strong 
interactions, with significant physical consequences. 

We shall now consider a model involving the following 
couplings: a pion with nucleons, a K meson with a 
nucleon and a A, a K meson with a nucleon and a 2, and 
a K'Kz? interaction. In addition we consider the possi- 
bility of the couplings of a K meson to a cascade 
particle and a A and to a cascade particle and a 2. We 
shall be concerned with the first four terms above in 
considering the present energy range of the experiments. 
We wish to impose no restriction on this system of 
coupling strengths other than that they be characterized 
as strong (g*/4r~1) to very strong (g?/4r~10), the 
one established very strong interaction being the pion- 
nucleon interaction. The form of the interactions is 
determined by the conservation of isotopic spin. (We 
shall not consider at this time the possibility of a 
“weak” violation of this conservation law in strange- 
particle interactions.** By the term “weak” here, we 
mean that the apparent multiplet structure of the =- 
particle masses, for example, must not be altered by 
this violation.) It is evident that the mass structure of 
the baryons may be hypothesized in our scheme in the 
same spirit as in the models of Gell-Mann and Schwinger. 
The K-meson couplings will split up the cascade particle, 
2, A, and nucleon masses and the pion-nucleon inter- 
action may further depress the nucleon mass below that 
of the hyperons. It is interesting to note that if we do 
not consider the effect of the possible K meson-cascade 
particle couplings, we see that the K meson-2-nucleon 
coupling, gxzw, must not be exactly equal to the K 
meson-A-nucleon coupling, gxav, if the scheme is to be 
capable of accounting for the =-A mass difference. We 
shall make use of the fact in discussing A*-nucleon 
scattering that it is just the equality gxxy*=gxan’ 
which implies vanishing charge exchange scattering 
via the Yukawa-type interactions. In further comment 
on the mass differences we note that the K'Kzx? inter- 
action term introduces the appealing possibility of 
accounting for the K meson-pion mass difference 
through their mutual quadratic interaction.’ 

5T would like to thank Dr. Oreste Piccioni for a discussion on 
this point. 

6 Brown, Glaser, Meyer, Perl, Vander Velde, and Cronin, Phys. 
Rev. 107, 906 (1957). ‘ 

1J. J. Sakurai, Phys. Rev. 107, 908 (1957). 

8S. Barshay, Phys. Rev. 107, 1454 (1957). 


® This point was commented upon by Professor Schwinger 
(see session IX in reference under footnote 12). 
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Let us now consider several aspects of the present 
experimental situation from the proposed viewpoint. 
We start with A* scattering by nucleons. A striking 
point appears in connection with the ratio of charge 
exchange to noncharge exchange scattering. A recent 
experiment” sets an upper limit of 1/10 for K* mesons 
of energies from 30 to 65 Mev. The most probable 
number of charge exchange events observed in this 
experiment is zero. In this energy region the slow 
variation“ of the total cross section with K* energy 
implies that the scattering is largely in the S wave. 
We now point out that two general characteristics of 
K-meson scattering proceeding through the pion- 
nucleon interaction and the K‘tKzx? term are (a) the 
scattering is predominantly in the S wave whether the 
K meson be a scalar or pseudoscalar particle, and (b) 
the scattering amplitudes for the states of isotopic 
spin zero and one are equal and hence the charge- 
exchange scattering vanishes. Now for A* energies 
above 100 Mev the charge-exchange to non-charge- 
exchange ratio appears to have risen to about 0.2,"-!? 
and also a tendency of the total cross section to increase 
implies the advent of P-wave scattering. From the 
proposed viewpoint this is readily understandable in 
terms cf the advent of “direct” scattering through the 
couplings of the K meson to the nucleon and the A and 
to the nucleon and the 2. Such scattering would have 
the familiar P wave producing spin dependence at the 
absorption and emission vertices (for intermediate 
states with a positive energy hyperon) if the K meson 
is pseudoscalar (scalar) and the A and © are of positive 
(negative) parity relative to the nucleon. Only if the 
two couplings involved here satisfied gxezy*=gean* 
would the charge exchange scattering vanish (in the 
limit mz=m,). We have noted above that this is 
possibly an unlikely circumstance in view of the 2-A 
mass difference. We have looked at the possible sign of 
the lowest order field-theoretic static potential between 
a K meson and a nucleon arising from the gK'Kz’ 
interaction. It is obvious that this potential depends in 
sign upon the sign of the coupling parameter g. For 
positive g, the potential is repulsive; this result is 
independent of the parity of the K meson. The repulsive 
behavior is favored by present experimental results.” 

We now consider K~-proton interactions. From our 
viewpoint the K~ should also elastically scatter in the 
S wave at low energies through the K'Kz? interaction. 
However, there is more to the story here, since the 
absorptive processes such as K~+— A°+2", which 
are very probable real processes for low-energy K-, 
will occur virtually and will influence the elastic and 
charge-exchange scattering. For example, we may have 
the following sequence contributing to the charge- 


© Hoang, Kaplan, and Cester, Phys. Rev. 107, 1698 (1957). 

1 Widgoff, Pevsner, Davis, Ritson, Schluter, and Henri, Phys. 
Rev. 107, 1430 (1957). 

12 Proceedings of the Seventh Annual Rochester Conference on 
High-Energy Nuclear Physics, 1957 (Interscience Publishers, Inc., 
New York, 1957), Session VI. 
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exchange scattering K-+-p—> K-+9°+p—A"+2°> K° 
+7+n— K’+n. An interesting feature of the absorp- 
tion of low-energy K~ mesons by protons leading to the 
states 2~+2* and =*++77 is that experiment indicates 
that the former process is more frequent than the 
latter. The production of =~ may occur through the 
direct process K-+p — K~-+2*+n— 2*++2- and also 
through the intermediary of the K'Kz? interaction as 
follows: 


K-+p— K-+2t+2- 24+ K-4n- wt. 


The latter mechanism will strongly favor the production 
of a pion-> system in an S wave. The observed angular 
distribution is at present flat.!*"* On the other hand, 
the =* production would occur in the following sequence 
without the intermediary of the K'Kz? interaction: 
K-+p> > R4+n-K'4+2°-+p—>2°- +3. The 
ratio of the =~ to the 2° produced in the absorption of 
low-energy K~ mesons by protons through the inter- 
mediary of the K'Kz? interaction alone would be about 
4/1. 

Several interesting features of the model appear if 
we examine several strange-particle processes at the 
higher energies. Consider pion production in a K*- 
nucleon collision. The threshold on a free nucleon is at 
about 220-Mev incident K* kinetic energy. It might be 
expected that the possibility of the process proceeding 
in second order through the pion-nucleon and K'Kz’ 
interactions would enhance this cross section. A rough 
perturbation estimate for the process K++ p— K* 
+x*+n at 300 Mev indicates an enhancement factor 
in the differential cross section, dc/dE,, with E,, the 
pion kinetic energy, equal to 25 Mev, of about 
Sl exxs®/(gxzn*+gxan’) | for scalar K mesons andabout 
20[ gxxs**/(gxzn*+gxan’) | for pseudoscalar K mesons. 
It is of interest that this process has been observed 
already at Brookhaven." The event occured in emulsion 
at 280-Mev incident K* kinetic energy and has been 
interpreted as K++n— K*++2-+> . A more detailed 
study of pion production by K mesons will be given by 
the author at a later date. Also of interest is the associ- 
ated production in proton collisions near 1 Bev. A 
strong S-wave component will be contributed by the 
process proceeding through the K‘Kz’ interaction as 
follows: 


rt+porterttn— K°+K +n K°+A% 


The high-energy cross section for a black sphere of 
radius (mx-+m,)~ is about 3 mb. That the associated 
production cross sections should tend to a constant 


8 Alvarez, Bradner, Falk-Vairant, Gow, Rosenfeld, Solmitz, 
and Tripp, University of California Radiation Laboratory 
Report 3775, July, 1957 (unpublished). 

4G. T. Zorn and B. Sechi Zorn (private communication). I 
would like to thank Dr. G. T. Zorn for informing me of this 
event and for a helpful discussion. 
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area of very strong interaction’® as the incident pion 
energy is raised would seem a reasonable consequence 
of this model. It would be interesting to see how often 
the processes r+N > 2+K+Y and K+K+N occur 
above 1 Bev. 

Before making our concluding remarks, we must 
mention that a two-pion exchange between a A particle 
and a nucleon will proceed through the intermediary 
of the KtKz? interaction. The range of this force may 
be ~(2m,)~, i.e., somewhat longer than that arising 
from the exchange of a single K meson. We do not 
believe that the status of the theory of hyperfragment 
binding at present precludes such mechanisms.’ 

We would like to summarize here the viewpoint of 
this model. First, it is felt that a nonlinear boson-boson 
interaction of a form that has been present before in 
quantum field theories may be an important part of 
the system of strong interactions characterizing pions, 
K mesons, nucleons, and hyperons. In the present 
experimental energy range, an interaction quadratic 
in the pion and K meson fields, the pion-nucleon inter- 
action, and interactions of a K meson with a nucleon 
and a 2, and with a nucleon and a A, constitute a 
system (not necessarily a closed system) of strong 
interactions which may be utilized in making a contact 
with several interesting features of the experiments, as 
we have seen. We do not wish to make any broad 
assumptions about relationships or equalities among 
these primary couplings. There are many things that 
we might try to calculate inside this system if we knew 
how to handle strongly coupled fields. For example, 
there is the scattering in the pion-hyperon systems. 
It is also very tempting to examine pion-nucleon 
S-wave scattering proceeding through the intermediary 
of the K'Kz? interaction. The magnitude of the low- 
energy scattering cross section from a black sphere of 
radius ~(2mx)~ is about 5 mb and this is the order of 
magnitude of the low-energy pion-nucleon S-wave 
scattering. However, this mechanism does not give the 
isotopic splitting. There must be more to the story; 
presumably the intermediate nucleon pair state, which 
is of about the same range, must also contribute to the 
scattering. It appears that there are features of the 
model that are suggestive of some of the present 
observations. It may be that the departure of the 
scheme from strict adherence to Yukawa-type inter- 
actions may be a more general feature than the specific 
mode! discussed. 


ACKNOWLEDGMENTS 


The author would like to thank Dr. Maurice 
Goldhaber, Professor Gian Carlo Wick, Dr. Kirk 
McVoy, and Dr. Ralph Behrends for their helpful com- 
ments upon these ideas. I would also like to thank Dr. 
Gerald Feinberg for a helpful discussion. 


15 L. R. Leipuner and R. K. Adair, Phys. Rev. 109, 1358 (1958). 




















PHYSICAL REVIEW VOLUME 


109, 


NUMBER 6 MARCH 15, 1958 


K-Meson Contribution to Forces between Baryons*t 


D. B. LicHTENBERG{ AND Marc Ross 
Indiana University, Bloomington, Indiana 
(Received November 4, 1957) 


A fourth-order perturbation theory calculation is made of baryon-baryon forces arising from the exchange 
of K mesons. Results are compared with experiment. If it is assumed that the K meson is coupled equally 
to all baryons, while the pion is coupled weakly to hyperons, it is found (for either scalar or pseudoscalar K) 
that the A-nucleon potential does not have the right spin dependence to give agreement with binding 
energies in hyperfragments. If, on the other hand, it is assumed that the pion is coupled with the same 
strength to all baryons, then one can obtain agreement with experiment if the baryon-baryon potentials 
arising from K exchange are small. This is not inconsistent with fairly large K coupling constants. These 
conclusions, however, become tenuous if K-baryon couplings are as strong as the x-nucleon coupling (for 
example, if the PS coupling constants are comparable). 





I. INTRODUCTION 


OTH K and x mesons play a role in contributing to 

the forces between particles of proton mass or 

greater—the so-called baryons. Because of the lighter 

mass of the pion, it is more effective in contributing to 

the forces at large distances. The relative strengths of 

the K and x couplings will determine at what distance 
the role of the K becomes important, if at all. 

In a previous paper’ we assumed that the major con- 
tribution to the baryon-baryon forces came from the 
exchange of pions. We were able to obtain results con- 
sistent with experiment. Neglecting the contributing to 
the forces from the exchange of K particles, we found 
the pion-baryon coupling constant to be approximately 
the same for the A and = hyperons as for the nucleon. 
In this paper we examine the possibility that K mesons 
may be principally responsible for, or at least contribute 
importantly to hyperon-nucleon forces. We shall not 
neglect the coupling of pions to nucleons, but we will 
consider that pions may be coupled more weakly to 
hyperons than to nucleons.” 

We can immediately write down the form in isotopic 
spin space of the various 7- and K-meson local linear 
interaction Hamiltonians invariant under rotations in 
isotopic spin space. The pion-baryon couplings have 
been given in A and will not be repeated here. We 
assume that the strangeness quantum number of Gell- 
Mann and Nishijima’ is conserved and make the usual 
assignments of strangeness: 0 for the nucleon, —1 for 
the A and 2, —2 for the Z,. and +1 for the K. The anti- 


* Supported in part, by the National Science Foundation. 

+A preliminary report of this work was given at the Padua- 
Venice Conference on Mesons and Recently Discovered Particles, 
1957 (to be published). 

t Present address: Physikalisches Staatsinstitut, 
strasse 9, Hamburg 36, Federal Republic of Germany. 

1D. B. Lichtenberg and M. Ross, Phys. Rev. 107, 1714 (1957), 
hereinafter referred to as A. 

2.N. Dallaporta and F. Ferrari, Nuovo cimento 5, 111 (1957), 
and F. Ferrari and L. Fonda, Padua-Venice Conference on 
Mesons and Recently Discovered Particles, 1957 (to be pub- 
lished) have also considered the effects of exchange of K and x 
mesons. 

3M. Gell-Mann, Phys. Rev. 92, 833 (1953); K. Nishijima, 
Progr. Theoret. Phys. (Japan) 10, 581 (1953). 
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particles have opposite strangeness. Further, the K, N, 
and & fields are spinors in isotopic spin space, the = field 
is a vector, and the A a scalar. The K-particle interac- 
tion Hamiltonians then have the form (emphasizing the 
behavior in charge space) : 


Ayn =ga(A*K*N+ Hermitian conj.), 
Ayz= gaz (A*KE+H.c.), 

Hyzsy= gz(E*-K*2N+H.c.), 

Hy= gsz(X*-Ke=+H.c.), 


where we have used the notation of Gell-Mann‘ in which 
the symbol for a particle denotes the operator that 
annihilates it. An asterisk on the symbol indicates the 
corresponding creation operator. Where two (isotopic) 
spinors appear, the scalar product over spin variables 
is to be taken. The g’s are the coupling strengths govern- 
ing the interactions. 

In the absence of any symmetry principle to relate 
the strengths of the various couplings, we have eight 
independent coupling constants between the K and x 
mesons and the four known kinds of baryons. The pion 
coupling constants will be labeled /, fs, fz, and fz for 
N*aN, A*xd, *xX, and Z*r= couplings, respectively. 
Only one of these constants is well determined. 

It has been hypothesized that pions are coupled with 
equal strength to all baryons.** This equality of 
coupling constants is supposed to be related in some way 
to the conservation law of heavy particles, in analogy to 
the electromagnetic case where we observe that all 
charged particles have the same coupling to the electro- 
magnetic field and at the same time have the conser- 
vation law of electric charge. The analogy is by no 
means exact, Moreover, the K-meson field is also 
strongly coupled to baryons, and if the symmetry prin- 
ciple exists at all, it may be that K mesons, rather than 

4M. Gell-Mann, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957); and Phys. Rev. 106, 1296 

5 
"Th, Sin, Proc. Natl. Acad. Sci. U. S. 38, 449 (1952); 
J. Schwinger, Proceedings of the Seventh Annual Rochester Con- 
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pions, are equally coupled to all baryons. It is, of 
course, most useful to consider the pions in such a role 
because f* is known. 

It must, of course, be recognized that none of the 
coupling constants involving + or K and baryons can 
be very small. One has direct evidence as to this in the 
«—N case and from processes 

a+N-Y+K, K+N-Y+a, y+N-Y+K. 
In addition, processes such as shown in Fig. 1 mean, 
for example, that a strong Y*KN interaction implies a 
substantial Y*Y interaction. 

The form of the Hamiltonians in ordinary space is 
also important. This depends on the spins and parities 
of the particles. As in A we assume that all baryons have 
spin }.° The spin of the K is taken to be zero.® As a 
result of parity nonconservation and of associated pro- 
duction, the parity of strange particles in relation to 
nucleons is not meaningful. Parities of strange particles 
with respect to each other are of consequence, however ; 
we arbitrarily set p(2)=p(A)=1. Then we have two 
possibilities p(K)=-+1. We will speak of the parity of 
the K in this context. There is also the parity of the = 
to be specified. We assign the parity of the Z so as to 
make the K-baryon interaction scalar for all baryons 
or pseudoscalar for all baryons. We do not consider the 
possibility that, for example, the A*KN interaction is 
scalar and the A*K*z interaction is pseudoscalar. We 
do not consider derivative couplings. 

Before going on to evaluate forces between baryons 
in various cases, we should examine other experiments 
to date, for hints on the undecided questions involving 
K parity and the size of K coupling constants. From a 
theoretical viewpoint, photoproduction and scattering 
of K’s from nucleons are difficult to analyze for two 
reasons: (1) There are usually competing processes 
involving pions. (2) The K meson mass is comparable 
to the nucleon mass. Threshold theorems for K particles 
as compared to those for pions will thus be more dif- 
ficult to develop and they will be less useful in practice 
because of the big extrapolation: m/M—0, where m is 
the mass of the K and M is the mass of a baryon. In 
spite of this, we should expect for scalar K that Kt—N 
scattering at threshold may be of the same order as 
that predicted by the first term of an m/M expansion 
(i.e., the lowest order perturbation theory). There are 
no competing a processes in this case. The prediction 
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of attractive s-wave K*p scattering disagrees with 
experiment.’ On this basis it may be argued that the 
pseudoscalar K, with its less tractable theory of K 
scattering from nucleons, is favored. However, we 
consider the scalar case as well. From the magnitude 
of photoproduction or scattering cross sections one 
might then go on to calculate gan and or gsy. This is, 
however, rather speculative without a better theory of 
these processes. Indeed, one reason for examining forces 
between baryons is to get information on these con- 
stants from a different source. On the face of it these 
forces seem more remote from theoretical interpre- 
tation than the above processes. But it should be 
recalled that fairly good results were obtained for the 
pion constant on the basis of nuclear forces even before 
pions were observed. 

After calculating various potentials we shall consider 
two general possibilities: Case I, the K coupling 
constants are large compared to the pion hyperon 
constants so that K exchange is mainly responsible for 
hyperfragment binding; Case II, the K exchange 
potentials are merely corrections to the pion potentials 
evaluated in A. These two possibilities will be compared 
with experiment. 


Il. HYPERON-NUCLEON POTENTIALS 


The procedure we adopt in calculating the hyperon- 
nucleon potentials due to the exchange of K mesons is 
similar to that of A, i.e., the method of Brueckner and 
Watson.* We assume that there exists a satisfactory 
static potential description, restricting ourselves to the 
fixed-source theory. Since the mass of the K is so large 
—about half the baryon mass—this approximation is 
not too good. However, we feel that the correct quali- 
tative features of the interaction between baryons will 
emerge even in this simple picture. Clearly, in this 
context, we can neglect the mass differences of the 
various baryons compared to the energy of an inter- 
mediate K meson. We also make the customary per- 
turbation expansion, i.e., in the number of K mesons 
which are exchanged between the baryons. 

The range of the K-particle forces is very short, 
almost comparable to the nucleon Compton wave- 
length, at which distance, as is well known, recoil, and 
perhaps other effects, make for a wholly mysterious 
situation. Because of this, we need only examine the 
longest-ranged portion of the potential, i.e., that of 
lowest (second) order involving exchange of one K 
meson. We may hope (at best) that this portion of the 
potential is indicative of a correct potential at the 
larger distances. In the following we also examine the 
fourth-order K potential, but merely to compare it 
with the second-order potential at large distances and 


7M. Baldo-Ceolin et al., Nuovo cimento 5, 402 (1957); N. N. 
Biswas et al., Nuovo cimento 5, 123 (1957); G. Igo et al., Bull. 
Am. Phys. Soc. Ser. II, 2, 311 (1957). 

8K. A. Brueckner and K. M. Watson, Phys. Rev. 92, 1023 
(1953). 
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see under what conditions an approximation scheme 
involving the second-order potential alone appears to 
be internally consistent. 

Of rather more interest than the fourth-order K 
potential is the fourth-order potential involving ex- 
change of one K and one z. The range of this potential 
is almost that of the second-order K. Even if pion- 
hyperon couplings are small, in spite of diagrams such 
as that of Fig. 1, we cannot neglect contributions from 
diagrams such as show in Fig. 2(a). This diagram 
involves pion-coupling with the nucleon only, and 
therefore will not be small. Other fourth-order K—-x 
processes such as Fig. 2(b) are present to the extent 
that Y*rY couplings other than the V*#N couplings 
are large. 

In second order, the hyperon-nucleon forces due to 
K mesons are (entirely) of an exchange character. 
Some care must be taken in determining the over-all 
sign of the potentials. The usual! derivation of exchange 
potentials, not making explicit use of the notation of 
second quantization, yields an ambiguous sign. When 
labels are introduced into the wave function distin- 
guishing between hyperon and nucleon (in analogy to 
isotopic spin notation for neutron and proton), one 
finds that this sign depends on whether the wave 
function (including isotopic spin coordinates) is totally 
symmetric or antisymmetric. When two fermions are 
involved, it is readily established that the latter choice 
must be made in order to obtain agreement with a 
second-quantized calculation.’ For example, if isotopic 
spin notation is not used to describe the wave function 
of a hyperon-nucleon system, one must adopt potentials 
which are antisymmetric on interchange of the two 
particles. On the other hand, if the potential is to be 
cast into the usual convenient form which is symmetric 
in the two particles, then the generalized Pauli prin- 
ciple must be adopted.” The use of the generalized 
Pauli principle to describe two-body hyperon-nucleon 
exchange forces does not imply that these different 
fields either commute or anticommute." 

The functional form of the second-order potentials is 
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Taste I. Isotopic spin-dependent coefficients C of the second- 
order potential due to K mesons, as given in Eqs. (2) and (3). 
The coefficients depend on whether the product of the space and 
spin wave function of the 2 baryons is symmetric or antisym- 
metric. See Eq. (1) for explanation of the couling constant 
notation. These are nonrelativistic (S or PV) unrationalized 
constants, i.e., in the same context the pion-nucleon constant 
would be #?=0.1. 











T=} T=} T=} T=} 
ZN-ZN IN—-ZN AN—-AN AN~ZN 
Symmetric —2g>? gz? “gar v3 gagz 
Antisymmetric 2gx? —g* ga? —V3gagz 








well-known. For the case of scalar K mesons, the second- 
order potentials Vx* has the form 


V «S=—Cme*/y, (2) 


where y=mr is the distance between baryons in units 
of the mass of the K-particle, m. Here C is a numerical 
coefficient which depends on the (unrationalized) 
coupling constants ga, gaz, gz, and gxz, on the isotopic 
spin configurations of the baryons, and on whether the 
space-spin wave function of the two baryons is sym- 
metric or antisymmetric. The coefficients C are given 
in Table I. Wentzel* has previously given these coef- 
ficients for the A—\V potential. Note from the table 
that in the isotopic spin T=} state, there exist A—V 
and 2—N diagonal potentials and a nondiagonal poten- 
tial which converts a A to a = in a scattering process - 
and vice versa. The sign of this nondiagonal potential 
has no physical consequences. Since the Z, like the 
nucleon, is a particle of isotopic spin 3, the coefficients 
of Table I apply to the potentials between the A and 2 
and the =, with ga replaced by gaz and gs by gyz. The 
second-order potentials between baryons of the same 
strangeness are zero. 

For the case of pseudoscalar K mesons, the second- 
order potential Vx?* has the form 


C ee 3 3 
Vxt8=—m—| ey-er+Su(—+-+1)]} (3) 
o 9 le 


where the coefficients C are’ the same as for the scalar 
case {now involving unrationalized PV coupling 
constants), 7, and a2 are the usual Pauli spin operators 
and S)2 is the tensor force operator. 

In contrast with the second-order forces, the fourth- 
order K forces between baryons of strangeness differing 
by unity are of a purely ordinary character. Forces 
between baryons with the same strangeness quantum 
number are partly ordinary and partly of an exchange 
nature. To obtain the hyperon-nucleon fourth-order 
potentials, we calculate only the contributions from 
graphs in which at least one K meson appears in all 
intermediate states—so-called proper graphs. A dis- 
cussion of why enly proper graphs are retained in the 
calculation is given in A and by Brueckner and Watson.° 
It is interesting that even if we restrict ourselves to 
calculating the forces between A and = hyperons and 
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TABLE II. Isotopic spin-dependent coefficients appearing in the 
expression for the fourth-order baryon-baryon potentials due to 
K mesons. See Eqs. (3) and (4). See also caption of Table I. The 
hyperon-nucleon potentials are ordinary with respect to exchange 
properties. 











Ci C2 
T=1, pent cee 
NN-NN fantisymmetric 0 Sgz*+ga‘t+2gs¢* 
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NN-NN fantisymmetric . ore 
T=}, 2N-=N 4gx! gzz*(2ga?+2gr*) 
T=}, 2N-=N gz't+3gs%ea? gzz*(Sgz*— ga?) 
T=}, AN-AN gatt+3ga2es? gaz? (ga?+3g3*) 
T=}, AN-=N V3gagz(gs*—ga?) v3gaz*grz*(gz*— ga’) 








nucleons, we must consider intermediate states in 
which the = appears. 

The integrations that must be performed to obtain 
the fourth-order potentials are the same as the inte- 
grations carried out by Brueckner and Watson for the 
nucleon-nucleon potentials. For a scalar K particle, the 
four-order baryon-baryon potentials are of the form: 


Vex5= om (2e-*4/ary) 
XK {CiKo(y)ee*+ (C2—Ci) Ko(2y)e*}. (4) 


The coefficients C; and C2 are given in Table II. For a 
pseudoscalar K, the potentials are of the form 


Vex? S=— (2me-#/ry*) {Ci (2y+-2y*+y*) Kole" 
+ (44+4y+-y*)Ki(y)e4J+3(C2—-C)) 
X [(23y+4y*) Ko(2y)e+ (23+ 12y*) 
x K,(2y)e"]+ 301-020 (yt+y*)Ko(y)e 
+ (2+2y+y*)Ki(y)e"]— $e1-02(Ci+C2) 
X [6yK o(2y)e*+ (6+4y")K 1(2y)e*] 
= $512 iL (y+) Ko(y)e" 
+ (5+5y+y")Ki(y)e”]+ §Si2(Cit-C2) 
X [12K o(2y)e*+ (15+4y7)Ki(2y)e™]}, (5) 


where Ky and K, are Bessel functions of imaginary 
argument. 


TABLE III. Coefficients D;: and D2 appearing in Eq. (6) for 
hyperon-nucleon forces arising from the exchange of one pion and 
one K meson. The above apply to hyperon-nucleon states which 
are antisymmetric in space-spin. The signs are opposite for sym- 
metric states. See also caption for Table I. 
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The fourth-order K—-z forces have, of course, the 
same strangeness exchange properties as the second- 
order K forces, so this potential just changes sign going 
from symmetric to antisymmetric space-spin states. The 
usual methods referred to previously are used for 
evaluating the potential. The integration that arises is 
different and is discussed in the Appendix. An approxi- 
mate analytical expression has been adopted in the 
expression below for the fourth-order K—z potential 
with scalar K: 


VixeS= (2Que~°+ /3arx*) { 01- 2[ Dix*K o( ye” 
+ (u/2m) (D2— D,)(«%K o(x)e*+ (2+27) Ki (x)e*) 
+Dox(xK o(x)e*— Ky (x)e*) | 
+Sy2[ Di (2?+32+3)Ko(y)e’+ (u/2m) 
X (D2— D,) (AxK o(x)e*+ (2°+8) Ki (x)e*) 
+Dox(xK o(x)e*+2Ki(x)e*)]}, (6) 
where x is distance ur measured in units of the pion 


mass yw. The coefficients D, and Dy» are presented in 
Table III. 


TABLE IV. Approximate values of the slowly varying portions 
of the fourth-order potentials as defined in Eqs. (8) for distances 
in the neighborhood of x=0.5. 











Singlet Triplet central Tensor 
U,Ps ~~ 8 —2 
UPS 40) 15 6 
WPS ~~” o~25 —o 
WPS 150 45 25 
US 0.24 0.24 0 
US 0.64 0.64 0 
ws 2.2 —0.75 0.6 
Ww.s 0.03 —0.01 7 








For pseudoscalar K, the mixed K—- potential has 
the form (in the same approximation) : 
Vix PS = — (Que @ /x?y*){ (m/u) Di (y (2+ 2x42) 
XKo(y)e+ (x+2)*Ki (yer) 
+ D(x (y?+ 2y+ 2) Ko(x)e*4+- (y+ 2)2Ki (x)e*) 
+43(D.—Dy;)((yx*+6y+4) Ky (xe 
+x(3y+2)Ko(x)e*)+ 3e1- oof (m/p) 
X Di(y(x+1)Ko(y)e’+ (22+ 22+ 2) 
X Ki (y)e") — D2(x(y+1)Ko(x)e* 
+ (y?-+2y+2)Ki(x)e*)—3(D,+Dz) 
X (a(y+2)K o(x)e*+ (2°+ 2y+4)Ki(x)e7)] 
— $Sio[ (m/u)Di(y(x+1)Koly)e¥ 
+ (x°+54+5)Ki(y)e")—Do(x(y+1) 
X Ko(x)e*+ (y?+5y+5)Ki(x)e*) 
—$(D,+D2)((a?+2y4+ 10) Ki (x)e 
+2(y+5)Ko(x)e*)]}. (7) 
Ill. RESULTS AND DISCUSSION 


The expressions for the potentials given by Eqs. (4) 
through (7) are quite involved. However, the com- 
plicated expressions inside the curly brackets are slowly 
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varying functions of r, while the rapidly varying func- 
tions (decreasing exponentials and inverse powers) are 
exhibited explicitly preceding the left curly bracket. 
Our first task with these potentials is to compare the 
fourth-order KK and Kz potentials with the second- 
order K. For this purpose we write 


ViexS=— (2me*¥/ry) {CU S+CU 25}, 
Vxx?S= — (2me/wy) (CU P3+CU 23}, 
Vxe8= (Que~@? /3xx2){D,W S+D.W 25}, 
V xe? S= — (Que) xy?) (DW P54+-D.W 2? 3}. 


(8) 


The slowly varying U’s and W’s are defined by these 
relations. Typical approximate values are given in 
Table IV, Values of 


2 e~ ty) 2 eo ey 


r xy 


me’ me mew 


, 


wy 








z i , and 
™ y mV 3 
at a few interesting points are given in Table V, One 
can then readily evaluate the order of magnitude of Vx, 
Vxx, and Vx, at various distances. 


Taste V. Rapidly varying factor in potentials Vx, Vxx’’, 
Vxr?5, Vxx5, Vx-5 (respectively) as given in Eqs. (3), (5), 
(6), and (7), where x=yr, y= mr, m= K mass, w= mass. 

















mew 2m ew 2 e~@*y) 2m ew 2 ey) 
= a J ™m xr xy ™ Y Jc ww 
0.3 1.15 0.21 1.61 0.250 2.04 
0.5 0.34 0.007 0.084 0.036 0.177 
0.7 0.12 0.0004 0.0088 0.0061 0.026 








For simplicity in discussion we consider two general 
cases: Case I, the K meson is coupled strongly and with 
equal! magnitudes to all baryons while the pion is coupled 
weakly to hyperons; and Case II, the pion-hyperon 
couplings are equal to the pion-nucleon coupling con- 
stant f, and the K couplings are relatively ‘small. 


Case I. Strong Universal K-Baryon Coupling 


Assume that ga= gs= gaz = gxz= g, and that g is large 
(numbers for unrationalized S and PV constants will 
be quoted). The baryons could all be mass-degenerate 
in the presence of this strong K coupling alone, and 
their mass differences associated with x couplings. We 
shall assume all pion-hyperon couplings are small com- 
pared to f* and can be neglected. (We mentioned in 
Sec. I that it is unlikely that any coupling constant is 
very small. Assumption of equality of the g’s is also an 
over simplification, again because of renormalization 
effects. A glance at Tables II and III indicates, how- 
ever, that detailed differences among the coupling con- 
stants are not important.) We shall just consider po- 
tentials up to fourth order and hope that Vx and Vx, 
are adequate to indicate the qualitative features of the 
potentials. 
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We first consider a scalar K meson and confine our 
attention to the A—V potential. In the triplet state 
both Vx and Vx, give respulsive contr:butions to the 
potential. Vxx is attractive, but very short ranged. 
Unless g* is very large (22), Vxx is not important 
except in the region where the baryons are so close to- 
gether that the static perturbation calculation is invalid. 
In other words, for x20.5, Vxx can be neglected. 
Therefore, the A—N triplet central potential is repul- 
sive. There is also a tensor potential in the triplet state 
even if the K is scalar, due to Vx,, but it is probably 
not sufficiently strong to counterbalance the central 
repulsion. In any case, the net triplet force is very weak. 
But in order to give agreement with the observed 
binding energies of hyperfragments, the A—J triplet 
potential must be attractive and not too much weaker 
than the singlet potential.“ Therefore, the assumption 
of forces due principally to a scalar K meson leads to a 
prediction in diagreement with experiment. 

We now turn to the pseudoscalar K. It is readily seen 
that Vx is qualitatively similar to the pion potential 
deduced in A. The four major features of low-energy 
hyperon-nucleon interactions predicted by the pion 
potential would also follow from Vx alone. These four 
features are: 


(1) Strongly attractive A—.V potential in the 4S 
state. 

(2) Less strongly attractive central A— NV potential 
in the *S state. (However, in this case there is a strong 
tensor potential.) 

(3) Strongly attractive 'S, T=$, =—N system.§ 

(4) Other systems weakly interacting. 


Along with the general features (1) and (3) are the 
facts that the A—N system is probably not bound 
while the 2>— p or =—n system is on the borderline of 
being bound.” The fact that 1S forces must be more 
attractive than *S forces in the A—N system is not 
quite established from the hyperfragment data." 

If one considers Vx alone, then the value of ¢ 
needed to obtain agreement with analyses of hyper- 
fragment binding energies is g*=0.5. If a repulsive 
core were inserted a larger constant would, of course, be 
required. However, we must also consider Vx,, which 
in this case is repulsive. The ratio Vx./V x depends on 
r but is independent of the unknown K meson coupling 


2R. H. Dalitz, Proceedings of the Sixth Annual Rochester Con- 
ference on High-Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, 1956). B. W. Downs, Bull. Am. Phys. Soc. Ser. 
ITI, 2, 175 (1957). L. Brown and M. Peshkin, Phys. Rev. 107, 272 
(1957). M. Ross and D. Lichtenberg, Midwest Conference on 
Theoretical Physics, State University of Iowa, 1957, and Phys. 
Rev. 107, 1714 (1957). 

§ Note added in proof.—It was remarked in Sec. III C of A that 
this potential can be the same as the N—N 'S potential. This is 
not correct to the extent that, beyond lowest order, the potential 
will depend on the 2—A mass difference. 

13M. Baldo-Ceolin et al., Nuovo cimento 6, 144 (1957). 

“4 R.H. Dalitz, Proceedings of the Seventh Annual Rochester Con- 
ference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1957). 
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strength g. In the region which is important for the 
baryon-baryon forces, x<1.0, |Vx,|/|Vx|>1. There- 
fore, unless the coupling is so large as to make the 
attractive Vxx important (g*21), the A—JN triplet 
central potential is repulsive. As in the scalar case, the 
tensor potential is not strong enough to make the spin 
dependence of the forces come out right. 

It should be pointed out that the singularity of the 
fourth-order forces as we obtain them forbids their use 
all the way into the origin. In the two-nucleon problem, 
a phenomenological (so called because it has an em- 
pirical basis) repulsive core is inserted at small dis- 
tances. Although we know that the K-particle poten- 
tials require revision at short distances as do those of 
the x, we can theoretically determine neither the form 
nor the range of these revisions, and we do not have 
enough scattering data (which exist in the two-nucleon 
case), to help in this predicament. It is not clear that 
there must be a core, or that the range at which these 
difficulties enter is simply associated either with the K 
Compton wavelength or the nucleon Compton wave- 
length. By taking advantage of the complete freedom 
in choosing core radii, we might be able to improve the 
spin dependence of the forces. However, we feel that 
this is not to be taken too seriously. 

This conclusion that neither scalar nor pseudoscalar 
K mesons can be principally responsible for hyperon- 
nucleon forces holds only if Vx and Vx, give the main 
contributions to the potentials. If the K couplings are 
so large that V xx is important, for example, we cannot 
draw any conclusions. For PS K mesons this will be the 
case for g?>1 (or for a PS constant, G? 215 comparable 
with the pion nucleon constant). For scalar K mesons 
this will be the case for g?>2. We have assumed further 
that the behavior at small distances does not nullify 
conclusions drawn from considering the tails of these 
potentials. In passing, we can note that the two-nucleon 
potential receives no interesting contribution from 
fourth order K forces. Even with g*~2 (scalar K) or 
g’~0.5 (pseudoscalar K), these forces are attractive 
and weak. 


Case II. Strong Universal Pion Baryon Coupling 


We assume that all the f’s are equal. In this case, 
since the pion potentials deduced in A give approximate 
agreement with experiment, the K potentials can be 
merely corrections. In this picture the K-meson inter- 
actions are responsible for removing the baryon mass 
degeneracies, and hence, the K coupling strengths are 
different for the different hyperons. Therefore, we will 
obtain a variety of potentials as functions of the g’s. 
We can say little more about the K potentials in this 
case, unless we make some additional simplifying 
assumption, for example that all the g’s have the same 
sign and are of comparable magnitudes. We shall 
confine our discussion to this situation. 

We found in A that, upon using the two-nucleon 
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even-state repulsive core radii, it was necessary to 
adopt a pion coupling constant such that fy?/f*=1.25 
(fr=fe=fy). (The exact coupling constant and core 
radius used in the two nucleon problem depend sen- 
sitively on each other.) Since it is the fourth-order 
portion of the Brueckner-Watson pion potential that 
is strongest, we find that the A—.V ‘S potential obtained 
by a straight-forward use of the coupling constant and 
core used in the two nucleon problem is roughly 
f?/fy?=0.8 weaker than the potential empirically 
required. We do not feel that this is any discrepancy 
because of the uncertainty in the Brueckner-Watson 
pion potentials and in making deductions from hyper- 
fragment data. Nevertheless, we know that K 
couplings are present in the Hamiltonian. These may 
cause differences to arise between the various f’s due 
to renormalization processes, and of course they also 
give rise directly to forces. We can call on the K forces 
to make up the above-mentioned deficiency in the 
A—N potential, ie., to be about } as strong as the 
pure pion potential in the ‘S A— N state. For this 
purpose we merely compare the depths of the potentials 
at x=0.5. This leads to the value of g.~1 for the 
scalar K or g*~0.2 for the pseudoscalar K (corre- 
sponding to the PS constant G?~3). The latter value 
of g* is slightly larger than that indicated by very simple 
theories of K photoproduction, but, for reasons indi- 
cated in Sec. I, we do not find /his disturbing. The spin 
dependence of the forces is increased by the K potential, 
i.e., the triplet potential becomes relatively weaker but 
probably not so much as to make it too weak to agree 
with hyperfragment data. Unfortunately, in the scalar 
case g’ is so large that Vxx and other effects should not 
be neglected. 

This method serves to determine g (albeit in a rather 
unconvincing manner), but it has the drawback that 
at the same time it does not lead to anything else new. 
There are no qualitative changes in the four general 
features (stated previously) of hyper-nucleon inter- 
actions at low energy as predicted by the pion potential. 
This being so, it is only sensible to recognize that to 
fix a relatively small correction to the pion potential 
in an attempt to obtain a certain strength for the A— V 
interaction, or perhaps binding of A—N or 2—N 
systems, is an exercise without much physical meaning. 
The trouble is, of course, that the shape and strength, 
absolutely and in various states relative to each other, 
of the pion potential, are not sufficiently well fixed by 
the approximate theory. As suggested in A, this dif- 
ficulty may be partially overcome to if empirical infor- 
mation on the odd-state two-nucleon potentials could 
be obtained. Then the hyperon-nucleon potentials due 
to pions could be fixed from this empirical evidence 
instead of through meson theory. 

We conclude then in the hope that qualitative indi- 
cations of these potentials are correct. If so, a strong 
universal pion-baryon coupling is consistent with 
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experiment and makes some general predictions which 
can be further tested. Fairly strong K particle couplings 
should not upset these predictions. On the other hand, 
we can conclude that hyperon-nucleon forces based 
mainly on K couplings rather than x couplings disagree 
with experiment, provided the K couplings are not 
too large. 
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APPENDIX 


The potential Vx, involves the integral 


kdkqdq sinkr, singrs 
Same 
(m?+-k*) (u?+-?)[(m?+- k*)§+- (u?+q*)*] 
where & and g are K and + momenta. With m=y this 


integral occurs in the fourth-order pion potential and 
is of standard form. If we write J as two terms: 


” kdk sinkr; . 
1-f een ‘Pf gdq singrs 
0 m?+- k? 0 


1 (m?+-k?)! 











(+g) (g@—a) I 


(u?-+q*)*(g?—«") 
where «°=m’+?—y?, then on extending the g inte- 
gration from — © to ~ and using the contours of Fig. 3 
we obtain 
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evaluating integral dis- 
cussed in the appendix. 
Only } the contribution pe 
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exp[ — a) 7 





+—e— #7, Ko(mr;). 

9 9 
——¢ 2 
By expanding the radical in the exponent for small 
—(¢+un"), we obtain the approximate analytic ex- 
pression for the remaining integral: 


ur 
aes —rje-™ 1K (ure). 
2m 2 


This form is used in obtaining the expressions for Vx, 
in Eqs. (6) and (7). 
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Discrete States for Singular Potential Problems*} 
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The solutions of the quantum mechanical wave equations for singular potentials are re-examined. It is 
shown that a set of orthonormal wave functions with complex energy eigenvalues (E,=W,+}iT’,) is 
obtained if certain natural analyticity requirements are imposed on the form of the potentials. In general, 
the result is interpreted in the following way: W, is the most probable position of the energy level for 
various types of cutoff and I, is a measure of the probable error. 





1. INTRODUCTION 


OR nonsingular potentials, the solutions of the 

quantum mechanical wave equations are unique 
and of great value in the discussion of physical problems. 
Thus, an idealized, unbounded potential (V = —Ze?/r) 
leads to a meaningful description of the hydrogen 
atom, even if the physical cutoff (finite proton size, 
etc.) is ignored. For singular potentials, such a corre- 
spondence between physical and idealized systems has 
not generally been found because the latter do not 
possess unique solutions unless the normalization re- 
quirement is supplemented (Sec. 3). The aims of this 
paper are: (a) to find some boundary condition which 
gives conventional results for nonsingular problems and 
unique discrete spectra for singular potentials; (b) to 
show that these singular levels are useful as approxi- 
mations to many physical (cutoff) problems, even if 
the detailed location of the cutoff is unknown. 

With these objectives in mind, the consequences of 
the following assumptions are investigated: (I) All 
physically realistic potentials are represented by func- 
tions of the coordinates which are analytic except at 
isolated poles and branch points. (II) All normalizable 
solutions of the quantum mechanical wave equations 
are meaningful and acceptable. Assumptions (I) and 
(II) do give standard results in all nonsingular problems 
(Sec. 2) and unambiguous point spectra for singular 
Hamiltonians. In the latter case, the ambiguity is 
removed because the wave function ¥(—2x) [or ¥(—r) ] 
is determined in essentially a unique manner from 
¥(x) Lor ¥(r)] by analytic continuation around the 
singularity (Sec. 4). 

In general, the levels obtained by continuation have 
complex energies. The virial theorem suggests that 
these states correspond to the periodic or asymptotic 
orbits of classical singular problems. In the last section, 
it is shown that the complex eigenvalues contain 
information about the density of states for an inde- 
terminate cutoff and can be used to approximate levels 
for repulsive core cutoff problems. This technique is 


* Supported in part by the U. S. Atomic Energy Commission. 

+ Part of this work was performed while the author was a staff 
member at the Laboratory for Insulation Research, Massa- 
chusetts Institute of Technology. A preliminary account appeared 
as Laboratory for Insulation Research Technical Report 109, 
June, 1956 (unpublished). 


possible because the logarithmic derivative of a wave 
function is large if the potential is singular and attrac- 
tive, or if it is strongly repulsive ; thus, solutions for the 
two cases can be joined smoothly. 


2. NONSINGULAR POTENTIALS 


Throughout the years attempts have been made to 
solve anomalous nonsingular problems by imposing new 
boundary conditions (together with the normalization 
requirement) on the solutions of the quantum mechani- 
cal wave equations.’ In most cases, as pointed out by 
von Neumann and others,? the extra conditions are 
unnecessary and not generally applicable; von Neu- 
mann maintained that (II) is sufficient to give correct 
results if problems associated with the ordinary con- 
tinuous spectrum are excluded. 

As an example of this reasoning, consider the one- 
dimensional Schrédinger equation for an attractive 
potential : 


V (x)= —Vof(x)x*, f(0)=1. 
Then 


ul’+[Uof(x)x-*—n* u=0, (1) 


where U9=2mVo/h?, and n?= —2mE/h?(n=id, E>0). 
If 0<*1, and 0<k<2, the two linearly independent 
solutions of Eq. (1) behave like 


u(x) =2[1+0(x)], 
u (x)=[1+ax Inx J[1+0(zx) ]. 


Both u™ and u® are quadratically integrable near the 
origin, so that for any 9, some linear combination is 
normalizable in the interval O0<a<m if V(«)>0. 
Thus, when V (x)= —Vor', O0<ax<@, V(0)=,acon- 
tinuum results if (II) gives the only restriction on 
y= A[u®-+ Bu ] (several of the boundary conditions 
of reference 1 eliminate u®, leading to a discrete 
spectrum). However, (I) cannot be used if the potential 
has an infinite discontinuity at the origin. In fact, the 


(2) 


1 G. Jaffe, Z. Physik 66, 770 (1931); R. M. Langer and N. Rosen, 
Phys. Rev. 37, 658 (1931); G. Araki, Progr. Theoret. Phys. Japan 
3, 97 (1948) ; G. Falk and H. Marschall, Z. Physik 131, 269 (1952). 

2J. von Neumann, Mathematical Foundations of Quantum 
Mechanics (Princeton University Press, Princeton, 1955), p. 29. 
See also K. Kodaira and T. Kato, Progr. Theoret. Phys. 3, 439 
(1948), T. Tits, J. Exptl. Theoret. Phys. U.S.S.R. 30, 948 (1956) 
[translation : Soviet Phys. JETP 3, 777 (1956) ]. 
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indeterminate result [for V(0)= ] is physically cor- 
rect since classically a particle with infinite velocity 
impinges on an infinite barrier at «=0, and the situa- 
tion is not well defined. 

If the barrier at «<0 is removed, the origin becomes 
an interior point and (II) is sufficient to determine the 
levels. All even states must have ¥(x)=u@ (x) because 
u™ (even) is a Green’s function and not a solution of 
Eq. (1). Therefore, a unique discrete spectrum is found 
since u“)(—x)=—u™ (x), u®(—x)=u™(x) [this im- 
plies V(x)=V(—x) }. 

In anticipation of the singular potential discussion, 
it is significant to note that the same spectrum can be 
found without examining y a/ x=0, if assumption (I) 
is used. The potential may be represented as 


V (x)= —Vo lim (22+€)-3, 
e0 


and ¥(—<x) can be obtained from (x) by analytic 
continuation around «=0. A branch cut must be crossed 
for x >eso that the continuation is not unique; while 
solutions which are neither even nor odd may be 
selected, the ones consistent with V(—x)=V(x) have 
u®(—x)|=|u™(x)|, etc. The relative parity is de- 
termined by the requirement that the Wronskian, 


W =4 Oy’ — yOu’ (3) 


have the same constant value on both sides of the 
origin. If u™ is odd, «@ must be even, and this leads 
to the same discrete spectrum. 

More subtle difficulties are present in multidimen- 
sional problems. The two linearly independent S-state 
solutions for the hydrogen atom are Yo (r) =u (r)/r, 
Yo (r)=u™(r)/r where u and u® are given by 
Eq. (2) for r&1. The supplementary boundary condi- 
tions' have been proposed to eliminate Yo because 
both series are quadratically integrable near the origin, 
and both are genuine solutions of the radial equation. 
However, Dirac has pointed out that yo is a Green’s 
function, not a solution, for the three-dimensional 
Schrédinger equation*; hence it must be discarded. The 
use of spherical coordinates obscures this fact since the 
origin is treated as a boundary instead of an interior 
point. 

The series yo can also be eliminated, as in the one- 
dimensional case, by using (I) without explicit examina- 
tion of y at r=0. The reflected solution, ¥(—r), is 
obtained from ¥(r) by rotation in the complex (x,y,z) 
planes (Cartesian coordinates are used to avoid the 
additional singularity at the origin). Although the 
process of analytic continuation for functions of several 
complex variables is not completely understood (this 
is discussed further in Sec. 4), it can be established that 
|Yo(—r)| = |Yo™(r)|, etc. The subsidiary condition 
that the Wronskian, W=yvy?—y® vy, must 

3P. A. M. Dirac, Quantum Mechanics (Clarendon Press, Oxford, 


1947), p. 155. For a more general proof, see T. Kato, Trans. Am. 
Math. Soc. 70, 195 (1951). 
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satisfy ¥-W=0 everywhere, leads to an integral re- 
lation, 


im| ff dydzW ,(€,y,2) 
ena!) 
_ f f dydzW.(—«, va)|=0, (4) 
A 


where the surface of integration is arbitrary. Equation 
(4) implies that 


lim (WY /y ],.= — lim [WY /y ],.—.; 


for the same. energy, any two linearly independent 
solutions of a Schrédinger equation must have opposite 
parities, and Yo can be eliminated. 

For any nonsingular problem, two series with distinct, 
integral exponents can be found. If the singularity is 
not at a boundary, the eigenfunction must be y=y” 
or y=y™, since only these choices have analytic 
properties consistent with (I) [Y=A(w~%+By™) does 
not }, and also satisfy ¥-W=0. This leads to the con- 
ventional spectrum in every case. However, if the 
boundary is singular, (1) and (II) do not determine 
the spectrum and the Green’s function argument also 
fails. Since the ambiguity should be present, (I) and 
(II) seem to represent correct boundary conditions, 
while those of reference 1 are incorrect. 


3. SINGULAR POTENTIAL PROBLEM 


Singular Hamiltonians (> 2 in nonrelativistic equa- 
tions) are characterized by wave functions with non- 
integral exponents. For example, the choice k=2, 
f(x)=[1+2vx/Uo}] (x>0) in Eq. (1) leads to the 
general solution 


v(x) = AL u™ (x) + B,(q)u@ (x) ], (5) 
u(x) =e-¥ x! F,(4-+5s—v/q; 1425; 2nx), (6) 


where s= (}—U)' and :F (a; c; 2) is a confluent hyper- 
geometric function. If Up>}, s is imaginary (s=ic) 
and therefore, for any Uo, wu and u“ are quadratically 
integrable near the origin. The condition ¥(*#)=0 is 
satisfied if 
P'(1+2s) P(3—s—v/n) 
B,(n) = — (2n)-* ep 
r(i—2s) 0(4+s—v/n) 





and in the interval 0<x*< ©, thereis a normalizable con- 
tinuum. Moreover, both functions yo (r)=u@ (r)/r 
are solutions, not Green’s functions, for the three- 
dimensional Schrédinger equation. 

For Uo<} and k=2, ad hoc boundary conditions 
have been used to obtain discrete bound states or 
unique scattering phase shifts.‘ However, when U p>} 


4G. H. Shortley, Phys. Rev. 38, 120 (1931); N. F. Mott and 
H. S. W. Massey, Theory of Atomic Collisions (Clarendon Press, 
Oxford, 1949), p. 40. 
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(k=2) or k>2 (all Uo), the functions w« differ only in 
phase and the extra conditions do not clarify the 
situation. Some authors have concluded that singular 
problems have no meaning in quantum mechanics 
although they are meaningful in classical physics.® 
Case has suggested that one should consider only an 
orthogonal set of solutions.* This additional restriction 
on the spectrum (the singular Hamiltonian is not self- 
adjoint) is equivalent to the requirement that prob- 
ability current density be conserved for an arbitrary 
superposition of eigenfunctions. As shown by Case, 
solutions with eigenvalues 7, and 7,, will be orthogonal 
if and only if 


B,*(n) = B, (nm) - 0, (8) 
Bie* (Mn) Bio (nm) = 1, (9) 


Since |B,;.|=1 [(u)*=u© for these problems ], 
we may write B;.(n)=exp[2iy.(n)] and Eq. (9) be- 
comes ¥o(m)=Ye(nn) +Na, N=0, +1, +2, ---. Thus, 
if one chooses any mo or Ao (presumably corresponding 
to a definite cutoff at some x»), an orthonormal set of 
eigenfunctions is determined.’ 

The function B,(n) of Eq. (7) is periodic with an 
infinite number of poles and zeros at ($-+-s—v/n)=—n, 
n=0, 1, 2, ---. Moreover, for almost every 7 there is 
a finite lowest solution with B,(no)= B,(qmax). Thus, if 
U,<} the spectrum is generally bounded from below, 
and there are an infinite number of negative energy 
states. However, when U»>}, v.(n) is given by 


e(n) =3e—o |In2n+<argl (1+2ic) 
+argl'(}—io—»/n), 


Uo<i, k=2, 
Uo>4, k=2 or k>2. 


(10) 


and it can be seen that there is no lower bound to the 
spectrum for any mo because the term (¢In2n) is 
monotonically increasing. 

Case asserted that eigenvalue formulas for singular 
potentials always contain an arbitrary constant. Fur- 
thermore, although spectra associated with the Dirac 
equation have finite lower bounds, Case concluded that 
the use of a singular potential in the Schrédinger 
equation is academic since the spectrum is always un- 
bounded from below, if Us>} or k>2. Vogt and 
Wannier® criticized the first of these conclusions; they 
pointed out that in many cases only one value of no is 
likely to be relevant. This idea is discussed further in 
Sec. 5, however, it will be demonstrated here that 


5E. C. Kemble, Principles of Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1937), p. 198; P. M. Morse 
and H. Feshbach, Methods of Theoretical Physics (McGraw-Hill 
Book Company, Inc., New York, 1953), p. 1666. 

*K. M. Case, Phys. Rev. 80, 797 (1950). 

7 For all of these cases, the “continuous” spectra are examples 
of limit circle problems. [See E. A. Coddington and N. Levinson, 
Theory of Ordinary Differential ions (McGraw-Hill Book 
Company, New York, Inc., 1955), Chap. 9.] In an unpublished 
manuscript Professor E. Gerjuoy has examined anomalous quan- 
tum oucenied problems and shown that the specification of a 
real mo corresponds to choosing one point on the limit circle. He has 
also noted that this makes the problem self-adjoint. 

8 E. Vogt and G. H. Wannier Phys. Rev. 03, 1190 (1954). 
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unbounded spectra are not a general feature of the 
Schrédinger equation. 

Consider k=2, f(x)=x* csc*x for 0<a<a/2 and 
f{(0)=f(x/2)= ©. The two linearly independent solu- 
tions of Eq. (1) are hypergeometric functions, 


u‘> (x) = (sinx)**X 
of (t35+}in, $35—}in; 1s; sin*z), 
and ¥(x/2)=0 if 
I'(1+s) P(g—$s—}in) P(G—435+4in) 
~P(1—3) PQ+45— in) PR+45+4in) 
Using the expansion 


(11) 


B,(n)= 








© y’ —t 
y) =P 1 ee 
I'(x+iy)=P(x) TT | tae 


n=! 


; y y 
| -2y+?—tax(—_)] 
n z—i+s 


where vy is Euler’s constant, Eq. (9) becomes 
P'(1+s) (3-35) 
r'(i—s) P($+4s) 


Xexp , as 











B, (n) 


oo 7° n° pi 
xf [1+ x14 — 
n=l ($+s+2n)? (§-—-s+2n)? as) 


The infinite product is a monotonic function of 
n(Uo<}), and for any choice of Bo there is at most one 
root, B,(n)= Bo. In general, 7>= © is not a solution. 
When U»>}, the spectrum for Eq. (12) differs markedly 
from that of Eq. (10). The function 7,(y) for Eq. (12) 
is shown in Fig. 1°; asq7—>, y.(n)—>[#/2—argI'(1+i¢) ] 
and the spectrum is generally bounded from below. 

It is desirable to find a criterion to predict which 
potentials have generally bounded spectra and which 
ones have n= © as a solution for any mo. A distinction 
can perhaps be made on the basis of the classical virial 
theorem. All periodic or asymptotic orbits for classical 
problems have 


Eyer =(V)+}{xdV /dz). (15) 


If f(x)=1+ax(a>0), —© <Eyr<0, but when f(x) 
=x? csc*x, Eper=Vo(csc*a[x ctnx—1]) so that —}Vo 
<Eyer< ©. In classical physics, singular periodic orbits 
have negative energies for the long range potential and 
have Eyer> —4Vo for the short-range force. In quantum 
mechanics, this result is reflected by the form of 
vo(n); when {(x)=1+ax, the density of possible states 
(with an indeterminate cutoff) is large for —» <E<0, 
but if f(x)=«* csc’x, the density of periodic negative 


*H. Salzer et al., National Bureau of Standards, Applied 
Mathematics Series 34 (U. S. Government Printing Office, 
Washington, D. C., 1954). 
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energy states is vanishingly small. The classical argu- 
ment based on Eq. (15) gives no information about 
nonperiodic, localized states with E~—o. A similar 
gap is present in the quantum mechanical discussion 
since the asymptotic formulas used to determine B;, (n) 
are meaningless in this limit, and an intricate study of 
the solutions as 7—>* would be needed to discuss 
these states. 

When Eq. (15) is applied to potentials with k>2, 
f(x)=1, Eper= (3k—1)V ox*), suggesting that singular 
orbits have Eyer>O (all classical examples do fall in 
this range’). For these problems, the functions y.(n) 
are not well known since the solutions are represented 
by semiconvergent power series with three term re- 
cursion relations. However, on the basis of the above 
correspondence, it is reasonable to expect that y,(m) is 
independent of as 7, so that for k>2 the spectrum 
is also generally bounded from below. 


4. ANALYTIC CONTINUATION 


The eigenvalue formulas of the last section represent 
non-unique, discrete levels because only one boundary 
condition, ¥(* )=0, has been imposed. If the other end 
point is not singular, more information should be 
obtainable from the requirement, ¥(— #)=0. 

The discussion of Sec. 2 indicates that the use of 
assumption (I) to define ¥(—-x) leads to meaningful 
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Fic. 1. The phase function +, (A)[ =cos~! Re(—u'/u) poe] 
for the potential V(x)=—Vocsc*x, V(0)=V(x/2)=. the 
dimensionless parameters are defined by: Vo=#*(o?+})/2m, 
E=#*/2m. 


1 See, for instance, E. T. Whittaker, Analytical Dynamics 
(Dover Publications, New York, 1944), Chap. IV. 
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spectra. Since f(x)/x?=csc*x is an analytic function of 
sinx for 0<x<x/2, ¥(—<x) is determined by setting 
z= |sinx|expi# in Eq. (11) and rotating from 6=0 to 
6=x. The continuation is straightforward because 
neither «“ nor uw“ contain logarithms and both 
series converge for {z|<1. (A branch cut must be 
crossed; this cut may be taken at 6=2/2 for both 
u™, uM.) The most general result is «(—zx) 
=Cu™ (x), «© (—x)=Du@ (x) and the Wronskian is 
constant over the interval —}4<x<$a if CD=—1. 

This analysis is sufficient to show that ¥(+$r)=0 
only if B=0 (Y=u™) or B= x (Y=u™). The corre- 
sponding roots of Eq. (12) for Uo<} are, 


d= (F—st2n), pau 


y= um 


n=0,1,2,---. (16) 


haP?= (2+s+ 2n)?, 


It is natural to choose branches so that C=i exp(rts), 
D=i exp(—ris)." Then as Ug—0, s—}, and the eigen- 
functions and eigenvalues go over into those for a free 
particle. When Uy increases from zero to }, the eigen- 
values for Y=“ increase in magnitude; the problem 
is thus not of Sturm-Liouville class, although the y, 
do form an orthonormal set.’ 
When U)>}, the continuation yields 


C=xziexp(+ac), D=xziexp(¥10). 


No matter which branch is chosen, if it is consistent 
with the restriction CD= —1, it will again lead to the 
eigenvalue formulas B;,(A)=0, B;.(\) = ©. These equa- 
tions have only complex roots: 


= [$+io+2n }?=[ (3+ 2n)?—o?] 


+2io[$+2n]. (17) 


The energies are of the form E,=W,+}iT, and the 
complete spectrum for this problem is plotted in Fig. 2. 
For 8mVo/h?>1, the W, are given by solid lines and 
the dotted curves represent W,+}3I,. The complex 
energies clearly describe nonstationary states with life- 
times r,=%/T, and (C*C)+1, etc., so that |/y™ |? is 
asymmetric. The asymmetry is not inconsistent with 
[R:,H |.=0 since there is a source or sink at the 
origin. The reflected wave functions, Ray, are also 
eigenfunctions, and if the initial position of the particle 
is unknown, an even or odd mixture can be considered. 

When these techniques are applied to the long range 
problem [Eq. (6)], f(x) is defined as [1+2»U 5 
X lim.o(«?+ €*)!] so that V(x) is even. Postulates (I) 
and (II) lead to B,(n)=0, B,(n)= ~, and the discrete 


1 Although y‘* and ¥“~ have phase changes upon reflection, 
|y|? is symmetric. Since the reflection operator, R.:, commutes 
with the Hamiltonian, R.y‘* and R»y™ are also eigenfunctions 
of H; however, R, on R.y represents a complex rotation inverse 
to that of R, ony. An even or odd mixture of the degenerate solu- 
tions, ¥ and R.y, can also be constructed. 

12 Tt is useful to choose C, D= +1 when comparison is made with 
a cut-off problem. See Sec. 5 below and F. L. Scarf, Bull. Am. Phys. 
Soc., Ser. IT, 3, 60 (1958). 





2174 B.e. 





q n=1, odd 
14h- eer ? 
- 1 
bo I, 
| 
12-—- ‘ 
* | 
r ate 
1or— a | 
s n=1, even 
2mE, 
re 
6} 




















° — 
V, 
-1 i i 4 i 1 4 i gs J rl i 1 r 
0 05 0 is 
8mV, > 
Fic. 2. First four levels for the potential V (x)= — Vo csc*x, 


|x| <x/2, V(42/2)= ~~. For Vo<h*?/8m, the levels are station- 
ary. For Vo>#?/8m, the levels are quasi-stationary. The dotted 
lines are W,,+31,,, where I’, is the width of the nth state. 


eigenvalues are 
mn O=snthesy, 


In any problem for which it is sensible to consider 
adiabatic variations of Uo, the 7, (B= «) must be 
discarded since none of the u,,~ are solutions of Eq. (1) 
when U4 is zero. 

For k>2, f(x)=1 and o*=Uo, two linearly inde- 
pendent solutions of Eq. (1) are 


n=0, 1,2, --- (18) 


te 
+ —— =]. (19) 
(k—2)x1 


where the g‘ are complex conjugate functions repre- 
sented by semiconvergent series of the form 


u'* (x) = a*/4g¢ (x) exp 





i) 
> a A ,PHn(e-D 
n=O 


The solutions «“ and u™ have distinct continuations 
as arg(x) is rotated from 0 to 7; therefore, an arbitrary 
linear combination y= A[u+Bu@ ] with y(«)=0, 
will not generally satisfy y(— »)=0. However, if the 
Stokes phenomenon does not mix solutions, g‘*(— x) 
=Cg (x), g°(—x)=Dg© (x) and ¥(— ~)=0 implies 
B=0 or B= ~, so that A,“ = (a,+1b,). In any case, 
a unique discrete spectrum will be found if (I) and (II) 
are used along with the requirement that the Wronskian 
be constant. 

Complications arise in multidimensional problems. 
For physical interactions, V(r) is usually defined as a 
regular function of the curvilinear coordinates except 
at isolated singular points. However, the non-Cartesian 
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coordinate systems themselves introduce additional 
singularities. It is therefore desirable to discuss singular 
problems in Cartesian coordinates, even if the equations 
are not separable for these variables. With this point 
of view, the solution of a partial differential equation is __ 
regarded as a function of several complex variables 
(x,y,z) which is analytic except at the singular points of 
the potential. The solution is defined as ¥(ro) (ro is an 
ordinary point) plus its analytic continuations to all r. 
Much work has been done in this field, however, it does 
not seem to have been carried far enough to discuss 
rigorously the very singular cases of interest here.” 
A nonrigorous justification of analytic continuation in 
multidimensional! problems must suffice. 

Consider, for example, V (p,0,2) = — U oh?(14+-2vp/Uo)/ 
2mp? and let wW(p,0,2)=R(p)O(@)Z(z)/p'. All states 
with Le= lh, k,=0, Ri(©)=0, have R:(p)= Af (p) 
+ Bs:(n)u:— (p) ] where u;"~(p) and B,(n) are defined 
by Eqs. (6) and (7), and s?=?—U>». For s;>4, B must 
be zero if y is to be normalized, but if s;<} and p is 
defined as | (x*+-y*)!|, there is no restriction on B. 
However, if p=lim..o(x*+y?+ e)}, then y is an analytic 
function of x, y, z except for isolated singularities and 
branch cuts, and ¥(+2, +y, z) is obtained from ¥ (x,y,z) 
by rotation of arg(x) and/or arg(y). If y and y~ 
correspond to B=0, ©, respectively, then 


yO (—x, y,2)=ry™ (x,y,3), lx] <y 
=+Cy™ (x,y,z), |x| >¥; 

(20) 
vO (—24, y,2)= ty (x,y,2), a|<y 


=+Dy (x,y,z), |x| >y, 


and y+ (—a, —y, s)=+Cy™ (x,9,2), etc. for all (x,y). 
An even or odd mixture of y plus its reflection about 
the line x=—y can be used to reproduce the 6 de- 
pendence. However, since ¥“* and ¥“™ must have 
negative relative parity [ Eq. (4) ], only Y™ ory@ may 
be used to describe a state of given /. In practice, 
¥.™ is retained since yo tends to a Green’s function 
as U0. 

The details of this discussion are not rigorously 
justified but the main results seem well founded. 
Only series with distinct exponents can be taken as 
solutions of the eigenvalue problem consistent with 
(I), (II) [a combination such as r' cos(¢ Inr+y) or 
ri cos(or'-t#+-y) is ruled out]. Equation (4) insures 
that the two solutions do not combine so that B=0 or 
B=ax, 

These ideas can also be applied to the relativistic 
wave equations. For example, the two linearly inde- 
pendent sets of solutions for a Dirac electron in a 
Coulomb field behave as r~!+*i [s;*= (j+4)*—aZ] near 
the origin. If s;> 4, the more singular set is eliminated 


43 For a summary of the ideas behind this approach to such 
problems and its present limitations, see the discussion by F. John 
in Proceedings of the Symposium on Spectral Theory and Differential 
Problems (Oklahoma Agricultural and Mechanical Press, Still- 
water, 1951), p. 113. 
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because it cannot be normalized, and the energies are 


E,,;/me?=[1+e2Z?/(n—j—4+s,)7P, 


nnn e —— 
n=1, 2,3,---; 735 Fe" 


(21) 


However, the problem is singular for aZ>(j+4)?—} 
and s; is imaginary when aZ>1. The technique out- 
lined above leads to Eq. (21) for all Z, with s; replaced 
by io; if aZ>(j+})*. Thus, for j=}, Z>137, Ens 
= (W.y+4i7',3), and 


(n—1)[A,(0)+1]!+o[A,(c)—1}! 


W n/m? = - 
vV2A ,,(0)(n?—2n+2)} 


of A,(o) +1 }!—(n—1)[A,(o}—1}! 
T'ny/2mc* = ; — — (23) 
V2A ,(0)(n?—2n+2)! 
where A ,2(0)= 1+ 407(n—1)?(n?—2n+2)-*. In Fig. 3, 
the four lowest roots of Eqs. (21) and (22) are plotted. 
The higher levels are smoothly varying functions of Z 
in the region Z~137; if n>o, W,4/mc?~(n—1) 
X (n*— 2n+- 2) and I’ .y/2mc*~o (n?— 2n+-2)-4, so that 
W,>T,,. In common with spectra for other long-range 
singular problems, only the lowest levels have appreci- 
able widths (for aZ = 1.4, Tl’ .4/2mc?= 0.635, 0.220, 0.065, 
(0.025 as n goes from 1 to 4) since for high m, the electron 
has a large orbit and the motion is insensitive to the 
singularity at the origin. 


5. CONCLUSION 


Using assumptions (I) and (II), we have found 
unique discrete spectra for essentially all quantum 
mechanical problems. The results are mathematically 
reasonable and they agree with conventional predic- 
tions in nonsingular cases. Furthermore, (I) is not 
independent of von Neumann’s assertion if the term 
“solution” is understood to mean “solution in the 
complex plane.” However, the spectra have no a priori 
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Fic. 3. The first four S states of an electron in a Coulomb field, 
as given by the Dirac equation. For aZ>1, only Re(E,) is shown. 
It can be seen that this quantity varies smoothly with Z if » is 
large; the corresponding widths [Eq. (23)] are found to be small. 
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significance for singular problems; they have meaning 
only to the extent that they correspond to results for 
physical, bounded-potential problems. 

Consider a cutoff at x= x» so that the inside wave func- 
tion has a logarithmic derivative D;(x0) = (,' /W:)z=z0. 
Since the Wronskian must be constant, Dj(xo)= Do(xo). 
For k=2 and U»<1i, it can be verified that eigenvalues 
corresponding to B,=0, B,=~« will be obtained if 
xoD;=}+s (xcK1). A constant repulsive core cutoff 
[V (x)= h?V1/2m, |x| <xo] has even and odd states with 


(tol Vi+A*]}! tanh[Vi+A? }éx0 
xeD; (xo) = (24) 


xof Vitd2}! ctnh[V +A? }'x0 


and if s~3 or s~0, one can readily choose V;= U; (U0) 
xo so that B,(even)>=x, B,(odd)—>0 as x0. (For s 
not near 0 or 3, V; must be x dependent to obtain 
these results exactly.) Thus, the energies found in 
Sec. 4 for k=2, Uo<} correspond exactly to those for 
a specific set of repulsive core cutoffs in the limit 2-0, 
and can be used to approximate levels for any finite 
repulsive core. 

When U,>}, the exact solutions are not so useful. 
The equation xoD;(xo)=}-+ic, which implies E,=W, 
+}iI’,, can be satisfied if V; is complex, or if W,—-— x 
as xe—0 so that limzo~o[x9*y?(xo)] remains finite. 
When JV; is real, the outside wave function is Wo 
=x! cos[o Inx+y.(A) ], x1, and the (real) eigenvalues 
are solutions of 


Ve(An) =o In(1/xo)+P tan (3—xD,)/o ]+mr, (25) 


where P is the principal value. Since x»); is independent 
of X for x¢K1, the finite eigenvalues are determined by 
the variation of y,. The most probable values of Aq 
occur at the maxima of dy/dA, and the probable 
deviations from these values are measured by the 
widths of the maxima. From Fig. 1, it can be seen that 
the inflection points decrease slowly as o increases, and 
that the widths of the dy/0\ peaks are zero at o=0 
and increase with o. For a In(1/x9)<2, the lowest 
level corresponds to the lowest inflection point of 
Fig. 1. 

When Figs. 1 and 2 are compared, it can be verified 
that if dy/d\=0, E~W,, and that the I’, measure the 
deviations. This feature is not accidental. In any prob- 
lem for which B;,(A)=0, © has roots \,‘* = (a,+16,), 
Re(B) will have maxima on the real axis near \=4,; 
the width of each maximum corresponds to 6,. There- 
fore, for any problem, y.(A) (=P cos[ReB,(A) ]+n7) 
has the step-like \ dependence, and roughly the same ¢ 
dependence as that exhibited in Fig. 1. 

Thus, energies E,,.~W,+}1, will be found for any 
repulsive core if 201; if gr<o In(1/xo)< (¢+I1)z, 
then m=g-+n, and there are (2g) negative energy 
states. In Fig. 4, levels are shown for such a cutoff with 
qg=0. The energies are between Wo+ 3T) and Wo—3To, 
and the degeneracy predicted by Eq. (17) is actually 
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Fic. 4. The lowest levels (n =0, even and odd) for V = — Vocsc*x, 
XoS |x| <a/2; V(4ax/2)= 0; V=xVo/x08, |x| <x. The func- 
tions Wo, Wo+To/2 are taken from Fig. 2 (note change in scale). 
The vertical bars represent values of « which satisfy o In(1/xo) =r. 
It can be seen that the m=O levels are bounded by Wo%Tp/2 
considerably beyond these limiting values of ¢. 


present to a high degree. It should be noted that for 
fixed o, the n=O levels of Fig. 4 will be the n= (gq) 
levels when the cutoff is at x,=xo exp(—gmo); there 
will then be (2g) states with E~—|V(x,)|. 

When & is greater than two, B,=0, ~ implies 


xoD (x0) = tk 1+ (4io/kxot*-) ], (26) 


if the higher terms in the power series can be neglected 
in the region xs1. Again there can be an exact solution 
of Eq. (26) only if V is complex, |x| <x». For real 
inside potentials there are two approximate solutions. 
When (40/kao'*")<<1, then 4D -~k/4, and V(x) must 
be of the form #?V,/2mx,? for |x| <xo. For small o the 
outside wave function is almost real and I',<<W, so 
that the situation is similar to that shown in Fig. 4. 
However, when (40/kxo!*-')>>1, Eq. (26) is approxi- 
mately satisfied when the inside cutoff is horizontal 
[V (x)= —h?Uo/2mxo*, |x| <x] so that ¥;=exp(ikzx). 

In the general case, if V(x), |x| <2, is real, the 
outside wave function is Pour(x)—~x** cos[ 2ox'-#*/(k—2) 
+-+.(A) ] and the (real) energies are roots of 


Ye(A) = 20/(k—2) xh 


— P tan“ (xoD;— k/4)xo§*'/o ]+-nx. (27) 
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If 201, then E,j~W,+31, where m= +n and 
gu <20/(k—2)xot—'< (q+1)x. 


The WKB method, which can be applied if k>2, tends 
to confirm these results.“ For E=0, p(x)dx can be 
integrated from x to «. The WKB quantization rule 
gives E,=0 if 


(n+43)x=0/(k—2)xo'*. (28) 


Thus, there are no negative energy states for 20/ 
(k—2)ao'-!<a, which is in agreement with the pre- 
diction of Eq. (27). Equation (28) also sets the lowest 
maximum of d7/dA above zero energy as predicted by 
the classical virial theorem. 

It can be concluded that the complex energies found 
by using assumptions (I) and (II) give definite infor- 
mation concerning the density of possible levels. If the 
singular potential is not too strong and the cutoff 
distance not too small, the essential singularity in the 
wave function does not appear, and the energies for a 
repulsive core are E,~W,+41',. In the other extreme, 
if xo is very small, there are many levels clustered near 
n’?= Uo/xo". For a very small, oscillating or fluctuating 
xo, there is an effective continuum with (E,)=W,. In 
this case, the complex £, might be interpreted as 
energies of weakly quantized continuum states.f 
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4 The WKB method is rigorously applicable if #*/Qp-?|<1, 
Q=i(p'/p)*—p"/2p, p?>=2m(E—V) (see Kemble, reference 5, 
p. 96). If V=—Vox* and k>2, |Qp*|--0 as x0. When a 
long-range nonsingular force acts together with the short-range 
singular one, #?|Qp~*| is small for all x so that the WKB approxi- 
mation is accurate. 

t Note added in proof.—In a recent discussion, F. G. Werner and 
J. A. Wheeler [Phys. Rev. 109, 126 (1958) ] have accurately 
calculated E,; for V(r)=—aZ/b (r <b) at Z=170. They found 
E.,4= —1.85 me for a range of 6 near 0.03%/mc. Equations (22) 
and (23) describe a problem with V (r)~+aZ/b (r <b) and should 
lead to much smaller binding energies than the above, with little 
dependence on 6; we find E:, y= (—1.0+.0.49)mc*. Since the _. 
erties of the n= 1 state are most sensitive to the type of cutoff and 
the precise value of b, the relatively close agreement between these 
two numbers indicates that Eqs. (22) and (23) will lead to useful 
approximations to E,, ;, m>>1, for almost any cutoff. 
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Calculation of the Anomalous Magnetic Moments of the A° 
and the =°, x+, =~ Hyperons* 
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A field-theoretic perturbation calculation of hyperon anomalous magnetic moments due to K mesons 
has been made under the assumption that the coupling constant is small. The effect of baryon and strangeness 
conservation is to suppress some of the Feynman diagrams that appear in the analogous calculation of 
nucleon anomalous magnetic moments due to x mesons, and leads to the relation between the anomalous 
magnetic moments of the Z hyperons found by Marshak, Okubo, and Sudarshan. 





Y using Feynman’s technique, the lowest order 

contribution to the magnetic moments of the 
A° and the 2°, 2+, =~ hyperons, due to their coupling 
with the K meson and nucleon fields, has been 
calculated. The hyperons and K mesons were described 
by spin 4 and spin 0 fields, respectively, interacting 
through the charge-independent pseudoscalar coupling 
given by Gell-Mann.' If the coupling constant is 
small, a perturbation calculation is expected to hold. 

As in the case of nucleons,’ it was found that two 
diagrams contribute to the magnetic moment of the 
A® and the ° (see Fig. 1). 

The uncharged hyperon emits and reabsorbs a 
K- meson and a proton; in the intermediate state 
either the proton [diagram (a)] or the K~ meson 
[diagram (b) ] interacts with the electromagnetic field. 

However, owing to conservation of strangeness S 
and the baryon number B, only diagram (a) contributes 
to the magnetic moment of the =*, while only diagram 
(b) contributes to the magnetic moment of the =~. 
The 2+ hyperon (S=—1) cannot emit a K* meson 
(S=1) and a nucleon (S=0), while the =~ hyperon 
(B=1) cannot emit a K® meson (B=0) and an anti- 
proton (B=—1). 

The resultant expressions for the anomalous magnetic 
moments can be written in the following form: 


(A) eh 
ese Ay SO 














de 2 2M ac 
(sey ate eh 
os ans.’ 
4y? 2 2M xc 
grr’ ‘ 
w=—( )aary—, 
Ag? 1 xc 
| { 








/ \ > 
: p z 
Fic. 1. Feynman diagrams. In (a) the proton interacts with 
the electromagnetic field; in (b) the K-meson interacts with 
the electromagnetic field. 


*Supported in part by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

1 Murray Gell-Mann, Phys. Rev. 106, 1296 (1957). 

? B. D. Fried, Phys. Rev. 88, 1142 (1952). 





grr’ eh 
p= — (=) Bar ’ 
4° 2] 


M xc 
where 


B,(M) 
n 1N NK nN 
=}+(n+nn'!— pfr+2 in) |-"* in) 
2 NK 2 NK 


(n+nw'— 1) (4?—2nx)—nxn ( 2nx—n ) 
arc cos] ———— }, 
(4nx—1)! 
B,(M) 


(2—n) /nw 
=4—(n+nxt— nf in(*) | 
2 "K 
nv'—on nN 
“Cy 
2 nK 


: (n+nwt—1)[29n~— (2—9)*]+ (nx4—nw)(2—n) 


(4nx—1)! 
( 2nx—1 ) 
Xarc cos] ———— ], 
2(nxnw)* 
where M =hyperon mass, M y= nucleon mass, Mx=K- 
meson mass, nv=(My/M)*, nx=(Mx/M)*, and n=1 
—n+nK. 

Note that wr*=}(ux++uz-). This relation between 
the magnetic moments of the =-hyperons has been 
shown by Marshak ef al.’ to follow from charge in- 
dependence, without the use of perturbation theory. 

Using the observed masses of the hyperons and 
K meson, M,=2818m,., Mz:= 2330m., and Mc=966m.,, 
we obtain 





2(nxnw)* 











B; B; po/g? us/g? p_/g? 
A 0.466 0.204 — 0.0071 wees oes 
>> 0.517 0.221 —0.0073 —0.0103 —0.0044 


where yu is expressed in nuclear magnetons. 
The author wishes to thank Dr. Bethe, who suggested 
this work, for his valuable help. 


Note added in proof. After submitting this paper, a 
more extensive calculation by H. Katsumori, Progr. 
Theoret. Phys. (Kyoto) 18, 375 (1957) was brought to 
my attention. His results, for the case examined here, 
are the same. 


3 Marshak, Okubo, and Sudarshan, Phys. Rev. 106, 599 
(1957). 
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Proof of Dispersion Relations in Quantized Field Theories* 
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(Received October 15, 1957) 


The problem of deriving dispersion formulas is reduced to that of the analytic continuation of all functions 
which are regular in certain domains in the space of several complex variables. The dispersion relations 
for pion-nucleon scattering are proven for momentum transfers in the center-of-mass system which are 
smaller than 2v2M,. This limit can be improved by further analytic continuation. By using causality and 
spectral conditions the dispersion formulas for forward nucleon-nucleon scattering could be derived only 
under the unphysical condition M,>(v2—1)Mwy. We cannot exclude the possibility that this restriction is 
weakened by taking into account all symmetry properties of the complete four-body Green’s function. 
The situation is similar for the representation of the meson-nucleon vertex function taken on the mass 
shell of the nucleons. In this case an example of R. Jost shows that the validity of the dispersion formula 
cannot be guaranteed on the basis of causality, spectrum, and symmetry properties. 





1. INTRODUCTION 


HE purpose of the present article is to derive 
some analytic properties of scattering amplitudes 
on the basis of general assumptions underlying local 
relativistic quantum field theories. Most of these 
analytic properties are usually expressed in terms of 
Hilbert relations, which have come to be called disper- 
sion relations. Such equations have been obtained for 
various physical processes, and their importance lies in 
the fact that in several cases they can be directly 
tested by experiments.’ In other cases it is at least 
possible to extract approximate relations between 
observable quantities. Hence the dispersion formulas 
make it possible to test experimentally some aspects of 
the basic “axioms” mentioned earlier. 
We shall not give here a detailed discussion of these 
axioms, since it may be found elsewhere.* They consist 
essentially of the following assumptions, 


(a) The existence of linear field operators in Hilbert 
space, 

(b) the transformation laws of these fields under the 
transformations of the inhomogeneous Lorentz group, 

(c) the asymptotic condition, and 

(d) the so-called causality condition, which implies 
that the commutators (or anticommutators) of two 
field operators shall vanish if these fields are taken at 
points which have a finite space-like separation. 


* A brief report of our results appears in the Proceedings of 
the “Colloque sur les Problémes Mathématiques de la Théorie 
Quantique des Champs,” Lille, France, June, 1957. 

t Now at the Department of Mathematics, University of 
Washington, Seattle, Washington. 

tOn leave of absence from Christ’s College, Cambridge, 
England. 

1For references see, for instance, Goldberger, Nambu, and 
Oehme, Ann. phys. 2, 226 (1957). 

2R. Haag, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd., 
29, No. 12 (1955); Lehmann, Symanzik, and Zimmermann, 
Nuovo cimento 1, 205 (1955); Bogoliubov, Medvedev, and 
Polivanov, lecture notes, translated at the Institute for Advanced 
Study, Princeton, 1957 (unpublished); A. S. Wightman, preprint 
of Lille Conference talk, June, 1957 (this paper contains further 
references). 


For the derivation of dispersion relations we need a 
few additional assumptions about the existence of 
Fourier transforms and some known properties of the 
spectrum of intermediate states for the system in 
question. These will be discussed later. 

On the basis of the axioms (a), ---, (d), one can 
derive representations for the elements of the scattering 
matrix, and we shall be especially concerned with the 
amplitude for the elastic scattering of particles with 
finite rest mass. Let k and k’ (p and p’) be the four- 
momenta of the projectile (target) before and after 
scattering. In a special Lorentz frame! where p+ p’=0, 
we consider the scattering amplitude 7 as a function 
of the projectile energy w= ko= ho’ for fixed finite values 
of A=43\k’-—-k! (2A is the amount of the momentum 
transfer; we disregard here possible charge and spin 
variables). We are interested in the analytic properties 
of T(w,A*) as a function of w, but the representation 
obtained from the axioms is valid only for real w with 
w*> m?+ A*, where m is the rest mass of the projectile. 
(Throughout this paper we set h=c=1.) In order to 
continue the scattering amplitude into the complex w 
plane, we must consider it as a function of w and other 
variables simultaneously. Thus we are led to use the 
tools of the theory of functions of several complex 
variables. 

For the case of pion-nucleon scattering a mathemati- 
cally rigorous proof of dispersion relations for non- 
forward scattering has been given by Bogoliubov.’ His 
proof is valid for values of A? which are smaller than 
Amax’?= (m/m+ )y", where uw is the pion and m is the 
nucleon mass. Bogoliubov avoids the explicit use of the 
theory of functions of several complex variables by 
employing parametrizations and using distribution 
methods. This makes the proof very involved, and it 
seems difficult to generalize it to other processes with 
qualitatively different properties of the spectrum. 
Because of these difficulties we think that it may be 


7N. N. Bogoliubov (private communication, February 1957). 
We would like to thank Professor Bogoliubov for informing us 
about the details of his proof. 
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worthwhile to present a different approach in which 
the essential part of the proof of dispersion formulas is 
reduced to the problem of finding the envelope of 
holomorphy of a certain type of domain in the space of 
several complex variables.‘:® The envelope of holomorphy 
E(D) of a domain D is the intersection of the domains 
of holomorphy of all functions which are regular (holo- 
morphic) in D. The domain of holomorphy D, of a 
function /, which is analytic in D, is the largest domain 
into which f may be continued. In the case of one 
complex variable there exists for every domain D a 
function f(z) such that D=D,, and hence we have 
E(D)=D. But in the space of two or more complex 
variables the situation is different and we have the 
remarkable fact that there exist domains D such that 
all functions which are analytic in D may be continued 
simultaneously into a larger domain. The largest 
domain into which ali these functions can be continued 
is the envelope of holomorphy of D. 

For special domains D, which possess certain sym- 
metry properties, the corresponding E(D) is known.® 
There are also methods for the construction of E(D) for 
an arbitrary D.’? The domain D which appears in the 
proof of dispersion formulas has certain invariance 
properties and we hope that future mathematical work 
will make it possible to find the corresponding envelope 
E(D). In the present paper we consider only a suitable 
subdomain Dg which is a generalized semitube. For 
this semitube we can construct the envelope of holo- 
morphy and obtain thus a proof of certain dispersion 
relations for restricted values of A’. In the case of 
pion-nucleon scattering we have for instance A?< 2,?. 
The semitube method is not sufficient to prove dis- 
persion relations for nucleon-nucleon scattering; it 
would only suffice if the mass ratio u/m where larger 
than (v2—1). However, this limit is due to such points 
on the surface of E(Dxs) which can be shown to be also 
surface points of E(D). Hence we cannot hope to 
continue further on the basis of local commutativity 
and the support properties derived from the spectral 
conditions. But there are certain symmetry properties 
of the four-body Green’s function which we have not 
used, and we cannot exclude the possibility that these 
permit a continuation beyond E(D) in the relevant 
region.® 

The situation is very similar in the case of the meson- 
nucleon vertex function F[(k — p)*, k*, p> ]=(k! (0)! p). 
We can assure the existence of the representation 





4H. Behnke and P. Thullen, Theorie der Funktionen mehrerer 
komplexer Veriinderlichen, Ergebnisse der Mathematische Wissen- 
schaften (Verlag Julius Springer, Berlin and Chelsea Publishing 
Company, New York, 1934), Vol. 3, No. 3. 

5S. Bochner and W. T. Martin, Several Complex Veriailes 
(Princeton University Press, Princeton, 1948). 

6 Hans J. Bremermann, Math. Ann. 127, 406 (1954). 

7 Hans . Bremermann, “Construction of the Envelopes ,of 
Holomorp y of Arbitrary Domains” (to be published). 

® We would like to thank Professor R. Jost and Professor H. 
Lehmann for enlightening discussions concerning this point. 
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[h?<(m+u)*, p?<(m+n)*] 


eX p= plot kp") 
Flee J=— | do? 


(3)? 








+E CEP) 


o?N(q?—z) =o 

only for k°-+p?<(m-+u)*. In order to reach the mass 

shell k?= p?= m?, we would have to require u> (v2—1)m. 
See Sec. 4 for more detailed discussions of the re- 

strictions in mass ratios and momentum transfer. 


2. CONSTRUCTION OF DISPERSION FORMULAS 


As an example we consider the elastic scattering of 
neutral scalar bosons of equal mass. If S(k’,p’,k,p) 
describes the relevant S-matrix elemen: for this process, 
we introduce the usual causal amplitude M, by the 
relation 


S(k’,p’ kp) =(k’| RX p’| p)+-i(23)5(k’ +p’ —k—p) 


X (16ko'kopo’ po) 1M,(k+k’; p’ »P); (2.1) 


where k, p and k’, p’ denote the momenta of the 
particles before and after scattering. Then, by standard 
methods,’ we obtain for M, the representations 


M,(k+k’; t’, #)=2 paps hi fas elileth’) -29 (5) 


X(p"|L(3x), j(—3%) ]|p)+P(R+R; p’, p), (2.2) 


where j({x) may be defined in terms of the Heisenberg 
fields ¢(x) by j(x)={(O+m")¢(x) and where P is a 
real polynomial in the components of k+’ with arbi- 
trary coefficients depending on p’ and p. In addition 
to M, we introduce the corresponding advanced 
amplitude M, by 


M.(k+k’, p’, p) =—2(popo’)ti f dx ehi(F+®)-29( — x0) 


x(p'|Li(32), i(—42)]| P)+PR+H; p', p). (2.3) 
Then the dispersive and absorptive parts of M, may 


be expressed in the form 


1 
A=—(M, 
i 


D=}(M,+M.,), —M.); = (2.4) 


and are real functions of k+’, p’ and p. It is convenient 
for our further discussion to go into the special system 
in which 


3(k+k')= 
where 

ba={Es,4}; 

In this system the amplitudes M, and M, can be 


ate}; p’=pa, p=p-a, 


{w, (w®—E 


E,= (m*+A*)!; |e] =1. 


A-e=0; 





*See, for example, Lehmann ef al. and Bogoliubov e al., 
reference 2. 
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written as 


M,,, a(w,A*) = D(w,A*)+7A (w,A?) 
= +28 si f d's exp[iwxy— i(w*— E,?)te-x ] 


Xn(+x0)(pa|[ (3x), j(—3x) ]| p-a) 


N-1 


+ ¥ Ca(A*)w*". (2.5) 


One can easily prove that for fixed A* the dispersive 
part is an even function and the absorptive part an 
odd function of w. 

We assume that the matrix element of the commu- 
tator is a tempered distribution in x, but only deriva- 
tives of finite order of the 6 functions shall appear. As 
far as the singularities on the light cone are concerned, 
the latter property is already guaranteed by the 
causality condition, which implies that the commutator 
vanishes for 2?=x?—x’?<0. The real polynomial in « 
has its origin essentially in the possible appearance of 
(xo) times 6‘"(x”) in the integrand of the dispersive 
part, which is then not defined for x=0. This fact 
introduces a certain arbitrariness in the Fourier trans- 
form, which is just expressed by the polynomial with 
arbitrary coefficients. 

From the assumptions we have made about the 
matrix element in Eq. (2.5) it is clear that these 
representations of M, and M, are defined only for 
w*> E,*. Following Bogoliubov,” we consider therefore 
the amplitudes as functions of an additional variable 8 
such that we have, for w?>8, 


M,, 6(w,8,A?)=+ 2Bsi f a's exp[ iwxp—i(w’—8)*e-x ] 


Xn(+2%0)(palL7(3x), 7(—3x)]| p-a) 


N-1 


+ ¥C,(8,42)u*". (2.6) 
n=O 


We note that the appearance of exp[i(w?—)!e-x] in 
Eq. (2.6) causes no branch points for M,,. as functions 
of 8, since the symmetry properties of the amplitudes 
allow its replacement by cos{_(w?—§)!e-x ]. 

Before discussing the analytic properties of M, , let 
us explore the absorptive part A (w,6,A*). For 8<0 the 
representation 


A (w8,8°)=2(4) f ate exp[iwxy—i(w*—8)e-x ] 


X(palL7(3x), 7(—3x)]|p-a) (2.7) 
is defined for all w. We assume the existence of a 


” Bogoliubov et al., reference 2. 
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complete set of eigenstates of the energy-momentum 


- operator corresponding to non-negative values of the 


energy. Then we may decompose the matrix element 
in Eq. (2.7) with respect to these states. Using trans- 
lation invariance we find a spectral representation of 
the form 


A (w,8,A*) = J do*p(a*, B—A?, A*)[6(c?— E,?—B 
0 
(2.8) 


—2E.w)—6(0?— Es?—8+2E sw) |, 
where 


p(o?, B— A?, A?) 
=" »(2Es)K pal 7(0)| pn 
=e[ws’(o)—8}!, m)(2pno)?(2pno) {Pn 
= e[w,?(c)—B]}, n| j(0)| p-s)(2Es)'8(p.2—o"), (2.9) 


and 


wa(o) = (1/2E4) (o?— Es*—8). 


Here o denotes the ‘“‘mass”’ of the system described by 
| Pam), i.e., the total energy in its own rest frame. The 
summation extends over all possible intermediate states. 
We have a continuum of intermediate states with 
o>2m and a discrete one meson state at o=m. For 
reasons of simplicity let us assume here that there are 
no other discrete states (e.g., bound states) or continua 
for <2m. More general cases will be discussed in 
Sec. 3. Under these assumptions about the spectrum, 
we find that p(o*, 8— A’, A?) may be written in the form 


p(o*, B—A?, A?) = amtg?(8—A*)8(o?—m*) 
+0O(o0?, B—A?, A*), (2.11) 


where @(o?, 8— A*, A?)=0 for ¢<2m. On the basis of 
Lorentz invariance it is easily seen from Eq. (2.9) that 
p must be a real, non-negative quantity. Furthermore, 
one finds that the function g*(8— A’), appearing in the 
contribution from the one-meson state, can only depend 
on B— A’. 

We see from Eq. (2.6) that for 8<0 and fixed A? the 
amplitudes M, and M, are analytic functions of w for 
Imw>0 and Imw <0, respectively. This is a consequence 
of the causality condition. The amplitudes M, and M, 
for real w=w, are obtained by the improper limits 


lim M,, «(w,+tie, 8, A?) = M,, a(w,,8,A"). 
0+ 


(2.10) 


If we take 8 < — A’, we always have a finite gap on the 
real w axis where A (w,8,A?)=0. Then M, and M, are 
analytic continuations of each other and we have one 
analytic function M (w,8,A*), which is regular in the 
cut w plane except for a pair of poles at w=-twg(m). 
The cuts run from +ws(2m) to +. From the assump- 
tions we have made about the matrix element of the 
commutator it follows that for wo (Im«a+0), 
M (w,8,A?) does not increase stronger than a certain 
polynomial. Suppose it vanishes in that limit like 1/w.: 
Then we have for 8<—A?, Imw+0, using the Cauchy 
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theorem and Eqs. (2.4), (2.8), and (2.11), 


M (w,8,A*) 
A (w’ 8, A?) 


1 pt 
a} fay soos 
rd _. w’—w 


1 p* 
=~ f dus! @(2E 4'+Eq?, B—A?, A*) 
wg(2m) +B/2E, 


r 





1 1 
| icicwaal 
w'—w—-B/2E, w'+w—B8/2Es 


h(8,4*) 
+¢*(8—4*)—_——,, 
we" (m —w* 





(2.12) 


where /(8,A?)=—m*(8+A?)/(4E,7). Note that the 
lower limit of the integral is independent of 8. In the 
general case we have to supply sufficient powers of w’ 
in the denominator, which leads to the appearance of 
an additional polynomial in Eq. (2.12). Since these 
complications do not cause any principal difficulties in 
the proof of dispersion formulas, we shall not consider 
them in detail. 

We now wish to continue both sides of Eq. (2.12) 
from 6< — A? to B=£E,?. To do this we must know the 
analytic properties of @(o?, 8— A*, A?) as a function of 
8. In Sec. 3 we will prove that there exists a 6>0 such 
that for all o?> (2m)? and 4?<Amax*, O(0", B— A’, A*) 
is an analytic function of 8 for BeS (by the notation 
aeA we mean that the point @ belongs to the set A), 
where S is the strip 


S=[@: |Im8| <é, —R<Re8<E£,42+6]; (2.13) 


(by “[a: ---]” we denote “the set of all ¢ which satisfy 
the condition---’’), R is any positive number, and 6 
may go to zero as R-+~; for all GeS we have O=0 
for o?< (2m)*?. We know that 9 is a real function of 8 
for real 8=8,<0. Since © is analytic in 8 for {¢S, it 
must then also be real for real 8B=8,< Ey”, A?<Amax’. 
The limitation on A’ will be discussed in the next 
section. In the following we assume only that Amax’ is 
finite. 

Using these properties of ©, we proceed to show that 
the function g*(S6—A*) must be analytic for 8eS. Let us 
denote the integral in Eq. (2.12) by J(w,6,A*). If we 
write Eq. (2.12) in the form 


[wg?(m) —w? | M (w,8,A?) — I (w,8,A*) J 
= g°(8— A*)h(8,A?), 


then the left-hand side is an analytic function of the 
two complex variables w and 8 for (w,8)eD, with 


D,=((@,8): | Ime| > | Im(@’*—8)!|, 
2E4|Imw|>|Im8|, BeS]. (2.15) 


The domain D, is the intersection of regions in which 
M (w,8,A") and J(w,8,4*) are analytic functions of w 


(2.14) 
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and #. First we prove that g*(S— A?) is analytic for 
Im$+0, eS, by constructing for each of these points 
8 an w such that (w,8)eD;. We write w=w,+iw,, 
B=6,+i8;, and take w;+*0, |w;|>/|8;|/2Es, and w, 
>w8,/8:+8;/4w:;, which is evidently always possible 
and guarantees that (w,8)eD, for 8;~0, BeS. Hence 
g?(8— A?) is analytic for 8eS except for a possible cu. on 
the real 8 axis. In order to show that there is actually 
no such cut, we prove that 


lim [g°(8,+ie—A*)—g*(8,—ie—4°)J=0 (2.16) 


for 8-tie=B, eS. Let us define w, by wi=w,-tice/ Es. 
Then (wi,6,)eD; provided we choose w,>(5/4)Es 
+6/E, and e>0 and sufficiently small. But for (w,8)«D; 
we may use the representation (2.6) for M(w,3,A?) 
and find, recalling Eq. (2.4), 


lim [M (w,,8,,42)— M (w_,8_,A?)] 


=2iA (w,,8,,47); (2.17) 
in addition it follows from Eq. (2.12) that 
lim (7 (w,,8,,A?) —I(w_,8_,A?) ] 
0+ 
= 2i[0(2Esw,+Es?+8,, 8,—A*, A?) 
— O( —2Esw,+E,’+8,, 8,— 4?, A’) ]. (2.18) 


Evidently Eqs. (2.14), (2.17), and (2.18) imply Eq. 
(2.16). We conclude that g*(8—A*) may be continued 
analytically onto the domain S. Since we know from 
Eq. (2.9) that g*(8-- A?) is real for 8=8,<0, the same 
must be true for all 6eS with Im8=0. 

If we relax the assumption about the behavior of M 
for w—«, we will have on the right-hand side of Eq. 
(2.14) in addition to the g* term a polynomial of the 
form 

N-1 


DX Ca(B,A*)a**. 
n= 


The proof that the coefficients C, are analytic functions 
of 8 for 8eS is completely equivalent to the proof of 
the corresponding properties for g*(8—A*). 

For the application of dispersion relations it is 
important to show that g*(m) is non-negative. In order 
to prove this we consider the invariant matrix element 


(P= p=m*), (2.19) 


in a system where p=0. From the representation 
2, 
T'L2m(m— ko) ]= -i(—) fas exp(ik-x)n(x0) 
m 
N-1 
X(0|L7(x),7(0)J|0,m)+ L anko, (2.20) 
n=) 


and our assumptions about the spectrum one can easily 
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see, using the methods described earlier by one of us 
(R. O.)," that T is an analytic function of \= 2m(m— ko) 
in the cut A plane, the cut runs from (2m)? to +. 
Then the function I'(A) is real for \;=0, A,< (2m)?, since 
it is for A, <0. Evidently I?(\) has the same properties; 
in addition it is non-negative for \=A,< (2m). We 
see from Eqs. (2.9), (2.10), and (2.11) that g?(@—A*) 
=I?(A) with A=8—A?. Hence we have shown that 
g’(m)>0. We could have used the properties of I'(A) 
mentioned above in order to demonstrate that g*(8— A?) 
is analytic for SeS. However, the method described 
earlier is still useful in order to prove the analyticity 
of the coefficients C,,(8,A*) of the polynomial. Let us 
now go back to Eq. (2.12). Since 6 and g’ are analytic 
functions of 8 for 8eS we realize that the right-hand 
side of this equation is analytic in w, 8 for (w,8)eDz, 
where 


D2=[(w,8): 2E4|Imw| >|Imp}|, BeS]. (2.21) 


Hence we can continue M (w,6,A*) into the domain D, 
so as to equal J(w,8,A?)+g°(8—A*)h(8,A*)[ws?(m) 
—w* >". But any (@,8) with B= E,*, Imw0 is contained 
in D; and hence we obtain from Eq. (2.12) the Hilbert 
relation 


1 r*®a 
M(oEstA)=—[ de! @(2Eye!+2Est, m', 

















TH «(2m) 
1 1 2 77% w’A(w’,A’) 
x| + }- [— 
w—w wt+ol re, w”?—> 
g?(m)m* 1 1 
[ + —| (2.22) 
2E4 Lisle —ep w(m)+w 


where Imw+0, w(c)=ws(c) for B=E,? and A (w’,A?) 
= A (w’,E,,A’). For the M thus continued, it remains 
to be proved that the improper limits 
lim M (w,+ie, E,?, A*)=M,, a(w,,A?) 
hold, provided w,>E,. For each w,?>E,.’?+é and 
8=E,4*+2iae, we can always find an a such that 
wr— (w— E,?)'<a<E,. But then we have, for ¢ small 
enough, (w,ie, E4’+ 2iae)eD, C D2 and consequently 
lim M(w,+ie, Ey’, A*)= lim M(w,+ie, Ex?+i2a«, A’) 
e+ 


0+ 
= M,, .(w,,A’), (2.23) 


because for (w,8)eD,; the Fourier representations (2.6) 
for M, and M, are valid. (By BDA or ACB we 
denote the fact that all points of A belong also to B.) 

Equation (2.22) represents the desired dispersion for- 
mula for M (w,A?). The function 0(2E4w’+2E 4, m*, A?) 
appearing on the first integral is the proper extension 
of the absorptive part on the unphysical region. 


11 Reinhard Oehme, Nuovo cimento 10, 1316 (1956). 
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3. ANALYTIC CONTINUATION 


In this section we wish to prove that for every fixed 
o> (2m)? and A?<Amax” the quantity O(¢*, 8—A?, A?) 
is an analytic function in 8 for BeS, where S is the 
region defined by Eg. (2.13). Since o?>(2m)* it is 
sufficient to show that 


(o?—m?)O(o2, B—A?, A?) = (o*—m*)p(o?, B—A’, A?) 


has the required properties. The quantity p is related 
to A (w,8,A?) by 


A (w,8,A?) = A (w,8,A*)— A(—w,8,4?), (3.1) 


with 
A (w,8,A?) = p(2E4w+ E,*+8, 8— A’, A?). 


Let us define a function A (pipopsps) by the equation 
A (pipopsps) = A(R+k’, 0’, p), (3.2) 


where pi=p’, po=—p, ps=h’, pa= —k. For reasons of 
simplicity we have not introduced a new symbol in 
Eq. (3.2). By standard methods” we have then the 
representation 


(2a) 5 (pit pot pst paA (pipepsps) 


- jf dxdedrds, exp[i(pitit pote 


+ pstst pars) |F (xixexsxy), (3.3) 
where 
| & is 
F (x yX0x3X4) = (of ja) (201 0) 
bp (x1) dp (x2) 
+degenerate terms. (3.4) 


The operator 6/6¢(x) is that of a functional derivation 
with respect to the boson field at the point x, where 
this field is regarded as a classical one while the deri- 
vation is being performed. We use it here only as a 
convenient shorthand and the expectation value F may 
be easily written out in terms of commutators and 
step functions. The “degenerate terms” in Eq. (3.4) 
contain equal time commutators; they do not alter the 
properties of A(p;---p4) in which we are interested, 
and therefore we do not need to consider them ex- 
plicitly. 

Carrying out the functional derivations in Eq. (3.4), 
we obtain 


F (x xorg) = F (xyx0xx,4) — F XXX 4X3), 
and correspondingly 


A (pipopsps) = A (pipopsps) — A (pipoPsps), 


where 


6 ] 3 6 i( C4 | 
rans 
1 Xo) 4 | 





. (3.5) 


[; 8 j(x,) 
+ 0/} 7(x3),————_ ] |0 
( ee sg (avi (as) 











A PROOF OF DISPERSION RELATIONS 


The condition on the spectrum, which we have dis- 
cussed in Sec. 2, implies that the Fourier transform of 
(0| [7 (as) 6° 7 (a4) /8qp (x1)8 (272) ]| 0) is zero for p;?< (2m)?. 
Since we are only concerned with the region p;*< (2m)?, 
pé<(2m)? throughout this paper, we may, without 
error, take as zero the second term on the right-hand 
side of Eq. (3.5). 

An expression for j(x), equivalent to that used in the 
last section, is 


i( ) . 6S S+ 
xj) =1 » 
ay te 


The causality condition may now be written as 


57 (x)/66(y) = —in(yo—xo)[j(y),j(x) J=0 ; 
for (yo—%0)<|y—x|. 





(3.6) 


From the causality condition it follows that F(x,- - -x4) 
is retarded in the variables (x;—2x3) and (x2—2,), and 
so will be denoted by P,(x,---x4). The four functions 
which are obtained from F,,(x;---x4) by interchange 
of the variables x, and x3, x, and x, any number of 
times will be denoted ky F,;(x:x2xsx4), with i, j=r, a. 
The subscripts i, 7 correspond to the advanced or 
retarded property in the variables (x,;—2x3), (#2—24), 
respectively. For example, we have 





so) 


Par(airarexd) ={0 | ’ 
5p (x3) 5p (x2) 


By the use of the relation 





bj(x)  7(y) 
—- ——=([j(z),j(9)], 
do(y) 5p(x) 
and the condition on the spectrum, we obtain 
A, ;(pi- - ps) — Aas(Pr- - Pa) =0 
for pi<(2m)?, p< (2m)? 3.7) 
- - d./ 
Aj,(pi---ps)—Aia(pi-- ps) =O : 
for pe< (2m)?, pe< (2m)?. 
Also, by the same condition, 
(pit ps)?—m* JA ;;(p1- -- py) =0 (3.8) 
for (pit ps)?< (2m)? or prot pso<2m, and all 7, j=r, a. 


We consider from now on only the function B;,, Gi; 
which are defined by the expressions 


uase “ ps) = (pit ps)?— mA i5( pr: 
Gi j(x1-- 


‘ps), (3.9) 


yi tute Sr ome) (3.10) 
Ox, OX3 


The analyticity property of (07, 8—A?, A*) which we 
desire is then proved by Theorem 1° (for Amax?=m’). 
Theorem 1.—We are given four generalized functions 
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of the four-vector variables x1, ---, %4, 


Sis(aivexurs), i=7,a, j=r,¢. 


The fi; are assumed to be tempered distributions, 
multiplied by certain step functions, so that their 
Fourier transforms are defined to within certain arbi- 
trary polynomials. The quantities f;; are assumed 
invariant under the transformations of the inhomo- 
geneous, orthochronous Lorentz group, and are retarded 
or advanced in (x,;—x3), (x2—x,4) as denoted by the 
subscripts 1, j7. The Fourier transforms of the fi; 
defined by the expressions 


(2m)* fis(Pipopsps)6(pit pot pst ps) 


= fdrdzdzein exp[i(pixit pore 
+ parst pars) |fij(xixvexsxa), 
are assumed to have the properties: 
frie fas=O0 for py? < (2m)?, and p3*< (2m)?, 
and j=r ora; 
Su— fa=0 for p< (2m)?, and pe< (2m)?, 
and i=r or a; 


fig=0 for (pit ps)? < (2m)? or (prot pao) <0, 


#=rorda, j=rora. 


(3.11) 


Then we wish to prove that there is a function 
x (21,22,22,24,25; 26) Of the complex variables 2, ---, 2 
and the real variable zs, which is in general a tempered 
distribution in zp and which has the following properties : 


(1) For each real 26, x (21, ---,26) is analytic in 2, ---, 25 
in the region D, 
D=[n, ---, a5: |gi—m?| <5, |z2—m?| <6, 

—y| <6, |zs—y| <4, |25+4A?| <8], (3.12) 


where —R<yMm', for any positive number R, and 
where 6 is some small positive number, which may 
become zero as R=. We require also A*<m. (2) For 
pr, «++, pateal, pit pot pst pi=0, prot ps0>O0, 21= pr’, 
22= p2*, Z3= ps’, 2a= pa’, 25= (pit pz)’, and 2¢= (pi tps)’, 
with (z;,- - -,25)«D, we have the representation 
Fis (Drpepaps) = x (21,22,23,24,26 5 26). 

(3) x=0 for z6< (2m)?. 

Proof—For convenience we introduce the inde- 
pendent four vectors q1, g2, and g3, by 


fi=Qutds, po=—Q—gs, pPs=—Qtgs, ps=G2—-9s 


Then, writing g:;(91929s) = fis (Pipepsps), where for j=r 
then j’=a, and for j=a then j’=r, we have 


83 5(91929s) = f dy dysdys expLi(quy 


t+g2y2t gays) ]8is(yuy2y), (3.13) 
where r 
Fis (xiwersrs) = 8:5 (ry2ys) 
at yi=%1— 2X3, Ya= — (X2— 44), Vo= (41 — Kat g— 4). 
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From Eq. (3.13) and the retarded and advanced 
character of the g;; we see that the functions g;; are 
analytic in certain regions. If we take these functions 
as one function g(g1929s), then g(gi9g293) is analytic in 
the region (¢:,¢2)«W XW for each real gs, where 


W=[q: |Imgo| > |Imq], |Rego| < ~, |Req| < «]. 


[Note that gs=4$(:+-3) is always real. ] 
Let S be a set in the four-dimensional real space R,, 
which is defined by 


S=[q: Img=0, (Reg+qs)*< (2m)*, (Reg—qs)?< (2m)*] 


for each g3. Then the equality properties between the 
various g;; for real gi, g2, and g:, or g2 in S, which 
correspond to Eq. (3.11) for the /;;, may be immediately 
extended to equalities satisfied for g, in S and g2 in 
Ww R, or vice versa. (By AU B we denote the union 
of the sets A and B.) Explicitly, we have 


&ri(919293) — £05 (919293) =O 
for gieS and geWUR,, 


Sir(919293) — Sia (919293) =0 
for 26S 


‘ gss(Qigegs)=0 for gs*<m’, 
(91,92)e(WU Ry) X (WU R,). 


We thus see, that, for fixed gs, the function g(q19293) 
satisfies the conditions of the edge of the wedge theorem, 
which we have formulated in the Appendix. Hence by 
this theorem, we may continue g(g:g29s) in (91,92) to 
be analytic in the region (WU N)X (WU JN), where V 
is some neighborhood of the set S. 

Since g3*>m*, we may now, without loss of generality, 
choose a frame of reference in which q;=0 and write 
gs0=t. Then, for a given #, g is a function of g1o, g20, and 
the two 3-vectors qi, q2. With respect to q; and q, it 
is invariant under the transformations of the orthogonal 
group and analytic in a region which is also invariant. 
One can prove that g depends only upon the inner 
products q,’, q2”, qi-q2, and of course upon gio and gz0. 
It will be analytic in these variables in the domain 
corresponding to (9:,92)e(WU N) X (WU N). The proof 
in question makes use of the compactness of the 
orthogonal group and invariance of the Haar measure.'” 
Instead of the variables gio, g2o, qi, q2”, qi -Q2 we choose 
to consider the variables 2;, 22, 23, 24, 2s, which are 
defined by the equations 


and gaeWU Rs Gag 


21> (qi +93)", 22= (g2+93)", 28= (G1—9s)*, 24= (G2— 9s)”, 
25= (q:—92)*, Ze= 4q3" (qs0=1, q;:=0), 


and are related to the above-mentioned variables by 
a simple analytic transformation. We write g 
=x (21, ---,25; 26), where x is analytic in 2, ---, 2s, for 
each fixed, real zs, in the domain corresponding to 
(WUN)X(WUN). 


12 We are indebted to Professor L. Ehrenpreis for discussions 
concerning this proof. 
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We are interested in the behavior of x near the points 
£;= m’, Z2=m", 23=7, “=, = — 4A’, a= 40’, (3.15) 


where —R<y<m* and t>m. At these values of 
21, «++, 23 we have 


qio= J20= (m*—-+)/ At, 
G:=p(t,y)ei+ Aer, 
q:= p(t,yei— Aes, 


where e; -€.=0 and p*(t,y) = [t+ (m?—-+)/4t P— E,*. We 
wish to show that for y<m’, for each (>m and A?<m?, 
the values of (91,92) lie in the region of analyticity of 
g(91929s). This will show that the corresponding value 
of z, ---, % lies in the region of analyticity of 
x (21,---,%5; 2%). Let us first take a small 6>0 and 
assume that A*?<6*. Then we see from Eq. (3.16) that 
for y<m*, t>m the inequalities | Imq;| <6, (Regio-+#)* 
—q,<_m* hold with i= 1, 2, and if é is sufficiently small 
(6<8) the 4-vectors g; and gz both lie in N. We see 
that the edge of the wedge theorem is sufficient to 
prove the theorem for 0< A?< 8? and hence the disper- 
sion relations for forward and near-forward scattering 
(derivative amplitudes). 

For general A? it is true that al/ relevant, correspond- 
ing values of (91,92) lie in N for each t> Ea; but this is 
no longer the case for t< E,. Hence we need to extend 
the region of analyticity of g. To consider this in more 
detail we have drawn in Fig. 1 the curve (III) for 


a 


(3.16) 
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Fic. 1. This figure is drawn for A?=m?*. The region of interest 
is given by t>m, y<m*. The corresponding values of (91,92) lie 
in the region of analyticity given b the semitube method (shaded 
region) or the edge of the wedge theorem (unshaded region). 


3K. Symanzik, Phys. Rev. 105, 743 (1957). This paper contains 
further references. 
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p(t) = 0. In the region defined by p*(t,y) > — &, which 
is given by 


[t—4(Eat— )* > 4(a?— H+), 


we always have the corresponding values of qi, gz lying 
in N, while for other values of t, y this is not true. This 
latter region is completely contained within the region 
m<t< Es, y<m'. 

The ideal solution of the problem would be to 
obtain the envelope of holomorphy of the domain 
[Wu D(t,A?)XWvu D(1t,A*) }, where 


D(t,A*) =[q: Img=0, (Rego+é)?— (Req)?< 4m’, 
(Rego— i)?— (Req)?< 4m’, m< t< Es). 


There are several methods of obtaining this region of 
holomorphy, for example by means of the continuity 
theorem," or by the general method of Bremermann’; 
we shall not attempt to solve here the general problem. 

For A?<3m? the region D(t,A*) is as in Fig. 2, while 
for A?>3m?* we also have the other topological possi- 
bility for D(t,A*), as shown in Fig. 3. We shall restrict 
ourselves here to A?< 3m?. Then, for m<i< Es, we have 


D(t,A*) > D’=[q: Img=9, | Rego| <n(#), |Req| < ], 


where n(/)=(2m—1). For this case we apply lemma 3 
of the Appendix to g(q1,92,¢3), where E of that theorem 
is now the subspace D’ of Ry. Then the lemma shows 
that g(¢1,92,9s) is analytic if (¢1,92)e(WU N’)X (WU N’) 
for each g,°=#, and m<i< Ea, where N’ is a semitube 
neighborhood of D’. 

We now write (WU N’) to exhibit its property of 
being a semitube, 


WU N'=[q: goeB, | Imq| <(go), |Req| <= ], 
where B=[ge-plane ]—[go: Imgo=0, | Rego| >n(¢) ] 
(go) = sup[_| Imgo| ,»* (go) ] 
and »*(go)=3[(t)— | Rego! ], according to Lemma 3 of 
the Appendix. 


Reda 
A 


nt) 
Fic. 2. The set 
D(t,A*) for A*<3m!. 
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4 See reference 4, p. 49, Satz 17; also reference 6. 
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Fic. 3. The set D(t,A?) 
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One can prove on the basis of the continuity theorem 
that the envelope of holomorphy of this semitube will be 


E(WUN’)=[q: qoeB, |Imq| <V (qo), |Req| <= ], 


where V(go) is the smallest superharmonic majorant 
of »(qo). 

We now prove that V(go)= V(go), where V(q 0) is 
defined to be the function Im[go?—7*(¢) }*. For Fae) 
is harmonic in B, and it may be seen by a straight- 
forward calculation that V/(qo)>(go). Hence V (qo) is 
a superharmonic majorant of (go), and so 


V (qo) > V (qo). 


To obtain the reverse inequality, we note that V(qo) 
satisfies the same boundary conditions on the cut and 
asymptotically for gz as does v(go), and we have 
V (go) 2 290). Since the Dirichlet problem for such a 
“boundary” has a unique solution, then this is V(qo), 
and hence by the definition of superharmonic functions’* 
V (go) > V(go) for all qoeB. 

The envelope of holomorphy of (WU N’)X (WU N’) 
is then E(WU N’)XE(WUN’), which we shall denote 
by H. At the points of interest [Eq. (3.16)] we have 
910, Q20eB, provided 


(m?—-y)/4t<n(t). (3.17) 


The curve of equality in (3.17) is drawn in Fig. 1, the 
required region being inside the parabola I. 

Then the points of interest lie in H if |Img;| 
< | Im(gic?—7?(#))4|, (¢=1, 2), which implies 


in| (“) -vo]] (3.18) 


The curve of equality of (3.18) is also drawn in Fig. 1, 
the required region being outside the parabola II. 

In the region ‘>m, y<m* we see from these curves 
that for A?<m* the part of this region not covered by 
the edge of the wedge theorem [the part for which 
p(t,y) is pure imaginary ] is now contained in the region 
inside I and outside IT. Hence the corresponding points 
41; 2 lie inside H. 

This proves our Theorem 1. 





ReG/ 








| Imp(t,y)| < 





18 For the definition and discussion of superharmonic functions 
see F. Riesz, Acta Math. 48, 329 (1926); also references 4 and 6. 

















2186 BREMERMANN, 


4. EXTENSION TO OTHER CASES 


Our discussion in the previous two sections has given 
a proof of the dispersion relations for the scattering of 
bosons with equal mass, provided A?<m*. We know 
that this specific restriction is merely due to our 
limited analytic continuation, because, by employing 
the semitube method, we have not made sufficient use 
of those regions of the domain Z, which are important 
for larger values of A*. By the methods of Bremer- 
mann’-!6 it is possible to make better use of E, and 
further calculations show that we can obtain Amax = 2m’. 

Let us now discuss how the proof may be extended 
to other cases of more physical interest. One can easily 
see that the essential changes are due to different 
spectral conditions. Therefore it is useful to formulate 
the assumptions of Theorem 1 in a more general form 
using adjustable parameters. 

Instead of the conditions (3.11), we now require 
that the Fourier transforms f;;(p1,p2,p3,p4) satisfy the 
following relations: 


fri faz=0 for pi®<a® and p;*<b*, j=r,a; 
fir—fisa=0 for p2<a® and p?<b*, i=r,a; 
fig=0 for (pitps)?<x? or piotpa0<0. 


j=7, a. 


(4.1) 
i=r a; 


Then there is a function x(2;,22,23,24,25; 2) with the 
properties (1), (2), and (3) of Theorem 1, except that 
we are now interested in values of y, with —R<y 
<Yphys. These values of y give values of 91, g2 which 
are in the region of analyticity given by the semitube 
method, provided A? <Amax”. Furthermore, we have in 
(3) x=0 for 2 <x’. 

First we consider the dispersion relations for pion- 
nucleon scattering. The discussions of Secs. 2 and 3 can 
be readily applied to this case, and from the spectral 
conditions we find 


b=3y, «°=(m+u)’. 


The physical value for y is Yphys=u’, and by means of 
the edge of the wedge and the semitube theorems we 
find Amax?=2u?. Since there are no other restrictions on 
A? than those connected with the analytic continuation in 
the proof of Theorem 1, we have given a derivation of 
the pion-nucleon dispersion formulas for A?<2y*. As 
we have discussed in the equal-mass case, this limit 
may be removed by further analytic continuation.§ 


de m+, 


16 Hans J. Bremermann, Trans. Am. Math. Soc. 82, 17 (1956). 

§ Note added in proof.—We have constructed examples’’ of 
functions x(z:---2s; 26), which have the properties described in 
the text and are such that for z1=22=m", z3=2=~7, 25= —4A?, 
26=4f they have singularities for A?>G(t,7; a,b), where a>b and 
2 
Gttysa,b)=[(e+40-" 72) 


(PPP AT: 


In the equal mass case we have a=b=2m, y=m?, t>m and find 
Gmin= 2m? for t=vV3m/v2. Hence our limit Amax?=2m? cannot be 
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We turn now to the problem of deriving dispersion 
relations for nucleon-nucleon scattering. Again the con- 
siderations of Secs. 2 and 3 go through straight- 
forwardly and a brief discussion corresponding to those 
of Sec. 1 has been given by Goldberger, Nambu, and 
one of us (R. O.).! For the parameters in Theorem 1, 
we have 


a=b=m-+u, x’= (2y)?, Yphys= m’, 


One finds, that even for A*=0 the points (9:,g2) with 
(y,t) values 


y=m*, £{ (m+u)—[(m—p)*— 2p? }} <t 
<3{(m+u)+[(m—p)*—2y?}} (4.2) 


[ 91, 92 are given in forms of y, ¢ by Eq. (3.16) ], do not 
lie in the region of analytic continuation of the absorp- 
tive part. Since the function x becomes zero only for 
t<4x=,, we cannot assure the validity of the nucleon- 
nucleon relations. The troublesome region of ¢ given in 
Eq. (4.2) vanishes only for 


p> (V2—1)m, (4.3) 


which is much larger than the experimental mass ratio. 
The limitation (4.3) is mot due to our use of the semitube 
method, because one can easily give examples of 
functions g(q1,92,93) = x (21,22,2s,24,2s; 2s) Which are ana- 
lytic in 2, ---, %5 in the region corresponding to 
(q1,92)eLWUD(t,0) |X [WUD(i,0)], but have singu- 
larities at the points 2;=22=m’, z3=24=7y and 23=0 
if y=2(m+y—1)*+2?—m*. For y=m’* this gives 
t=4{(m+y)+[(m—y)*—2y*}!}, which is in the range 
t>y. The functions!” 


p(t) 
[a?—9:?}"[a?—g.?]” 


with p(#)=0 for t<y, p(t)>0 for t>yu, m>1 and a’ 
=(m-+y—1)* have such properties. For the corre- 


(4.4) 





g(91,92,t)= 


im proved. For pion-nucleon scattering the parameters are a=m+4y, 
b=3u, y=p?, t>4(m+nu). The minimum of G is at t=4}(m+y) 
[u/m=experimental mass ratio], and we obtain Gmin(+) = Amax* 
= (8u2/3) (2m+p/2m—y). In order to prove that the points 21: - -25 
given above are contained in the region of holomorphy for all 
t>4$(m+yp) and 2p?<A*<Gmin(x), we go back to the vectors q:, ¢ 
(see Sec. 3) and use a general representation for functions whic 
are analytic in W UN, where N is some complex neighborhood of 
the real set S=[g: (go+#)?—q? <a’, (go—t)?—q? <0*]. [A proof for 
such representations has been given by F. J. Dyson, Phys. Rev. 
(to be published); see also reference 17 and L. Garding and A. 
Wightman (to be published). ] We find that we have analyticity 
for A?<G(t,7; a,b), where G is the same quantity we obtain from 
our examples. Hence the dispersion relations for pion-nucleon 
scattering can be proved for momentum transfers 2A in the center-of- 
mass system, which are smaller than 4u(%)*[ (2m+-p)/(2m—y) }}. 
At present it is not known whether a discussion of the complete 
envelope of holomorphy of the four-body Green’s function (a 
function of six complex variables) will lead to an improvement of 
our limit. Results corresponding to those described above have 
been obtained also by H. Lehmann (private communication). 

17 These examples were inspired by the paper of R. Jost and 
H. Lehmann, Nuovo cimento 10, 1598 (1957). We are indebted 
to Professor Lehmann for bringing this paper to our attention. 
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sponding x(2;,---; 2s) we find, using Eq. (3.16), 
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p(t) (4.5) 





x (21,° ** 525; 4f)= 


These examples show that those points 2), - - -, zs, which 
give rise to the limitation (4.3), lie on the envelope of 
holomorphy. Using only causality and spectral condi- 
tions we cannot hope to continue beyond these points. 
But there are certain symmetry properties of the four- 
body Green’s function which we have not explored. 
We cannot exclude the possibility that these permit a 
further continuation in the relevant region. 

The problem of proving a dispersion formula for 
the meson-nucleon vertex function Fl (k—p)?, k*, p*) 
=(k| 7(0)| p)(4kopo)!, is intimately related to the prob- 
lem of deriving nucleon-nucleon dispersion relations. 
In essence we need only disregard the second four- 
vector variable gz in the discussions of Sec. 3. Then 
we can prove the representation [k?<(m+y)?, 
p?<(m+y)*) 

N x 
F(z,k°,p*) eRe 


WT ~ (3y)* 


k’,p*) 


p(o’, N-1 
do? ——"-+ FC, (#,p*)s" (4.6) 


(o?—z)o?*% n= 


for k*-+p?<(m+y)*, and the requirement k*?= p?=m? 
leads again to the condition u> (V2—1)m. In Eq. (4.5) 
we have omitted spin and isotopic spin variables, which 
are unimportant for the analytic properties of the 
vertex. The lower limit of the o? integral corresponds 
to the case of pseudoscalar mesons; for scalar mesons 
it is (2u)*. An example corresponding to Eq. (4.4) shows 
that we cannot improve this limit. However, in view 
of the symmetry conditions, an extension of the region 
of analyticity of F(2,22,23) at the relevant points 
cannot be excluded. In any case, Jost'* has given an 
example for F(2;,22,23), which satisfies spectral and 
causality conditions and is completely symmetric in 
all three variables. This example shows that, even in- 
cluding the symmetry conditions, one cannot derive the 
representation (4.6) for F(z,m?, m*) if u<(2/v3—1)m. 
This value is above the experimental mass ratio. At 


18 R. Jost (private communication). Professor Jost was so kind 
to permit us to quote his example. We write it in the form 


Fy (21,22,23) =f (21,22,23) +f* (21*,22",23"), 
where 
I (41,22,23) = ca +a?—2z,m*)'+ (1 +a°—zym-*)) 
+(1+a*—zym™)t—b—ic}, 
The conditions on the parameters are 
b>2a, 1+a*—(b+c)*>0. 


(a>0, b>0, c>0). 


Since we may take c as small as we please, these two inequalities 
imply a*<}. Taking m(1+a?)}t=m+y, we have to require 
u> (2/Vv3—1)m in order to avoid a contradiction with a dispersion 
relation of the form (4.6) for z2=z;=m*. The condition 1+ a? 
—(b+c)*?>0 is sufficient to assure that Fy is analytic in the 
domain obtained on the basis of causality, spectrum and sym- 
metry. For the proof the region of analyticity obtained by G. 
Kallén and A. S. Wightman is very useful [Proceedings of the 
Seventh Annual Rochester Conference on High-Energy Nuclear 
Physics (Interscience Publishers, Inc., New York, 1957)]. 


[20—2(m+u)t-+ (m-+u)?—4(2:+51) "L20—2(m+u)t+ (m+p) 4 (certs) 





present it is not clear, what further conditions one has 
to impose in order to assure the validity of the dispersion 
formula (4.6) for the pion-nucleon vertex. It has been 
shown by Nambu’ that this relation holds in perturba- 
tion theory in every finite order. 

Finally we would like to mention that our methods 
may also be applied to the case of dispersion relations 
for K-meson-nucleon scattering. Here we have again an 
unphysical continuum due to states of one A particle 
and one or more pions. The parameters of Theorem 1 are 


b=m+un, 


and for y=? there is a small region near ‘=3(Matu), 
for which the corresponding points (91,92) ave not in- 
cluded in the envelope of holomorphy. 


a=Mxt+2u, c=Matu, Yphys= m", 
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APPENDIX 


In this Appendix we prove the “edge of the wedge” 
theorem, which has been extensively used in Sec. 3. 
It is convenient to prove first Lemma 1. 

Lemma 1.—Let the function f(z0,2:) of two complex 
variables (Zo,z;) be given as the Fourier transform of 
two tempered distributions f, and f, such that it is 
analytic in the “wedge” W, 


W=[ (20,21): || <|y0l, |0] <2, |x| <<]. 


For a given domain E in the (xo,x:) plane, we say that 
a sequence of pairs of complex numbers (2on,21,) is an 
“E-limiting sequence” if it satisfies the following 
conditions, 


(1) limayon=limayin=0, 

(2) lima (xon,%1n)€Z, 

(3) there is a number c>1, and independent of n, so 
that for all m |yon|>c\yin|. Then we assume that 
f(%0,21) has the limiting property that for any Z-limiting 
sequence the limit lim,/(Zo.,21n) exists and is inde- 
pendent of the particular sequence, only depending on 
the limit point. 

We wish to prove that /(z0,2:) is also analytic in some 
neighborhood N of the set 


S=[ (20,21) : you y1=0, (x0,41) €F ]. 


1 Y. Nambu, Nuovo cimento (to be published). 
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To achieve this, we shall prove analyticity in a 
neighborhood of each point of S. Since the origin of the 
real coordinates (xo,%;) has not been fixed, we may take 
this origin to be at the particular point of Z that we 
are considering. Thus we wish to prove analyticity at 
Zo= 2,;=0, where (0,0)eE. 

If we suppose that f(z0,2:) is analytic in some 
neighborhood of >= z;=0, then for some r and |z0| <r, 
|z1|<y, (20,21) has the uniformly convergent power 
series expansion 


f (20,21) = > Omn20"21". (Ai) 


m,n=(0 


On the analytic plane II,: o=aoA, 21:=a1A, with ao, ay 
real and |a;/ao| <1, then 


f(%0,21) = > Amntto™ay"A™** 


on ‘ x 
= VAD apn nce” "ar"= DA’, (A2) 


p=0 n=O p=0 


where the rearrangement from the second to the third 
expression in Eq. (A2) is permitted since the power 
series is absolutely and uniformly convergent. The 
coefficients c, are obtained in terms of the coefficients 
Amn aS 

(A3) 


p 
Cp= z; Ap—n, note” "a1". 
n=O 


The method we shall use here is to reverse this 
procedure and determine the adn» from the c, for 
different IIl,. We may take ao=1 without loss of 
generality, and write a in place of a;. Any analytic 
plane II, with real @ satisfying |a| <1 lies completely 
inside W, except for ImA=0. Hence, by our initial 
assumption, (20,21) is analytic in II, except possibly 
on the real \ axis. The limiting property assumed for 
f (2,21) is equivalent to requiring that f(zo,z:) has the 
same limit as we approach the real axis in II, either 
from above or below, and similarly for the partial 
derivatives of f(%0,z1), provided (A,aA)eE£. Since (0,0)«E, 
'a| <1, and E is open, then (A,aA)eZ for a small open 
interval of A near A=0. Thus f(z0,2:) is analytic in a 
small neighborhood of the origin in II,. Then there is 
some small positive number d so that we may expand 
f (20,21) as in Eq. (A2) for (z0,2:)eII. and |A| <d. We 
note that d may be chosen to be independent of a for 
la| <1. 

It is immediate that f(zo,21:) is bounded on any 
bounded subset of W which has a positive distance 
from the boundary of W. In addition, one can show by 
distribution methods using the Fourier representation 
that there is a positive number M, depending only on 
c and d, such that 


| f (20,21) | <M (c,d) 
for (Z0,21)¢lla, jal <c<1, |A| <d. Then by Cauchy’s 


OEHME, 


AND TAYLOR 
inequality 
\c,| <M (c,d)/d?. (A4) 


For |a| <c, the coefficients c,(a) are polynomials in 
a of order p, 


ee (AS) 


n=) 
In order to verify this statement, we have to show 
that d**'c,(a)/da*t'=0 for p=1, 2, ---. The equation 
for p=0 is evident, since 


Co(a) = lim[ f (0,21) Je =), 1 =ad 
0 


is independent of a. For p=1, we have then 


dc,(a) inf | 
=lim fo =), £1 =ad, 
da x 02; 


which again is independent of a. This follows from the 
Fourier representation and the £-limiting property of 
f(%0,2:). The proof for higher p proceeds by induction 
on p. 

Equation (A5) may now be solved for the am. in 
terms of the c,(a) and a. This requires the use of a 
number of different analytic planes. The first few 
equations of (A5) are 


(A6) 








Co=400, C1=Aotdn, C2=A20t+4n0+ G20". 


To determine a; and ao;, we also have 


a (a’) =dy+ ao’, 


a= [e1(a’) oe (a) ]/ (e’—a) 
ai0= [a’cs (a) —acty(a’) ]/ (a’—a), 


provided a’a. Evidently such a’ and a can be chosen 
to satisfy a’ ~a, |a’| <c and |a| <c. In general we may 
determine the quantities @n0, Gn—1,1, «++, On—r,r) °°"; G00 
in terms of c,(a) for m analytic planes IIa, ---, Ian, 
provided that the corresponding determinant 


II (a:—a,)¥0. 


n>i>j>1 


and so 


Such a@;---a, can evidently be chosen in the interval 
(—c,+c) for any n. 
Equation (A4), written in terms of the dan, now 
becomes 
| M(c,d) 


p 
Le Opn, wa"! < 
ja 





(A7) 


for p=0, 1, 2, ---. We wish to obtain bounds on the 
coefficients dm, so that on replacing the c, in Eq. (A2) 
by their expression in terms of the dm, as given in 
Eq. (A5) the resulting series of Eq. (A2) may be shown 
to be absolutely convergent for small enough |zo|, 
|z,|, and so rearranged to give the expansion of 
Eq. (A1). 
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Let us consider the polynomial 
N 
P(x)= ¥ b,x", 
n=) 


and we assume that for real x satisfying |x| <c, then 
| P(x)| <M. 


We wish to determine bounds on the coefficients b,. 
The Cauchy inequalities cannot be used here, since 
though we may immediately extend P(x) to P(z) for 
complex z the bound on P(x) may not extend to the 
inside of the circle |z| =c. 

We define” 


f(2)=P(2)[st+i(e—2*))P*. 


Then f(z) is a bounded analytic function in the whole 
complex z plane, including infinity, with a cut from 
—cto+c along the real axis. By the maximum modulus 
theorem, 


| f(z) | << Max! f(x)| <<M/c%. 


lz|<e 


The Cauchy ali for 5, is thus 


“Slo 


M 
oe < —— sup |s-+i(?e—2*)! PSST. 





wfetile—e)! és 





Taking R=c, we obtain _ 
|ba| <M3*/c*; 
hence we have 


|dp-n,n| <M (c,d)3°/d*c*. 
Then 


x ° 
> Zo? » Gon, nz1"Zo " 
p=) n= 





Med es (A8) 


d? n= 








<¥ |x 

p= Co 
If |%o| <$d, |z:| <$cd, the right-hand side of Eq. (A8) 
is less than 


M (c,d) : od, 


and so is finite provided d<1 (which is assumed). 
Hence the series (>> pc” 20” > nemo” Gyn, n%1"Z0"") is 
anon and uniformly convergent in |z0| <4d, 


” Compare M. Riesz, Acta Math. 40, 43 (1916). During a 
series of  awliney which one of us (R. O.) gave at the University 
of Maryland in July 1957, Professor Marcel Riesz kindly pointed 
out that he had done similar calculations in 1916. 


four complex variables 20, 
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|| <4dc, and so may be rearranged inside this region 
to give > m, n=” GmnZ0"2Z1". 

So it has been shown that the power series expansions 
on the analytic planes II, can be joined together to 
give a power series expansion, convergent for | z0| <$d, 
|z1| <4cd, which equals these separate expansions on 
the various planes, and so equals {(z0,2:) from which we 
started. 

Hence we have proved analyticity of f(z0,21) in a 


small neighborhood of 2o= 2,=0. 


We now consider a function f of four complex vari- 
ables z= (z0,z) = (20,21,22,23) and prove Lemma 2. 

Lemma 2.—Let the function f(z) be analytic in the 
z in the wedge W in four 
dimensions, 


W=[ (20,2): 


where it is the Fourier transform of two tempered 
distributions. We assume that f(z) has the limiting 
property of Lemma 1, extended by replacing 2; by z. 
Then we can find a neighborhood N of the set 


=[z: yo=0, y=0, xeE], 


so that f(z) can be continued analytically throughout 
WUN. 

The proof of this lemma is obtained by simple 
extension of the proof of Lemma 1. 

We now prove the “edge of the wedge” theorem. 

“Edge of the Wedge” Theorem.—Let f(z,2') be a 
function of 8 complex variables, 


lyol>lyl, | xo] <@, |x| <a], 


z= (20,21,22,23) _ (20,2), = (z0',2’). 


We suppose that f(z,2’) is analytic in the double wedge 
WxXW, 


W=[z: |yo|>|y|, |xo] <2, |x] <@], 


where it is the Fourier transform™ of tempered distri- 
butions. We further assume that f(z,2’) has the limiting 
property that for any Z-limiting sequence of complex 
numbers Z,= (Zon,Z,), then 


lim,[ f(za,2’) ]|ewuR. and lim,[ f(s,2’,)]/«wUR 


exist, and are independent of the particular sequence, 
only depending on the limit point. 
We wish to prove that there is some neighborhood V 
of the set 
S=[z: y=0, xeE], 


so that f(z,2’) may be analytically continued to 
(WUN)X(WUN). 

Proof—We may prove the theorem by applying the 
method used in the proof of Lemma 1 to the variables 
z and z’ simultaneously. In order to avoid repetition, 


#1 As an equivalent assumption we could require that /(z,z2’) is 
bounded by a polynominal for (z,z’)eW X W, with (x,x’), restricted 
to any compact KeRs. Compare L. Schwartz, Meddelanden fran 
Lunds Universitets, Supienatienl, p. 196 (1952). 











2190 BREMERMANN, 
we give only a brief sketch of the generalization. We 
may consider z and 2’ as two-vectors, since the extension 
to four-vectors is straightforward. 

Consider a point in S, say (0,0), and the analytic 
planes IIas which are given by zo=A, z1:=aA; 20'=)’, 
z,’=)’ with a, real and |a|, |8| <c<1. As in Lemma 
1, we have 


F(2,2)= DL Coe(a,B)dPA’’, (2,2’)ellas, |X| ,|A’| <a; 
p,o=0 
and 


Cpe(a,8) aa e m Ayn, n;e—m, wt"B™. (A9) 


n=) m=) 

Equation (A8) follows from the £-limiting properties 
of f(z,2’); it can be solved for the A,, n;.,m by using a 
sequence of different planes II,s. As in Lemma 1, we 
obtain | f(z,2’)| <M(c,d) for (z,2’)eles; |A|, {A’| <d 
and find | A, a n;e—-m,m| <M (c,d)3°t*/detecs*™, Con- 
sider now the series >> rn, emA rn, em20"Z1"Z0 *2;'"; it is con- 
vergent for |z0/, |zo’|<$d, |2:|, |2:’|<$cd and equal 
to f(z,2’) on an infinite sequence of planes Ils. Hence 
the series represents a continuation of f(z,2’). Per- 
forming the corresponding construction for all (z,2’)«S 
we obtain a continuation to (WU N)X (WU N). 

In the “edge of the wedge theorem” we proved that 
we have analyticity of f(z,z’) at each point of (WU) 
X (WU N), for some neighborhood N of the set S. The 
neighborhood JN is the union of all N(X) with Xe£, 
where V(X) is some neighborhood of the point z= X. 
The dependence of N upon X is as yet arbitrary, except 
that N(X) vanishes as X tends to the boundary of £. 
In Sec. 3 we find it useful to take for E the set 
E=[za: |xo| <n(d), |x| <<]. 

We must construct a semitube from WU N in order 
to apply the semitube method. Since W is already a 
tube, then it is necessary to construct a semitube H 
contained in N. Because x is arbitrary while x» is 
restricted, in E, then we expect H to be a semitube of 
the form 


H=[z: |x| <a, |y| <v(z0), |xo| <n(?), |-yo| <e] 


for some small e. The quantity (zo) will tend to zero 
as |xo| tends to n(/). We have HCN only if N(X) is 
independent of X. This independence does not occur for 
any function analytic in S, as is easy to show by simple 
examples. We cannot conclude that there exists a 
semitube Hc N without using analyticity in W. 

We wish to show that f is analytic in some semitube 
neighborhood H of the set S. It is evident from what 
we have said above that, to do this, we will have to 
continue f from WUN to WUH. We achieve this 
continuation by the direct method developed by one of 
us (H. J. B.).? 
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For simplicity we replace the three-vector by the 
complex number 2;. By a simple extension our result 
in terms of z; may be immediately generalized to the 
case z instead of 2. 

We take the analytic plane z;= X;. In the 2 plane 
the domain of analyticity of our function is the cut 
plane, with cuts running from n(/) to +, and —n(?) 
to —«. In the cut plane we take any point xo, with 
| 29] <(t). Furthermore we take the circle c(xo) in that 
plane, with center x» and radius r less than (t)— | xo|. 
We may assume V(X;) to be the region 


N(X1)=[ (20,21): m= Xi, | yo] <e, 
lyi| <e, |xo| <n()—8(e,X1) J, 


where 6(¢,X,)—0 as e—0. Then we have that N is the 
union of the V(X;) for all X;. We define D=WUN, 
with N=U N(X;), where N(X,) is given above. The 
circle c(xo) is completely in D. The Euclidean distance 
5p(zo) of any point z on c(x) from the boundary of D 
is then 6p(z0)=|yo|/V2+O(e). We evaluate h(e) 
= (1/2) Jo** logép(re*)d@ and find A(e)=(r/2v2) 
+0O(«). Now the theorem of reference 7 allows us to 
analytically continue f(z0,z:) into the sphere ||z—Z|| 
<h(e) about the point Z with Zo>=0, Z,;= Xj. Since ¢ 
is arbitrarily small and r is as close to [(#)—|xo| ] as 
we please, we may continue to the sphere ||z—Z|| 
<(1/2vV2)[n()— |x|]. In particular, we have ana- 
lyticity in the set 


A(X) =[2: m=, || <3(n(—|x0!), 
| yo] <3 (n(4)— | x0|), | xo] <n(?)], 
and hence 


H=VU H(X))=[z: |m|<@, || <3 (n()—|x0]), 
|yo| <3(n()—|x0|), | xo] <n(d)]. 


H is now a semitube. 

Lemma 3.—Let f(z,2’) be a function satisfying the 
conditions of the “edge of the wedge” theorem. Then 
we can find a neighborhood H of the set S=[z: y,=0, 
|xo| <m(t), |x| <=] which is of the form 


H=[s: |x| <<, |y| <3(n(4)—|-0|), 
| yo! <3(n(O- |xol), | xo| <n(é)], 


and such that f(z,z’) may be analytically continued 
into (WU H)xX (WU @). 

To prove this lemma, we use the above process to 
continue /(z,z’), as a function of 2, to WU H. We can 
show that f(z,2’) is an analytic function of (z,2’) to- 
gether in (WU H)X(WUS). We continue on 2’ now to 
WU H, and again we have that f(z,2’) is an analytic 
function of (z,2’) together in (WU H)X (WU 4). This 
proves the lemma. 
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Direct Formulation of Causality Requirements on the S Operator* 
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From a relatively operational causality assumption roughly to the effect that outgoing particles can be 
observed only when there have previously been incoming particles, dispersion relations for forward scattering 
of a scalar particle may be derived, in a manner that extends in principle to all types of scattering. 





1. 


EFINING the S operator as that transforming 

the incoming into the outgoing field, in the 
manner of Yang and Feldman,’ the well-known re- 
quirements of unitarity and Lorentz-invariance may 
be expressed mathematically and interpreted physically 
in rather direct terms. This is not at all the case for 
causality, which has led to the important dispersion 
relations only when formulated in terms of the inter- 
polatory Heisenberg field, which is complicated in both 
a physical and a mathematical way. The present work 
represents an attempt to eliminate this disparity. It 
proposes a formulation of causality that is physically 
relatively transparent and theoretically easy to put 
into effect. The precise implications for multiparticle 
dispersion relations involving relativistic particles of 
arbitrary spin are a matter of pure mathematical 
analysis involving only a finite number of degrees of 
freedom. Here we aim mainly to clarify and validate 
our formulation, treating in particular the forward 
scattering of Klein-Gordon particles. 

Intuitively it is clear that if there are no particles in 
the incoming field near a particular observer before a 
certain time, then there should also be no particles in 
the outgoing field near the observer up to that time. 
Now the number of particles in the field at an observer 
before a certain time is a dubious observable, but the 
requirement may be formulated in terms of well-defined 
observables (namely, occupation numbers of states) as 
follows: if the incoming field consists of particles whose 
wave functions vanish at the observer up to a certain 
time, then the same should be true of the wave functions 
of the particles constituting the outgoing field. This is 
assumed only for the simplest type of covariant ob- 
server, namely, one moving along a light ray, such as a 
free photon in effect. 

To express the foregoing condition in more mathe- 
matical form, let us introduce the notation: K=state 
space of the field; M,=submanifold of K consisting of 
states built up from particles whose wave functions 
vanish on the backward rays L (see following material) ; 
B,=operation of projection of K onto My. Then an 
operator A on K may be defined as causal in case it 
transforms a state in Mz, into another state in Mz. 


* Research supported in part by the Office of Naval Research. 
1C. N. Yang and D. Feldman, Phys. Rev. 79, 972 (1950). 


Equivalently, BLAB,=AB,. If A is the S operator for 
a covariant field, the condition is implied for every indi- 
vidual ray by its satisfaction for any one ray, so it may 
be expressed simply as: PSP=SP, where P= Bz, and 
L is a fixed backward light ray which in a particular 
frame may be described by the conditions x—/>0, 
x+i=0, y=z=0. Taking this operator equation be- 
tween r- and s-particle states of the field gives restric- 
tions on the matrix elements of S, forming what may be 
called the generalized (r,s)-particle dispersion relations, 
the totality of which is equivalent to the causality of S 
as defined previously. 

The best known dispersion relations concern the case 
r=s=1, and are essentially equivalent to the possi- 
bility of making a suitable holomorphic extension of 
the forward scattering amplitude. In terms of the 
present definition, this possibility arises simply from 
the fact that the wave functions in two dimensions that 
vanish on a backward light ray are precisely those which 
admit a holomorphic extension when considered in 
momentum space. This connection between causality 
and analyticity is parallel to that developed by Fourés 
and Segal,? of which the present work is in part an 
adaptation. 

The dispersion relation for the forward scattering of 
a Klein-Gordon particle of mass m by another such 
particle of unit mass that follows from the stated 
causality assumption is 


1 oo 2n’2— m?— (A— (A?— mm?) 42)? 
Re[7(A) ]=—P f 
- - (A? — m?) @/® (\2—?) 


XIm[T(0’) jan’, 


where \ denotes the energy of the particle of mass 
m<1, the unit mass particle being taken at rest. To 
compare this with the conventional relation, the kernel 
of the integral may be expanded in powers of m, 
obtaining 





, 


Re[T)]=—P f Ie 


mA 
+0(m)| Imi TO)’+—, 





(1988) Fourés and I. E. Segal, Trans. Am. Math. Soc. 78, 385 
955). 
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where A is the constant 
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This relation differs from the conventional one first 
proposed by Goldberger et al.’ essentially only in terms 
of order m® and greater (apart from the specific identi- 
fication of the constant A), suggesting that the experi- 
mental data will agree with the present formula to 
approximately the same extent that they agree with 
the conventional one provided A is treated as an 
adjustable parameter to be evaluated from the data. 
On the other hand, despite this probable empirical 
agreement, the present formula is in definite theoretical 
disagreement with that of Goldberger, in that it cor- 
responds to a scattering amplitude function whose 
extension to the cut plane is strictly holomorphic 
everywhere, while the corresponding conventional 
extension has poles at +-m*/2. The origin of this dis- 
agreement is not yet entirely clear. It may be noted 
however that the present approach is mathematically 
rigorous, being based on the use of the Hilbert transform 
rather than partially formal contour integration, and 
not involving the use of divergent quantities such as 
are required for description of the Heisenberg fields; 
and that the only physical assumptions are causality 
and covariance, no use being made of experimental 
knowledge concerning bound states, the mass spectrum, 
etc. 

We are indebted to Kurt Symanzik for informative 
discussions and useful criticisms, as well as for an 
advance copy of his paper,‘ to which we refer for the 
apparently most rigorous available conventional treat- 
ment. Our thanks are also due M. L. Goldberger and 
others from Chicago for stimulating conversations. 


2. 


It has been suggested that a detailed comparison 
with earlier work would be desirable. As it would take 
a great deal of space to comment even briefly on each 
of the significant papers on causality during the past 
ten years, selected papers will be discussed, purely 
with a view to clarifying the relation between the 
present work and the existing literature. The question 
of the implications of causality for the S operator was 
raised some time ago by Kronig.® Penetrating work in 
this direction was done by van Kampen,* but there are 
technical difficulties in extending this work to the case 


3M. L. Goldberger, Phys. Rev. 97, 508 (1955) ; 99, 979 (1955) ; 
with H. Miyazawa and R. Oehme, Phys. Rev. 99, 986 (1955); 
with M. Gell-Mann and W. E. Thirring, Phys. Rev. 95, 1612 
(1954). See also R. Karplus and M. A. Rudermann, Phys. Rev. 
98, 771 (1955). 

4K. Symanzik, Phys. Rev. 105, 743 (1957). 

® R. Kronig, Physica 12, 543 (1946). 

®N. G. van Kampen, Phys. Rev. 89, 1072 (1953); 91, 1267 
(1953). 
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of particles of nonvanishing mass. The fruitful work of 
Goldberger® that followed was based on a return to the 
older formulation of causality in terms of the Heisenberg 
fields (see, e.g., Wentzel’). This notion of “microcau- 
sality,” to the effect that local field averages over 
regions with space-like separation commute, is a natural 
theoretical consequence of relativity, but it is relatively 
remote from operational physical significance, and can 
only be stated in terms of apparently divergent quanti- 
ties. The dispersion relation of Goldberger has been in 
agreement with experiment, at least until very recently, 
and the question has naturally arisen of whether such 
relations could be derived from assumptions concerning 
quantities which are closer to physical measurement 
than the Heisenberg fields. Powerful efforts towards 
the formulation of quantum field theory in terms of the 
in and out fields were made (see especially Lehmann 
et al.* and Haag®), but the Heisenberg fields remained 
necessary for the formulation of causality. 

The present approach is as close in spirit to the 
original work of Kronig as to any of the intervening 
work, but should be compared to that of van Kampen® 
and Schiitzer and Tiomno™ (for the latter reference 
and discussion concerning it we are indebted to J. G. 
Taylor). The difference is roughly that while, in rela- 
tively literal analogy with, e.g., the network situation 
earlier authors have largely treated causality in terms 
of time and energy as basic variables, we make a more 
relativistic transcription of the idea of network cau- 
sality, making use of the covariant “characteristic 
coordinates” appropriate to the hyperbolic equation in 
question. This has the incidental effect of eliminating 
the need to consider the real unphysical energy region, 
which has been perhaps the major complication in the 
earlier work. In fact, the physical “characteristic 
momentum” (see following material) ranges from — © 
to © without any excluded interval (such as is present 
in the case of a particle with nonvanishing mass) ; the 
real unphysical energy region corresponds to a portion 
of an ellipse in the interior of the upper half charac- 
teristic momentum plane, and so is irrelevant to a 
dispersion relation for the scattering amplitude as a 
function of the characteristic momentum. 

A specific way in which our formulation of causality 
differs from that of Schiitzer and Tiomno” is that we 
make assumptions only concerning observing particles 
of vanishing mass. This of course does not mean that 
massless observers are considered at all practical in an 
elementary physical sense, but only that a massless 
particle, like any other, is assumed incapable of inter- 
acting with a field that vanishes at the particle. This is 


7G. Wentzel, Quantum theory of fields (Interscience Publishers, 
New York, 1949), paragraphs 4 and 22; especially p. 211. 

§ Lehmann, Symanzik, and Zimmermann, Nuovo cimento 1, 
205 (1955). 

*R. Haag, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
29, No. 12 (1955). 

© W. Schtitzer and J. Tiomno, Phys. Rev. 83, 249 (1951). 
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conceptually a relatively weak assumption, and is 
relatively operational in that it does not depend on the 
notion of Heisenberg field, but whether any direct 
physical check on it is possible is very much open to 
question; in fact whether the local fields in terms of 
which the assumption is framed are physically measur- 
able is itself doubtful. On the other hand, the assump- 
tion is mathematically equivalent to the totality of 
dispersion relations described previously, and so may be 
conclusively checked by experimental verification of 
these formulas; in particular the experiments on forward 
scattering of mesons by nucleons appear to give a degree 
of confirmation. 


3. 


It is convenient to formulate the wave function of a 
physically real free particle in terms of functions having 
certain reality properties in space-time, rather than in 
terms of functions having only positive frequencies in 
their Fourier decompositions; for Klein-Gordon par- 
ticles the wave functions will be taken simply as real 
in physical space. Since there is a covariant corre- 
spondence between the two sets of wave functions, this 
is permissible, and the preceding definition of causal 
operator was adapted to the formulation in terms of 
real, rather than positive-frequency, wave functions. 
By virtue of the covariant correspondence, it could be 
directly reformulated in terms of the positive-frequency 
solutions, but it is not quite as intuitive in these terms. 
This use of real wave functions may appear surprising, 
but is helpful in a number of connections, and may well 
be more natural than the use of positive-frequency 
waves, although it merely amounts to relabeling the 
physical states. 

As a specific example of how the real and positive- 
frequency solutions are related, consider the case of a 
particle satisfying the Klein-Gordon equation. In the 
present formalism, corresponding to the proper or 
improper Lorentz transformation 7, there is a unitary 
transformation U(7) on the space of solutions ¢(z,t) 
of the equation, given by the equation U(T)¢(X) 
=¢(7-'X), where X= (x,/). The unitary character of 
U(T) is clear from its representation in momentum 
space: f(K) — e“4-“ f(T¢"K), where K is the four- 
momentum, A is the vector through which T translates, 
and 7» is the contragredient transformation to the 
homogeneous part of 7. Space and time inversion is 
represented in particular by the unitary transformations 
taking f(Ro,ki,k2,ks) into f(ko, —ki, —k2, —ks) and 
f(—ko, k:, Re, ks), respectively. Under the action of the 
proper (or even orthochronous) Lorentz group, the 
manifold H of all solutions reduces into two parts 
arising from the two branches of the mass hyperbola, 
but is irreducible under the action of the full improper 
group. The conjugation (=antiunitary transformation 
of period 2) J defined by the equation J f(K)= f(—K)* 
commutes with all the U(T), and because of the irre- 
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ducibility of the totality of the latter, is uniquely 
determined within sign by this property. The wave 
functions we employ may now be covariantly dis- 
tinguished as those left fixed by J. 

Now let Hyos be the subspace of H consisting of those 
wave functions with only positive frequencies in their 
decompositions, and let Hyea; denote the real-linear 
subspace (i.e., subspace invariant only under real 
scalars) consisting of the wave functions left fixed by 
J. The following correspondence between Hypo, and 
Aveo: is invariant under the orthochronous Lorentz 
group: f in Hye corresponds to f in Hyeai, where 
2/(K)=f(K)+f(—K)*. The Lorentz-invariant inner 
product of wave functions is also preserved. 


4. 


To show specifically the connection between wave 
functions that vanish on a backward ray and holo- 
morphic functions in momentum space, we consider 
the case of the analog of the Klein-Gordon equation 
in two dimensions, ¢::-—¢:=m’¢ (units are chosen so 
that c=A=1). Introducing characteristic coordinates 
uo=x—t and u,;=x+1, and the corresponding contra- 
gredient coordinates in momentum space, so= (Ro+h1)/2 
and s:=(ko—k:)/2, the equation becomes 3°¢/duodu, 
= 4m'*¢, whose general solution may be written as 


(tot) = f expLi (wose— 1151) ]/(se)de, 


where the integration is over both branches of the 
hyperbola sos;=m’/4, and the element dv of Lorentz- 
invariant length is normalized by taking it as dso/| so}. 
If y is another solution, arising from g in the manner 
in which ¢ arises from f, the Lorentz-invariant inner 
product of ¢ and y is defined as / fg*dv. The subspace 
M of wave functions that vanish on the backward ray 
x+t=0, x—t>0, then consists of all ¢ such that (1,0) 
=0 in case %>0. The variable so will be called the 
characteristic momentum and will generally be denoted 
as s, which notation causes no essential ambiguity, 
since So determines 5), and we shall also write s= (50,5;). 

Introducing the function f(s)= f(s)s“/|s|, where 
s“/ is defined so as to be positive for positive s and 
holomorphically extendable into the upper half-plane, 
we have the key relation: The wave function @ vanishes 
on the backward ray if and only if the corresponding 
function f(s) in momentum space admits a holomorphic 
extension to the upper half-plane of uniformly bounded 
square-integral on horizontal lines. 

To see this, observe that the fractional derivative of 
order } of ¢(10,0) is, within the factor i“, the Fourier 
transform of the square-integrable function of s, f(s). 
By a well-known theorem of Wiener applicable to such 
functions, ¢“"” (w,0) vanishes on a half-axis if and only 
if f(s) has a holomorphic extension of the type described. 
The vanishing of this derivative on the half-axis is in 
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turn equivalent to the vanishing there of ¢(o,0). [It 
may be noted that although $"/)(%#,0) is a strict 
function, (t%0,0) may be a generalized one, but may be 
approximated by strict functions suitably, so that the 
same conclusion is valid as when it is a strict function. ] 


5. 


Before treating the implications of causality as 
formulated previously, it may be useful to enlarge 
briefly on the form of quantum theory that is employed 
here, referring to Lehmann ef a/.* and Haag* for further 
details and references, although the essential ideas are 
simple and well known, and our method is insensitive 
to the precise field-theoretic formalism employed. The 
state space K of the field (incoming or outgoing) of a 
particle is the direct sum of the subspaces K,(r=0, 1, 
2, ---) in which exactly r particles are present. The 
K, are built up from the one-particle subspace K, in 
accordance with the relevant statistics. The ortho- 
chronous Lorentz group acts as usual (purely kine- 
matically, via changes of frame, e.g., as in Sec. 2) on 
K,, and thereby induces corresponding actions on the 
K, and ultimately on K. 

To treat the scattering of a particle a, let R be the 
state space of the scatterer; this may consist of a single 
element, or on the other hand may be the state space 
of the field of some particle b. The S operator for the 
system then acts on the “direct product” K@R. The 
latter space decomposes into the “direct sum” of the 
subspaces K;@ R, relative to which S can be represented 
as a matrix (S;,;) (i, 7=0, 1,2, ---) whose 1,j-coordi- 
nate is an operator taking an (incoming) state with 1 
a-particles into an (outgoing) state with j a-particles. 
The causality of S (as well as its covariance, when R 
is a covariant field) is precisely equivalent to a totality 
of corresponding conditions on each of the S;;. For 
fixed i and j, this is a condition involving only a finite 
number of degrees of freedom, apart from the degrees 
of freedom required to describe the scatterer. 

In the present case we are concerned only with the 
case in which i= j=1, i.e., precisely one Klein-Gordon 
particle a is incident and precisely one is emergent. It 
is assumed that when no a-particles are incident, the 
scatterer does not in itself create real a-particles, 
although there is no limitation on the creation of virtual 
a-particles, etc., through the interaction of the incident 
a-particle with the scatterer. 


6. 


In the present section it will be shown that under the 
general restrictions on the scatterer just described, the 
forward scattering amplitude, for a fixed state of the 
scatterer (undergoing arbitrary virtual changes), is 
extendable to a holomorphic function of the charac- 
teristic momentum of the incident particle, which is 
real on the imaginary axis. To prove this, let Fin and 
Fou, be respectively the incoming and outgoing wave 
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functions for the combined system, there being precisely 
one a-particle present in either state. The state of this 
a-particle is assumed to be given in momentum space 
as a function of the characteristic momentum s, while 
the state of the scatterer may be given in an arbitrary 
fashion; for definiteness, however, the latter state will 
be taken to be a function of ¥, which symbol may range 
from absolute constancy to being itself an arbitrary 
wave function for some particle. For forward scattering 
we have 


Four(s,p) -_ [1+¢(s,y) Fin (s), 


where the scattering amplitude is proportional to ¢(s,y). 
Now if causality holds, then whenever F;,, (sf) vanishes 
in physical space on a backward ray for all values of y, 
the same must be true of Four(s), which means in 
particular that fout(s,W)=Fou(sy)s“/|s| must be 
holomorphically extendable to the half-plane Re[s]>0. 
Since ¢(s,~) =four(sW)/fin(sw)—1, and Fin(sy) may 
be taken to have the form /(s)g(W), where the holo- 
morphic extension of f(s) to the upper half-plane has 
no zeroes, it follows that ¢(s,~) admits, for each y, a 
holomorphic extension to the upper half-plane, as a 
function of s. It may be noted incidentally that in a 
strictly convergent theory the boundedness of Sj, by 
unity, which is implied by the unitarity of S, requires 
that ¢(s,y) must be bounded as s varies over the upper 
half-plane (see Fourés and Segal,? Theorem 2). 

To prove the reality of ¢(s,y) on the imaginary axis, 
note that if f is a wave function for a real a-particle 
whose wave function vanishes in physical space on the 
standard backward ray, then the holomorphic extension 
i“! f(s+it) of f(s) is real for s=0, ¢>0. For these values 
are given by the (real) Laplace transform of the frac- 
tional derivative of order } of the wave function (10,0). 
Since {(s+it) is the ratio of two such holomorphic 
functions, less unity, its values on the upper half of 
the imaginary axis are likewise real. This is crossing 
symmetry in terms of the characteristic momentum, 
and implies the theorem of Gell-Mann and Goldberger 
(see following material). 


7. 


It is straightforward to derive a dispersion relation 
for ¢ on the real axis from the foregoing. To validate 
the description of the equation PSP= SP as a type of 
universal dispersion relation, it should be noted that 
the projection P operates on a wave function F(s)g) 
simply by transforming f as follows: 


P: f(s) > (2mi f ji) (t-+i8—s)-tar, 


the integral being taken over the real axis, and 6 being 
an infinitesimal positive number. This is true because 
the resulting wave function represents a solution of the 
equation that vanishes in physical space on the back- 
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ward ray, and since such wave functions are left 
invariant by the indicated operation. The equation 
PSPf{=SPf then gives, suppressing the dependence 
on y, 


¢(s)f(s) = (2i) f C()f(i-+id—s)(1+i8—s)'dt, (1) 


if f corresponds to a wave function vanishing on the 
backward ray in physical space. A suitable choice for 
f, when combined with the crossing symmetry, will 
give a dispersion relation, in which the real part of 
¢(s) is determined by its imaginary part; e.g., con- 
ventionally one uses the reciprocal of a polynomial 
having zeroes with infinitesimal negative imaginary 
parts. 

To exhibit the formal aspects of the situation as 
simply as possible, we apply the foregoing equation to 
the non-normalizable wave function for which f(s) 
=i", tacitly assuming £(0) is finite and ¢(#)=0. 
Integrating as usual along the real axis except for a 
small detour into the upper half-plane to avoid the 
point /=s, and using the crossing symmetry, it follows 
that 


Re[¢(s)]=x"P f Im[¢(t)]2(#—s*)"dt. (2) 


8. 


Let us now turn to the physical case of four dimen- 
sions. In the case of forward scattering, if the incoming 
wave depends only on one of the space coordinates and 
time, say on x» and x, then the outgoing wave functions 
will likewise depend on these same coordinates. The 
partial differential equation just treated is satisfied in 
these two coordinates. The scattering amplitude is 
independent of the dimension, apart from possible con- 
stant factors, so that the results obtained previously 
apply equally well in four dimensions. 

It has therefore been shown that on the basis of the 
assumptions of causality, regularity of the scattering 
amplitude at the extreme values s=0 and s=, and 
absence of real changes in the scatterer which have been 
formulated above, the forward scattering amplitude for a 
scalar particle of positive mass as a function of the charac- 
teristic momentum of the particle is holomorphically 
extendable into the upper half-plane to a function with 
real values on the imaginary axis, and satisfies the relation 
(2) involving only physically real values of the argument. 

In case the scatterer is the field of a Klein-Gordon 
particle b (distinct from a), and if there is exactly one 
b-particle present before and after scattering, then it 
follows from invariance under the Lorentz group that 
¢(sw) has the form 7(k-k’), where k-and k’ are the 
respective four-momenta of the a and 6b particle, and 
k-k’ denotes the Lorentz-invariant scalar product. It 
is therefore natural to reformulate the preceding results 
in terms of the covariant variable \=k-k’. Now k-k’ 
=4(sm’s'—!+-5’m*s), where m”?=ko*—k,”, and the 
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mapping s— 4(sm”s’—'+s'm’s) of the upper half- 
plane is one-to-one and holomorphic onto the region G 
consisting of the entire plane cut from +s’m/m’ to ~. 
It follows that a holomorphic function T(A) can be 
defined for \ in G that has the given boundary values, 
i.e., the physical scattering amplitude, for the approach 
from the upper right half plane. 

Transforming from s to A in (2) gives a dispersion 
relation for T(A) involving only physical values of X. 
Specifically, first breaking up the ¢-integration into the 
intervals (0,7) and (r,0©), where r=s’m/m’, making 
the transformation —r*/t in the first integral, and 
using Lorentz invariance to relate the values in the two 
intervals, it results that 


L(t/r)?+ (r/t)*}—2(r/s? 
[(t/r)?+ (1/t)?—(s/r)*— (r/s)*] 
X¢(rdt. 





2 x“ 
Re[¢(s) ]= “Pf 


Now putting A=3}mm'(s/r+r/s) and \’=4}mm'(t/r 
+r/t), and simplifying the resulting integrand, it follows 
that 


Re[T (A) ] 
8 i‘ 2n— (mm’)?— (\—[d?— (mm’)*}0}2 
[\?— (mm’)*}"® (’2—)?) 
XIm[7T(A’)]dn’. (3) 





’ 
mm 


Letting m — 0, essentially the Kramers-Kronig formula 
is obtained, as is appropriate because s and ) are linearly 
related when m=O; this must of course be rigorously 
justified by a specific treatment of the vanishing mass 
case by the above method. Since pure imaginary values 
of s correspond to pure imaginary values of X, it has 
been shown, under the assumptions described above, 
that the amplitude for the forward scattering of a scalar 
particle of mass m by another (distinct) scalar particle, 
as a function of the scalar product of the four-momenta of 
the particles is holomorphically extendable to the entire 
complex plane, except for cuts from +mm’ lo +~, the 
resulting function being real on the imaginary axis, and 
satisfying the relation (3) involving only physically real 
values of the argument. 

It should perhaps be emphasized that the derivation 
of the foregoing result involves substantially no as- 
sumptions regarding the character of the interaction 
between the two particles other than causality and 
Lorentz-invariance. On the other hand, in view of the 
situation in field theory, the assumption that the 
scattering amplitude is regular at s=0 and s= © is not 
necessarily realistic. Admitting a pole at s=0 (and hence 
at s= ©), of finite order, would have the effect of adding 
a polynomial in the variable \ to the scattering ampli- 
tude representation, and of making necessary the use 
of a convergence factor. 
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It must also be noted that the dispersion relation (3) 
differs from the conventional one in two respects. First, 
the integrand has the usual form only in (2), where the 
physical variable is the characteristic momentum, and 
not in (3), where the variable is essentially the energy 
of the scattered particle (the other particle being taken 
at rest). Now there is no apparent physical or theoretical 
reason why the kernel of the formula should be for- 
mally the same regardless of whether A or s is used as the 
basic variable (except in the case of vanishing mass, 
as noted previously). The mathematical viability of 
the latter variable arises from the circumstances that 
its complex domain is naturally a half-plane, and that 
it is associated directly with square-integrable functions 
as in the theory of the Hilbert transform; this is paral- 
leled by the feature that it is the conventional relation 
in terms of characteristic momentum, rather than 
energy, that is a direct paraphrase of the present 
causality condition. 

Thus the derivation of the present formula seems to 
be on a mathematically more rigorous basis than those 
of formulas arrived at through the partially formal use 
of contour integration in the cut plane, the relevant 
behavior of the functions involved in the real unphysical 
region being difficult to ascertain. In fact the author 
does not know of any mathematically more explicit 
and effective way of dealing with the class of scattering 
amplitude functions in the cut plane than by trans- 
formation of this class into that treated previously, re- 
placing the energy as basic variable by the charac- 
teristic momentum; in particular, an explicit evaluation 
and identification of the contribution to the conven- 
tional dispersion formula integral from the real un- 
physical energy region, for a nontrivial theoretically 
possible scattering amplitude function, does not appear 
to be known. In this connection it should perhaps be 
mentioned that it has been pointed out to the author 
that the formula (3) differs by a constant from one 
obtainable by relatively formal contour integration 
methods in the cut plane. We personally find it difficult 
to see what the significance of this fact is, other than 
that the results of such methods may on occasion be 
more rigorous than the methods themselves. 

Secondly, (3) contains no visible so-called “bound 
state” term, having a pole in the real unphysical energy 
region. However, a term with similar empirical effect 
is implicitly contained in (3). To see this, choose units 
so m’=1 and expand the kernel of the integral in (3) 
in powers of m, obtaining 


, 
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where A=—}/,,"X~ Im[7(A) ]@A. The corresponding 
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Goldberger formula would be identical, apart from the 
specific evaluation of the residue A, except for the 
dropping of the O(m‘) term and the replacement of the 
\? in the term on the right by (A?—m‘/2), which is itself 
a modification of O(m*). Since for the meson-nucleon 
system m*<10~, the practical difference between the 
two formulas appears to border on the negligible, when 
the same number of adjustable parameters are used. 

The origin of the theoretical difference between the 
two formulas may be in the conventional treatment of 
the real unphysical energy region, in which virtual 
transitions are limited and treated on the basis of 
physical and mathematical assumptions which may 
not be completely rigorous. The theoretical role of 
bound states in quantum field theory does not seem 
sufficiently well established, in the opinion of the author, 
for the conventional theory at this point to be regarded 
as purely a deduction from field theory with mere 
substitution of numerical values for parameters of the 
theory. In the present treatment it is not necessary to 
assume that the meson-nucleon system is closed, so 
that virtual transitions are relatively unlimited. 

Finally the assumption that ¢(s) vanishes at s=0 
and © may not be realistic, and for the general case a 
convergence factor f(s) must be used which vanishes 
at both points [as Lorentz-invariance implies that ¢(s) 
has the same behavior at the two points]. Such a 
factor can not be taken as real, producing the tech- 
nical complication that the f can not be eliminated in 
the determination of Re[7(A) f(A) ] from Im[7(A) f(A) ] 
by a quadrature in closed form. 


9. 


The causality assumption used previously may be re- 
formulated mathematically in a way that makes it 
closely parallel to the usual network notion, and readily 
adaptable to more general situations. This helps to 
make it clear that there is no appreciable mathematical 
ground for making a distinction between the degree of 
causality present in quantum theory, and that in 
classical theory, however substantial a philosophical 
distinction there may be; and may also be useful in 
formulating causality in some future theory, in which 
the Lorentz group has been extended or modified. 

For this purpose, let “covariant mechanism” be 
defined as a transformation between a class of inputs 
and a class of outputs that is invariant under a given 
group of transformations acting on both the inputs and 
outputs. In the case of a network, inputs and outputs 
are functions of time, and the group consists of trans- 
lations in time (for fixed parameters). For field theory, 
the input and output are states of the field, the input- 
output relation is given by the S operator, which is 
invariant under the Lorentz‘ group. A group may be 
“casually oriented” by giving in its infinitesimal form 
a distinguished “backward cone”; for translations in 
time this will be the negative half-axis, while for the 
Lorentz group it will consist of all (backward) trans- 
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CAUSALITY REQUIREMENTS ON S OPERATOR 


lations in a direction contained in the backward light 
cone. The common causality formulation is then: A 
linear covariant mechanism is causal provided whenever 
the linear manifold of inputs vanishing in some region of 
space-time is invariant under the finite transformations 
generated by the infinitesimal transformations in the 
backward cone of the group, the same is true of the cor- 
responding manifold of outputs. To see the equivalence 
of this condition to the original physical formulation, 
two observations are needed. First, the manifold used 
above of functions vanishing on a backward ray is 
clearly invariant under the backward cone. Second, 
every region in space time that is invariant under the 
backward cone in the infinitesimal Lorentz group is a 
union of backward rays. 

It may be mentioned finally that there is a natural 
unique way to extend this notion of causality to certain 
nonlocalizable theories, in which a scalar particle would 
have space-time coordinates that are satisfactorily 
covariant, but not quite commutative. We intend to 
treat this elsewhere (see, however, Segal"), remarking 
here only that this type of formulation avoids the use 
of an underlying space-time manifold, as well as of the 
Heisenberg fields. This manifold is essential for the 
formulation of conventional microcausality, but may 
well have hardly more operational significance for 
microscopic elementary particle theory than the ether. 
On the other hand the generators of the covariance 
group are in part physical observables (energy and 
momentum), so that it is preferable to deal with a cone 
in the group rather than in the space-time manifold. 


APPENDIX. S-OPERATOR FIELD THEORY 


In this appendix the theory is treated in a fashion 
which makes no reference to the Heisenberg fields. For 
simplicity, we consider the interaction of a boson } 
with a fermion f. 

It is assumed that the boson (resp. fermion) single- 
particle wave functions transform in accordance with 
an irreducible representation of the Lorentz group. In 
mathematical terms, this means that we assume given 
Hilbert spaces H, and H,, vectors in which are desig- 
nated “single-particle wave functions,” and also 
irreducible unitary representations U, and U, of the 
Lorentz group on these spaces. With these assumptions, 
the state space K of the joint field of the particles may 
be defined as follows. First the individual free fields are 
defined. The free field of bosons has as its state space 
the Hilbert space K, of symmetric tensors over the 
single-particle space Hy. The general vector in Ky has 
the form %@u,Ou.+---, where the & tensor 
is a linear combination of products of the form 
¥1®'y2@’---@’yx, or a limit in the Hilbert space of 
such linear combinations, where the y; are vectors in 
H,, and @’ denotes the symmetric tensor product. 1 


uJ. E. Segal, Duke Math. J. 18, 221-265, especially 260-264 
(1951). 
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however is a multiple of a fixed vector, designated as 
the representative for the vacuum. The Lorentz group 
acts on K, in canonical fashion, which is to say that if 
a denotes a Lorentz transformation, the corresponding 
unitary transformation of the space K, is 


iS) U,(a)® U,(a)@’U.(a)® ee 


where J is the identity operator. Similarly for the 
fermion field, except that antisymmetric rather than 
symmetric products are used. The joint field space K 
is then defined as the direct product K,;@K,, and the 
action of the Lorentz group to be the direct product of 
its respective actions on Ky and K, as just defined. 

It is now assumed that a state of either the incoming 
or outgoing field is given by a vector in K. In the absence 
of interaction the fields themselves are given as follows. 
It is only necessary to describe the suitably weighted 
incoming field ¢i,°(«), and in fact the field at the point 
x itself does not have physical significance, as pointed 
out in a well-known paper by Bohr and Rosenfeld, nor 
does it have any precise known mathematical meaning. 
If b(x) denotes a single-boson wave function, the 
integral over four space /¢in®(x)b(x)dx is defined as 
the creation operator for a particle with wave function 
b, in accordance with the well-known work of Fock on 
the second quantization, and the mathematical exegesis 
of this by J. M. Cook. That is to say, this operator has 
the form T@J,;, where I, is the identity operator on 
K,, and T is the operator on K, that takes «4, as above 
into (k+1)4@’y,@'y2®’---@’ys, and is defined more 
generally through linearity, etc. In the absence of 
interaction, ¢our’(x) is identical with ¢in°(x). The in- 
coming and outgoing fields are defined in corresponding 
fashion for the fermion f. 

Now in the case of interacting fields, the incoming 
fields may be defined as in the case of no interaction, 
while the fundamental assumption is made that the 
outgoing fields are related to the incoming field in the 
following fashion: 

dour?(x)=Shin®(x)S, where S is a fixed unitary 
operator on K. In the present paper we are not concerned 
with the theoretical determination of this operator S, 
but only with certain properties of it that result from 
covariance and causality. The interaction (or the 
operator S) is said to be covariant in case S commutes 
with all of the unitary operators on K that correspond 
to Lorentz transformations in the fashion described 
above. The interaction is said to be causal in case 
whenever the incoming field, which is described by a 
vector in K, vanishes on a backward light ray, then so 
also does the outgoing field. Now the state vectors in 
K are not simply functions on four-space, but have the 
form %4o@ 14,0 u2@ - --@u,+ ---, where 1, is a function 
of 4k real variables, which may be designated z', 2°, - --, 
x*, where each x’ denotes a 4 vector. We say that 
vanishes on a backward light ray in case whenever all 
of the x’ have values on the ray, «; vanishes; and the 
complete state vector is said to vanish on the ray in 
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case for each and every k, the kth component 
vanishes in the sense just described. Our requirement is 
then that if « is such a state vector, then Su shall 
likewise be such a state vector. 

Mathematically this may be expressed as follows: 
Let M, and M; denote the manifolds in H, and H, 
consisting of those wave functions vanishing on the 
given backward ray. The S operator must then be such 
as to leave invariant the submanifold of K of the form 
(0@ M,@M.Q'M.@ -- -)@(0O@MsOM;OiM;@ ---), 
where @,; denotes the antisymmetric tensor product. 
Equivalently, if P denotes the operation of projection 


SEGAL 


of K onto this subspace, SP= PSP. Each backward 
light ray gives a projection P for which this equation 
must hold, but for a covariant interaction it suffices to 
take any one such ray. 

In the present paper we are concerned not with the 
entire S operator, but only with its restriction to the 
subspace of K in which exactly one boson and one 
fermion are present, i.e., with the operator A,SA, where 
A, denotes the projection of K onto the subspace 
H,@H,, or with the corresponding operator in the 
case of an arbitrary scatterer. The methods, however, 
apply in principle to the complete S operator. 
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We postulate a formulation of quantum mechanics which is based solely on a quasi-probability function 
on the classical phase space. We then show that this formulation is equivalent to the standard formulation, 
and that the quasi-probability function is exactly analogous to the density matrix of Diracand von Neumann. 
We investigate the theory of measurement in this formulation and derive the following remarkable results. 
As is well known, the correspondence between classical functions of both the position and conjugate mo- 
mentum and quantum mechanical operators is ambiguous because of noncommutativity. We show that 
the solution of this correspondence problem is completely equivalent to the solution of the eigenvalue 
problem. This result enables us to givé a constructive method to compute eigenvalues and eigenfunctions. 


I. INTRODUCTION AND SUMMARY 


T is well known that, as a general rule, for macro- 

scopic phenomena, classical mechanics furnishes 
quite a good description of nature. If we have a me- 
chanical system, it is described classically by a Hamil- 
tonian function H(q;,p:,t). Classical mechanics asserts 
that if we measure the system, we will find it with 
unit probability at a point, (q:(¢),p(2)), in phase space 
which moves in accordance with Hamilton’s canonical 
equations, 

Ge={qe,H}, Pe={Px,H}, 

where {A,B} is the classical Poisson bracket.' 

We find experimentally, however, that it is not 
possible to make the measurements necessary to 
establish the classical trajectory. The fundamental 
limitation is expressed by Heisenberg’s uncertainty 
principle which states that it is impossible to ascertain 
the position of a system in phase space more accurately 
than to say that it is in a volume of the order of h”, 
where m is the number of degrees of freedom and h is 
Planck’s constant. The uncertainty principle shows us 
~ * Submitted in partial fulfillment of the requirement for the 
Ph.D. degree, University of California, Berkeley, California. 


+t Now at Los Alamos Scientific Laboratory, ‘Los Alamos, New 


Mexico. 
1H. Goldstein, Classical Mechanics (Addison-Wesley Publishing 
Company, Inc., Cambridge, 1953). 


the need for a different representation than the classical, 
moving phase-point. 

For the case of quantum-mechanical systems in 
which all observables may be expressed as functions of 
the coordinates and their canonical momenta (q,px), 
we may represent the system by a quasi-probability 
(not everywhere necessarily non-negative) distribution 
in phase space, instead of the more usual Heisenberg 
or Schrédinger representations. We shall see that the 
impossibility of simultaneously measuring comple- 
mentary quantities (such as g and #) will be closely 
related to the occurrence of “negative probability.” 
We show that the quasi-probability distributional 
representation is equivalent to the standard formula- 
tion. In our formulation, we replace the classical 
condition of a point representation with a corresponding 
quantum condition, and with the aid of the corre- 
spondence principle, are able to derive the dynamical 
law. 

By introducing the appropriate orthonormal set, we 
are able to show that the quasi-probability function 
which we use is isomorphic to the statistical operator 
of von Neumann.? 


2J. von Neumann, Mathematical Foundations of Quantum 
Mechanics, translated by R. T. Beyer (Princeton University 
Press, Princeton, 1955). 
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FORMULATION OF QUANTUM MECHANICS 


As a result of our study of the quantum theory of 
measurement, we are able to develop a method for 
constructing the solution to any quantum mechanical 
eigenfunction problem. The problem of the corre- 
spondence between phase space functions and the 
powers of a given physical quantity is shown to be 
equivalent to the solution of the eigenfunction problem, 
and we give an explicit rule to determine this corre- 
spondence. 


IL. QUASI-PROBABILITY DISTRIBUTIONAL FORMULA- 
TION OF QUANTUM MECHANICS 


This formulation of quantum mechanics is based on 
the following postulate: 

Postulate Q.—There exists a quasi-probability distri- 
bution function f(q:,p:,t) of the conjugate coordinates 
(qe,Px) and the time, ¢, satisfying the conditions 


+x +2 
ff fdqy---dqndp---dp.=1, 


(normalization) (1) 


+2 +a 
f rte f | f|*dqi- - -dqndpi- --dp,, exists, 
cs e (boundedness) (2) 


f=h"(f,f), (quantum), (3) 
of 4 
—=—[f,H], (dynamical), (4) 
a: @ 


where H (q,,t) is the classical Hamiltonian function, 
which completely defines the quantum mechanical 
state of the system. 

We have used the definitions 


- 2\2" pte +2 ag, jt 9 * 
(A, -(-) f af coss — etil +; o 
h - - h i=t , ‘| 

1 § 9; 


XA (74,04) B(Exjme)dés- - -dEndm- - 





Xdnndr1---drpdo,-+-dan, 
and 
2\25 pte — pte ue Las Bs 
[4,8]-2(-) f af sin — > det}1 Tj Gj 
—2 —2 - 
1 fj) 1 
XA (14,04) B(Exsme)dés- dnd - - 
Xdyndr,-+-drado;---don. 


We remark that one can show for properly restricted 
A and B, by applying a suitable form of Riemann’s 
theorem on trigonometric integrals, and an integration 
by parts in the second case, that, in the limit as 4 
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goes to zero, 


(A ,B) —A (qu,Px)B(ge,Px), 


1 n {0A OB 0A OB 
-[A,B] > {4,B) = 5(—— - —— ). 
h im \0q; 0p; 9; 09; 


The relation for the sine bracket converts condition 
(4) into Liouville’s theorem and hence in the classical 
limit f changes in time like a classical statistical 
mechanical distribution would. The relation for the 
cosine bracket, together with condition (3), implies 
that f tends to a distribution on a set of measure zero 
in the classical limit. Thus, in the classical limit, this 
formulation reduces to a phase point executing a 
classical trajectory. 

It is now our purpose to show how the quasi-proba- 
bility distributional formulation is related to the density 
matrix formulation of von Neumann and Dirac. To do 
so, we first show that the distribution function may be 
written in the form given by Wigner.’ We then show, 
by introducing an appropriate orthonormal set, the 
one-to-one correspondence between the quasi-proba- 
bility distributional formulation and the density matrix 
formulation. 

It may be useful in following the derivations given 
herein to think of the quasi-probability distribution 
function as a particular representation of the more 
familiar density matrix, and the sine and cosine 
brackets as the commutator and one-half the anti- 
commutator brackets, respectively. We show that there 
is an isomorphism between the density matrix formu- 
lation and the quasi-probability distributional formu- 
lation. 

We now show that we may write 


+2 pte 2i» 
f + f exp| -—> sibs f(gnbsdpr --dPn 
lie hie Ark=I 


(3) 


where g depends on the state of the system. It follows 
from the definition that [A,B]=—[B,A ]. Therefore, 
(f,f]=0. So, by condition (3) of postulate Q, 


- g*(qet+se)g(qe—Se), 


jae G.0+-04.). 


or 
22" +2 


saa Zi s 
-f exp|— L[i(rs— Es) — oss £3) 


> Poe 
—n;(t3— 9) ] | frwow) (Eada tee 


Xdindm---dyadry+--dradoy-+-don 
2 E. Wigner, Phys. Rev. 40, 749 (1932). 
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Let us make a change of variables of integration: 


73—§;=93, Te+k;=wstq;, Jacobian= (})*. 


Then 

2\"* -* 2i 
as ‘be 95-4095 +9; 
f ou t; exp|— sia b0;(Qit+y 


—w,)+3n;(q;—ys—ws) ] | Kort tan)/2, ox) 


X f((witge—yx)/2, nx)dwy: - 
Xdyndm-- 


.dw,Ay,: + 
-dnadloy:+-do 


If we take the Fourier transform of the above relation 
with respect to (p;),then, defining the auxiliary function 


G(qet+Sk, Qe—Sk) = iz Sf exp| —— bins > psi} 


h i= 


X f(qe,pedpr- - 
we obtain, by Fourier’s integral theorem,‘ 


G(qutSe, Ge— Sx) 


dP ns 


+00 +20 
-{ ee f G(qaitsi, wr)G(wy, ge— Sx) dw, oe dW. 


If we think of G(qit+s:, wz) as the kernel of a homo- 
geneous, linear integral equation, we see that it has at 
least one solution, i.e., G(w:, g.—s,) and its eigenvalue 
is unity. By a slight modification of the arguments of 
Courant and Hilbert,’ we know 





+oo +0 1 
f ni f |G(qu,we) |*dq- - -dq,dw,:--dw, >> ~ 7 
—o —« i=l 


where the A, are the eigenvalues. But, by the relation 
we derived above, the integral becomes 


i. 


as G(x,y)=G*(y,x), which is, by definition, equal to 


+00 
. f G(qx,9x)4q1- - -dqn, 


+00 +0 
f sf Slaupaddar---dandpr---dpa=1, 


by the normalization of f. Hence 


1 
1>14E 


i=2 IDs \2 





*E. C. Titchmarch, Introduction to the Theory of Fourier 
Integrals (Clarendon Press, Oxford, 1937), Chap. III. 

5 R. Courant and D. Hilbert, Methods of Mathematical Physics 
(Interscience Publishers, Inc., New York, 1953), Chap. ITI, Sec. 4. 
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Therefore, there is only one eigenvalue, 1, and by the 
above-mentioned arguments of Courant and Hilbert, 
we see that G(x,y) is a degenerate kernel, and so must 


be of the form 
G(x,y) = g*(x)g(y), 
which is (3’). 


If we take the inverse Fourier transform of (3’) on 
(s.) and identify g with the wave function, ¥, we obtain 
the Wigner form for f. Hence 


S (Ges) = (- ) ix f exp{— E pon} 


XW* (get ye (qe—ya)dyr (3”) 


It is this form which Wigner* chose “from all possible 
expressions, because it seems to be the simplest,” 
although he knew only that it gave the correct marginal 
distributions. Moyal* has shown that it also gives the 
correct joint distribution if we make the “Weyl corre- 
spondence” (see also, Sec. III below) between operators 
and phase-space functions. Moyal investigates the 
quasi-probability distribution function from the point 
of view of modern statistical theory and the theory of 
general stochastic processes. Groenwold*® and Taka- 
bayasi® have also investigated this form and some 
equivalent forms of the quasi-probability distribution 
function. 

We remark that, if we integrate first on p and then 
on q that the normalization of / insures that y must be 
square-integrable, and hence belong to a Hilbert space. 


“Yn. 


Ill. RELATION BETWEEN THE QUASI-PROBABILITY 
DISTRIBUTION AND THE STATISTICAL 
OPERATOR OF VON NEUMANN? 


Following von Neumann, we introduce an ensemble 
of systems each of which is in a “pure state,” and each 
state has a certain frequency of occurrence in the 
ensemble. The quasi-probability distribution function 
for the ensemble need not satisfy condition (3) of 
postulate Q, but rather it is a sum of functions which 
do. Hence f for the ensemble will be 


f= z, Wf o(QuPr)- 


Let us introduce a complete orthonormal set of wave 
functions {¥;(q:)}. From the form (3’) of f, we know 
that to each f,, there corresponds a ¥, which we may 


expand as 
v= Li a,j. 
It then follows at once that 


f= Li WO yi a, sfi, 


ei 


6 J. E. Moyal, Proc. Cambridge Phil. Soc. 45, 99 (1949). 
7H. Weyl, T heory of Groups and Quantum Mechanics, 
translated from the German by H. P. Robertson (Dover Publi- 
my New York, 1931), p. 274. 
H. J. Groenwold, Physica 12, 405 (1946 
7 Takabayasi, Progr. Theoret. Phys. am 11, 341 (1954). 








FORMULATION OF QUANTUM MECHANICS 


where we define 


una-() fo flo 


XVs* (get yes (qu—ye)dyr- + dyn. 


The f;; have certain orthogonality properties which 
we shall now note. These properties have been, in 
essence, derived by Moyal® for one degree of freedom, 
but their proof for m degrees is the same. They are as 
follows (variables of integration suppressed) : 


(i) [ tthn=0 if and only if 


f Vi=0, or f Vin =0. 
(ii) f Lfasl2= Ar 


(iii) 


The y¥, are an orthonormal set if and only if the 


hv" f;, are 
(iv) f tomes, if the set {¥;} is orthonormal. 
(v) If and only if the set {y,} is a complete ortho- 
normal set, 
X fis(QusPr) fas* (qu' Pe’) 
2 
- Tl 5(ge—Qu')6(pa— pr’). 
=1 
(vi) If {¥;} is a complete orthonormal set, then h*?f;; 


is a complete orthonormal set in the Hilbert space of 
phase-space functions. This is to say that, not only do 
the f;,; form a basis for the quasi-probability distribution 
functions, but they also span the entire Hilbert space 
(Lz) of functions on phase space. 

If we now compute the matrix 


[ef ; fl sttte- - -dqadqi-- pal 


we obtain 
b> p W0yi*, 2,5; 


* which is just the matrix for von Neumann’s statistical 
operator [U;; ]. The matrix corresponding to a quantity 
R(qe,Px) is seen to be 


[Rin]= ix 7 J Reon 


X fi,m* (QusPu)dqrs + -dgnd pied pny 


2201 


as the expected value of R(q:,px) is given correctly by 
von Neumann’s rule: 


(R)=Trace(RU) 
for all U. For 


Tr(RU) = RinU nj 


+2 


=x 


imdJ_, 


+00 
sj f R(gusPr) fs,m* (QesPr) 
XC WpBpm* Op; \dqi "+ -dgud pr -dpn, 


and as fim*= fmj;, this becomes 


+e +2 
Tr(RU)= f of R(qi,Px) 


xL ) W ppm Oyj fmj(QesPr) ] 


e.7.™ 


Xdgi---dgndpr---dpn 


+H +e 
-f af R(ge,Px) f(Qu,Px)dqr--- 


Xdgnd pr: - -dpa=(R(qe,Px)). 


These results indicate that the quasi-probability 
distribution is directly analogous to von Neumann’s 
statistical operator. Where he uses infinite matrices as 
the basis of his theory, we use functions of the real 
variables (q:,f). It is worth noting that, using the 
above method to define a matrix for a function, the 
matrix for the cosine bracket, (A,B), is one-half the 
anti-commutator of the matrix for A and the matrix 
for B. Also the matrix for the sine bracket, [A,B], is 
simply the commutator divided by 1 of the matrix for 
A and the matrix for B. These results serve to establish 
an isomorphism between the space of functions of real 
variables and the space of infinite matrices. They may 
be verified by a straightforward formal calculation, which 
starts from the following rule for the result of R(q.,px) 
acting on y. This rule follows at once from our definition 
of the matrix elements Rj». It is 


+2 +00 7) 
ee pig 


XR (gut &x)/2, mW (Ex)dér- - -dEadm- + -dn. 


We note that this rule may also be derived from the 
correspondence suggested by Weyl’ by some fairly 
straightforward manipulations involving the use of 
Fourier’s integral theorem. Let ® be the operator 
corresponding to p and 9 be the operator corresponding 
to g. Let them satisfy the commutation relation 


PQ— QO= (h/i)E, 
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where & is the identity operator. If 


ia i 
Reg=— f f exp|(ot-+rp) |r ,r)dodr, 


then, according to Wey], the correct operator is obtained 
by replacing ¢ by 9 and p by ®. In this derivation, 
use is made of an identity of Kermack and McCrea": 


(=) (= (= 
=exp{ — } exp{ —— } exp{ — J}. 
. 2h j h ) 7 h ) 


Our quantum condition, (/,f)=h"f, becomes then, 
in matrix language, 





exp| “(00+ TQ) 


UU=U, 

which is just von Neumann’s characterization of a 
“pure state.” The physical interpretation in the two 
cases is similar. In matrix language, it characterizes a 
projection operator onto some state, while our condition 
may be thought of as characterizing sort of a smeared- 
out projection operator for a region of phase space. It 
represents a modification of the classical delta function 
which projects onto a phase-point. 


IV. QUANTUM DYNAMICS AND THE 
CORRESPONDENCE PRINCIPLE 


We show in this section that the dynamical equation 
of quantum mechanics can be derived from the quantum 
condition, with the aid of the Bohr correspondence 
principle. For this demonstration, it is convenient to 
define a dot product as 


+20 ined 
A B= ‘6 f A (qk,Px)B( qx, Pr) 
—wo —* Xdqi ji -dgnd pi om dP». 


It is easy to verify from the definitions that 
[A,B}]-C=A-[B,C], 


and to verify, by formal integration by parts and 
Fourier’s integral theorem, that 


[A,B]=h{ A,B}, 


if A is a polynomial, at most quadratic, where {A,B} 
is the classical Poisson bracket. 

The large-scale experimental validity of classical 
mechanics tells us that quantum theory must, in some 
sense, correspond closely to classical mechanics. We 
have altered the classical concept of a moving point in 
phase space to that of a quasi-probability distribution 
which changes in time. This distribution (see Sec. II) 
is imagined to be concentrated about the classical 
point, so that a crude measurement will be unable to 
differentiate between the two theories. To insure this 


10W. O. Kermack and W. H. McCrea, Proc. Edinburg Math. 
Soc. 2, 224 (1931). 
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correspondence, we shall use the statement which 
actually seems to be given by experiments—on the 
average, Hamilton’s canonical equations hold. It can 
be shown, say by using the Wigner form (3”) of f and 
some of the properties given in the next section, and 
making an infinitesmal change y, that the most general 
infinitesmal change 6f which preserves the normaliza- 
tion and quantum conditions is given by 


5f=Lfoe], 


where ég is arbitrary. Since by “the average of gy” we 
mean the time rate of change of the expected value of 


gx, we have 

d af 
Average (gi) =—(qe-f)=qe-—. 
dt at 


Also 
6 f=6t(df/dt). 


We must have, by the correspondence principle, 


a 
u( ~*) =qeLfog) 


==— [yx,5¢ } -f 
= —h{qu,5g} - f 
=6t{ qx,H} - f. 


Thus we see, as the above equation must hold for all 
gq, and p,, and for any possible f, we must (outside an 
arbitrary, additive constant, V9) choose for 6g 


dg= — Hit/h. 
Thus we obtain the dynamical equation 


 e. 
—=-—-[f,H], 
Pe seal 


which is given by condition (4) of postulate Q. It should 
be noted that this equation is the direct analog of 
Liouville’s theorem of classical statistical mechanics.' 

We see, therefore, that in this formulation, the change 
in the formal structure from classical to quantum 
mechanics consists in replacing the equation f= (0*) f? 
by f=h"(f,f). (See Sec. II for limiting behavior of the 
cosine bracket as 4-0.) The quasi-probability distri- 
butional formulation has the advantage that it does 
not depend on the two superfluous constants, the 
arbitrary phase factor and the additive constant in the 
classical potential energy which appears in the standard 
Schrédinger formulation. This lack of dependence on 
arbitrary, unobservable constants is not only an 
advantage, per se, but should be a greax convenience in 
the treatment of the asymptotic behavior in scattering 
problems. Furthermore, our formulation provides a 
sort of intuitive picture of what the system is doing in 
phase space. 
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V. FORMAL PROPERTIES 


(I) One property of the quasi-probability distribution 
which is easy to demonstrate is that it is uniformly 
bounded (see also, Takabayasi’). In terms of the wave 
function ¥(q.), we have 


I (QusPx) = (2/h)" f- Sf en ; E vps] 


X* (qat ye (Qe- ye)dyy as “dyn. 


By the Schwartz inequality,‘ we have 


+0 +a a ve 
| f(qu,px) |\2< (2 wel f sf exp aa mp] 
—x —s kh k=1 


XW* (gaetye)| dyi-- ays} 


which. as /y*=1, implies 
FS (Qe,Pe) | S (2/h)* 


(II) A second property is the following one. Let us 
define 


“N 2X “ES ef “en poy 


Xou* (qi tye (g;—ysdy1 =i ‘Yn, 


where the ¢,’s are orthonormal. 
Let [a] be a unitary transformation and let us also 
define 


Xi(qi)= 7 Qin (9;), 
k=] 
and 
2i » 
fju=—E f of “eal E pa] 
N i=l = 


XXF (git y)Xi(Gi—ys)dyr- » -dYny 
then f1=/f1. This means that if f represents an en- 
semble composed of equal numbers of systems in V 
orthogonal states, then we get the same f no matter in 
which way we make up the orthogonal states. To see 
this, we expand fir as 


PR =f". = exo{— z p.] 


N N 


x > ,* in" Oe* (Qi +Y5)Cimbm(G5— yidyi-- 


km i=l 


“dyn. 
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Now, as [a,x] is unitary, 


N 
bo Giz * dim =Skm- 
i=l 
Thus, by summing over m, it reduces to the definition 
of ft. 

(III) The third group of properties listed below 
follow by straightforward, but somewhat tedious, 
forma! calculation directly from the definitions. They 
are, however, obvious from the analogy to the density 
matrix formulation with the dot product playing the 
role of the trace. 


[A,B]-f=[f,A]-B=([B,f]-A=A-(B,f], 
(A,B]=—[B,A], 
(A,B)=(B,A), 

(A,B)- f= (f,A)-B, etc., 
[A,[B,C]]+(C,[4,B]]+[B,[C,A ]]=0, 
[A,(B,C) ]= ((A,B],C)+ ((A,C],B). 

If f;; and f;; are orthogonal to each other, then 
(fi fi)=9, Cf, fj;]=0, and, of course, (fi, fi, ]=0. 
VI. MEASUREMENT 


We are now in a position to discuss the effect of 
measurement on a quantum-mechanical system. In the 
standard Schrédinger representation, the measurement 
of a quantity, R(q:,px), leaves the system in a state 
described by a y which satisfies the eigenvalue equation, 


RY = dy, 


where ® is the operator corresponding to R(q:,px). We 
know that this equation is equivalent" to the extremal 
condition 

6((R))= 
or 


6(R- f)=R-df=R-[ fog ]=(R, f]-5g=0, 


where 4g is an arbitrary variation. Because ég is arbi- 
trary, we must have 


[R,fl= 


This condition generates a sequence of quasi-probability 
distribution functions, f,,, indexed by A, where it is 
understood that several distinct f,;, may be given the 
same name by this naming process, and 


A=R- fur. 


We shall say that the { f,,} form a “complete” set if 


1=h" dy ff 


(conservation of probability) for all quasi-probability 
distribution functions f/f. 





al: F (cake and B. S. Jeffreys, Methods of Mathematical 
Physics (Cambridge University Press, New York, 1950), Sec. 10.14. 
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The case of the degenerate f,, (more than one f with 
the same value of A) can be clarified as follows. We 
know from the standard quantum theory that the y 
corresponding to different \ are orthogonal and hence 
(Sec. III) the f,, are. Further the y, corresponding to 
the same A can be made orthogonal by the Schmidt 
process. By property II of Sec. V, it does not matter 
in which way it is done, since }>) fx, involves equal 
weights to each f,,. Thus we must understand by the 
above “completeness” condition that all the f), are to 
be orthogonal to each other, pairwise. We may now 
formulate the following measurement postulate. 

Postulate M.—If we have an ensemble represented 
by a normalized, weighted sum § of quasi-probability 
distribution functions, then the measurement of a 
dynamical quantity, R(¢s,p%), decomposes the ensemble 
into a set of subensembles indexed by the measured 
value of R(qx,px). Each subensemble is represented by 
a quasi-probability distribution function f),, which 
satisfies the condition [R,f,,]=0, and in each sub- 
ensemble R(qx,p;) takes on precisely its measured value, 
\. In order for a measurement to be possible, all the 
conditions of this postulate must be enforceable for all 
possible §. 

Now by the results of Sec. III, we know that we can 
expand any quasi-probability distribution function, 
and hence any weighted, normalized sum of them in 
terms of a complete orthonormal set (h"f;;). Now if 
we assume R(y;,p,) measurable, the condition [R, fi, ] 
=0 must form a “complete” set, or we would not be 
able to decompose the whole ensemble. Each /,, implies 
a corresponding ¥,, and hence we can construct a 
complete orthonormal system, (h”?/,,), by the method 
of Sec. III. We note that this orthonormal system has 
the property that the f,, are quasi-probability distri- 
bution functions, while the f,,, A¥v are not. Let us 
expand § in terms of it. By Sec. III, it becomes 


F= y > W pO pr* Apr frv(Gu,Px)- 


pA 


If we make a measurement, by postulate M, the /f,,, 
\#yv, are destroyed. (This results in no loss of normal- 
ization as f f,,=5,, by Sec. III, iv.) Hence a measure- 
ment of R(q:,p%) transforms § into 


F = Do wd pr* pr far(GuPe)- 
pr 


We may now compute the distribution of measured 
values of R(q:,%) by means of the orthogonality rela- 
tions as 


F(R)-FO)= 2’ fu-F, 


O<A<R 


where F(R) is the cumulative distribution of R. By 
>’, we mean that if there is a contribution at either 
end point, we take only half of it. This is done to 
adapt the function F to Fourier analysis. 
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However, we can proceed otherwise to obtain the 
cumulative distribution (and it is a true cumulative 
distribution for }-w,|a,,|*>0) and obtain an important 
result thereby. We first obtain the standard statistical 
characteristic function 





- »(F) 
cis)= (-is/my(* ), 


y! 


where yu, is the vth moment of R, given 5, computed 
from the above cumulative distribution. It can be 
shown that there exist functions R“” (q:,px) (if |u,| <<») 
such that 

u(F)=R”-F 


for all &. According to Kendall,” the cumulative 
distribution is then 


1 t= [1—exp(iRS/h 
F(R)-F)=— f —— Mises. 


Substituting for C(.S) and equating these two expres- 
sions, we see, when the appropriate interchange of 
limit processes is permissible, that we must have, as $ 
is arbitrary by the relations of Sec. III (vi), 


1 +” [1—exp(iRS/h) 
DL’ frr(qesdpe) =—— aes J 
R 2xh" —2 








0<,< iS 
2 (—iS)’ R (gy, 
¥ (= ( ) (qe mas 
m= +h y! 


Thus we see that the f,, must be constructed from the 
R (q:,p%). Conversely, we must have 


R® (x,p%) =h" > A” far(GesPe) 
all A 


+00 
-f \’dFj(qe,px), (Stieltjes integral), 


A=—o 
where we define 


Fy(qepr)=h” Do’ Suu (QesPe)- 
O<usr 


It can be shown by use of the relations of Sec. V, 
property III, that the R®(q:,p,) satisfy the equation 


R®-$=(R,RO)-F 


for all $, as we would expect from the analog pointed 
out in Sec. III. As Moyal® has shown, R® = 1, so that 
we may use the above relation to construct successively 
the R®. 

This result gives an explicit method of solving the 
eigenfunction problem for the measurement of R. We 
use the above equation to compute the R‘” and then 


2M. G. Kendall, The Advanced Theory of Statistics (Charles 
Griffen and Company, Ltd., London, 1947), Chap. 4. 
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use them to compute the f,,. We see that the problem 
of which quantity corresponds to the vth power of an 
observed quantity is equivalent to the eigenfunction 
problem. 


VII. SIMULTANEOUS MEASUREMENT 


Two quantities R and S are clearly simultaneously 
measurable if and only if postulate M can be imposed 
for both at once. This means that ¥ must be decom- 
posable into a set of subensembles represented by 
quasi-probability distribution functions f,,, -¢indexed by 


p=R: fooces 


where [R, fo, ee ]=(S,foo,e¢]=0, and R and S take on 
the precise values p and a, respectively. We must also 


have 
1=h" x Sone F 
pe 


o=S° frp, 00) 


for all $. We now have, as before, for the cumulative 
joint distribution 
F(R,S)— F (0,0) =h" _ Sonee’S. 


0<,<R 
0<¢<5S 


An argument analogous to that given above (Sec. VI) 
shows the quantity (RS) corresponding to the 
(v,u)th moment of the above distribution is 

(ROS) =h* Epo" fps, ce(QusPr)- 


all (p.¢) 


We compute symbolically the cosine bracket 


(R® ,S®) = h?n( is 0” Sov.ees } 3 o* f op, ee) 


all (p,¢) all (p,¢) 
= (R™S®), 


where use has been made of the relations of Sec. V. 
By virtue of their nature as weighted sums of the same 
quasi-probability distribution functions, we see that 


[R,S]-F=0 


for all §. That is to say, if two quantities are simul- 
taneously measurable, their operators commute, a 
well-known result of the standard formulations. 

Let us define an Nth order cosine bracket as 


1 
(71,72, a -,Ty) pet HES, 


Nall permutations 


Xx {71,[72,(- ° -,T x) —_ -j}. 


This is totally symmetric in the 7;. We see at once, 
from the work of this and the previous section, that the 
joint distribution of N simultaneously measurable 
quantities 7), ---, 7 must be 


F(T,,---,Tn)—F(0,---,0) 
=(Fri(qi,pr),° 7 - F rv (qu,Pe) °F, 
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where 
F7;(qx,fx) = hy Sri(QusPr); 
: O< 1S TH 
with 
(T;,fr3;J=0, 15=T;- fr, 


and the condition [7;,7;]- $=0 must hold for all j, &, 
and $. Then the expected value of any function 


G(T;,°-:,Tw) 
is given by 
@= fof Gre twdRPy---Te) 
entire range 
of the Ts 


As we can form F(7,,---,7~)—F(0,---,0) in an 
unambiguous manner according to our above definition 
for any (7;), whether they are simultaneously measur- 
able or not, we might wonder what its significance is, 
if any, for nonsimultaneously measurable quantities. 
Now for this case, von Neumann® (Chap. IV, Sec. 2) 
has shown that F cannot be a true cumulative distri- 
bution function for all possible states of the system as 
this would lead to dispersion-free ensembles, which are 
impossible. We have exhibited an F which is a true 
distribution, if the (7;,) are simultaneously measurable. 
We see that the only way it can satisfy von Neumann’s 
theorem in the case of nonsimultaneously measurable 
variables is that it must imply “negative probabilities.” 
Thus we arrive at the important physically meaningful 
conclusion that the F defined above is a true distribution 
function if and only if the (7;) are simultaneously 
measurable. This is to say, when quantum mechanics 
predicts an impossible result like a “negative proba- 
bility,” then the interpretation is that there is no 
physically realizable experiment to measure the joint 
distribution. It is worth noting that in the case 7,;=q 
and 7;=, that 


@(F(q,p) ] 
dgqdp 


which is not the quasi-probability distribution function. 
Nor could it be expected to be, because of the basic 
impossibility of establishing an isomorphism between 
a commutative and a noncommutative linear algebra. 
As we have seen, it is necessary, to satisfy the measure- 
ment postulate, to have the operator of the “square” 
of a quantity be the square of the operator; thus, if 
the operators do not commute, we are forced into 
trying to establish the above-mentioned impossible 
correspondence, in order to try to make a definition 
which correctly gives the distribution for the simultane- 
ously measurable variables also give the quasi-proba- 
bility distribution for the conjugate variables p and g. 
We emphasize that these results are in accord with 
the fact that a dynamical quantity R(qz,px) which is a 


1 
en Re{¥(9)¢*(p) exp(—ipg/h)}, 
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function of noncommuting variables is a separate and 
distinct entity which should be denoted by a separate 
symbol, R. R(qi,p:) has the property that (R) 
=(R(q:,px)) for any distribution; however, we do not 
expect 

(R®)=(R*(qi,px)), 


(R*?)=(R® (qu,px)). 


In this formulation, we can correctly find the expected 
value of R by using R(q:,px), but it is not possible, 
in general, to study a function G(R) in terms of 
GLR(q:,px) |. As we have seen above, the solution of 
this correspondence problem in general is equivalent to 
the solution of the corresponding eigenvalue problem. 


but instead 


APPENDIX. EXAMPLE OF THE QUASI-PROBABILITY 
DISTRIBUTION: THE HARMONIC OSCILLATOR 
It is a matter of straightforward calculation** to 
show that for the one-dimensional harmonic oscillator, 
the energy eigen-quasi-probability-distribution-func- 
tions are: 
fn(H,9)dHd6=((—1)"/(24n!) JL, (4H/hy) 
Xexp(—2H/hv)d(2H/hv)d8, 


where L,(x) are the Laguerre polynomials,” and we 
have made the algebraic change to the variables 


6=tan—[p/(2xmvq)], H=(p?/2m)+22*mr'*¢’. 


The dynamical equation satisfied by /, in this example, 
is the same as the classical equation. It is 


J of of 
—=— (p/m)—+-42°mr*q—. 
at aq ap 


8 See, for example, P. M. Morse and H. Feshbach, Methods of 
Theoretical Physics (McGraw-Hill Book Company, Inc., New 
York, 1953), p. 784. 
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It is also of interest to compute the generating 
function, 


G(s) =r (—is/h)"H (9,p)/(>!). 


By the relations we have obtained, this is also equal to 


G(s)=h > exp(—isd/h) fir(q,p), 
» 


all 


which we may compute by means of the formula for 
the generating function for the Laguerre polynomials." 
Thus 


G(s)=h ¥ exp[—4is(2n+1)hv/h ](2/hyv) 
n=) 
X (—1)"(n!)“L, (4H /hv) exp(—2H/hy) 
=exp[— (i/h)(2H/w) tan(4}sw) ]/cos(4sw), 


where w= 27». 
We now obtain the various H‘”’ from G(s) by the 


relation 
hay | 
av=(--—) G(s)| ‘ 
4 Os = 


and the eigenfunctions by the relation 
+20 
f.= (nh) f exp(iwsn)[1—exp(iws) ](is)'G(s)ds. 


We obtain by differentiation 
H®=1, H%=H, H®=H?*— (thy), 
H®=H'*—5(shv)H, etc., 


which agree with what we obtain by the direct appli- 
cation of the recursion relation. 
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Direct Transition Exciton and Fine Struc- 
ture of the Magneto-Absorption 
Spectrum in Germanium* 

SoLomon ZWERDLING,? Lavra M. Rotu,t AND Benjamin Laxt 
Lincoln Laboratory, Massachusetts Institute of Technology, 


Lexington, Massachusetts 
(Received January 23, 1958) 


E have observed exciton' absorption just below 

the direct gap in germanium, together with the 
fine structure of the related oscillatory magneto- 
absorption.? The exciton was also studied at various 
magnetic fields. The measurements were made at 
4.2°K on an ~4-4 sample with B along a [100] axis 
and the surface. A double-pass monochromator with a 
15 000-line/in. grating and a PbS detector provided 
resolution between 10-20000. Figure 1 shows the 
magneto-absorption spectrum for E|/B and E1B to 
1.01 ev (oscillations were observed to 1.07 ev). 

An analysis of the Landau spectrum’ was made using 
the Luttinger-Kohn model for the valence band levels 
with selection rules An=0, —2 for transitions between 
the two sets of heavy- and light-hole levels and the 
k=0 conduction band levels, with m the magnetic 
quantum number. Additional selection rules for m; 
(valence band) and m, (conduction band) are Am=0 
for E||B, and Am=+1 for E1B. A preliminary 
identification of some of the lines shown in Fig. 1 was 
obtained by correlation with a theoretical tabulation 
of energy versus n. The transitions between light-hole 
and electron levels gave good agreement, and those 
involving heavy-hole levels were consistent although 
the An=0, —2 transitions were not resolved. Using 
pairs of lines 6’ and 10, and 11 and 14’, correcting for 
the spin splitting of the electron levels and the decreas- 
ing curvature of the conduction band, the electron mass 
at the band minimum was found to be m,.*= (0.035 
+0.001)mo. The spin splitting from lines 7’ and 7 
corresponds to a g factor of —3. The conduction-band 
Landau levels near k=0 are closely given by E,=3.27 
X 10-*(n+4)B—1.42X 10-7(n+-4)*B?, with B in kilo- 
gauss and E, in ev. Detailed analysis of these results 
and those for the valence band will be published later. 

Since lines 1, 1’, and 3 apparently did not fit the 
theoretical spectrum for transitions between Landau 
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levels, their magnetic dependence was studied as shown 
for 1’ in Fig. 2. Since line 1’ appears strongly at zero 
field, we conclude that it is associated with the transition 
to the lowest exciton level below the direct gap. Further 
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Fic. 1. Fine-structure of oscillatory magneto-absorption spectra 
for 38.9 kilogauss. Prominent minima fall into sequences repre- 
senting transitions from the four sets of valence band levels 
e(m, 1+), e(%, 2+) [following the notation of J. M. Luttinger, 
Phys. Rev. 102, 1030 (1956)] to the two sets of conduction band 
levels na (spin up) and m8 (spin down). Here m and # are quantum 
numbers for the magnetic levels, and + and — refer to light- and 
heavy-hole levels respectively. In the following, for example, 
e(n+2, 1+)—>na represents transitions from the first set of light- 
hole levels to the spin-up electron levels, with the selection rule 
An=n—n=—2. (a) EB. Light hole: e(n+2, 1+)—-na, n=0—4 
(lines 3’*, 6’, 11’, 13’*, 16’); e(n, 2+)-n8, n=0—S (lines 2’*, 
4’, 9’, 12’*, 14’, 18’); ¢(2,1+)—-2a (line 7’). Heavy hole: 
e(n+2,1—)—-na, ¢(n+2,2—)—-nB8, ¢(n,1—)-na (nX0, 1), 
e(n, 2—)—>»n8 (n~0, 1), (unresolved), »=0—8 (lines 2’*, 3’*, 5’*, 
8’, 10’, 12’*, 13’*, 15’, 17’). (b) E||B. Light hole: e(#, 1+)—n8, 
n=0Q—S (lines 2*, 5, 7, 10, 13*, 15); e(4, 2+)—>+2a (line 11). Heavy 
hole: ¢(n,1—)-n8 (n~0,1), ¢(n+2,2—)-ma, (unresolved), 
n=0—8 (lines 2*, 4?, 6, 8, 9, 12, 13*, 14, 16*). (The asterisk 
indicates overlapping in addition to unresolved heavy hole lines.) 
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Fic. 2. Lowest exciton line at various magnetic fields for E11 B (1’). Similar behavior was found for E|| B (line 1). 
Second exciton line (3’) is shown for the lower fields and at 12 kilogauss overlaps first Landau transition. 
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Fic. 3. Position of exciton and two lowest Landau transitions as a function of magnetic field. 
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evidence is provided in Fig. 3. Lines 2, 2’, and 5 are 
identifiable as Landau lines, and their intensities drop 
sharply with decreasing field, as expected theoretically.’ 
Their mean extrapolated value of 0.898+0.001 ev is 
the 4.2°K direct gap. Line 1’ appears nonlinear at 
lower fields, as expected for a hydrogen-like s level in 
a large magnetic field.‘ The experimental! binding energy 
of the lowest exciton level is ~0.0025 ev as compared 
with the theoretical estimate of 0.0017 ev, obtained! 
from Ey*13.60u*/K*N*mo, using u*=0.031mo as a 
reduced mass, K=16 as the dielectric constant, and 
N as the exciton quantum number. The uncertainty 
in the gap and possibly in K, and an expected shift of 
the Landau lines due to scattering may account for 
the discrepancy. For such large orbits (r=500a0), 
estimates from effective mass theory should be reliable. 
At 38.9 kilogauss, the binding energy is found to be 
0.0043 ev, as compared to 0.0045 ev calculated from the 
results of YKA.‘ 

Evidence for the next higher exciton state, lines 3’ 
and 3 (and 4?) is shown in Fig. 3. A polarization effect 
occurs with a possible splitting in the parallel case. 
Fine structure should also appear in the first exciton 
line, due to the degenerate valence band. The broaden- 
ing at high fields is probably due to such unresolved 
structure. Lower temperature, higher fields, thinner 
samples, and annealing are indicated. The latter is 
suggested from the line width which gives r~4X 10-" 
sec at 4°K, smaller than that from cyclotron resonance. 

We are grateful to Mr. J. P. Theriault for assisting 
with the experiments, to Dr. D. H. Dickey for the 
difficult task of reconstructing the cryostat for use in 
these measurements, to Mr. A. D. Jones for preparing 
the samples, and to Mrs. Jane S. Coe for reducing the 
data. 

*The research reported in this document was supported 
jointly by the U. S. Army, Navy, and Air Force under contract 
with the Massachusetts Institute of Technology. 

¢ Staff members, Lincoln Laboratory, Massachusetts Institute 
of Technology. 

1 The theory of excitons in germanium has been treated by 
G. Dresselhaus, J. Phys. Chem. Solids 1, 14 (1956), and R. J. 
Elliot, Phys. Rev. 108, 1384 (1957). Experimental evidence of 
excitons for the indirect transition has been obtained by Mac- 
wa Quarrington, and Roberts, Phys. Rev. 108, 

2S. Zwerdling and B. Lax, Phys. Rev. - ‘g (1957) ; Zwerdling, 
Lax, and Roth, Phys. Rev. 108, 1402 (19 

’ Roth, Lax, ‘and Zwerdling (to be publish). 


‘Yafet, Keyes, and Adams, J. Phys. Chem. Solids 1, 137 
(1956) ; L. I. Schiff and H. ie Phys. Rev. 55, 59 (1939). 





Electron Spin and Phonon Equilibrium 
in Masers* 


N. BLOEMBERGEN 


Harvard University, Cambridge, Massachusetts 
(Received January 24, 1958) 


WNES and co-workers have recently’ presented 
experimental evidence indicating that the relaxa- 
tion rates in paramagnetic salts at temperatures below 
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4.2°K are not determined by the interaction between 
the spins and the lattice vibrations, but between 
the latter and the helium bath. The authors claim that 
the normally observed relaxation time, e.g., in KCo(Cr) 
(CN)¢, is characteristic of energy transfer between 
the phonons and the bath, whereas the heat contact 
between the spin levels and the phonons is a thousand 
times better. It is the purpose of this Letter to point 
out that the successful operation of this salt in three- 
level steady-state masers? is incompatible with this 
assumption about the relaxation rates, regardless of 
the operating frequencies of the maser. 

Let v3 be the saturating frequency, and v23 be the 
frequency of maser amplification. It has been clear’ 
that if the frequency »;3 is close enough to either v2 
OF ¥23, the hot phonon band around »3; would overlap 
one of the other resonances and essentially equalize 
the populations of all three spin levels. 

Consider now the case that the three frequencies are 
widely spaced and no overlapping of phonon bands 
occurs. The spin populations of levels 2 and 3 are 
inverted corresponding to a negative spin temperature 
and maser action at the frequency ¥23. Suppose, 
however, that the contact with the phonons is good. 
Then a phonon band around v3 will be heated up. 
Since the energy levels of a lattice oscillator have no 
upper bound, the phonon temperature will always 
remain positive. On the other hand, the spin tempera- 
ture should be very close to this phonon temperature, 
because its heat contact is supposed to be so much 
better than between the phonons around v3 and the 
bath. The steady-state equilibrium situation would 
necessarily be one in which the phonon temperature at 
¥23 would be very high and positive and the spin 
temperature at v23 very high and negative. This means 
however that the population of spin levels 2 and 3 
would be almost equal; whereas for maser action a 
fairly large difference in population is necessary. It 
may therefore be concluded that the situation visualized 
by Townes et al. is excluded in paramagnetic salts which 
allow for successful steady-state maser operation. 

The use of the concept “temperature” can be avoided 
entirely, although we believe it has heuristic value 
in spite of its lack of rigor in the present context. The 
problem of the three-level maser and phonon equilibria 
may be formulated rigorously in terms of six unknowns. 
The spin populations m, m2, and ms, and the average 
lattice oscillator excitation quantum numbers in the 
three phonon bands fipn(v23), Hpn(¥21), Rpa(vis). Imposi- 
tion of the steady-state conditions gives five linear 
equations relating to transport of quanta at the three 
frequencies. A sixth relation is that m:+mz+m; be 
equal to the number of paramagnetic ions. The algebraic 
solution of these six equations confirms the conclusion 
that m3— mz is very small if the contact betweeen the 
spins and phonons is better than between phonons and 
the bath. 

In this treatment phonon-phonon collisions have 
been ignored. They probably are important in practice, 
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and may account for the fact the bottleneck for energy 
transfer is between the spin levels and phonons in 
K;Co(Cr)(CN)¢ and other salts. 


* This work was carried out at the Ecole Normale Supérieure, 
Paris, France, while the author held a Guggenheim Fellowship. 

1 Nash, Giordmaine, Alsop, and Townes, Bull. Am. Phys. Soc. 
Ser. II, 3, 9 (1958); Giordmaine, Alsop, Nash, and Townes, 
Phys. Rev. 109, 302 (1958). See, however, their paragraph headed 
“Implications of Relaxation Process for Masers,”’ p. 310. 

?\N. Bloembergen, Phys. Rev. 104, 324 (1956); McWhorter, 
Meyer, and Strum, Phys. Rev. 108, 1642 (1957); R. H. Kingston, 
Proc. Inst. Radio Engrs. (to be published) ; Artman, Bloembergen, 
and Shapiro, Phys. Rev. 109, 1392 (1958). 





Stars as Sources of Cosmic Rays 


Horace BABCOCK 
Mount Wilson and Palomar Observatories, 
Carnegie Institution of Washington, 
California Institute of Technology, Pasadena, California 
(Received January 30, 1958) 


N extended survey of sharp-line stars of spectral 

type A shows that nearly all have coherent 
magnetic fields with intensity ranging up to a few 
thousand gauss. About 70 such stars have recently been 
listed.' The far more numerous A stars showing 
pronounced Doppler line broadening due to axial 
rotation probably also have strong magnetic fields, 
but the small Zeeman displacements in polarized 
light are unobservable owing to the width of the lines. 
About half a dozen sharp-line A stars with normal 
spectra and no perceptible magnetic field are known; 
these are presumably slow rotators. A discussion of 
the data leads to the view that all A stars, with the 
exception of a few slow rotators, have strong magnetic 
fields, but that these fields are observable only when 
the obliquity, 1, between the spin axis and the line of 
sight is quite small. Plausibly, the strong stellar fieids 
result from a regenerative dynamo process, requiring 
turbulent motion of the stellar material in the presence 
of rotation.? Evidence for magnetic fields has been 
found among a scattering of stars of other spectral 
types, but in general these are weaker. In the cooler 
stars, rotation is slower but turbulence is more pro- 
nounced; very probably rather strong magnetic fields 
of mixed polarity are common, but are far more 
difficult to detect than are the coherent fields of the 
A-type stars. Stellar magnetic fields are probably 
ubiquitous. 

Repeated observations show that virtually all stellar 
magnetic fields vary, and that the great majority 
fluctuate irregularly. The irregular variations can have 
their origin only in intrinsic hydromagnetic motions of 
the material in the vicinity of the stellar surface. 
The largest magnetic amplitudes are found in a few 
of the A stars that show nearly symmetric field 
reversals with periods of a few days. These strong-field 
regular magnetic variables are of much interest in 


THE EDITOR 


themselves, but they are far outnumbered by the 
irregular variables. 

Several years ago, it was recognized that the fluctuat- 
ing magnetic fields of stars like HD 125248 might be 
sources of cosmic rays, but the number of such stars 
was unknown.’ In view of the present evidence that 
nearly all the A stars have strong, fluctuating magnetic 
fields, and of the likelihood that weaker fluctuating 
fields of mixed polarity are common among stars in 
general, the contention that stars are important sources 
of cosmic rays, either directly or as injectors for a 
Fermi acceleration process in the galaxy, must be taken 
seriously. 

The general magnetic fields of many of the A-type 
stars are stronger than the general field of the sun by 
a factor of 10°; their fluctuations are large and rapid. 
Under these conditions, there is general agreement 
that induction processes and hydromagnetic shock 
waves will occur that are capable of exciting a very 
small proportion of the ions present to very high 
energies. There is observational evidence that cor- 
puscular streams of relatively low energy are actually 
ejected from local areas of the solar photosphere 
where the coherent magnetic field averages only a few 
gauss.‘ The energy for particle acceleration by fluctuat- 
ing plasmas is stellar atmospheres must be derived 
from turbulent motion, and ultimately from the primary 
thermonuclear sources of the interior. For any star, the 
potential energy available for particle acceleration, 
residing in the mass of its light elements capable of 
undergoing thermonuclear reactions, is predetermined ; 
its amount is largely independent of the kind of process, 
whether by long-continued turbulence of magnetic 
plasmas in the stellar atmospheres, or by a catastrophic 
supernova outburst occurring once in the lifetime of 
the star. 

Since the energy flow through the outer layers of a 
star is in part by radiative transfer and in part by 
convection, the power available in convective turbu- 
lence for hydromagnetic particle acceleration processes 
in the atmosphere may at most be of the same order 
as the radiated power. It can be demonstrated, as in 
Table I, that stars of the types known to have strong 
fluctuating magnetic fields do contribute a significant 


TABLE I. Specific stellar radiative power per spectral class. 
Asterisks indicate classes known to include etic stars, for 
which turbulent power output may approach radiative power. 











Spectral 
range N Mooi L (NL X10-*) 
BO-B9 163 —3 64 000 10.4* 
AQ-A9 1180 +1.1 1400 Te ig 
FO-F9 2370 +3.2 210 0.5* 
dG0-dG9 4400 +4.8 38 0.17 
dK0-dK6 16 800 +6.6 9 0.15 
adM0- 77 800 +9.0 1 0.08 
gG0-gG9 15 +0.2 3200 0.05 
gK0-gK6 233 —1.0 10 000 2.3 
gM0- 31 —2.0 25 000 0.8* 
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fraction of the radiant energy produced by all stars, 
and therefore that the part of their energy output 
occurring through turbulence may be capable of 
meeting the power requirements for cosmic-ray genera- 
tors. While the energy density of cosmic radiation in 
the galaxy is considered to be about equal to the energy 
density of starlight, it is conceded that the cosmic-ray 
sources need be only 10~ or 10~* as intense, because 
cosmic rays are trapped and their paths are bent by 
galactic fields.* 

In Table I, the second column gives V, the number 
of stars per million cubic parsecs for the specified 
range of spectral types. The data are from Baldwin.® 
The approximate bolometric magnitude and relative 
luminosity, L, follow in the next two columns, while in 
the fifth column is given the product VL, showing the 
relative output, in radiant energy, for stars of various 
spectral classes, per unit volume of galactic space. 
Those spectral classes known to include some stars 
with strong coherent magnetic fields are marked with 
asterisks. It should be noted that the AOQ—A9 group is 
outstanding in this respect, whereas the highly luminous 
BO-B8 group is known by observation to include only 
a few magnetic stars. 

From the standpoint of available energy, it appears 
that the turbulent atmospheres of magnetic stars may 
be quite capable of serving as cosmic-ray generators. 

1H. W. Babcock, Astrophys. J. Supplement Series 3, 141-210 
is (Suppl. No. '30). 

E. Elsasser, Revs. Modern Phys. 28, 135 (1956). 

oH W. Babcock, Phys. Rev. 74, 489 (1948). 

Pm W. Babcock and H. D. Babcock, Astrophys. J. 121, 349 


5 P. Morrison, Revs. Modern Phys. 29, 235 (1957). 
*R. E. Baldwin, Pop. Astron. 52, 186 (1944). 





(g,y) Circular Polarization Correlation for 
Co* and Na” 


H. ApPet AND H. ScHoprer, 
Physikalisches Institut, Erlangen, Germany 
AND 
S. D. Bioom,* University of California Radiation Laboratory, 
Livermore, California 
(Received January 28, 1958) 


T has been shown in several experiments'~ that the 
conservation of parity is violated in the beta inter- 
action. To facilitate theoretical interpretation it is 
important to check with the highest possible accuracy 
whether the parity breakdown is maximum. For this 
purpose the measurement of the (8,7) circular polariza- 
tion correlation seems to be very favorable as all neces- 
sary corrections can be evaluated quite accurately and 
systematic errors can be kept small. Therefore the 
asymmetry coefficient was redetermined for Co™® and 
Na”. The decays of these nuclides are very simple 
as only Gamow-Teller interactions can contribute. 
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The experimental method used was similar to that 
described previously.‘* However, the electronics was 
modified to give high stability. The resolution of the 
fast coincidence circuit was 2r= 10~* sec. The change in 
the singles counting rate produced by reversing the 
magnetization was kept smaller than 0.1%. Changes 
in the counter efficiencies were compensated by dividing 
the coincidence rate by the singles counting rates. 
Long time drifts of the resolution and efficiency of the 
fast coincidence circuit were practically eliminated by 
reversing the magnetization every 10 (in some measure- 
ments every 5) minutes. 

The measured relative difference E in coincidence 
counting rate for opposite magnetizations was corrected 
for random coincidences, (y,y) coincidences, and 
coincidences produced by 7 rays penetrating the lead 
absorber. The magnitude of these corrections was 
determined experimentally. The asymmetry coefficient 
A can be calculated from E=2f(2/c)A(o,/o0) cosé. 
The fraction f of the oriented electrons per iron atom 
was determined by measuring the magnetic flux in 
the scattering cylinder with an induction coil 
(f=0.0869). The average velocity of the electrons 
v/c was computed by integrating over the part of the 
8 spectrum lying above the discriminator level. @ is 
the angle between the direction of emission of the 
electron and the y quantum (@6= 153°). 

Much care was spent in calculating (¢,/00) which had 
to be averaged over the magnet geometry. It turned 
out to be important to average (oc, cos#) and not (¢,) 
and (cos), separately. Besides this the following 
effects were taken into account: absorption of rays in 
the iron before and after scattering, polarization 
dependence of this absorption (the change of polariza- 
tion after scattering was considered), plural scattering 
in the iron, finite size of the source, and backscattering 
from the source backing.® 

The results of the measurements with statistical 
errors are presented in Table I. The systematic errors 
are thought to be of the order of a few percent and 
therefore smaller than the statistical ones. 

In Table I two values of A as determined here are 
given for Co™. The first was determined with the 8 


TaBLE I. Observed polarization coefficients. 











A 
A (previous 
(v/c)my ((ep/es)cos®)m (this work) results) Reference 

Co® 0.57 0.40 —0.340+0.035* —0.41+0.07 e. 
—0.335+0.018 -—041420.08 4 
—0.3240.07 ° 
—0.3540.05 ' 
—0.3440.09 « 
Na™ 0.67 0.40 +0.295+0.054 +0.3940.08 °¢ 








* Measurements at @ =153°. 

>» Deduced meow! P =A (v/c) cos#. 

* See refere: 

FP, sien on — ‘A. H. Wapstra, Phys. Rev. 106, 1364 (1957). 

e Lundby, oy and Stroot, Nuovo cimento 6, 745 (1957). 

! See reference 

« P. Debrunner ae W. Kiindig, Helv. Phys. Acta 30, 261 (1957). 
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counter opposite the y counter. In addition, it was 
verified that the polarization P is proportional to cos@ 
and a more accurate value of A could be deduced from 
these measurements.’ 

In the case of Na” the errors are larger due to the 
influence of the annihilation radiation. Spurious 
coincidences can arise if a positron is stopped in the 
8 counter and the annihilation radiation is scattered 
by the magnet. In order to avoid this the y-discriminator 
level was adjusted so as to suppress the scattered 
annihilation quanta. Some measurements were per- 
formed with a lower discriminator level. After proper 
correction the results were in agreement. In order to 
prevent positrons from being annihilated in the magnet 
a Plexiglas absorber was placed between source and 
magnet. 

It seems that the results of this work are, up to the 
present time, the most accurate indication that the 
nonconservation of parity and the noninvariance under 
charge conjugation are maximum. For this case theory 
predicts a value A= —} and +4, respectively, for the 
two transitions investigated. 

We should like to thank Professor Fleischmann for 
his continued interest. This work was supported 
partially by the Deutsche Forschungs-gemeinschaft 
and partially by the U. S. Atomic Energy Commission. 

* Guggenheim Fellow (1956-1957) and visiting scientist at 
the Physikalisches Institut, July, 1957. 

1 Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 
105, 1413 (1957). 

pone Lederman, and Weinrich, Phys. Rev. 105, 1415 
' + Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and DePasquali, Phys. Rev. 106, 386 (1957). 

“H. Schopper, Phil. Mag. 2, 710 (1957). 

5H. Appel and H. Schopper, Z. Physik 149, 103 (1957). 

* A detailed description of these calculations will be \ ead 
elsewhere [H. Schopper, Nuclear Instr. (to be publish 


7 These measurements will be published in more oo later 
[H. Appel, thesis, University of Erlangen]. 





Method for Determining the 6, — 
Mass Difference* 


W. F. Fry anp R. G. Sacus 
Department of Physics, University of Wisconsin, 
Madison, Wisconsin 
(Received January 27, 1958) 


HE existence of a neutral K meson of long 
lifetime! and mixed strangeness,” as suggested by 
Gell-Mann and Pais,’ has been well established. The 
ideas of Gell-Mann and Pais lead to other effects such 
as the interference between 6, and 62 states during the 
lifetime of the particles.‘ Furthermore the masses of 
the particles designated as 6, and 42 should be slightly 
different, but an amount of the order of 4/cr~10- 
ev, where 7 is the half-life of the (short-lived) 6, meson. 
One method to observe the interference phenomenon 
and thereby measure the mass difference has been 
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suggested by Treiman and Sachs.’ This method utilizes 
the decays of the 6, and 6, as a means of detection, and 
a charge asymmetry in the decays of the @ and 6 is 
required to observe the effect. The purpose of this 
Letter is to call attention to another method of detection 
which does not utilize the decay properties but, rather, 
depends upon the direct detection of the @ and § modes.* 

Since the strangeness is different for the @ and 6, 
it can be used as a means of distinguishing them. The 
strangeness, in turn, can be determined by identifying 
the products of the strong interactions in matter. These 
charged particles of known strangeness, i.e., K mesons 
and hyperons, can be recognized readily. This notion 
has already been used? in the separation of the @ and 
6 components of the long-lived 62 particle. Our sugges- 
tion is that the method could be used to determine 
the relative number of, say, 6’s as a function of time 
in order to demonstrate the interference phenomenon. 

If, for example, the neutral K beam is known to 
consist initially of only the 0, the state is given as a 
function of time by’ 


¥()=2-4[6, exp(—Axt/2) 
+102 exp(—d2t/2) exp(iAwf)], (1) 


where Aw is the difference between the natural fre- 
quencies (masses) of the 6; and 62, and Ai, As are the 
decay constants of the 6;, 62, respectively. Writing 
6,=2-4(6+-6) and 6.=—2-4i(6—6), we find that the 
6 amplitude is }[exp(—A1t/2) —exp(—)2t/2) exp(iAwt) ] 
and the number of 6’s will be proportional to 


1+exp(—A:t)—2 cos(Awt) exp(—A:s/2), (2) 
as long as Ax#K1 (note: Ax«KA;). Thus the number 
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Fic. 2. Relative intensity of the @ mode as a function of time. 
For comparison with Fig. 1, the vertical scale must be corrected 
for the relative efficiency for detection of 6 and @. 


of 6 events will have the time dependence shown in 
Fig. 1 under the assumption that the amount of 
material needed for detection is not so great as to 
cause regeneration. The two curves correspond to 
6,—6, mass differences of Aw=0 and Aw=),, and it 
can be seen that the interference effect is quite sensitive 
to the magnitude of the difference. The time dependence 
of the @ mode under the same assumptions is shown in 
Fig. 2. 

‘We might suggest that one possible way to produce 
a pure @ source is to make use of charge exchange from 
a K+ beam. (An alternative method would be to use the 
primary beam at an energy below threshold for 6 
production.) A measurement, possibly by means of 
interactions in emulsion, of the growth of the 6 mode 
as a function of distance from the K* target would 
yield the desired information. An experiment of this 
kind seems feasible with present beam intensities. 

Some aspects of this problem have been discussed 
profitably with U. Camerini and M. Baldo-Ceolin. 


* Supported in part by the U. S. Atomic Energy Commission and 
in part by the University of Wisconsin Research Committee with 
funds provided by the Wisconsin Alumni Research Foundation. 

1 Lande, Booth, Impeduglia, Lederman, and Chinowsky, Phys. 
Rev. 103, 1901 (1956). 

3 Baldo-Ceolin, Dilworth, Fry, Greening, Huzita, Limentani, 
and Sichirollo, Nuovo cimento % "130 (1957); Ammar, Friedman, 
Levi Setti, and Telegdi, Nuovo cimento 5, 1801 (195 

*M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 ( 1955). 

«A. Pais and O. Piccioni, Phys. Rev. 100, 1487 (1955). 

5S. B. Treiman and R. G. Sachs, Phys. Rev. 103, 1545 (1956). 

* A quite different method has been suggested by M. L. Good, 
University of California Radiation Laboratory Report UCRL- 
3840; Phys. Rev. (to be published). 

7 The results obtained here are strictly valid only if the weak 
interactions are invariant under either the operation C or CP. 
The fact that the decay of the 6; into two pions has not been 
observed suggests that this is at least a good approximation. 


THE EDITOR 2213 


Electron Scattering by Polarized Nuclei* 


Rocer G. NEwTon 
Indiana University, Bloomington, Indiana 
(Received January 27, 1958) 


OME time! ago it was pointed out by the author 
that a most sensitive way of measuring a nuclear 
magnetic moment distribution would be double 
scattering of electrons on polarized nuclei.? The double 
scattering cross section for electrons on polarized nuclei 
(as well as the single scattering cross sections for 
longitudinally polarized electrons) was derived in the 
first Born approximation under the assumption that 
both the charge and magnetic moment are fixed, 
static distributions. Recoil and changes in the magnetic 
moment direction were neglected. At energies presently 
available and for nuclei which are not too small, the 
neglect of recoil is justified? The fixing of the magnetic 
moment direction as though it were classical, however, 
restricts the calculated cross sections either to nuclei 
with very high spin, or to experiments in which the 
final nuclear spin direction is also measured and found 
to be the same as initially. Clearly it is desirable to 
remove this restriction. That is readily done as follows. 
First, wherever the nuclear magnetic moment vector 

u appears it is replaced by the operator 


(1) 


where S is the nuclear spin operator and s is the spin 
quantum number. (This definition of the number yu 
is convenient for our purpose.) Second, the matrix 
element taken must include that between initial and 
final nuclear spin directions. Since the final nuclear 
spin is not measured, we sum over it. As a consequence 
of the completeness of the spin functions this results in 
the replacement of the cross section for initial nuclear 
spin direction nm by the expectation value in the state 
of nuclear spin direction n of the operator obtained by 
replacing the c number wp by the operator (1). 

The calculation of these expectation values is a 
straightforward matter and results in the following 
replacements : 


p=Su/s, 


i—(n|n)=1, 
y-m—(n/S-m|n)u/s=y-m, 
we (n|S*|n)(u/s)?=(s +1), 
(y-m)*+(n| (S-m)*|m)(u/s)?=}u’s* 
+}(2s—1)s“(y-m)’, 
where on the right, now, y=un 
The only change in the single scattering cross sections 
occurs in the non-spin-flip cross section [see (15), 
reference 1 ] 
044 = RL cos*(}0) +476" sin?(46)FAA(K-piXpy)] (3) 


in the notation of reference 1.4 The quantity which 


(2) 
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has to be modified is 
O=4 csc?(36){ (u- piX py)*+4u?(pi— py)! 
—43(p— Py)*Lu- (pi— py) F}. (4) 
With the replacements (2), it becomes 
O= (1—}s7)0.4+3s"[1+sin* (36) ], (5) 
where ©, is the function called © in reference 1: 
©.=cos*(36) cos*(y, piX py) 
+sin?(}6) sin*(u, p:i— py). (6) 


Insertion of (1) in (3) gives the cross sections if the 
’ nuclear spin® is s. The double scattering cross sections 
at high energies are obtained from (3) as in reference 1. 
The two extreme cases to be considered are s—* 
and s=4. If the nuclear spin is very large, we obtain 
@=0,, the classical limit calculated in reference 1. 
For s=4, on the other hand, @= 1+sin*($@), which is 
quite independent of the magnetic moment direction. 
Consequently the single scattering cross secton for 
unpolarized electrons is independent of the azimuthal 
angle. This is a consequence of the fact that an azi- 
muthal dependence (for an unpolarized beam) depends 
only on the alignment of the nucleus. For spin-} nuclei, 
however, equal probability for spin-up and spin-down 
means complete lack of polarization.® 
The magnetic moment distribution is determined by 
measuring 
F40—-9_0 FO,—To- 





a ef ? 
Cxoto0 Fo4+o0- 


either via a double scattering experiment, as indicated 
in reference 1, or via a single scattering experiment using 
polarized electrons. 


* Supported in part by The National Science Foundation. 

1R. G. Newton, Phys. Rev. 103, 385 (1956). 

*Similar information is, of course, obtainable from single 
scattering of longitudinally polarized electrons, which mean- 
while were found to be available from nuclear beta decay. 

3 The corresponding cross sections for electrons on protons were 
calculated by J. H. Scofield (to be published). 

‘Reference 1 contains a sign error in Eq. (15). All subsequent 
equations are most simply corrected by changing the sign p 
everywhere. 

5 Since the cross section depends on s, it may also be useful for 
additional evidence for.the spin of a nucleus in its ground state. 

*The azimuthal dependence of the single scattering cross 
section for unpolarized electrons can also be used for the measure- 
ment of a nonsphericity of the charge distribution. 





Mass Difference T —He’ and the 
Mass of the Neutrino* 


Lewis FRIEDMAN AND LINCOLN G. SuiTHt 
Brookhaven National Laboratory, Upton, New York 
(Received January 30, 1958) 


HE rest mass of the neutrino has been estimated!” 
to be between zero and 1 kev from analysis of 
the shape of the tritium beta spectrum near its end 
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TABLE I. Mass differences in «MU. 








Number 
of 
deter- 


mina- Least-squares 
Doublet Symbol tions 





Mass 4M adjusted values 
3 HD—He a 18 5899.91+0.07 
4 D:—HT b 15 4330.6040.07  4330.60+0.07 
4 D.—Het 16 25 611.6+0.6 25 611.540.5 
4 HT—Het 10 21280.7+0.8 21 280.9+0.5 
28 C.H,—C2D: c 28 3098.54+0.36 








point. These estimates are based on a theory of the 
nature of the beta-decay process. A purely empirical 
determination of this rest mass may be obtained from 
the difference between the mass difference T— He* and 
the beta end-point energy. j 

The mass synchrometer® has been used to determine 
the mass differences of the three doublets HD — He*=a, 
D.—HT=5), and C:H,—C.D,=2(H:—D)=c, none of 
which involves ions formed by molecular dissociation. 
This eliminates comparison of ions which may have 
grossly different initial kinetic energy distributions. 
The measurements were made with the widest practical 
variation of ion source conditions and rf frequencies 
and with slits’ S;, Ss, and S; narrowed to half the value 
used in all previous work. Thus half-width resolution 
at mass 28 was raised to about 40 000. Measurements 
at masses 3 and 4 were made with resolutions varying 
from 17 000 to 30 000. 

The values of a, 6, and ¢ are given in Table I together 
with recently measured values of HT—He* and 
D.—He*. The latter are consistent with 5 but less 
precise because of difficulty in rf tuning with widely 
spaced doublets. Adjusted values of the three doublets 
at mass 4 obtained by weighted least squares are also 
given in Table I. (It is evident that the adjustment has 
negligible effect on 6 and hence on the estimate of the 
neutrino mass). Each error in Table I is the standard 
error of the mean of the indicated number of independ- 
ent determinations computed by the formula 


o=[>8/n(n—1) }}. 


A full account of possible systematic errors will be 
discussed in a forthcoming report.‘ It must be noted 
that while undetermined systematic errors may be 
larger than the indicated error, there is good reason 
to assume that these effects would tend to cancel in 
taking the difference of a set of mass differences which 
are very similar in spacing. 

From these measured values we obtain T—He’=a 
— b—4}c=20.0340.21 .MU= 18.65+0.20 kev. Subtrac- 
ting from this result the “best” value of the beta end-point 
energy selected by King,’ namely 18.1+0.2 kev, we 
obtain for the rest mass of the neutrino 0.55+0.28 
kev. The result is essentially in agreement with previous 
estimates,' and indicates an upper limit of the rest 
mass of the order of one kev. The lower limit depends 
very strongly on the accuracy of the synchrometer 
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TABLE IT. Mass defects of T and He? in wMU. 











From From 
mass synchrometer Q values 
T-3 17 007.03+0.29 17 002.95+4.5 
He’—3 16 986.99+0.27 


16 983.55+4.5 








data and the beta-ray end-point measurements. The 
latter measurements range from 17.6 to 18.9 kev and 
this appears now to be the weakest point in the argu- 
ment for a finite neutrino rest mass. The present data 
would not justify setting a nonzero lower limit. 

By combining the measured values of a, 6, and c 
with the value H—1=8145.39+0.11 uwMU obtained 
from other recent synchrometer measurements,‘ we 
obtain the values of the mass defects of T and He* 
shown in Table IJ. These are in agreement with data 
obtained by a least-squares computation of Mattauch 
et al.,° which uses Q values of 14 reactions involving 
T and He’. 

The authors wish to thank Dr. O. A. Schaeffer and 
Dr. David Christman for their assistance and coopera- 
tion in carrying out this work. 

* Research performed under the ausipices of the U. S. Atomic 
Energy Commission. 

t Present address: Project Matterhorn, Forrestal Research 
Center, Princeton, New Jersey. 

! Hamilton, Alford, and Gross, Phys. Rev. 92, 1521 (1953). 

2 L. M. Langer and R. J. D. Moffat, Phys. Rev. 88, 689 (1952). 

+L. G. Smith and C. C. Damm, Rev. Sci. Instr. 27, 673 (1956). 

*L. G. Smith (to be published). 

5 R. W. King, Revs. Modern Phys. 26, 327 (1954). 

* Mattauch, Waldmann, Bieri, and Everling, Z. Naturforsch. 
Ila, 525 (1956). 





Annihilation Method for Measuring 
Transverse Polarization of 
Energetic Positrons* 


Lorne A. Pacet 
Institute of Physics, Uppsala, Sweden 
(Received January 20, 1958) 


I\ recent months several different methods have 
been successfully used to measure longitudinal 
polarization (denoted P,) of energetic positrons: the 
bremsstrahlung method,' in u* decay’; annihilation in 
flight (to be abbreviated AF) against unpolarized 
electrons,’ in Ga® decay‘ and N® decay’; a third 
method, using AF with polarized electrons, has been 
used by Frankel and co-workers.* On the other hand, 
for analysis of transverse polarization of energetic 
positrons (denoted P,), very few real possibilities 
appear to be known. Mott scattering’ especially for 
positrons would be rather ineffective for energies 
exceeding one or two Mev. In bremsstrahlung, the 
photon intensity for example could conceivably show 
some left-right asymmetry, but perhaps not very much.*® 
Against polarized electrons, AF used in the manner of 
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reference 6 (ideally this method rests on conservation 
of angular momentum about the line of collision) has 
sensitivity to P, decreasing sharply with energy.’ 
Again, use of AF versus polarized electrons where one 
observes total annihilation cross section or azimuthal 
distribution of the plane of the reaction, depending on 
energy, has been discussed.’ The prospects for direct 
measurement of P, at high energies were commented 
upon recently by Kinoshita and Sirlin.” Finally, 
thoughts of constructing a spin-precessor" for use 
above one Mev may not be entirely appealing from an 
engineering standpoint. 

Since some value may attach to P, measurement 
(see, for example, reference 10), it seems reasonable to 
examine the AF cross section” to ascertain optimum 
conditions for converting transverse particle polariza- 
tion into circular photon polarization (to be called 
P,). It is found that the efficiency for the conversion 
can be quite large and sustained up to rather high 
energies for an unpolarized electron target, assuming 
one of the photons to be analyzed for P;. Against the 
background of continued P, measurements!:?-+-5-!%.14 
this latter requirement should probably not inhibit 
some discussion of this possible approach to the 
problem. 

Let a positron be incident on an electron along the 
6=0 direction. If one of the particles were polarized, 
say only transversely, then on physical grounds both 
annihilation photons ought to partake in general of 
the spin angular momentum of this particle plus that 
of its usually-parallel partner.* In any case, denoting 
by 6 the center-of-mass angle of one of the photons, ¥ 
the polar angle of the positron’s spin with respect to 
its momentum, and @ the azimuthal angle of this 
photon (where the positron’s spin defines zero azimuth), 
one finds'* that the photon would be polarized by an 
amount — 


€(0,6,¥) 
26*{sin*# cos siny+[y sin*@ cosé+ (1/3) Jcosy} 


 (1—8*+ 28? sin*@— 8* sin?) 





(1) 


That is, the differential cross section for the photon 
to be like a right-hand screw is (1+¢)/(1—«) times 
that for the left-hand screw. If yo stands for total energy 
of the positron in the laboratory in units of mc, the 
electron being assumed at rest, then 6?= (yo—1)/(yo+1), 
vy=([4(yot1)]!. Taking sin?=1 and cosp=1 to max- 
imize the desired effect, we have, for cosy=0, 


€x= €(90°,0°, 90°) = 26*/ {y[1+26"(1—)]}. 


The quantity «, may be regarded as the conversion 
efficiency from P, to P;. Physically and algebraically 
€(90°,180°,90°)=—e,. A plot of ¢, against positron 
kinetic energy is made in Fig. 1. A plot is also given 
(curve D) of the usual differential cross section” per 
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Fic. 1. Plot of computed ¢,, the efficiency for transfer of 
transverse positron polarization to circular polarization of one 
of the photons at 6=90° in the center-of-mass system, versus 
laboratory energy of the positron. For comparison, one of the 
contaminating terms, ¢, is shown. Curve D is the ordinary 
Dirac annihilation cross section at 6=90° (per hemisphere), 
normalized by the ordinary total cross section. 


hemisphere at @= 90°, normalized by total cross section 
for AF. 

The particular effect €, stems entirely from what we 
should like to call the “J=2” part of the annihilation 
process (the two photons have opposite handedness; 
the helicity information is carried, we can say, in the 
sign of the interference between the amplitude p; and 
p3 of reference 3 ; or compare with Yang!”). The complete 
polarization expression, Eq. (1), contains however 
another “J=2” term: that involving sin’@ cos@ cosy in 
the numerator. Thus, to measure P, in the presence of 
nonzero P,,'* some care would have to be taken that 
this latter term did not give a spurious effect. Providing 
the effective @ could be held well fixed, then alternate 
data-taking at @ and ¢+180° and subtracting «’s 
(which wastes no operating time) of course should 
cancel this unwanted term. The remaining term” 
in the numerator of (1), which involves neither @ nor 
¢, comes from the “J=0” part of the process'’ (both 
photons have the same handedness; the helicity reflects 
only P, and is carried again by an interference, now 
between po and p: of reference 3). Since the denominator 
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of (1) has no strong @ dependence at 6~90°, this last 
term would appear to be the less troublesome of the 
two cosy terms.” Its conversion efficiency (from Py», 
to P;), called €9, is shown in the figure. A last comment 
on the rather important over-all contribution of 
P, to P; is that, at least above some workable minimum 
in positron energy, there exists a special backward 
angle (cos@<0) at which the coefficient of cosy in (1) 
vanishes; but even here the possibility of having a 
spurious contribution from P, would be as real as at 
90°. ' 
To summarize, it is seen, from the computed annihila- 
tion-in-flight cross section against unpolarized”! 
electrons, that the conversion efficiency from transverse 
positron polarization to circular photon polarization 
is a maximum of 0.55 at 3 Mev and remains greater than 
0.40 up to 18 Mev (and down to 0.6 Mev) for equal- 
energy photons, if one assumes one of the photons to 
be analyzed for polarization. (Whether or not the 
conjugate photon is detected,” perhaps to help identify 
the event or to make the plane of annihilation more 


rigid, has no bearing on this result.) The effect of any 
competing longitudinal polarization, which is far from 
trivial, has been dealt with in some detail. 


* Work supperted in part of the Office of Ordnance Research, 
U. S. Army. 
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address: Physics Department, University of Pittsburgh, Pitts- 
burgh, Pennsylvania. 
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Universal Fermi Interaction* 


R. E. BEHRENDS 
Brookhaven National Laboratory, Upton, New York 


(Received December 31, 1957; 
revised manuscript received January 27, 1958) 


ECENT experimental evidence! seems to indicate 

that the Fermi coupling for beta decay may be 
of the form V—4A, which in form and strength is also 
consistent with the muon decay data.? Also recently, 
several theoretical arguments** have been proposed 
for a universal Fermi interaction of the V—A type. 
It is the purpose of this note to propose another 
theoretical argument for such a universal coupling. 

In addition to the usual assumptions about the 
decay Hamiltonian regarding Hermiticity, quadri- 
linearity of the fermion fields, etc., the following 
assumptions are made. 


(i) The interaction Hamiltonian has the same form 
and coupling strength for any four fermions and for 
any order in which these four particles are written 
(subject to the conservation of charge, baryons, and 
leptons). 

(ii) Lepton fields anticommute; baryon fields anti- 
commute; a lepton field and a baryon field either 
commute or anticommute.’ 

(iii) The neutrino mass is identically zero, and hence 
the Hamiltonian is invariant under the substitution 


Vt yHr® 


Assumption (i) is a statement of the universal Fermi 
interaction, and following Finkelstein and Kaus,* may 
be displayed explicitly by writing the interaction 
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Hamiltonian as 


cy 
F= > — Be 2: (War “Yr) (VI pa) 


om’) g | abed 


xX WT) VI*yvha)+Hc., (1) 


4 1 

+ po —g.’ 

oig! abed 
where the I" are the completely antisymmetric Hermi- 
tian product of o Dirac matrices, the g, are, in general, 
complex, and the indices a, 5, c, and d refer to the four 
fermions which are interacting. The field operators, 
y;, annihilate particles only (in the positive or negative 
energy state) while the y; create particles only (this 
guarantees conservation of fermions). The conservation 
laws [see (i) ] restrict the sum over abcd. It should be 
noted that the I’ and g, are independent of this sum. 

As an example, consider one process. Assume that 
the proton, neutron, electron, and neutrino are all 
particles. Then the terms in the sum over abcd in (1) 
which involve these four particles are (suppressing 
the matrices and allowing the symbol for a particle to 
denote a y¥,), 


(pm) (év) + (pr) (én) + (ev) (pm) + (én) (pv) + (Hp) (de) 


+ (te) (wp)+ (de) (ip)+ (ip) (he) +H.c. (2) 


The first four terms correspond to neutron decay, the 
last four terms to proton decay. 

If the Hermitian conjugate terms are now explicitly 
combined with the first two terms, (1) may be rewritten 


. 
F= p —_ Re(g,) » (Waly) (VIIa) 
oo) abcd 


as | 
+ > aero 
cio! 
X LD Wl Ys) (Ulva). (3) 
abed 


Since the g, in (1) are complex, (1) contained twenty 
arbitrary constants. In (3) there are ten arbitrary 
constants. 

From (2), it is apparent that the terms in the sum 
over abcd can be grouped according to the process, 
e.g., neutron decay, proton decay, etc. It is then 
possible, due to a theorem of Fierz,® to rewrite all the 
terms representing one process in terms of one ordering 
of the particles [e.g., in (2) the first four terms may be 
rewritten in terms of the first term]. The theorem is 
easily generalized to the pseudo-invariants.” If the 
commutation relations (ii) are observed, then for 
each process, F assumes the form” 


F=h,(S—T+P)+h2(V—A)+h3(S—A—P) 
+ih(S’—T’+P’)+hs(V’—A’), (4) 
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where S, 7, etc., correspond to the invariants (I's) 
X (¥.I'Wa) written in one ordering of particles, while 
S’, T’, etc., correspond to the pseudo-invariants. The 
constants, h,;, are all real and are independent of the 
process. The number of arbitrary constants is thus 
reduced to five. 

According to assumption (iii), the Hamiltonian (1) 
must be invariant under the transformation ¥,-+7ys, 
whenever a neutrino process is considered. For a 
process involving a neutrino, (4) is invariant under 
this transformation only if 4;=h3=hy=0 and h2=+hs. 
But the constants in (4) are independent of the process. 
Therefore, for every process F has the form 


F=h{(V—A)+(V’—A’)]. 


The experimentally measurable quantities arising from 
this coupling have been discussed previously.*~* 

The author very gratefully acknowledges stimulating 
discussions with Dr. A. Bincer, Dr. A. Sirlin, Dr. S. 
Pasternack, and especially Dr. G. Feinberg and 
Dr. G. Wick. 
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Errata 





Plasma Oscillations in a Steady Magnetic Field: 
Circularly Polarized Electromagnetic Modes, 
TRILOCHAN PRADHAN [Phys. Rev. 107, 1222 
(1957) ]. Equations (4) and (7) are printed er- 
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roneously. They should read: 


of, 


é 
—+u:-¥,/1—-—(uX B)- Wut 
ot mc 


é u 
-—(E+-x B) ‘Wufo, (4) 
m c 


Of: é é€ 
—+u: ¥,/:—-—(uX B)- ¥./:-—(u XB) -vufi 
at mc mc 


e 
=—E-Wu fo. (7) 
m 

High Negative Nuclear Polarizations in a Liquid, 
LAWRENCE H. BENNETT AND H. C. Torrey [Phys. 
Rev. 108, 499 (1957) ]. Equation (1) was printed 
incorrectly and should read: 


i (1) 


Magnetic Properties of UMn., S. T. Lin ann A. R. 
KAUFMANN [Phys. Rev. 108, 1171 (1957)]. The 
first sentence of Sec. IVB should read: ‘The 
susceptibility, x, at each temperature was obtained 
by applying the simple formula x=¢/H to the 
corresponding isotherms at high fields and taking 
the mean values, and the data- - -.”” 


Effect of Impurity Scattering on the Magneto- 
resistance of n-Type Germanium, MaAvrRIcE 
GLICKSMAN [Phys. Rev. 108, 264 (1957)]. The 
values of magnetoresistance reported for crystal 
1336 are in error due to a mistake in orientation. 
The appropriate values for a sample with an 
electron concentration of about 4X10" cm~ are: 





T BMH c 
(°K)  (cm?*/vy-sec) b (10° cm*/v*-sec*) d 
294 610 0.061 —0.062 0.180 
77 710 0.074 —0.082 0.24 


Thus the ratio c/b is —1.02(+0.03) at room 
temperature and deviates only by a relatively 
small amount at 77°K. The values at 77°K have 
errors of about ten percent. 








PHYSICAL REVIEW VOLUME 


109, 


NUMBER 6 MARCH 15, 1958 


Author Index to Volume 109 


References with (L) are to Letters to the Editor. References with (E) are to Errata. 


Abragam, A. and W. G. Proctor. Spin temperature—1441 

Adair, R. K. (see Leipuner, L. B.)—1358 

Agarwal, S. P. (see Pomerantz, M. A.)—224(L) 

Aharoni, A. and S. Shtrikman. Magnetization curve of infinite 
cylinder—1522 

Alburger, David E. Electric monopole transitions in Ge? and 
Zr™—1222 

Allison, F. E. (see Foner, Simon)—1129 

Allison, Samuel K. Double electron capture and loss by He 
ions traversing gases—76 

Alsop, L. E. (see Giordmaine, J. A.)—302 

Altshuler, Saul. Variational principles for wave function in 
scattering theory—1830 

Ames, Oakes and George E. Owen. Angular distributions of 
B" (d,n)C first excited state neutrons—1639 

Anderson, G. S., S. Legvold, and F. H. Spedding. Super- 
conductivity of La and some La alloys—243 

Anderson, Hugh (see Neher, H. V.)—608(L) 

Anderson, Oscar A., William R. Baker, Stirling A. Colgate, 
Harold P. Furth, and Robert V. Pyle. Neutron production 
in linear deuterium pinches—612(L) 

Anderson, P. W. Absence of diffusion in certain random 
lattices—1492 

Appel, H., H. Schopper, and S. D. Bloom. (8,7) circular 
polarization correlation for Co* and Na®—2211(L) 

Arditi, M. and T. R. Carver. Optical detection of zero-field 
hyperfine splitting of Na**—1012(L) 

Argyres, Petros N. Quantum theory of galvanomagnetic 
effects—1115 

Artman, J. O., N. Bloembergen, and S. Shapiro. Operation of 
three-level solid state maser at 21 cm—1392(L) 

Aruga, Masanao (see Koga, Issac)—1467 

Austern, N. and S. T. Butler. Refraction effects in direct 
nuclear reactions—1402(L) 


Babcock, Horace. Stars as sources of cosmic rays—2210(L) 

Bair, J. K. (see Wills, J. E., Jr.)—891 

Baker, George A., Jr. Formulation of quantum mechanics 
based on quasi-probability distribution induced on phase 
space—2198 

Baker, William R. (see Anderson, Oscar A.)—612(L) 

Balazs, Nandor L. Brownian motion of mirror in superfluid He 
—232 

Ball, James S. and Geoffrey F. Chew. Nucleon-antinucleon 
interaction at intermediate energies—1385 

Balluffi, R. W. (see Simmons, R. O.)—1142 

Bandtel, Kenneth C., Wilson J. Frank, and Richard Madey. 
Measurement of spin-flip probability in photoproduction of 
negative pions from deuterium—2117 

Baranov, P. S., V. I. Gol’danskii, and V. S. Roganov. Yield 
and angular distribution of fast photoneutrons from D and 
C—1801 

Barnett, C. F. and H. K. Reynolds. Charge exchange cross 
sections of H particles in gases at high energies—355 

—— and P. M. Stier. Charge exchange cross sections for He 
ions in gases—385 

Barrett, A. H. and M. Mandel. Microwave spectra of Tl, In, 
and Ga monohalides—1572 

Barshay, Saul. Possible model for strong interactions—2160 

—— Selection rules for pion production in nucleon-anti- 
nucleon scattering—554 

Barut, A. O. Covariant quantum statistics of fields—1376 

Bashkin, S., R. R. Carlson, R. A. Douglas, and J. A. Jacobs. 
Response of CsI (TI) crystals to energetic particles—434 

Beckman, Olof. K x-ray spectrum of Hg—1590 


Bedo, D. E. and D. H. Tomboulian. K-emission spectrum of 
metallic Li—35 

Behrends, R. E. Universal Fermi interaction—2217 (L) 

Behrendt, D. R., S. Legvold, and F. H. Spedding. Magnetic 
properties of Dy single crystals—1544 

Bell, William E. and Arnold L. Bloom. Optically detected 
field-independent transition in Na vapor—219(L) 

Benczer-Koller, N., A. Schwarzschild, J. B. Vise, and C. S. 
Wu. Determination of electron polarization by electron- 
electron scattering: Y® and Au’®*—85 

Benedict, T. S. and J. L. Durand. Dielectric properties of 
single domain crystals of BaTiO; at microwave frequencies 
—1091 

Bennett, Lawrence H. and H. C. Torrey. High negative nuclear 
polarizations in liquid—2218(E) 

Bent, R. D. and T. H. Kruse. Compound states formed in 
reaction Ca**(p,p’e*e~)—1240 

Berman, A., M. W. Zemansky, and H. A. Boorse. Normal and 
superconducting heat capacities of La—70 

Bernstein, Ira B. Waves in plasma in magnetic field—10 

Bernstein, Jeremy and Kenneth A. Johnson. Decay of neutral 
x meson—189 

Biedenharn, L. C. (see Prosser, F. W., Jr.)—413 

Biondi, Manfred A. Dissociative attachment of electrons in 
I,. I. Microwave determination of absolute cross section at 
300°K—2005 

—— and R. E. Fox. Dissociative attachment of electrons in I. 
III. Discussion—2012 

Birman, Joseph L. Electronic energy bands in ZnS: potential 
in Zn blende and wurtzite—810 

(see Shakin, Carl)—818 

Bitter, Francis (see Sagalyn, Paul L.)—375 

Bjorklund, F. and S. Fernbach. Optical-model analyses of 
scattering of 4.1-, 7-, and 14-Mev neutrons by complex 
nuclei—1295 

Block, M. M. (see Slaughter, G. G.)—2111 

Block, Robert C. Angular distribution of neutrons scattered by 
2.80-kev resonance in Na—1217 

——-, Willy Haeberli, and Henry W. Newson. Neutron reso- 
nances in kev region: differential scattering cross sections 
—1620 

Bloembergen, N. Electron spin and phonon equilibrium in 
masers—2209(L) 

—— (see Artman, J. O.)—1392(L) 

Bloom, Arnold L. (see Bell, William E.)—219(L) 

Bloom, S. D. (see Appel, H.)—2211(L) 

Bludman, Sidney and Abraham Klein. Phenomenological 
analysis of « decay—550 

Blume, Richard J. Electron spin relaxation times in sodium- 
ammonia solutions—1867 

Boehm, F. Interference between Gamow-Teller and Ferm 
interaction in Mn®—1018(L) 

and A. H. Wapstra. §-y circular polarization correlation 
experiments—456 

Bohm, David and Jean-Pierre Vigier. Relativistic hydro- 
dynamics of rotating fluid masses—1882 

Bohm, H. V. (see Morse, R. W.)—1394(L) 

Bolef, D. I. (see Menes, M.)—218(L) 

Bollinger, L. M. (see Saplakoglu, A.)—1258 

Bonner, T. W. (see Ranken, W. A.)—917; 1646 

Boorse, H. A. (see Berman, A.)—70 

Boreli, F. and S. E. Darden. Strength function determinations 
using fast neutrons—2079 

Boyd, G. D., L. M. Field, and R. W. Gould. Excitation of 
plasma oscillations and growing plasma waves—1393(L) 








2219 














2220 


Boyle, W. S., A. D. Brailsford, and J. K. Galt. Dielectric and 
cyclotron absorption in infrared: observations on Bi— 
1396(L) 

Bozorth, R. M. (see Matthias, B. T.)—604(L) 

Brailsford, A. D. (see Boyle, W. S.)—1396(L) 

Braunstein, Rubin, Arnold R. Moore, and Frank Herman. 
Intrinsic optical absorption in Ge-Si alloys—695 

Bremermann, H. J., R. Oehme, and J. G. Taylor. A proof of 
dispersion relations in quantized field theories—2178 

Brennan, James G. (see Pinkston, William T.)—499 

Briggs, G. R. (see Nilson, R.)—850 

Brock, R. L. and J. F. Streib. Attempt to detect Lyman a-line 
of positronium atomic spectrum—399 

Brolley, J. E., Jr.. W. S. Hall, L. Rosen, and L. Stewart. 
Experimental evidence for reaction d+T—He?+n+n—3 
Mev—1277 

Brown, E. and J. A. Krumhansl. Energy band structure of Li 
by modified plane wave method—30 

Brueckner, K. A. and J. L. Gammel. Properties of liquid He® 
at low temperature—1040 

—— and J. L. Gammel. Properties of nuclear matter—1023 

Buechner, W. W. (see Sharp, R. D.)—1698 

—— (see Sperduto, A.)—462 

Buehler, E. (see Feher, G.)—221(L) 

Bullis, W. Murray. Galvanomagnetic effects in oriented single 
crystals of n-type Ge—292 

Burrus, C. A. and J. D. Graybeal. Stark effect at 2.0 and 1.2 
millimeters wavelength: NO—1553 

Butler, J. W. and C. R. Gossett. Positron decay of Cu®® and 
Cu* and energy levels in Ni®* and Ni®™—863 

Butler, S. T. (see Austern, N.)—1402(L) 


Callaway, J. (see Glasser, M. L.)—1541 

Capps, Richard H. Form of scattering amplitude for two 
systems of arbitrary spins—1823 

Caretto, A. A., Jr. (see Nethaway, D. R.)—504 

Carleton, N. P. and T. R. Lawrence. Absolute cross sections 
for excitation of N2 by protons of few kev energy—1159 

Carlson, R. R. (see Bashkin, S.)—434 

Carr, W. J., Jr. Temperature dependence of ferromagnetic 
anisotropy—1971 

Carver, T. R. (see Arditi, M.)—1012(L) 

Casella, Russell C. Energy-band structure of hypothetical C 
metal—54 

Chestnut, W. G. (see Panofsky, W. K. H.)—1353 

Chew, Geoffrey F. and H. Pierre Noyes. Dispersion relations 
for scattering in presence of Coulomb field—566 

(see Ball, James S.)—1385 

Chiarotti, Gianfranco and Nicolas Inchauspé. Photoproduction 
of V; centers in KBr crystals—345 

Chou, Chien, David White, and H. L. Johnston. Heat capacity 
in normal and superconducting states and critical field of 
Nb—788 

—— (see White, David)—797 

Christensen, R. L. (see Reynolds, J. B.)—465 

Christy, R. W. and W. E. Harte. Electrical conductivity of 
x-irradiated NaCI—710 

Chupp, E. L., J. W. M. DuMond, F. J. Gordon, R. C. Jopson, 
and Hans Mark. Precision determination of some energy 
levels in Fe®’, Zn*’, and Tc**—2036 

Chupp, Warren W. (see Igo, George) —2133 

—— (see Lannutti, Joseph E.)—2121 

Church, E. L., M. E. Rose, and J. Weneser. Electric monopole 
directional correlation experiments—1299 

Chynoweth, A. G. Ionization rates for electrons and holes in 
Si—1537 

Clark, Clifton Bob. Coulomb interactions in uniform-back- 
ground lattice model—1133 

Cochran, R. G. and W. W: Pratt. Radioactive decay of Se** 
—878 





VOLUME 





109 


Coffin, T., R. L. Garwin, S. Penman, L. M. Lederman, and 
A. M. Sachs. Magnetic moment of free muon—973 

Cohen, Bernard L. (see Fulmer, Clyde B.)—94 

Cohn, H. O. (see Fowler, J. L.)—89 

—— (see Wills, J. E., Jr.)—891 

Colgate, Stirling A. (see Anderson, Oscar A.)—612(L) 

Collie, C. H. (see Thornton, D. E. J.)—480 

Conner, Jerry P. Total neutron cross sections near 14.1 Mev 
—1268 

Cooper, C. Dewey and M. Lichtenstein. Spectra of A, O2, and 
Ne mixtures—2026 

Costa, G. and B. T. Feld. Possible method for determining 
intrinsic parity of K meson—606(L) 

Coté, R. E. (see Saplakoglu, A.)—1258 

Cowan, Clyde L., Jr. (see Reines, Frederick)—-609(L) 

Cranberg, L. and J. S. Levin. Inelastic neutron scattering by 
U?*%—2063 

Cressman, Paul J. and Roger G. Wilkinson. Internal con- 
version coefficients of M1 y rays of Au'** and Au'—872 

Cullen, James A. Surface currents induced by short-wave- 
length radiation—1863 

Culvahouse, J. W. and F. M. Pipkin. Experimental study of 
spin-lattice relaxation times in As-doped Si—319 

(see Pipkin, F. M.)—1423 

Cuperman, S. (see Lipkin, H. J.)—223(L) 

Cutkosky, R. E. Radiative meson-nucleon scattering—209 





Danielson, G. C. (see Morris, R. G.)—1909 

—— (see Redin, R. D.)—1916 

Danielson, R. E. and P. S. Freier. Geomagnetic effects of 
heavy primary cosmic radiation at 42°N—151 

Darden, S. E. (see Boreli, F.)—2079 

Das, T. P. (see Wikner, E. G.)—360 

Davis, C. F. (see Strandberg, M. W. P.)—1988 

Dehmelt, H. G. Spin resonance of free electrons polarized by 
exchange collisions—381 

Denisenko, G. F., N. S. Ivanova, N. R. Novikova, N. A. 
Perfilov, E. I. Prokoffieva, and V. P. Shamov. Fission of U, 
Ag, and Br nuclei with high-energy particles—1779 

de-Shalit, A. (see Lipkin, H. J.)—223(L) 

Dickerman, Charles E. Angular distributions of two proton 
groups from reaction Na**(d,p) Na*—443 

Dieke, G. H. (see Thekaekara, M.)—2029 

Diven, B. C., J. Terrell, and A. Hemmendinger. Capture to 
fission ratios for fast neutrons in U***—144 

Donnelly, R. J. Rotation of liquid He at low Reynolds numbers 
—1461 

Dougal, A. A. and L. Goldstein. Energy exchange between 
electron and ion gases through Coulomb collisions in plasmas 
—615 

Douglas, R. A. (see Bashkin, S.)—434 

Drachman, Richard J. Meson pair theory in intermediate 
coupling —996 

Dropesky, B. J. (see Hoffman, D. C.)—1282 

Duerr, Hans-Peter. Nuclear scattering of nucleons and anti- 
nucleons—1347 

Nuclear symmetry energy—117 

DuMond, J. W. M. (see Chupp, E. L.)—2036 

Durand, J. L. (see Benedict, T. S.)—1091 





Einspruch, Norman G. and Rohn Truell. Megacycle attenua- 
tion and Bordoni peaks—652 

Eisenhauer, C. M., I. Pelah, D. J. Hughes, and H. Palevsky. 
Measurement of lattice vibrations in V by neutron scatter- 
ing—1046 

Eisinger, J. and G. Feher. Hfs anomaly of Sb™ and Sb"8 
determined by electron nuclear double resonance technique 
—1172 

Ekstein, H., J. Swihart, and K. Tanaka. Representationless 
formalism in field theory of fixed nucleons—557 





AUTHOR 


Elcock, E. W. and C. W. McCombie. Vacancy diffusion in 
binary ordered alloys—605(L) 

El-Hussaini, Jassim M. and S. T. Stephenson. Single-crystal 
orientation effects in K x-ray absorption spectra of Ge—51 

Ellis, S. G., F. Herman, E. E. Loebner, W. J. Merz, C. W. 
Struck, and J. G. White. Photovoltages larger than band 
gap in ZnS crystals—1860(L) 

Engelkemeir, D. W. (see Gindler, J. E.)—1263 

Erwin, A. R., Jr., and J. K. Kopp. x~-proton scattering at 
950 Mev—1364 

Esaki, Leo. New phenomenon in narrow Ge p-n junctions— 
603(L) 

Evans, N. T. S. and A. P. French. Nucleon exchange effects in 
B'°(d,p) stripping reactions—1272 


Fagg, L. W. Coulomb excitation of Sb, Cs, and Ba—100 

Fairhall, A. W. (see Jensen, R. C.)—942 

Fan, H. Y. (see Spitzer, W. G.)—1011(L) 

Faughnan, B. W. (see Strandberg, M. W. P.)-—1988 

Feder, R. and A. S. Nowick. Use of thermal expansion meas- 
urements to detect lattice vacancies near melting point of 
pure Pb and Al—-1959 

Feher, G., J. P. Gordon, E. Buehler, E. A. Gere, and C. D. 
Thurmond. Spontaneous emission of radiation from electron 
spin system—221(L) 

(see Eisinger, J.)—1172 

Fein, Alvin E. Influence of variable ejection probability on 
displacement of atoms—1076 

Feinberg, G. Electromagnetic interaction of neutral K meson 
—1381 

—— Internal pair creation in 2° decay—1019(L) 

Feld, B. T. (see Costa, G.)—606(L) 

Feldman, Gordon and P. T. Matthews. Hyperon production in 
nucleon-nucleon collisions—546 

Fernbach, S. (see Bjorklund, F.)—1295 

Ferrell, Richard A. and Rolfe E. Glover, III. Conductivity of 
superconducting films: sum rule—1398(L) 

Feynman, R. P. and M. Gell-Mann. Theory of Fermi inter- 
action—193 

Field, L. M. (see Boyd, G. D.)—1393(L) 

Fields, T. H., J. G. Fox, J. A. Kane, R. A. Stallwood, and 
R. B. Sutton. Reaction p+p—-r*++d in 425-Mev energy 
region—1704 

J. G. Fox, J. A. Kane, R. A. Stallwood, and R. B. Sutton. 
Total cross section for p+p—x*+p+n at 437 Mev—1713 

—— (see Stallwood, R. A.)—1716 

Finkelstein, R. Permutation symmetries of generalized 8 
interactions—1842 

Fischer, J., R. March, and L. Marshall. Measurement of 
Panofsky ratio: nuclear absorption of x> from K shell in H— 
533 

Fitch, V. L. (see Panofsky, W. K. H.)—-1353 

Foner, Simon, F. E. Allison, and Emerson M. Pugh. Hall 
effect in Ni;Mn and Fe-Co as function of order—1129 

Foote, H. L., Jr. Neutron scattering cross section of U2**—1641 

Ford, Kenneth W. (see True, William W.)—1675 

Fowler, J. L. and H. O. Cohn. Oxygen differential neutron 
scattering and phenomenological nuclear potentials—89 

Fox, J. G. (see Fields, T. H.)—1704; 1713 

—— (see Stallwood, R. A.)—1716 

Fox, R. E. Dissociative attachment of electrons in I. II. Mass 
spectrographic determination of energy dependence of cross 
section—2008 

—— (see Biondi, Manfred A.)—2012 

Frank, Wilson J. (see Bandtel, Kenneth C.)—2117 

Franklin, J. and B. Margolis. Scattering of ~~ mesons by 
nuclei—525 

Freeman, J. R. (see Kallmann, Hartmut)—1506 

Freier, P. S. (see Danielson, R. E.)—151 

French, A. P. (see Evans, N. T. S.)—1272 








INDEX 2221 


Friedman, Lewis and Lincoln G. Smith. Mass difference 
T-He? and mass of neutrino—2214(L) 

Frisch, Harry L. Approach to equilibrium—22 

Fry, W. F. and R. G. Sachs. Method for determining 6; —62 
mass difference—2212(L) 

Fuller, E. G., E. Hayward, and H. W. Koch. Shape of high- 
energy end of electron-bremsstrahlung spectrum—630 

Fulmer, Clyde B. and Bernard L. Cohen. Equilibrium charges 
of fission fragments in gases—94 

Fultz, S. C. (see Hickok, R. L.)—113 

Funk, E. G., Jr., and M. L. Wiedenbeck. Directional correla- 
tion of y rays of Se*—922 

Furst, M. and H. Kallmann. Cross quenching of fluorescence 
in organic solutions—646 

Furth, Harold P. (see Anderson, Oscar A.)—612(L) 


Gall, R. (see Vallarta, M. S.)—1403(L) 

Galonsky, A. (see Johnson, C. H.)—1243 

Galt, J. K. (see Boyle, W. S.)—1396(L) 

Gammel, J. L. and R. M. Thaler. Phase shifts for p-a scattering 
and polarization in p-a scattering for proton laboratory 
energies from 0 to 40 Mev—2041 

——— (see Brueckner, K. A.)—1023; 1040 

Garwin, R. L. (see Coffin, T.)—973 

Gatto, R. Relations between hyperon polarizations in asso- 
ciated production—610(L) 

Gavenda, J. D. (see Morse, R. W.)—1394(L) 

Gell-Mann, M. (see Feynman, R. P.)—193 

Gere, E. A. (see Feher, G.)—221(L) 

Gerhart, J. B. Fierz interference of Fermi interactions in 8 
decay—897 

Gerjuoy, E. Outgoing boundary condition in rearrangement 
collisions—1806 

Giambuzzi, S. (see Lannutti, Joseph E.)—2121 

Gibbons, J. H. (see Good, W. M.)—926 

—— (see Macklin, R. L.)}—105 

Gilbert, Francis C. and R. Stephen White. 
tures by bound neutrons—1770 

Gilleo, M. A. Superexchange interaction energy for Fe** —O?- 
—Fe** linkages—777 

Gindler, J. E., J. R. Huizenga, and D. W. Engelkemeir. 
Np isotopes: 234, 235, 236—1263 

Giordmaine, J. A., L. E. Alsop, F. R. Nash, and C. H. Townes. 
Paramagnetic relaxation at very low temperatures—302 

Glass, Solomon J. and Martin J. Klein. Thin ferromagnetic 
films—288 

Glasser, M. L. and J. Callaway. Electronic energy bands in Li 
—1541 

Glassgold, A. E. and P. J. Kellogg. Nuclear scattering of 40- 
and 95-Mev protons—1291 

Glauber, R. J. (see Martin, P. C.)—1307 

Glicksman, Maurice. Effect of impurity scattering on mag- 
netoresistance of n-type Ge—2218(E) 

Glover, Rolfe E., III (see Ferrell, Richard A.)—1398(L) 

Goebel, C. J. Use of Chew-Low equation in strong coupling— 
1846 

Gol’danskii, V. I., A. E. Ignatenko, A. I. Mukhin, V. S. Pen- 
kina, and V. A. Shkoda-Ulyanov. Emission of secondary 
neutrons from nuclei bombarded by high-energy neutrons— 
1762 

—— (see Baranov, P. S.)—1801 

Goldberg, Colman. Relaxation time anisotropy in n-type Ge 
—331 

Goldhaber, Gerson (see Igo, George)—2133 

—— (see Lannutti, Joseph E.)-—2121 

Goldhaber, M., L. Grodzins, and A. W. Sunyar. Helicity of 
neutrinos—1015(L) 

Goldhaber, Sulamith (see Igo, George)—2133 

—— (see Lannutti, Joseph E.)—2121 

Goldstein, B. Properties of photovoltaic films of CdTe— 
601(L) 


K~-meson cap- 











2222 VOLUME 109 


Goldstein, L. and T. Sekiguchi. Electron-electron interaction 
and heat conduction in gaseous plasmas—625 

(see Dougal, A. A.) —615 

Gonser, Ulrich and Boudewyn Okkerse. Radiation damage 
experiments and nature of thermal spikes in III-V com- 
pounds—663 

Good, W. M., J. H. Neiler, and J. H. Gibbons. Neutron total 
cross sections in kev region by fast time-of-flight measure- 
ments—926 

Gordon, F. J. (see Chupp, E. L.)—2036 

Gordon, J. P. (see Feher, G.)—221(L) 

Gossett, C. R. (see Butler, J. W.)—863 

Gould, R. W. (see Boyd, G. D.)—1393(L) 

Graybeal, J. D. (see Burrus, C. A.)—1553 

Gregory, D. P. and D. Z. Landsman. Average decay energy of 
T—2091 

Griggs, D. T.. W. G. McMillan, E. D. Michael, and C. P. 
Nash. Lack of metallic transition in LiH and LiAlH, under 
static pressure—1858(L) 

Grodzins, L. Lifetime of 1~ level in Sm'—1014(L) 

—— (see Goldhaber, M.)—1015(L) 

Grundl, J. A., R. L. Henkel, and B. L. Perkins. P*(n,p)Si® 
and Al*’?(n,a)Na™ cross sections—425 





Haeberli, Willy (see Block, Robert C.)—1620 

Hall, W. S. (see Brolley, J. E., Jr.)—1277 

Halpern, Francis R. Phonon-polaron problem—1836 

Halpern, J. (see Whetstone, A.)—2072 

Hamilton, D. R. (see Reynolds, J. B.)—465 

Hanna, S. S. and R. S. Preston. Polarization of positrons and 
annihilation in ferromagnetic materials—716 

Hansen, Eldon R. (see Rasmussen, John O.)—1656 

Harte, W. E. (see Christy, R. W.)—710 

Harth, E. M. (see Slaughter, G. G.)—2111 

Hartree, D. R. Representation of exchange terms in Fock's 
equations by a quasi-potential—840 

Harvey, Fred E. (see Young, Otis B.)—529 

Harvey, John A. and D. J. Hughes. Spacings of nuclear energy 
levels—471 

Hayward, E. (see Fuller, E. G.)—630 

Hemmendinger, A. (see Diven, B. C.)—1i44 

Henkel, R. L. (see Grundl, J. A.)—425 

Henry, Warren E. Low-temperature magnetic studies of 
UH;, UD;, and U0O.—1976 

Henshaw, D. G. Structure of solid He by neutron diffraction 
—328 

Herman, Frank (see Ellis, S. G.)—1860(L) 

—— (see Braunstein, Rubin)—695 

Herngqvist, K. G. Emission mechanism of cold-cathode arcs— 
636 

Hickok, R. L., W. A. McKinley, and S. C. Fultz. Decay of 
Ce! and Pr'4—113 

Hill, R. W. Angular distributions of elastic scattering of 5-Mev 
neutrons—2105 

Hoff, R. W. and J. M. Hollander. Energy levels of Po*!°—447 

Hoffman, D. C. and B. J. Dropesky. Electron-capture decay 
of Pu?*7—1282 

Hollander, J. M. (see Hoff, R. W.)—447 

Holm, D. M. (see Terrell, J.)—2031 

Holmgren, H. D. (see Johnston, R. L.)—884 

Hooke, W. M. (see Reynolds, J. B.)—465 

Hornbostel, J. and G. T. Zorn. Observation and analysis of K~ 
interactions—165 

Howe, H. A. (p,”) cross sections of Cu and Zn—2083 

Howland, L. P. Band structure and cohesive energy of KCI— 
1927 

Hrostowski, H. J. (see Shulman, R. G.)—808 

Huang, Kerson and F. E. Low. Decay of + meson and uni- 
versal Fermi interaction—1400(L) 

Hubbard, P. S. Nuclear magnetic relaxation of three and four 
spin molecules in liquid—1153 





Hubbs, J. C., R. Marrus, W. A. Nierenberg, and J. L. Wor- 
cester. Hfs measurements on Pu***—390 

Hughes, D. J. (see Eisenhauer, C. M.)—1046 

—— (see Harvey, John A.)—471 

Huizenga, J. R. Correlation of competition between neutron 
emission and fission—484 

—— (see Gindler, J. E.)—1263 

—— (see White, F. A.) —437 

Hull, M. H., Jr., and J. Shapiro. Polarization in p-p scattering 
at 3 and 4 Mev—846 

Hylleraas, Egil A. and John Midtdal. Ground state energy of 
two-electron atoms. Corrective results—1013(L) 


Iben, Icko, Jr. Higher order effects in 8 decay of P*—2059 

Ichikawa, Yoshi H. Characteristic energy loss of electrons in 
graphite—653 

Ignatenko, A. E. (see Gol’danskii, V. I.)—1762 

Igo, George, D. Geoffrey Ravenhall, Jerome J. Tiemann, 
Warren W. Chupp, Gerson Goldhaber, Sulamith Goldhaber, 
Joseph E. Lannutti, and Roy M. Thaler. Scattering of K* 
mesons in emulsion—2133 

Illsley, E. Geer (see Johnston, R. L.)—884 

Inchauspé, Nicolas (see Chiarotti, Gianfranco)—345 

Inuishi, Yoshio and Tokuo Suita. Dielectric breakdown of 
KCI crystals irradiated with y rays—1509 

Ivanova, N. S. (see Denisenko, G. F.)—1779 


Jaccarino, V. (see Shulman, R. G.)—1084 

Jacobs, J. A. (see Bashkin, S.)—434 

Jennings, D. A., W. H. Tanttila, and O. Kraus. Ultrasonically 
induced spin transitions in Nal—1059 

Jensen, R. C. and A. W. Fairhall. Fission of Ra®* by 11-Mev 
protons—942 

Jentschke, W. K. (see Nilson, R.)—850 

Jesse, William P. Absolute energy to produce ion pair in 
various gases by § particles from S*—2002 

Johnson, C. H., A. Galonsky, and J. P. Ulrich. Proton strength 
functions from (p,m) cross sections—1243 

Johnson, Kenneth A. (see Bernstein, Jeremy)—189 

Johnston, H. L. (see Chou, Chien)—788 

—— (see White, David)—797 

Johnston, R. L., H. D. Holingren, E. A. Wolicki, and E. Geer 
Illsley. Differential cross sections for C"(He*,p)N™ reaction 
—884 

Jopson, R. C. (see Chupp, E. L.)—2036 

Joseph, P. J. (see Windham, P. M.)—1193 


Kalimann, Hartmut and J. R. Freeman. Electric field dis- 
tribution in polarized photoconductors—1506 

Bernard Kramer, and Peter Mark. De-excitation of ZnS 

and ZnCdS phosphors by electric fields—721 

and Eugene Sucov. Energy storage in ZnS and ZnCdS 
phosphors—1473 

—— (see Furst, M.)—646 

Kane, J. A. (see Fields, T. H.)—1704; 1713 

—— (see Stallwood, R. A.)—1716 

Kinzig, Werner and Truman O. Woodruff. Electron spin 
resonances of H-centers—220(L) 

Kaplan, Selig N. (see Tai, Yuin-Kwei)—2086 

Kaplan, T. A. Approximate theory of ferrimagnetic spin waves 
—782 

Kasper, J. S. and R. M. Waterstrat. Antiferromagnetism in 
b.c.c. Mn-Cr solid solution—1551 

Kaufman, A. N. (see Rosenbluth, M. N.)—1 

Kaufmann, A. R. (see Lin, S. T.)—2218(E) 

Kaus, Peter E. Theory of interstitial impurity states in semi- 
conductors—1944 

Kellogg, P. J. (see Glassgold, A. E.)—1291 

Kelly, Martin (see Spruch, Larry)—2144 

Kendall, Henry W. Lifetime of O* excited state in Ge”—861 

Kerman, R. O. (see Nilson, R.)—-850 











| 
| 





AUTHOR 


Kerth, Leroy T., Thaddeus F. Kycia, an¢ Ludwig van Rossum. 
Total cross sections for 190-Mev positively charged K 
mesons in complex nuclei—1784 

Keyes, Robert W. Isotropic approximation to magneto- 
resistance of multivalley semiconductor—43 

Khuri, N. N. and S. B. Treiman. Dispersion relations for Dirac 
potential scattering—198 

Kikuchi, C. (see Makhov, G.)—1399(L) 

King, D. T. Isotropy of pion emission at 6 Bev—1344 

King, J. C. Anelasticity of synthetic crystalline quartz at low 
temperatures—1552 

King, K. M. (see Tycko, D. H.)—369 

Klein, Abraham (see Bludman, Sidney)—550 

——— (see Norton, Richard E.)—584; 991 

Klein, Martin J. (see Glass, Solomon J.)—288 

Klema, Ernest D. Angular correlations of y rays in cascade 
from levels in Lu'”® and Hf!77—1652 

Koch, H. W. (see Fuller, E. G.)—630 

Koehler, J. S. (see Magnuson, G. D.)—1990 

Koga, Issac, Masanao Aruga, and Yéichird Yoshinaka. Theory 
of plane elastic waves in a piezoelectric crystalline medium 
and determination of elastic and piezoelectric constants of 
quartz—1467 

Kohn, W. (see Luttinger, J. M.)—1892 

Kondo, J. (see Yamashita, J.)—730 

Konuma, Michiji, Seitaro Nakamura, and Hiroomi Umezawa. 
Conservation laws for lepton processes—1404(L) 

Kopp, J. K. (see Erwin, A. R., Jr.)—1364 

Koster, G. F. Matrix elements of symmetric operators—227 

Kraichnan, Robert H. Irreversible statistical mechanics of 
incompressible hydromagnetic turbulence—1407 

Kramer, Bernard (see Kallmann, Hartmut)—721 

Kraus, O. and W. H. Tanttila. Nuclear magnetization in 
presence of ultrasonic excitation—1052 

—— (see Jennings, D. A.)—1059 

Krishnaji and G. P. Srivastava. Microwave absorption in 
methyl halides—1560 

Krémer, Herbert. Proposed negative-mass microwave am- 
plifier—1856(L) 

Kronsbein, John. Relativity in static spherical and elliptic 
space (Einstein's universe)—1815 

Krumhansl, J. A. (see Brown, E.)—30 

Kruse, Herald W. (see Reines, Frederick) —609(L) 

Kruse, T. H. (see Bent, R. D.)—1240 

Kycia, Thaddeus F. (see Kerth, Leroy T.)—1784 

Kyhl, R. L. (see Strandberg, M. W. P.)—1988 


Lambe, J. (see Makhov, G.)—1399(L) 

Landsman, D. Z. (see Gregory, D. P.)—2091 

Langer, L. M. (see Robinson, R. L.)—1255 

Lannutti, Joseph E., Sulamith Goldhaber, Gerson Goidhaber, 
Warren W. Chupp, S. Giambuzzi, C. Marchi, G. Quareni, 
and A. Wataghin. Study of interaction of positive K mesons 
—2121 

—— (see Igo, George) —2133 

Lawrence, T. R. (see Carleton, N. P.)—1159 

Lax, Benjamin (see Zwerdling, Solomon)—2207(L) 

Lax, Melvin. Generalized mobility theory—1921 

Lebowitz, Joel L. Modified virial theorem for total momentum 
fluctuations—1464 

Lederman, L. M. (see Coffin, T.)—973 

Lee, L. L., Jr. (see Schiffer, J. P.)—2098 

Lee, T. D. and C. N. Yang. Possible determination of spin of 
A° from its large decay angular asymmetry—1755 

Legvold, S. (see Anderson, G. S.)—243 

—— (see Behrendt, D. R.)—1544 

—— (see Rhodes, B. L.)—1547 

Leipuner, L. B. and R. K. Adair. Production of strange 
particles by +~— p interactions near threshold—1358 

Leiss, J. E. and R. A. Schrack. Angular distribution in neutral 

meson decay—1326 


INDEX 2223 


Levin, J. S. (see Cranberg, L.)—2063 

Levine, Arnold D. Neutral mesons arising in photoproduction 
of pion pairs—515 

Lewis, M. and H. Margenau. Statistical broadening of spectral 
lines emitted by ions in plasma—842 

Lichten, William. New metastable state of Hg—1191 

Lichtenberg, D. B. and Marc Ross. K-meson contribution to 
forces between baryons—2163 

Lichtenstein, M. (see Cooper, C. Dewey)—2026 

Lifshitz, J. (see Vallarta, M. S.)—1403(L) 

Lin, S. T. and A. R. Kaufmann. Magnetic properties of UMny 
—2218(E) 

Lindenbaum, S. J. (see Sternheimer, R. M.)—1723 

Lipkin, Harry J. Center-of-mass motion in Brueckner theory 
for finite nucleus—2071 

, S. Cuperman, T. Rothem, and A. de-Shalit. Measure- 
ment of §-ray polarization of Au! by double Coulomb 
scattering—223(L) 

Loebner, E. E. (see Ellis, S. G.)—1860(L) 

Long, Donald and John Myers. Weak-field magnetoresistance 
in p-type Si—1098 

Lopes, J. Leite. Capture of negative muons by light nuclei— 
509 

Low, F. E. (see Huang, Kerson)—1400(L) 

Low, W. Paramagnetic and optical spectra of divalent Co in 
cubic crystalline fields—256 

Paramagnetic and optical spectra of divalent Ni in 
cubic crystalline fields—247 

—— Paramagnetic resonance spectrum of Gd** in cubic field 
of CaF:—265 

Lowry, Ralph A. and Glenn H. Miller. Ionization yield of 
protons in N; and A—826 

Luborsky, F. E. Loss of exchange coupling in surface layers of 
ferromagnetic particles—40 

Luttinger, J. M. and W. Kohn. Quantum theory of electrical 
transport phenomena—1892 








Mack, J. E. Structure of Ba resonance line-—820 

Mackliet, C. A. Diffusion of Fe, Co, and Ni in single crystals 
of pure Cu—1964 

Macklin, R. L. and J. H. Gibbons. Study of T(,n)He* and 
Li’(p,") Be’ reactions—105 

Madey, Richard (see Bandtel, Kenneth C.)—2117 

Magnuson, G. D., W. Palmer, and J. S. Koehler. Isothermal 
annealing below 60°K of deuteron-irradiated noble metals— 
1990 

Makhov, G., C. Kikuchi, J. Lambe, and R. W. Terhune. 
Maser action in ruby—1399(L) 

Malmberg, J. H. and C. S. Robinson. Small-angle photo- 
production of positive pions from H—158 

Mandel, M. (see Barrett, A. H.)-—1572 

Mapleton, Robert A. Simultaneous ionization and excitation 
of He by protons—1166 

March, N. H. (see Young, W. H.)—1854 

March, R. (see Fischer, J.)—533 , 

Marchi, C. (see Lannutti, Joseph E.)—2121 as 

Margenau, Henry. Conductivity of plasmas to microwaves—6 

—— (see Lewis, M.)—842 

Margolis, B. (see Franklin, J.)—525 

Mark, Hans (see Chupp, E. L.)—2036 

Mark, Peter (see Kallmann, Hartmut)—721 

Marrus, R. (see Hubbs, J. C.)—390 

Marshak, H. and V. L. Sailor. Low-energy neutron resonances 
in Sm¥*—1219 

Marshak, R. E. (see Signell, P. S.)—1229 

—— (see Sudarshan, E. C. G.)—1860(L) 

Marshall, J. F. (see Shatas, R. A.)—1953 

Marshall, L. (see Fischer, J.)—533 

Martegani, A. (see Vervier, J. F.)—947 

Martin, P. C. and R. J. Glauber. Relativistic theory of radia- 
tive orbital electron capture—1307 











2224 


Matthews, P. T. (see Feldman, Gordon)—546 

Matthias, B. T. and R. M. Bozorth. Ferromagnetism of 
Zr-Zn compound—604 (L) 

Mazo, R. M. and A. C. Zemach. Diffraction of neutrons by 
imperfect gases—1564 

McCombie, C. W. (see Elcock, E. W.)—605(L) 

McCrary, J. H. (see Ranken, W. A.)—1646 

McCrary, J. M. (see Ranken, W. A.)—917 

McCutchen, C. W. Excited states of Dy'®—1211 

McDiarmid, I. B. Nuclear interactions of high-energy u- 
mesons in C—1792 

McDonald, Frank B. Primary cosmic-ray proton and alpha 
flux near geomagnetic equator—1367 

McGinnis, Carl L. Radioactivity of In° and Sb”°—888 

McGowan, F. K. and P. H. Stelson. Yields, angular distribu- 
tions, and polarization of y rays from Coulomb excitation 
—901 

McGruer, J. N. (see Vogelsang, W. F.)—1663 

McKinley, W. A. (see Hickok, R. L.)—113 

McLennan, James A., Jr. Improper Lorentz transformations 
—986 

McMillan, W. G. (see Griggs, D. T.)—1858(L) 

McWhorter, Alan L. and James W. Meyer. Solid-state maser 
amplifier—312 

Meads, R. E. (see Thornton, D. E. J.)—480 

Meissner, Hans. Measurements on superconducting contacts 
—686 

—— Paramagnetic effect in superconductors. V. Resistance 
transition of Sn wires—668 

—— Paramagnetic effect in superconductors. VII. Shape of 
superconducting domains—1479 

and Richard Zdanis. Paramagnetic effect in super- 
conductors. VI. Resistance transitions in In wires—681 

Melissinos, Adrian C. (see Sagalyn, Paul L.)—375 

Menes, M. and D. I. Bolef. Observation of nuclear resonance 
acoustic absorption of In"™*® in InSb—218(L) 

Merz, W. J. (see Ellis, S. G.)—1860(L) 

Meyer, James W. (see McWhorter, Alan L.)—312 

Michael, E. D. (see Griggs, D. T.)—1858(L) 

Midtdal, John (see Hylleraas, Egil A.)—1013(L) 

Millburn, George P. (see Tai, Yuin-Kwei)—2086 

Miller, Dan W. 1.7-Mev state in Be’—1669 

Miller, Glenn H. (see Lowry, Ralph A.)—826 

Mizushima, Masataka. Theory of Stark effect of NO molecule 
—1557 

Montgomery, D. J. (see Snyder, D. D.)—222(L) 

Moore, Arnold R. (see Braunstein, Rubin)—695 

Moore, James A. Resonance scattering of slow neutrons on 
In—417 

Moran, Thomas I. and W. W. Watson. Thermal diffusion 
factors for noble gases—1184 

Mori, Hazimi and John Ross. Transport equation in quantum 
gases—1877 

Morita, Masato and Reiko Saito Morita. First forbidden 
transitions in parity-nonconserving 6 decay—2048 

Morita, Reiko Saito (see Morita, Masato)—2048 

Morris, R. G., R. D. Redin, and G. C. Danielson. Semi- 
conducting properties of Mg,Si single crystals—1909 

(see Redin, R. D.)—1916 

Morse, R. W., H. V. Bohm, and J. D. Gavenda. Electron 
resonances with ultrasonic waves in Cu—1394(L) 

Moshinsky, Marcos. Velocity-dependent forces and nuclear 
structure. II. Spin-dependent forces—933 

Motley, R. W. (see Panofsky, W. K. H.)—1353 

Motz, J. W. and R. C. Placious. Bremsstrahlung cross-section 
measurements for 50-kev electrons—235 

Moyer, Burton J. (see Tai, Yuin-Kwei)—2086 

Mukhin, A. I. (see Gol’danskii, V. I.)—1762 

Myers, John (see Long, Donald)—1098 








VOLUME 


109 


Nakamura, Seitaro (see Konuma, Michiji)—1404(L) 

Nash, C. P. (see Griggs, D. T.)—1858(L) 

Nash, F. R. (see Giordmaine, J. A.)—302 

Nauerberg, Michael. Calculation of anomalous magnetic 
moments of A® and 2°, E+, 2~ hyperons—-2177 

Neher, H. V. and Hugh Anderson. Cosmic-ray changes from 
1954 to 1957—608(L) 

Neiler, J. H. (see Good, W. M.)—926 

Nesbet, R. K. Axial symmetry of nuclear wave functions— 
1017(L) 

—— Brueckner’s theory and method of superposition of 
configurations—1632 

Nethaway, D. R. and A. A. Caretto, Jr. New isotope, S**—504 

Nethercot, A. H., Jr. (see Rosenblum, B.)—400 

Newson, Henry W. (see Block, Robert C.)—1620 

Newton, Roger G. Electron scattering by polarized nuclei 
—2213(L) 

Nierenberg, W. A. (see Hubbs, J. C.)—390 

Nilson, R., W. K. Jentschke, G. R. Briggs, R. O. Kerman, 
and J. N. Snyder. Investigation of excited states in Be’ 
by a-particle scattering from He—850 

Norton, Richard E. and Abraham Klein. Complete set of 
dispersion relations for class of fixed-source meson theories 
—5 

—— and Abraham Klein. Significance of redundant solutions 
of Low-Wick equation—991 

Novikova, N. R. (see Denisenko, G. F.)—1779 

Nowick, A. S. (see Feder, R.)—1959 

Noyes, H. Pierre (see Chew, Geoffrey F.)—566 

Noziéres, Philippe. Cyclotron resonance in graphite—1510 

and David Pines. Electron interaction in solids. Collec- 

tive approach to dielectric constant—762 

and David Pines. Electron interaction in solids. General 

formulation—741 

and David Pines. Electron interaction in solids: nature 

of elementary excitations—1062 

and David Pines. Ground state energy and stopping 

power of electron gas—1009(L) 














Oehme, R. (see Bremermann, H. J.)—2178 

Okkerse, Boudewyn (see Gonser, Ulrich) —663 

Okubo, Susumu. Decay of =* hyperon and its antiparticle— 
984 

Oleksa, Sophie. Neutron scattering cross section of U?**— 
1645 

Owen, George E. (see Ames, Oakes) —1639 


Page, Lorne A. Annihilation method for measuring transverse 
polarization of energetic positrons—2215(L) 

Pais, A. and S. B. Treiman. Polarization effects in =~ capture 
—1759 

Palevsky, H. (see Eisenhauer, C. M.)—1046 

Palmer, W. (see Magnuson, G. D.)—1990 

Panofsky, W. K. H., V. L. Fitch, R. W. Motley, and W. G. 
Chesnut. Measurement of total absorption coefficient of 
long-lived neutral K-particles—1353 

Parker, E. N. Dynamical instability in anisotropic ionized gas 
of low density—1874 

Origin and dynamics of cosmic rays—1328 

—— Reaction of laboratory magnetic fields against their 
current coils—1440 

Pearson, W. B. and I. M. Templeton. Superconducting transi- 
tion of Pbh—1094 

Pelah, I. (see Eisenhauer, C. M.)—1046 

Pen’kina, V. S. (see Gol’danskii, V. I.)—1762 

Penman, S. (see Coffin, T.)—973 

Pensak, L. High-voltage photovoltaic effect—601 (L) 

Perfilov, N. A. (see Denisenko, G. F.)—1779 

Perkins, B. L. (see Grundl, J: A.)—425 

Peter, Martin. Penetration of electromagnetic fields through 
superconducting films—1857 (L) 











q 
P| 
i 
| 





AUTHOR 


Pettus, William G. Polarization of electrons scattered by thin 
Au foils—1458 

Pines, David. Superconductivity in periodic system—280 

—— (see Noziéres, Philippe)—741; 762; 1009(L); 1062 

Pinkston, William T. and James G. Brennan. Single con- 
figuration analysis of Lit—499 

Pipkin, F. M. and J. W. Culvahouse. Rf orientation of As”® 
—1423 

—— (see Culvahouse, J. W.)—319 

Placious, R. C. (see Motz, J. W.)—235 

Pomerantz, M. A., S. P. Agarwal, and V. R. Potnis. Direct 
observation of periodic variation of primary cosmic-ray 
intensity—224(L) 

—— (see Shatas, R. A.)—1953 

Potnis, V. R. (see Pomerantz, M. A.)—224(L) 

Pradhan, Trilochan. Plasma oscillations in steady magnetic 
field—2218(E) 

Pratt, W. W. (see Cochran, R. G.)—878 

Preston, R. S. (see Hanna, S. S.)—716 

Proctor, W. G. (see Abragam, A.)—1441 

Prokoffieva, E. I. (see Denisenko, G. F.)—1779 

Prosser, F. W., Jr., and L. C. Biedenharn. Some properties 
of shift and penetration factors in nuclear reactions—413 

Pugh, Emerson M. (see Foner, Simon)—1129 

Pugh, Robert E. Furry's theorem for very strong interactions 
—989 

Pyle, Robert V. (see Anderson, Oscar A.)—612(L) 


Quareni, G. (see Lannutti, Joseph E.)—2121 


Rabson, T. A. (see Ranken, W. A.)—917 

Ramsey, Norman F. Molecular beam resonances in oscillatory 
fields of nonuniform amplitudes and phases—822 

—— Time reversal, charge conjugation, magnetic pole conju- 
gation, and parity—225(L) 

Ranken, W. A., T. W. Bonner, and J. H. McCrary. Energy 
dependence of F'*+  reactions—1646 

——, T. W. Bonner, J. M. McCrary, and T. A. Rabson. 
y radiation from N“*+d and C'?+d—917 

Rasmussen, John O. and Eldon R. Hansen. Numerical 
solutions of Cm*® a-decay wave equation—1656 

—— (see Shirley, Virginia S.)—2092 

- (see Toth, Kenneth S.)—121 

Rassey, A. J. Nucleonic binding states in nonspherical nuclei: 
asymptotic representation—949 

Ravenhall, D. Geoffrey (see Igo, George)—2i33 

Redin, R. D., R. G. Morris, and G. C. Danielson. Semi- 
conducting properties of Mg2Ge single crystals—1916 

—(see Morris, R. G.)—1909 

Reines, Frederick, Clyde L. Cowan, Jr., and Herald W. Kruse. 
Conservation of number of nucicons—609(L) 

Rempel, Robert C. Relaxation effects for coupled nuclear 
spins—831 

Reynolds, H. K. (see Barnett, C. F.)—355 

Reynolds, J. B., R. L. Christensen, D. R. Hamilton, W. M. 
Hooke, and H. H. Stroke. Spins of certain short-lived Cu 
and Ag isotopes—465 

Rhodes, B. L., S. Legvold, and F. H. Spedding. Magnetic 
properties of Ho and Tm metals—1547 

Robinson, C. S. (see Malmberg, J. H.)—158 

Robinson, R. L. and L. M. Langer. 8 decay of Ru'®—1255 

Roganov, V. S. (see Baranov, P. S.)—1801 

Rose, H. J. (see Warburton, E. K.)—1199 

Rose, M. E. (see Church, E. L.)—1299 

Rosen, L. (see Brolley, J. E., Jr.)—1277 

Rosen, Philip. Ionization cross section of A-A collisions near 
threshold—351 

Low-energy inelastic atomic collisions—348 

Rosenblum, B., A. H. Nethercot, Jr., and C. H. Townes. 
Isotopic mass ratios, magnetic moments, and sign of electric 
dipole moment in CO—400 





INDEX 2225 


Rosenbluth, M. N. and A. N. Kaufman. Plasma diffusion in 
magnetic field—1 

Rosenson, Lawrence. Momentum spectrum of positrons from 
decay of 4+ mesons—958 

Ross, John (see Mori, Hazimi)—1877 

Ross, Marc (see Lichtenberg, D. B.)—2163 

Roth, Laura M. (see Zwerdling, Solomon)—2207 (L) 

Rothem, T. (see Lipkin, H. J.)—223(L) 

Rourke, F. M. (see White, F. A.)—437 

Russek, Arnold. Collective motion in modified shell model— 
487 

—— and M. Tom Thomas. Ionization produced by atomic 
collisions at kev energies—2015 


Sachs, A. M., H. Winick, and B. A. Wooten. Interactions of 
38- and 61-Mev positive pions in deuterium—1733 

me , H. Winick, and B. A. Wooten. Scattering of 37-Mev 
positive pions on H—1750 
— (see Coffin, T.)—973 

Sachs, R. G. (see Fry, W. F.)—2212(L) 

Sagalyn, Paul L., Adrian C. Melissinos, and Francis Bitter. 
Separation and identification of over-lapping hfs compo- 
nents: application to Hg resonanace radiation—375 

Sah, Chih-Tang and W. Shockley. Electron-hole recombina- 
tion statistics in semiconductors through flaws with many 
charge conditions—1103 

Sailor, V. L. (see Marshak, H.)—1219 

Sakurai, J. J. K,ys; decay: tests for time reversal and two- 
component theory—980 

Salecker, H. and E. P. Wigner. Quantum limitations of 
measurement of space-time distances—571 

Saplakoglu, A., L. M. Bollinger, and R. E. Coté. Properties 
of s-wave and p-wave neutron resonances in Nb—1258 

Satchler, G. R. Nuclear potential and symmetry energy —429 

Sato, Hiroshi. Remarks on volume magnetostriction and aniso- 
tropic forced magnetostriction—8&02 

Scanlon, Wayne W. Intrinsic optical absorption and radiative 
recombination lifetime in PbS—47 

Scarf, F. L. Discrete states for singular potential problems— 
2170 

—— and H. Umezawa. Admissible solutions of covariant 
two-body problem—1848 

Schawlow, A. L. Penetration of magnetic fields through 
superconducting films—1856(L) 

Schiffer, J. P. and L. L. Lee, Jr. Proton strength functions 
from (p,m) reaction cross sections—2098 

Schindewolf, U. Mass assignments of 23-sec Pd'™™ and 4.8- 
min Pd!°™; search for <3-sec Pd!%"—1280 

Schopper, H. (see Appel, H.)—2211(L) 

Schrack, R. A. (see Leiss, J. E.)—1326 

Schuman, R. P. (see White, F. A.) —437 

Schwarzschild, A. (see Benczer-Koller, N.)—85 

Segal, I. E. Direct formulation of causality requirements on 
S-operator—2191 

Sekiguchi, T. (see Goldstein, L.)—625 

Shakin, Carl and Joseph Birman. Electronic energy bands in 
ZnS: preliminary results—818 

Shamov, V. P. (see Denisenko, G. F.)—1779 

Shapiro, J. (see Hull, M. H., Jr.)—846 

Shapiro, S. (see Artman, J. O.)—1392(L) 

Sharp, R. D. and W. W. Buechner. Coulomb excitation 
studies using inelastically scattered particles—1698 

Shatas, R. A., J. F. Marshall, and M. A. Ponierantz. Post- 
bombardment conductivity in MgO crystals—1953 

Sheffield, J. C. (see White, F. A.)—437 

Shirley, Virginia S. and John O. Rasmussen. Electron-capture 
decay of Gd'*'—2092 

Shkoda-Ulyanov, V. A. (see Gol’danskii, V. I.) —1762 

Shockley, W. (see Sah, Chih-Tang)—1103 


Shtrikman, S. (see Aharoni, A.)—1522 














2226 


Shulman, R. G. and V. Jaccarino. Origin of nuclear magnetic 
resonance shifts in paramagnetic MnF;—1084 

, B. J. Wyluda, and H. J. Hrostowski. Nuclear magnetic 
resonance in semiconductors: exchange broadening in GaAs 
and InAs—808 

Signell, P. S. and R. E. Marshak. Semiphenomenological 
two-nucleon potential—1229 

Simmons, R. O. and R. W. Balluffi. X-ray study of deuteron- 
irradiated Cu near 10°K—1142 

Slaughter, G. G., E. M. Harth, and M. M. Block. V-particle 
production by 1.9-Bev x~ mesons—2111 

Slonczewski, J. C. and P. R. Weiss. Band structure of graphite 
—272 

Smith, Lincoln G. (see Friedman, Lewis)—2214(L) 

Smythe, Rodman, Robert M. Worlock, and Alvin V. Tolle- 
strup. Recoil protons from meson photoproduction in H 
and D—518 

Snyder, D. D. and D. J. Montgomery. Electrical resistivity 
of separated Li isotopes—222(L) 

Snyder, J. N. (see Nilson, R.)—850 

Spedding, F. H. (see Anderson, G. S.)—243 

— (see Behrendt, D. R.)—1544 

—— (see Rhodes, B. L.)—1547 

Spencer, H. E. Quantum efficiency of photoconductive PbS 
films—1074 

Sperduto, A. and W. W. Buechner. (p,9’) and (p,a) reactions 
from K**—462 

Spitzer, Richard and Henry P. Stapp. Polarization and angular 
correlation in production and decay of particles of spin } 
and spin 3—540 

Spitzer, W. G. and H. Y. Fan. Effect of neutron irradiation on 
infrared absorption in Si—1011(L) 

Spruch, Larry. Bounds on scattering phase shifts. 1I—2149 

— and Martin Kelly. Bounds on scattering phase shifts. I— 
2144 

Srivastava, G. P. (see Krishnaji)—1560 

Stallwood, R. A., R. B. Sutton, T. H. Fields, J. G. Fox, and 
J. A. Kane. Neutral pions from p-p collisions—1716 

—— (see Fields, T. H.)—1704; 1713 

Stapp, Henry P. (see Spitzer, Richard)—540 

Staub, H. (see Stephens, W. E.)—1196 

Steinberg, M. S. Viscosity of electron gas in metals—1486 

Stelson, P. H. (see McGowan, F. K.)—901 

Stephens, W. E. and H. Staub. Search for pair production by 
protons—1196 

Stephenson, S. T. (see El-Hussaini, Jassim M.)—51 

Sternheimer, R. M. and S. J. Lindenbaum. Pion production 
in pion-nucleon collisions—1723 

Stewart, L. (see Brolley, J. E., Jr.)—1277 

Stier, P. M. (see Barnett, C. F.)—385 

Strandberg, M. W. P., C. F. Davis, B. W. Faughnan, R. L. 
Kyhl, and G. J. Wolga. Operation of solid-state quantum- 
mechanical amplifier—1988 

Streib, J. F. (see Brock, R. L.)—399 

Stroke, H. H. (see Reynolds, J. B.)—465 

Struck, C. W. (see Ellis, S. G.)—1860(L) 

Sucher, J. Energy levels of two-electron atom to order a? ry: 
ionization energy of He—1010(L) 

Sucov, Eugene (see Kallmann, Hartmut)—1473 

Sudarshan, E. C. G. and R. E. Marshak. Chirality invariance 
and universal Fermi interaction—1860(L) 

Suhl, H. Effective nuclear spin interactions in ferromag- 
netics—606 (L) 

Suita, Tokuo (see Inuishi, Yoshio)—1509 

Summers-Gill, Robert G. Scattering of 12-Mev protons, 
24-Mev deuterons, and 48-Mev a particles by Be—1591 

Sun, C. R. and Byron T. Wright. Radionuclide K”—109 

Sunyar, A. W. (see Goldhaber, M.)—1015(L) 

Sutton, R. B. (see Fields, T. H.)—1704; 1713 

—— (see Stallwood, R. A.)—1716 





VOLUME 





109 


Swann, W. F. G. Mass-energy relation in quantum theory— 
998 
Swihart, J. (see Ekstein, H.)—557 


Tai, Yuin-Kwei, George P. Millburn, Selig N. Kaplan, and 
Burton J. Moyer. Neutron yields from thick targets bom- 
barded by 18- and 32-Mev protons—2086 

Tanaka, Katsumi. Application of dispersion relations to 
neutron-electron interaction—578 

(see Ekstein, H.)—557 

Tanttila, W. H. (see Jennings, D. A.) —1059 

—— (see Kraus, O.)—1052 

Tatsumoto, Eiji. Magnetoresistance coefficients and their tem- 
perature dependence in Fe and Si steel—658 

Taylor, J. G. (see Bremermann, H. J.)—2178 

Templeton, I. M. (see Pearson, W. B.)—1094 

Terhune, R. W. (see Makhov, G.)—1399(L) 

Terrell, J. and D. M. Holm. Excitation function for Fe*- 
(n,p) Mn**—2031 

—— (see Diven, B. C.)—144 

Tewordt, Ludwig. Distortion of lattice around interstitial, 
crowdion, and vacancy in Cu—61 

Thaler, Roy M. (see Gammel, J. L.)—2041 

—— (see Igo, George)—2133 

Theimer, O. Equilibrium concentration of vacancy pairs in 
ionic crystals—1095 

Thekaekara, M. and G. H. Dieke. Emission lines from pre- 
ionized levels in Kr and Xe—2029 

Thomas, L. H. (see Tycko, D. H.)—369 

Thomas, M. Tom (see Russek, A.)—2015 

Thornton, D. E. J., R. E. Meads, and C. H. Collie. Energy 
levels of Na* from Ne®(p,7)Na® reaction—480 

Thurmond, C. D. (see Feher, G.)—221(L) 

Tiemann, Jerome J. Asymptotic expansion for high-energy 
potential scattering—183 

(see Igo, George) —2133 

Tollestrup, Alvin V. (see Smythe, Rodman)—518 

Tomasch, W. J. Structure in thermoelectric power of dilute 
InPd alloys—69 

Tomboulian, D. H. (see Bedo, D. E.)—35 

Torrey, H. C. (see Bennett, Lawrence H.)—2218(E) 

Toth, Kenneth S. and John O. Rasmussen. Studies of rare 
earth a emitters—121 

Townes, C. H. (see Giordmaine, J. A.)—302 

—— (see Rosenblum, B.)—400 

Treiman, S. B. (see Khuri, N. N.)—198 

—— (see Pais, A.)—1759 

True, William W. and Kenneth W. Ford. Shell-model theory 
of Pb?**—1675 

Truell, Rohn (see Einspruch, Norman G.)—652 

Tuzzolino, Anthony J. Piezoresistance constants of p-type 
InSb—1980 

Tycko, D. H., L. H. Thomas, and K. M. King. Numerical 
calculation of the wave functions and energies ‘of 14S and 
28S states of He—369 








Ulrich, J. P. (see Johnson, C. H.)—1243 
Umezawa, Hiroomi (see Konuma, Michiji)—1404(L) 
—— (see Scarf, F. L.)—1848 


Vallarta, M. S., R. Gall, and J. Lifshitz. Geomagnetic coordi- 
nates and cosmic radiation—1403(L) 

van Rossum, Ludwig (see Kerth, Leroy T.)—1784 

van oy K. M. Derivation of fluctuation-dissipation theorem 
—1021 

Vervier, J. F. and A. Martegani. Total neutron cross sections 
near 14 Mev—947 

Vigier, Jean-Pierre (see Bohm, David)—1882 

Vise, J. B. (see Benczer-Koller, N.)—85 














AUTHOR INDEX 


Vogelsang, W. F. and J. N. McGruer. Angular distributions 
from deuteron-induced reactions in Na—1663 

Vook, Richard and Charles Wert. Expansion of Cu upon low- 
temperature deuteron irradiation—1529 


Wapstra, A. H. (see Boehm, F.)—456 

Warburton, E. K. and H. J. Rose. y rays from C¥+d and 
excited states of C4—1199 

Wataghin, A. (see Lannutti, Joseph E.)—2121 

Waters, Paul M. Kinetic ejection of electrons from W by Cs 
ions—1466 

Waterstrat, R. M. (see Kasper, J. S.)—1551 

Watson, W. W. (see Moran, Thomas I.)—1184 

Weinman, J. A. (see Windham, P. M.)—1193 

Weiss, P. R. (see Slonczewski, J. C.)—272 

Weneser, J. (see Church, E. L.)—1299 

Werner, Frederick G. and John A. Wheeler. Superheavy 
nuclei— 126 

Wert, Charles (see Vook, Richard)—1529 

Wertheim, G. K. Transient recombination of excess carriers 
in semiconductors—1086 

Wheeler, John A. (see Werner, Frederick G.)—126 

Whetstone, A. and J. Halpern. Angular distribution of photo- 
protons from deuterium from 9 to 23 Mev—2072 

White, David, Chien Chou, and H. L. Johnston. Heat capacity 
in normal and superconducting states and critical field of 
Ta—797 

—— (see Chou, Chien)—788 

White, F. A., F. M. Rourke, J. C. Sheffield, R. P. Schuman, 
and J. R. Huizenga. Absolute energy measurement of a 
particles from Po**—437 

White, J. G. (see Ellis, S. G.)-—1860(L) 

White, R. Stephen (see Gilbert, Francis C.)—1770 

Wiedenbeck, M. L. (see Funk, E. G., Jr.)—922 

Wigner, E. P. (see Salecker, H.)—571 

Wikner, E. G. and T. P. Das. Antishielding of nuclear quad- 
rupole moments in heavy ions—360 

Wilkinson, D. H. Parity conservation in strong interactions: 
introduction and reaction He‘(d,y)Li*—1603 








2227 


—— Parity conservation in strong interactions: reaction 
Li?(p,p’)Li™ o.7—1614 

—— Parity conservation in strong interactions: reactions 
B"(p,p’)B"s 4 and F!*(p,a)O"*"; .-—1610 

Wilkinson, Roger G. (see Cressman, Paul J.)—872 

Willard, H. B. (see Wills, J. E., Jr.)—891 

Wills, J. E., Jr., J. K. Bair, H. O. Cohn, and H. B. Willard. 
Scattering of fast neutrons from C” and F!*—891 

Windham, P. M., P. J. Joseph, and J. A. Weinman. Negative 
He ions—1193 

Winick, H. (see Sachs, A. M.)—1733; 1750 

Wolga, G. J. (see Strandberg, M. W. P.)—1988 

Wolicki, E. A. (see Johnston, R. L.)—884 

Woodruff, Truman O. (see Kanzig, Werner)—220(L) 

Wooten, B. A. (see Sachs, A. M.)—1733; 1750 

Worcester, J. L. (see Hubbs, J. C.)—390 

Worlock, Robert M. (see Smythe, Rodman)—518 

Wright, Byron T. (see Sun, C. R.)—109 

Wu, C. S. (see Benczer-Koller, N.)}—85 

Wyluda, B. J. (see Shulman, R. G.)—808 


Yamashita, J. and J. Kondo. Superexchange interaction—730 

Yang, C. N. (see Lee, T. D.)—1755 

Yoshinaka, Yéichiré (see Koga, Issac)—1467 

Young, James E. Perturbation expansions in formal theory 
of scattering—2141 

Young, Otis B. and Fred E. Harvey. Charge spectrum, mean 
free paths, and flux of heavy primary cosmic rays at top of 
atmosphere—529 

Young, W. H. and N. H. March. Perturbation theory in wave 
mechanics—1854 


Zdanis, Richard (see Meissner, Hans)—681 

Zemach, A. C. (see Mazo, R. M.)—1564 

Zemansky, M. W. (see Berman, A.)—70 

Zorn, G. T. (see Hornbostel, J.)—165 

Zwerdling, Solomon, Laura M. Roth, and Benjamin Lax. 
Direct transition exciton and fine structure of magneto- 
absorption spectrum in Ge—2207(L) 











PHYSICAL REVIEW 





VOLUME 109, NUMBER 6 


MARCH 15, 1958 


Analytic Subject Index to Volume 109 


References with (L) are to Letters to the Editor; references with (E) are to Errata. Items are listed under the following categories: 


Acoustics 

Astrophysics 

Atomic and Molecular Beams 

Atomic Mass and Abundance 

Atomic Structure and Spectra 

Biophysics 

Chemical Effects and Properties 

Constants, Standards, Units 

Cosmic Radiation 

Crystalline State 

Dielectrics and Dielectric Properties 

Diffraction 

Diffusion 

Elasticity and Plasticity 

Electrical Conductivity and Resistance 

Electrical Discharges 

Electrical Properties 

Electromagnetic Theory and Electro- 
dynamics 

Electrons and Positrons 

Elementary Particle Interactions 

Errata 

Field Theory 

Films, Properties 

Fluid Dynamics 

Gamma Rays 

Gases 

Geophysics 

Helium, Liquid 


Absorption of Radiation (see Optical Properties; Radiation) 


Acoustics 


Imperfections in Solids 

Ionization 

Ions 

Ions and Electrons, Mobility 

Liquids 

Luminescence 

Magnetic Properties 

Magnetic Resonance 

Mathematical Methods 

Mechanics 

Mesons and Hyperons 

Methods and Instruments 

Microwaves 

Miscellaneous 

Molecular Aggregates 

Molecular Structure and Spectra 

Neutrino 

Noise 

Nuclear Fission 

Nuclear Moments and Spin 

Nuclear Photoeffects 

Nuclear Reactions, General 

Nuclear Reactions Induced by a Par- 
ticles and He® 

Nuclear Reactions Induced by Deu- 
terons and Tritons 

Nuclear Reactions Induced by Mesons 
and Hyperons 





Nuclear Reactions Induced by Neu- 
trons 

Nuclear Reactions Induced by Protons 

Nuclear Spectra 

Nuclear Structure Theory 

Optical Properties 

Quantum Electrodynamics 

Quantum Mechanics 

Radiation 

Radioactivity 

Range and Energy Loss of Particles 

Relativity and Gravitation 

Scattering, General 

Scattering of a Particles 

Scattering of Deuterons and Tritons 

Scattering of Electrons and Positrons 

Scattering of Mesons and Hyperons 

Scattering of Neutrons 

Scattering of Protons 

Semiconductors 

Spectra, General 

Statistical Mechanics and Thermo- 
dynamics 

Superconductivity 

Thermal Properties 

X-Rays 


Ionization produced by atomic collisions at kev energies, A. 


Russek and M. Tom Thomas—2015 


Electron resonances with ultrasonic waves in Cu, R. W. 
Morse, H. V. Bohm, and J. D. Gavenda—i394(L) 
Megacycle attenuation and Bordoni peaks, Norman G. 


Low-energy inelastic atomic collisions, Philip Rosen—348 
Molecular beam resonances in oscillatory fields of non- 
uniform amplitudes and phases, Norman F. Ramsey— 


Einspruch and Rohn Truell—652 822 
Nuclear magnetization in presence of ultrasonic excitation, New metastable state of Hg, William Lichten—1191 
O. Kraus and W. H. Tanttila—1052 Spins of certain short-lived Cu and Ag isotopes, J. B. 
Observation of nuclear resonance acoustic absorption of Reynolds, R. L. Christensen, and D. R. Hamilton—465 
In"5 in InSb, M. Menes and D. I. Bolef—218(L) Atomic Mass and Abundance 
Ultrasonically induced spin transitions in Nal, D. A. Isotopic mass ratios, magnetic moments and sign of electric 
Jennings, W. H. Tanttila, and O. Kraus—1059 dipole moment in CO, B. Rosenblum, A. H. Nethercot, 
Viscosity of electron gas in metals, M. S. Steinberg—1486 Jr., and C. H. Townes—400 
Adsorption (see Gases) : Mass difference T—He* and mass of neutrino, Lewis 
Aerodynamics (see Fluid Dynamics) Friedman and Lincoln G. Smith—2214(L) 
Afterglow (see Electrical Discharges) Atomic Structure and Spectra 
Alloys (see Crystalline State) Attempt to detect Lyman a-line of positronium atomic 
Annihilation (see Electrons and Positrons) spectrum, R. L. Brock and J. F. Streib—399 
Antiferroelectric Phenomena (see Dielectrics and Dielectric Emission lines from preionized levels in Kr and Xe, M. 
Properties) Thekaekara and G. H. Dieke—2029 
Antiferromagnetism (see Magnetic Properties) Energy levels of two-electron atom to order a? ry; ionization 
Antineutrinos (see Neutrinos and Antineutrinos) energy of He, J. Sucher—1010(L) 
Antineutrons (see Elementary Particle Interactions) Ground state energy of two-electron atoms. Corrective 
Antiprotons (see Elementary Particle Interactions) results, Egil A. Hylleraas and John Midtdal—1013(L) 
Arcs (see Electrical Discharges) Hfs anomaly of Sb™ and Sb" determined by electron 
Astrophysics nuclear double resonance technique, J. Eisinger and G. 
Origin and dynamics of cosmic rays, E. N. Parker—1328 Feher—1172 
Stars as sources of cosmic rays, Horace Babcock—2210(L) Hfs measurements on Pu®*, J. C. Hubbs, R. Marrus, W. A. 
Atmosphere (see Geophysics) Nierenberg, and J. L. Worcester—390 
Atomic and Molecular Beams K x-ray spectrum of Hg, Olof Beckman—1590 
Hfs measurements on Pu®*, J. C. Hubbs, R. Marrus, W. A. New metastable state of Hg, William Lichten—1191 
Nierenberg, and J. L. Worcester—390 Numerical calculation of the wave functions and energies 
Ionization cross section of A—A collisions near threshold, of 11S and 2 4S states of He, D. H. Tycko, L. H. Thomas, 
Philip Rosen—351 and K. M. King—369 


2228 

















ANALYTIC SUBJECT INDEX 


Optical detection of zero-field hyperfine splitting of Na, 
M. Arditi and T. R. Carver—1i012(L) 
Representation of exchange terms in Fock’s equations by a 
quasi-potential, D. R. Hartree—840 
Separation and identification of overlapping hfs com- 
ponents: application to Hg resonance radiation, Paul L. 
Sagalyn, Adrian C. Melissinos, and Francis Bitter—375 
Structure of Ba resonance line, J. E. Mack—820 
Auger Effect (see Atomic Structure and Spectra; X-Rays) 
Aurora (see Astrophysics; Geophysics) 


Barkhausen Effect (see Magnetic Properties) 

Biophysics 

Boson Theory (see Field Theory) 

Bremsstrahlung (see Radiation) 

Broadening of Spectral Lines (see Atomic Structure and 
Spectra; Molecular Structure and Spectra; Spectra, 
General) 


Capture Cross Sections (see Electrons and Positrons; Nuclear 
Reactions; Radiation) 

Cerenkov Effect (see Radiation) 

Chemical Effects and Properties 

Chemical Reactions (see Chemical Effects and Properties) 

Chemiluminescence (see Luminescence) 

Cold Emission (see Electrical Properties) 

Colloids (see Chemical Effects and Properties; Molecular 
Aggregates) 

Compton Effect (see Radiation) 

Conductivity, Electrical (see Electrical Conductivity and 
Resistance) 

Conductivity, Thermal (see Thermal Properties) 

Constants, Standards, Units 

Cosmic Radiation (see also Mesons and Hyperons) 

Charge spectrum, mean free paths, and flux of heavy 
primary cosmic rays at top of atmosphere, Otis B. Young 
and Fred E. Harvey-—529 

Cosmic-ray changes from 1954 to 1957, H. V. Neher and 
Hugh Anderson—608 (L) 

Direct observation of periodic variation of primary cosmic- 
ray intensity, M. A. Pomerantz, S. P. Agarwal, and V. R. 
Potnis—224(L) 

Geomagnetic coordinates and cosmic radiation, M. S. 
Vallarta, R. Gall, and J. Lifshitz—1403(L) 

Geomagnetic effects of heavy primary cosmic radiation at 
42°N, R. E. Danielson, and P. S. Freier—151 © 

Origin and dynamics of cosmic rays, E. N. Parker—1328 

Primary cosmic-ray proton and alpha flux near geomagnetic 
equator, Frank B. McDonald—1367 

Stars as sources of cosmic rays, Horace Babcock—2210(L) 

Cosmology (see Astrophysics; Relativity and Gravitation) 

Coulomb Excitation (see Nuclear Reactions; Nuclear Spectra) 

Critical Potentials (see Atomic Structure and Spectra; Molecu- 
lar Structure and Spectra) 

Cross Section (see Electrons and Positrons; Nuclear Reac- 
tions; Radiation; Scattering) 

Crystal Counters (see Methods and Instruments) 

Crystalline State (see also Electrical Properties; Imperfec- 
tions in Solids; Magnetic Properties; Semiconductors; 
etc.) 

Absence of diffusion in certain random lattices, P. W. 
Anderson—1492 

Antishielding of nuclear quadrupole moments in heavy ions, 
E. G. Wikner and T. P. Das—360 

Band structure and cohesive energy of KCI, L. P. Howland 
—1927 

Band structure of graphite, J. C. Slonczewski and P. R. 
Weiss—272 

Characteristic energy loss of electrons in graphite, Yoshi H. 
Ichikawa—653 


2229 


Coulomb interactions in uniform-background lattice model, 
Clifton Bob Clark—1133 

Cyclotron resonance in graphite, Philippe Noziéres—1510 

Dielectric breakdown of KCl crystals irradiated with 
y rays, Yoshio Inuishi and Tokuo Suita—1509 

Diffusion of Fe, Co, and Ni in single crystals of pure Cu, 
C. A. Mackliet—1964 

Direct transition exciton and fine structure of magneto- 
absorption spectrum in Ge, Solomon Zwerdling, Laura M. 
Roth, and Benjamin Lax—2207(L) 

Distortion of lattice around interstitial, crowdion, and 
vacancy in Cu, Ludwig Tewordt—61 

Electron interaction in solids. Collective approach to di- 
electric constant, Philippe Noziéres and David Pines—762 

Electron interaction in solids. General formulation, Philippe 
Noziéres and David Pines—741 

Electron interaction in solids. Nature of elementary excita- 
tions, Philippe Noziéres and David Pines—1062 

Electron resonances with ultrasonic waves in Cu, R. W. 
Morse, H. V. Bohm, and J. D. Gavenda—1394(L) 

Electronic energy bands in Li, M. L. Glasser and J. Callaway 
—1541 

Electronic energy bands in ZnS: potential in zincblende 
and wurtzite, Joseph L. Birman—810 

Electronic energy bands in ZnS: preliminary results, Carl 
Shakin and Joseph Birman—818 

Energy-band structure of hypothetical C metal, Russell C. 
Casella—54 

Energy-band structure of Li by modified plane wave 
method, E. Brown and J. A. Krumhansl—30 

Expansion of Cu upon low-temperature deuteron irradia- 
tion, Richard Vook and Charles Wert—1529 

Ground state energy and stopping power of electron gas, 
Philippe Noziéres and David Pines—1009(L) 

Hall effect in NisMn and Fe-Co as function of order, 
Simon Foner, F. E. Allison, and Emerson M. Pugh—1129 

Influence of variable ejection probability on displacement of 
atoms, Alvin E. Fein—1076 

Lack of metallic transition in LiH and LiAlH, under static 
pressure, D. T. Griggs, W. G. McMillan, E. D. Michael, 
and C. P. Nash—1858(L) 

Measurement of lattice vibrations in V by neutron scattering, 
C. M. Eisenhauer, I. Pelah, D. J. Hughes, and H. 
Palevsky—1046 

Nuclear magnetization in presence of ultrasonic excitation, 
O. Kraus and W. H. Tanttila—1052 

Origin of nuclear magnetic resonance shifts in paramagnetic 
MnofF,, R. G. Shulman and V. Jaccarino—1084 

Phonon-polaron problem, Francis R. Halpern—1836 

Quantum theory of galvanomagnetic effects, Petros N. 
Argyres—1115 

Radiation damage experiments and nature of thermal spikes 
in III-V compounds, Ulrich Gonser and Boudewyn 
Okkerse—663 

Single-crystal orientation effects in K x-ray absorption 
spectra of Ge, Jassim M. El-Hussaini and S. T. Stephen- 
son—51 

Structure of solid He by neutron diffraction, D. G. Henshaw 
—328 

Superexchange interaction, J. Yamashita and J. Kondo— 


Superexchange interaction energy for Fe**-O*-Fe** . link- 
ages, M. A. Gilleo—777 

Temperature dependence of ferromagnetic anisotropy, W. 
J. Carr, Jr.—1971 

Ultrasonically induced spin transitions in NaI, D. A. 
Jennings, W. H. Tanttila, and O. Kraus—1059 

Vacancy diffusion in binary ordered alloys, E. W. Elcock 
and C. W. McCombie—605 (L) 

Viscosity of electron gas in metals, M. S. Steinberg—1486 

X-ray study of deuteron-irradiated Cu near 10°K, R. O. 
Simmons and R. W. Balluffi—1142 








2230 


Diamagnetism (see Magnetic Properties) 
Dielectrics and Dielectric Properties 
Anelasticity of synthetic crystalline quartz at low tempera- 
tures, J. C. King—1552 
Dielectric and cyclotron absorption in infrared: observa- 
tions on Bi, W. S. Boyle, A. D. Brailsford, and J. K. 
Galt—1396(L) 
Dielectric breakdown of KCI crystals irradiated with y rays, 
Yoshio Inuishi and Tokuo Suita—1509 
Dielectric properties of single domain crystals of BaTiO; at 
microwave frequencies, T. S. Benedict and J. L. Durand— 
1091 
Electron interaction in solids. Collective approach to di- 
electric constants, Philippe Noziéres and David Pines— 
762 
Ground state energy and stopping power of electron gas, 
Philippe Noziéres and David Pines—1009(L) 
Piezoresistance constants of p-type InSb, Anthony J. 
Tuzzolino—1980 
Theory of plane elastic waves in a piezoelectric crystalline 
medium and determination of elastic and piezoelectric 
constants of quartz, Issac Koga, Masanao Aruga, and 
Ydichird Yoshinaka—1467 
Diffraction (see also Scattering) 
Diffraction of neutrons by imperfect gases, R. M. Mazo and 
A. C. Zemach—1564 
Structure of solid He by neutron diffraction, D. G. Hen- 
shaw—328 
X-ray study of deuteron-irradiated Cu near 10°K, R. O. 
Simmons and R. W. Balluffi—1142 
Diffusion 
Absence of diffusion in certain random lattices, P. W. 
Anderson—1492 
Diffusion of Fe, Co, and Ni in single crystals of pure Cu, 
C. A. Mackliet—1964 
Plasma diffusion in magnetic field, M. N. Rosenbluth and 
A. N. Kaufman—1i 
Thermal diffusion factors for noble gases, Thomas I. Moran 
and W. W. Watson—1184 
Vacancy diffusion in binary ordered alloys, E. W. Elcock 
and C. W. McCombie—605(L) 
Discharge of Electricity in Gases (see Electrical Discharges) 
Disintegration and Excitation of Nucleus (see Nuclear Reac- 
tions) 
Dynamics (see Mechanics) 


Elasticity and Plasticity 

Anelasticity of synthetic crystalline quartz at low tempera- 
tures, J. C. King—1552 

Lack of metallic transition in LiH and LiAIH, under static 
pressure, D. T. Griggs, W. G. McMillan, E. D. Michael, 
and C. P. Nash—1858(L) 

Theory of plane elastic waves in a piezoelectric crystalline 
medium and determination of elastic and piezoelectric 
constants in quartz, Issac Koga, Masanao Aruga, and 
Yiichird Yoshinaka—1467 

Electrical Breakdown (see Dielectrics and Dielectric Proper- 
ties; Electrical Discharges) 
Electrical Conductivity and Resistance (see also Electrical 
Properties; Semiconductors; Superconductors) 
Conductivity of plasmas to microwaves, Henry Margenau 


De-excitation of ZnS and ZnCdS phosphors by electric 
fields, Hartmut Kallmann, Bernard Kramer, and Peter 
Mark—721 

Effect of impurity scattering on magnetoresistance of 
n-type Ge, Maurice Glicksman—2218(E) 

Electric field distribution in polarized photoconductors, 
Hartmut Kallmann and J. R. Freeman—1506 

Electrical conductivity of x-irradiated NaCl, R. W. Christy 
and W. E. Harte—710 


VOLUME 109 


Electrical resistivity of separated Li isotopes, D. D. Snyder 
and D. J. Montgomery—222(L) 

Generalized mobility theory, Melvin Lax—1921 

Hall effect in NisMn and Fe-Co as function of order, 
Simon Foner, F. E. Allison, and Emerson M. Pugh—1129 

Isotropic approximation to magnetoresistance of multi- 
valley semiconductor, Robert W. Keyes—43 

Lack of metallic transition in LiH and LiAlH, under static 
pressure, D. T. Griggs, W. G. McMillan, E. D. Michael, 
and C. P. Nash—1858(L) 

Post-bombardment conductivity in MgO crystals, R. A. 
Shatas, J. F. Marshall, and M. A. Pomerantz—1953 

Quantum efficiency of photoconductive PbS films, H. E. 
Spencer—1074 , 

Quantum theory of electrical transport phenomena, J. M. 
Luttinger and W. Kohn—1892 

Surface currents induced by short-wavelength radiation, 
James A. Cullen—1863 

Weak-field magnetoresistance in p-type Si, Donald Long 
and John Myers—1098 

Electrical Discharges 

Conductivity of plasmas to microwaves, Henry Margenau 
al 

Dissociative attachment of electrons in Iy. I. Microwave 
determination of absolute cross section at 300°K, Man- 
fred A. Biondi—2005 

Dissociative attachment of electrons in I». II. Mass spectro- 
graphic determination of energy dependence of cross 
section, R. E. Fox—2008 

Dissociative attachment of electrons in I,. III. Discussion, 
Manfred A. Biondi and R. E. Fox—2012 

Electron-electron interaction and heat conduction in gaseous 
plasmas, L. Goldstein and T. Sekiguchi—625 

Emission lines from preionized levels in Kr and Xe, M. 
Thekaekara and G. H. Dieke—2029 

Emission mechanism of cold-cathode arcs, K. G. Hernqvist 
—636 

Energy exchange between electron and ion gases through 
Coulomb collisions in plasmas, A. A. Dougal and L. 
Goldstein—615 

Excitation of plasma oscillations and growing plasma waves, 
G. D. Boyd, L. M. Field, and R. W. Gould—1393(L) 

Plasma diffusion in magnetic field, M. N. Rosenbluth and 
A. N. Kaufman—1 

Plasma oscillations in steady magnetic field, Trilochan 
Pradhan—2218(E) 

Spectra of A, O2, and N2 mixtures, C. Dewey Cooper and 
M. Lichtenstein—2026 

Waves in plasma in magnetic field, Ira B. Bernstein—10 

Electrical Properties (see also Dielectrics and Dielectric 
Properties; Electrical Conductivity and Resistance; 
Semiconductors; Superconductors) 

De-excitation of ZnS and ZnCdS phosphors by electric fields, 
Hartmut Kallmann, Bernard Kramer, and Peter Mark 
—721 

Electric field distribution in polarized photoconductors, 
Hartmut Kallmann and J. R. Freeman—1506 

Emission mechanism of cold-cathode arcs, K. G. Hernqvist 
— 636 

High-voltage photovoltaic effect, L. Pensak—601 (L) 

K emission spectrum of metallic Li, E. D. Bedo and D. H. 
Tomboulian—35 

Kinetic ejection of electrons from W by Cs ions, Paul M. 
Waters—1466 

Photovoltages larger than band gap in ZnS crystals, S. G. 
Ellis, F. Herman, E. E. Loebner, W. J. Merz, C. W. 
Struck, and J. G. White—1860(L) 

Properties of photovoltaic films of CdTe, B. Goldstein— 
601(L) 

Structure in thermoelectric power of dilute InPd alloys, 
W. J. Tomasch—69 








ANALYTIC SUBJECT 


Electrodynamics (see Electromagnetic Theory and Electro- 
dynamics) 

Electroluminescence (see Luminescence) 

Electrolysis (see Chemical Effects and Properties) 

Electromagnetic Theory and Electrodynamics (see also 
Microwaves) 

Reaction of laboratory magnetic fields against their current 
coils, E. N. Parker—1440 

Surface currents induced by short-wavelength radiation, 
James A. Cullen—1863 

Waves in plasma in magnetic field, Ira B. Bernstein—10 

Electron Diffraction (see Diffraction; Scattering of Electrons 
and Positrons) 

Electron Optics (see Electromagnetic Theory and Electro- 
dynamics) 

Electronic Tubes (see Methods and Instruments) 

Electrons and Positrons (see also Electromagnetic Theory and 
Electrodynamics; Elementary Particle Interactions; 
Scattering of Electrons and Positrons) 

Annihilation method for measuring transverse polarization 
of energetic positrons, Lorne A. Page—2215(L) 

Attempt to detect Lyman a line of positronium atomic 
spectrum, R. L. Brock and J. F. Streib—399 

Polarization of positrons and annihilation in ferromagnetic 
materials, S. S. Hanna and R. S. Preston—716 

Electrons, Mobility (see Ions and Electrons, Mobility) 

Electrons, Scattering of (see Scattering of Electrons and 
Positrons) 

Electrons, Secondary (see Electrical Properties) 

Electrons, Thermionic (see Electrical Properties) 

Electro-Optical Effects (see Optical Properties) 

Electrostriction (see Dielectrics and Dielectric Properties) 

Elementary Particle Interactions 

Angular distribution of photoprotons from deuterium from 
9 to 23 Mev, A. Whetstone and J. Halpern—2072 

Application of dispersion relations to neutron-electron 
interaction, Katsumi Tanaka—5/78 

Calculation of anomalous magnetic moments of A® and 
>°, Z*, Z~ hyperons, Michael Nauenberg—2177 

Capture of negative muons by light nuclei, J. Leite Lopes 
—509 

Chirality invariance and universal Fermi interaction, E. C. 
G. Sudarshan and R. E. Marshak—1860(L) 

Conservation laws for lepton processes, Michiji Konuma, 
Seitaro Nakamura, and Hiroomi Umezawa—1404(L) 

Conservation of number of nucleons, Frederick Reines, 
Clyde L. Cowan, Jr., and Herald W. Kruse—609(L) 

Decay of x meson and universal Fermi interaction, Kerson 
Huang and F. E. Low—1400(L) 

Dispersion relations for scattering in presence of Coulomb 
field, Geoffrey F. Chew and H. Pierre Noyes—566 

Electromagnetic interaction of the neutral K meson, G. 
Feinberg—1381 

Hyperon production in nucleon-nucleon collisions, Gordon 
Feldman and P. T. Matthews—546 

Interactions of 38- and 61-Mev positive pions in deuterium, 
A. M. Sachs, H. Winick, and B. A. Wooten—1733 

Internal pair creation in 2° decay, G. Feinberg—1019(L) 

Isotropy of pion emission at 6 Bev, D. T. King—1344 

K-meson contribution to forces between baryons, D. B. 
Lichtenberg and Marc Ross—2163 

K~--meson captures by bound neutrons, Francis C. Gilbert 
and R. Stephen White—1770 

Measurement of Panofsky ratio: nuclear absorption of 2 
from K shell in hydrogen, J. Fischer, R. March, and L. 
Marshall—533 

Measurement of spin-flip probability in photoproduction of 
negative pions from deuterium, Kenneth C. Bandtel, 
Wilson J. Frank, and Richard Madey—2117 

Method for determining the @:—6: mass difference, W. F. 
Fry and R. G. Sachs—2212(L) 








INDEX 2231 


Neutral mesons arising in photoproduction of pion pairs, 
Arnold D. Levine—515 

Neutral pions from p-p collisions, R. A. Stallwood, R. B. 
Sutton, T. H. Fields, J. G. Fox, and J. A. Kane—1716 

Nuclear scattering of nucleons and antinucleons, Hans- 
Peter Duerr—1347 

Nucleon-antinucleon interaction at intermediate energies, 
James S. Ball and Geoffrey F. Chew—1385 

Permutation symmetries of generalized 8 interactions, R. 
Finkelstein—1824 

Phenomenological analysis of » decay, Sidney Bludman 
and Abraham Klein—550 

x -proton scattering at 950 Mev, A. R. Erwin, Jr., and 
J. K. Kopp—1364 

Pion production in pion-nucleon collisions, R. M. Stern- 
heimer and S. J. Lindenbaum—1723 

Polarization and angular correlation in production and 
decay of particles of spin 4 and spin 3, Richard Spitzer 
and Henry P. Stapp—540 

Polarization effects in =~ capture, A. Pais and S. B. Trei- 
man—1759 

Polarization in p-p scattering at 3 and 4 Mev, M. H. Hull, 
Jr., and J. Shapiro—846 

Possible determination of spin of A® from its large decay 
angular asymmetry, T. D. Lee and C. N. Yang—1755 

Possibie method for determining intrinsic parity of K meson, 
G. Costa and B. T. Feld—606(L) 

Possible model for strong interactions, Saul Barshay-—2160 

Production of strange particles by *~—p interactions near 
threshold, L. B. Leipuner and R. K. Adair—1358 

Radiative meson-nucleon scattering, R. E. Cutkosky—209 

Reaction p+p—x*+d in 425-Mev energy region, T. H. 
Fields, J. G. Fox, J. A. Kane, R. A. Stallwood, and R. B. 
Sutton—1704 

Recoil protons from meson photoproduction in H and D, 
Rodraan Smythe, Robert M. Worlock, and Alvin V. 
Tollestrup— 518 

Relations between hyperon polarizations in associated 
production, R. Gatto—610(L) 

Scattering of 37-Mev positive pions on hydrogen, A. M. 
Sachs, H. Winick, and B. A. Wooten—1750 

Selection rules for pion production in nucleon-antinucleon 
scattering, Saul Barshay—554 

Semiphenomenological two-nucleon potential, P. S. Signell 
and R. E. Marshak—1229 

Small-angle photoproduction of positive pions from hydro- 
gen, J. H. Malmberg and C. S. Robinson—158 

Theory of Fermi interaction, R. P. Feynman and M. Gell- 
Mann—193 

Time reversal, charge conjugation, magnetic pole conjuga- 
tion, and parity, N. F. Ramsey—225(L) 

Total cross section for p+p—x*+p-+n at 437 Mev, T. H. 
Fields, J. G. Fox, J. A. Kane, R. A. Stallwood, and R. B. 
Sutton—1713 

Universal Fermi interaction, R. E. Behrends—2217(L) 

V-particle production by 1.9-Bev x mesons, G. G. 
Slaughter, E. M. Harth, and M. M. Block—2111 

Elements (see Atomic Mass and Abundance) 

Energy Loss of Particles (see Range and Energy Loss) 

Energy States of Atoms (see Atomic Structure and Spectra) 

Energy States of Molecules (see Molecular Structure and 
Spectra) 

Energy States of Nucleus (see Nuclear Reactions; Nuclear 
Spectra; Nuclear Structure Theory) ; 

Equations of State (see Chemical Effects and Properties) 

Errata 

Effect of impurity scattering on magnetoresistance of 
n-type Ge, Maurice Glicksman—2218(E) 

High negative nuclear polarizations in liquid, Lawrence H. 
Bennett and H. C. Torrey—2218(E) 








2232 


Errata (Continued) 
Magnetic properties of UMnz, S. T. Lin and A. R. Kauf- 
mann—2218(E) 
Plasma oscillations in steady magnetic field, Trilochan 
Pradhan—2218(E) 
Errors of Measurement (see Methods and Instruments) 
Evaporation (see Liquids) 
Excitation of Atoms (see Atomic Structure and Spectra) 
Excitation of Molecules (see Molecular Structure and Spectra) 
Excitation of Nucleus (see Nuclear Reactions; Nuclear 
Spectra; Nuclear Structure Theory) 
Explosion Phenomena (see Fluid Dynamics) 


Faraday Effect (see Optical Properties) 

Ferroelectric Phenomena (see Dielectrics and Dielectric 
Properties) 

Ferromagnetism (see Magnetic Properties) 

Field Emission (see Electrical Properties) 

Field Theory (see also Quantum Electrodynamics) 

A proof of dispersion relations in quantized field theories, 
H. J. Bremermann, R. Oehme, and J. G. Taylor—2178 
Admissible solutions of covariant two-body problem, F. L. 

Scarf and H. Umezawa—1848 

Application of dispersion relations to neutron-electron inter- 
action, Katsumi Tanaka—578 

Calculation of anomalous magnetic moments of A° and >°, 
=+, =~ hyperons, Michael Nauenberg—2177 

Capture of negative muons by light nuclei, J. Leite Lopes— 
509 

Chirality invariance and universal Fermi interaction, E. C. 
G. Sudarshan and R. E. Marshak—1860(L) 

Complete set of dispersion relations for class of fixed- 
source meson theories, Richard E. Norton and Abraham 
Klein—584 

Conservation laws for lepton processes, Michiji Konuma, 
Seitaro Nakamura, and Hiroomi Umezawa—1404(L) 

Covariant quantum statistics of fields, A. O. Barut—1376 

Decay of x meson and universal Fermi interaction, Kerson 
Huang and F. E. Low—1400(L) 

Decay of the =+ hyperon and its antiparticle, Susumu 
Okubo—984 

Direct formulation of causality requirements on S-operator, 
I. E. Segal—2191 

Discrete states for singular potential problems, F. L. 
Scarf—2170 

Dispersion relations for scattering in presence of Coulomb 
field, Geoffrey F. Chew and H. Pierre Noyes—566 

Electromagnetic interaction of neutral K meson, G. Fein- 
berg—1381 

Furry’s theorem for very strong interactions, Robert E. 
Pugh—989 

Improper Lorentz transformations, James A. McLennan, 
Jr.—986 

Meson pair theory in intermediate coupling, Richard J. 
Drachman—996 

Nucleon-antinucleon interaction at intermediate energies, 
James S. Ball and Geoffrey F. Chew—1385 

Permutation symmetries of generalized 8 interactions, R. 
Finkelstein—1842 

Phonon-polaron problem, Francis R. Halpern—1836 

Polarization and angular correlation in production and 
decay of particles of spin 4 and spin $, Richard Spitzer 
and Henry P. Stapp—540 

Possible model for strong interactions, Saul Barshay—2160 

Representationless formalism in field theory of fixed nu- 
cleons, H. Ekstein, J. Swihart, and K. Tanaka—557 

Significance of redundant solutions of Low-Wick equation, 
Richard Norton and Abraham Klein—991 

Theory of Fermi interaction, R. P. Feynman and M. Gell- 
Mann—193 





VOLUME 109 


Time reversal, charge conjugation, magnetic pole conjuga- 
tion, and parity, N. F. Ramsey—225(L) 
Universal Fermi interaction, R. E. Behrends—2217(L) 
Use of Chew-Low equation in strong coupling, C. J. Goebel 
—1846 
Films, Properties 
Conductivity of superconducting films: sum rule, Richard 
A. Ferrell and Rolfe E. Glover, I1I—1398(L) 
High-voltage photovoltaic effect, L. Pensak—601(L) 
Penetration of electromagnetic fields through superconduct- 
ing films, Martin Peter—1857(L) 
Penetration of magnetic fields through superconducting 
films, A. L. Schawlow—1856(L) 
Properties of photovoltaic films of CdTe, B. Goldstein— 
601(L) 
Quantum efficiency of photoconductive PbS films, H. E. 
Spencer—1074 
Thin ferromagnetic films, Solomon J. Glass and Martin 
J. Klein—288 
Fine Structure (see Atomic Structure and Spectra) 
Fission of Nucleus (see Nuclear Fission) 
Fluctuation Phenomena (see Noise) 
Fluid Dynamics 
Dynamical instability in anisotropic ionized gas of low 
density, E. N. Parker—1874 
Irreversible statistical mechanics of incompressible hydro- 
magnetic turbulence, Robert H. Kraichnan—1407 
Plasma diffusion in magnetic field, M. N. Rosenbluth and 
A. N. Kaufman—1 
Plasma oscillations in steady magnetic field, Trilochan 
Pradhan—2218(E) 
Relativistic hydrodynamics of rotating fluid masses, David 
Bohm and Jean-Pierre Vigier—1882 
Waves in plasma in magnetic field, Ira B. Bernstein—10 
Fluorescence (see Luminescence) 
Friction (see Mechanics) 


Galvanomagnetic Effect (see Magnetic Properties) 
Gamma Rays (see also Nuclear Reactions; Nuclear Spectra; 
Radiation; Range and Energy Loss) 
Gases 
Approach to equilibrium, Harry L. Frisch—22 
Dynamical instability in anisotropic ionized gas of low 
density, E. N. Parker—1874 
Electron-electron interaction and heat conduction in 
gaseous plasmas, L. Goldstein and T. Sekiguchi—625 
Energy exchange between electron and ion gases through 
Coulomb collisions in plasmas, A. A. Dougal and 
L. Goldstein—615 
Ground state energy and stopping power of electron gas, 
Philippe Noziéres and David Pines—1009(L) 
Thermal diffusion factors for noble gases, Thomas I. Moran 
and W. W. Watson—1184 
Transport equation in quantum gases, Hazimi Mori and 
John Ross—1877 
Geophysics panes 
Geomagnetic coordinates and cosmic radiation, M. S. 
Vallarta, R. Gall, and J. Lifshitz—1403(L) 
Geomagnetic effects of heavy primary cosmic radiation at 
42°N, R. E. Danielson and P. S. Freier—151 
Glasses (see Molecular Aggregates) 
Gravitation (see Relativity and Gravitation) 
Gyromagnetization (see Magnetic Properties) 


Hall Effect (see Electrical Conductivity and Resistance; 
Semiconductors) 

Heat Capacity (see Thermal Properties) 

Heat Conduction (see Thermal Properties) 

Heat of Dissociation and Formation (see Molecular Structure 


and Spectra) 











ANALYTIC SUBJECT 


Heat of Fusion (see Thermal Properties) 
Heat of Vaporization (see Thermai Properties) 
Helium, Liquid 
Brownian motion of mirror in superfluid He, Nandor L. 
Balazs—232 
Properties of liquid He* at low temperature, K. A. Brueckner 
and J. L. Gammel—1040 
Rotation of liquid He at low Reynolds numbers, R. J. 
Donnelly—1461 
High Voltage Tubes and Machines (see Methods and In- 
struments) 
Hydrodynamics (see Fluid Dynamics) 
Hyperfine Structure (see Atomic Structure and Spectra; 
oe Structure and Spectra; Nuclear Moments and 
pin) 
Hyperons (see Mesons and Hyperons) 


Imperfections in Solids (see also Crystalline State; Electrical 
Conductivity and Resistance; Luminescence; Semi- 
conductors) 

De-excitation of ZnS and ZnCdS phosphors by electric fields, 
Hartmut Kallmann, Bernard Kramer, and Peter Mark— 
721 

Dielectric breakdown of KCI crystais irradiated with y rays, 
Yoshio Inuishi and Tokuo Suita—1509 

Distortion of lattice around interstitial, crowdion, and 
vacancy in Cu, Ludwig Tewordt—61 

Effect of neutron irradiation on infrared absorption in Si, 
W. G. Spitzer and H. Y. Fan—1011(L) 

Electric field distribution in polarized photoconductors, 
Hartmut Kallmann and J. R. Freeman—1506 

Electrical conductivity of x-irradiated NaCl, R. W. Christy 
and W. E. Harte—710 

Electron spin resonances of H centers, Werner Kanzig and 
Truman O. Woodruff—220(L) 

Energy storage in ZnS and ZrCdS phosphors, Hartmut 
Kallmann and Eugene Sucov—1473 

Equilibrium concentration of vacancy pairs in ionic crystals, 
O. Theimer-—1095 

Expansion of Cu upon low-temperature deuteron irradia- 
tion, Richard Vook and Charles Wert—1529 

Influence of variable ejection probability on displacement 
of atoms, Alvin E. Fein—1076 

Isothermal annealing below 60°K of deuteron-irradiated 
noble metals, G. D. Magnuson, W.:Palmer, and J. S. 
Koehler—1990 

Megacycle attenuation and Bordoni peaks, Norman G. 
Einspruch and Rohn Truell—652 

Photoproduction of V; centers in KBr crystals, Gianfranco 
Chiarotti and Nicolas Inchauspé—345 

Photovoltages larger than band gap in ZnS crystals, W. G. 
Ellis, F. Herman, E. E. Loebner, W. J. Merz, C. W. 
Struck, and J. G. White—1860(L) 

Post-bombardment conductivity in MgO crystals, R. A. 
Shatas, J. F. Marshall, and M. A. Pomerantz—1953 

Radiation damage experiments and nature of thermal spikes 
in III-V compounds, Ulrich Gonser and Boudewyn 
Okkerse—663 

Theory of interstitial impurity states in semiconductors, 
Peter E. Kaus—1944 

Use of thermal expansion measurements to detect lattice 
vacancies near melting point of pure Pb and Al, R. Feder 
and A. S. Nowick—1959 

Vacancy diffusion in binary ordered alloys, E. W. Elcock 
and C. W. McCombie—605(L) 

X-ray study of deuteron-irradiated Cu near 10°K, R. O. 
Simmons and R. W. Balluffi—1142 

Inelastic Scattering (see Nuclear Reactions; Scattering) 

Instruments (see Methods and Instruments) 

Internal Conversion (see Nuclear Spectra) 





2233 


INDEX 


Ionization (see also Electrical Discharges; Range and Energy 
Loss of Particles) 
Absolute energy to produce ion pair in various gases by 6 
particles from $*, William P. Jesse—2002 
Ionization cross section of A-A collisions near threshold, 
Philip Rosen—351 
Ionization produced by atomic collisions at kev energies, 
A. Russek and M. Tom Thomas—2015 
Ionization rates for electrons and holes in Si, A. G. Chyno- 
weth—i537 
Ionization yield of protons in Nz and A, Ralph A. Lowry and 
Glenn H. Miller—826 
Low-energy inelastic atomic collisions, Philip Rosen—348 
Simultaneous ionization and excitation of He by protons, 
Robert A. Mapleton—1166 
Ionization Potentials of Atoms (see Atomic Structure and 
Spectra) 
Ionization Potentials of Molecules (see Molecular Structure 
and Spectra) 
Ionosphere (see Geophysics) 
Ions (see also Electrical Discharges) 
Antishielding of nuclear quadrupole moments in heavy ions, 
E. G. Wikner and T. P. Das—360 
Charge exchange cross sections for He ions in gases, C. F. 
Barnett and P. M. Stier—385 
Double electron capture and loss by He ions traversing 
gases, Samuel K. Allison—76 
Energy exchange between electron and ion gases through 
Coulomb collisions in plasmas, A. A. Dougal and L. Gold- 
stein—615 
Equilibrium charges of fission fragments in gases, Clyde B. 
Fulmer and Bernard L. Cohen—94 
Kinetic ejection of electrons from W by Cs ions, Paul M. 
Waters— 1466 
Negative He ions, P. M. Windham, P. J. Joseph, and J. A. 
Weinman—1193 
Statistical broadening of spectral lines emitted by ions in 
plasma, M. Lewis and H. Margenau—842 
Ions and Electrons, Mobility (see also Semiconductors) 
Generalized mobility theory, Melvin Lax—1921 
Isobars (see Atomic Mass and Abundance) 
Isomers, Molecular (see Molecular Structure and Spectra) 
Isomers, Nuclear (see Nuclear Spectra) 
Isotopes (see Atomic Mass and Abundance; Radivactivity) 


Kerr Effect (see Optical Properties) 
Kinetic Theory of Gases (see Gases) 


Liquid Helium (see Helium, Liquid) 
Liquids 
Electron spin relaxation times in sodium-ammonia solutions, 
Richard J. Blume—1867 
High negative nuclear polarizations in liquid, Lawrence H. 
Bennett and H. C. Torrey—2218(E) 
Nuclear magnetic relaxation of three and four spin molecules 
in liquid, P. S. Hubbard—1153 
Luminescence 
Cross quenching of fluorescence in organic solutions, M. 
Furst and H. Kallmann—646 
De-excitation of ZnS and :ZnCdS phosphors by electric 
fieids, Hartmut Kallmann, Bernard Kramer, and Peter 
Mark—721 
Electric field distribution in polarized photoconductors, 
Hartmut Kallmann and J. R. Freeman—1506 
Energy storage in ZnS and ZnCdS phosphors, Hartmut 
Kallmann and Eugene Sucov—1473 
Response of CsI (TI) crystals to energetic particles, S, Bash- 
kin, R. R. Carlson, R. A. Douglas, and J. A. Jacobs—434 





2234 


Magnetic Fields (see Electromagnetic Theory and Electro- 
dynamics) 
Magnetic Properties 
Antiferromagnetism in b.c.c. Mn-Cr solid solution, J. S. 
Kasper and R. M. Waterstrat—1551 
Approximate theory of ferrimagnetic spin waves, T. A. 
Kaplan—782 
Effective nuclear spin interactions in ferromagnetics, 
H. Suhl—606(L) 
Ferromagnetism of Zr-Zn compound, B. T. Matthias and 
R. M. Bozorth—604(L) 
Galvanomagnetic effects in oriented single crystals of n-type 
Ge, W. Murray Bullis—292 
Hall effect in Ni;Mn and Fe-Co as function of order, Simon 
Foner, F. E. Allison, and Emerson M. Pugh—1129 
Loss of exchange coupling in surface layers of ferromagnetic 
particles, F. E. Luborsky—40 
Low-temperature magnetic studies of UH;, UD;, and UOs:, 
Warren E. Henry—1976 
Magnetic properties of Dy single crystals, D. R. Behrendt, 
S. Legvold, and F. H. Spedding—1544 
Magnetic properties of Ho and Tm metals, B. L. Rhodes, 
S. Legvold, and F. H. Spedding—1547 
Magnetic properties of UMnz, S. T. Lin and A. R. Kauf- 
mann—2218(E) 
Magnetization curve of infinite cylinder, A. Aharoni and 
S. Shtrikman—1522 
Magnetoresistance coefficients and their temperature 
dependence in Fe and Si-steel, Eiji Tatsumoto—658 
Polarization of positrons and annihilation in ferromagnetic 
materials, S. S. Hanna and R. S. Preston—716 
Remarks on volume magnetostriction and anisotropic forced 
magnetostriction, Hiroshi Sato—802 
Superexchange interaction, J. Yamashita and J. Kondo— 
730 
Superexchange interaction energy for Fe*+-O*--Fe** linkages, 
M. A. Gilleo—777 
Temperature dependence of ferromagnetic anisotropy, 
W. J. Carr, Jr.—1971 
Thin ferromagnetic films, Solomon J. Glass and Martin J. 
Klein—288 
Magnetic Resonance (see also Nuclear Moments and Spin) 
Antishielding of nuclear quadrupole moments in heavy 
ions, E. G. Wikner and T. P. Das—360 
Approximate theory of ferrimagnetic spin waves, T. A. 
Kaplan—782 
Cyclotron resonance in graphite, Philippe Noziéres—1510 
Dielectric and cyclotron absorption in infrared: observa- 
tions on Bi, W. S. Boyle, A. D. Brailsford, and J. K. Galt 
—1396(L) 
Effective nuclear spin interactions in ferromagnetics, 
H. Suhl—606(L) 
Electron resonances with ultrasonic waves in Cu, R. W. 
Morse, H. V. Bohm, and J. D. Gavenda—1394(L) 
Electron spin and phonon equilibrium in masers, N. Bloem- 
bergen—2209(L) 
Electron spin relaxation times in sodium-ammonia solutions, 
Richard J. Blume—1867 
Electron spin resonances of H centers, Werner Kanzig and 
Truman O. Woodruff—220(L) 
Experimental study of spin-lattice relaxation times in 
As-doped Si, J. W. Culvahouse and F. M. Pipkin—319 
Hfs anomaly of Sb™ and Sb™”* determined by electron 
nuclear double resonance technique, J. Eisinger and G. 
Feher—1172 

Hfs measurements on Pu**, J. C. Hubbs, R. Marrus, 
W. A. Nierenberg, and J. L. Worcester—390 

High negative nuclear polarizations in liquid, Lawrence 
H. Bennett and H. C. Torrey—2218(E) 

Isotopic mass ratios, magnetic moments, and sign of 


VOLUME 109 


electric dipole moment in CO, B. Rosenblum, A. H. 
Nethercot, Jr., and C. H. Townes—400 

Maser action in ruby, G. Makhov, C. Kikuchi, J. Lambe, 
and R. W. Terhune—1399(L) 

Molecular beam resonances in oscillatory fields of non- 
uniform amplitudes and phases, Norman F. Ramsey—822 

Nuclear magnetic relaxation of three and four spin mole- 
cules in liquid, P. S. Hubbard—1153 

Nuclear magnetic resonance in semiconductors: exchange 
broadening in GaAs and InAs, R. G. Shulman, B. J. 
Wyluda, and H. J. Hrostowski—808 

Nuclear magnetization in presence of ultrasonic excitation, 
O. Kraus and W. H. Tanttila—1052 

Observation of nuclear resonance acoustic absorption of 
In™§ in InSb, M. Menes and D. I. Bolef—218(L) 

Operation of solid-state quantum-mechanical amplifier, 
M. W. P. Strandberg, C. F. Davis, B. W. Faughnan, 
R. L. Kyhl, and G. J. Wolga—1988 

Operation of three-level solid state maser at 21 cm, J. O. 
Artman, N. Bloembergen, and S. Shapiro—1392(L) 

Optical detection of zero-field hyperfine splitting of Na*, 
M. Arditi and T. R. Carver—1012(L) 

Optically detected field-independent transition in Na vapor, 
William E. Bell and Arnold L. Bloom—219(L) 

Origin of nuclear magnetic resonance shifts in paramagnetic 
MnfF;, R. G. Shulman and V. Jaccarino—1084 

Paramagnetic and optical spectra of divalent Co in cubic 
crystalline fields, W. Low—256 

Paramagnetic and optical spectra of divalent Ni in cubic 
crystalline fields, W. Low—247 

Paramagnetic relaxation at very low temperatures, J. A. 
Giordmaine, L. E. Alsop, F. R. Nash, and C. H. Townes 
—302 

Paramagnetic resonance spectrum of Gd** in cubic field 
of CaF:, W. Low—265 

Relaxation effects for coupled nuclear spins, Robert C. 


Rempel—831 
Rf orientation of As’*, F. M. Pipkin and J. W. Culvahouse 
—1423 


Separation and identification of overlapping hfs com- 
ponents: application to Hg resonance radiation, Paul L. 
Sagalyn, Adrian C. Melissinos, and Francis Bitter—375 

Solid-state maser amplifier, Alan L. McWhorter and James 
W. Meyer—312 

Spin resonance of free electrons polarized by exchange 
collisions, H. G. Dehmelt—381 

Spin temperature, A. Abragam and W. G. Proctor—1441 

Spins of certain short-lived Cu and Ag isotopes, J. B. 
Reynolds, R. L. Christensen, D. R. Hamilton, W. M. 
Hooke, and H. H. Stroke—465 

Spontaneous emission of radiation from electron spin 
system, G. Feher, J. P. Gordon, E. Buehler, E. A. Gere, 
and C. D. Thurmond—221(L) 

Ultrasonically induced spin transitions in NaI, D. A. 
Jennings, W. H. Tanttila, and O. Kraus—1059 

Magnetohydrodynamics (see Fluid Dynamics) 

Magneto-Optical Effects (see Optical Properties) 

Magnetoresistance (see Electrical Conductivity and Resist- 
ance; Semiconductors) 

Magnetostriction (see Magnetic Properties) 

Mass Defects (see Atomic Mass and Abundance) 

Mass Spectroscopy (see Atomic Mass and Abundance; 
Methods and Instruments) 

Mathematical Methods 

Improper Lorentz transformations, James A. McLennan, 

Jr.—986 

Measurements (see Methods and Instruments) 

Mechanics 

Mechanics, Quantum—Atomic Structure and Spectra (see 
Atomic Structure and Spectra) 

Mechanics, Quantum—General (see Quantum Mechanics) 








ANALYTIC SUBJECT 


Mechanics, Quantum—Molecular Structure and Spectra (see 
Molecular Structure and Spectra) 

Mechanics, Quantum—Nuclear (see 
Theory) 

Mechanics, Quantum—of Solid Bodies (see Crystalline State) 

Mechanics, Statistical (see Statistical Mechanics and Thermo- 
dynamics) 

Meson Field Theory (see Field Theory) 

Mesons and Hyperons (see also Cosmic Radiation; Elemen- 
tary Particle Interactions; Nuclear Reactions Induced by 
Mesons; Scattering of Mesons) 

Angular distribution in neutral meson decay, J. E. Leiss 
and R. A. Schrack—1326 

Calculation of anomalous magnetic moments of A® and >°, 
2*, 2 hyperons, Michael Nauenberg—2177 

Decay of neutral x meson, Jeremy Bernstein and Kenneth 
A. Johnson—189 

Decay of x meson and universal Fermi interaction, Kerson 
Huang and F. E. Low—1400(L) 

Decay of =* hyperon and its antiparticle, Susumu Okubo— 
984 

Electromagnetic interaction of neutral K meson, G. Fein- 
berg—1381 

Hyperon production in nucleon-nucleon collisions, Gordon 
Feldman and P. T. Matthews—546 

Interactions of 38- and 61-Mev positive pions in deuterium, 
A. M. Sachs, H. Winick, and B. A. Wooten—1733 

Internal pair creation in E° decay, G. Feinberg—1019(L) 

Isotropy of pion emission at 6 Bev, D. T. King—1344 

Kys decay: tests for time reversal and two-component 
theory, J. J. Sakurai—980 

Magnetic moment of free muon, T. Coffin, R. L. Garwin, 
S. Penman, L. M. Lederman, and A. M. Sachs—973 

Measurement of spin-flip probability in photoproduction of 
negative pions from deuterium, Kenneth C. Bandtel, 
Wilson J. Frank, and Richard Madey—2177 

Measurement of total absorption coefficient of long-lived 
neutral K particles, W. K. H. Panofsky, V. L. Fitch, 
R. W. Motley, and W. G. Chesnut—1353 

Method for determining 6;—6, mass difference, W. F. Fry 
and R. G. Sachs—2212(L) 

Momentum spectrum of positrons from decay of u* mesons, 
Lawrence Rosenson—958 

Neutral mesons arising in photoproduction of pion pairs, 
Arnold D. Levine—515 

Neutral pions from p-p collisions, R. A. Stallwood, R. B. 
Sutton, T. H. Fields, J. G. Fox, and J. A. Kane—1716 

Observation and analysis of K~ interactions, J. Hornbostel 
and G. T. Zorn—165 

Phenomenological analysis of » decay, Sidney Bludman 
and Abraham Klein—550 

Pion production in pion-nucleon collisions, R. M. Stern- 
heimer and S. J. Lindenbaum—1723 

Polarization and angular correlation in production and 
decay of particles of spin 4 and spin 3, Richard Spitzer 
and Henry P. Stapp—540 

Polarization effects in 2~ capture, A. Pais and S. B. Treiman 
—1759 

Possible determination of spin of A® from its large decay 
angular asymmetry, T. D. Lee and C. N. Yang—1755 

Possible method for determining intrinsic parity of K meson, 
G. Costa and B. T. Feld—606(L) 

Production of strange particles by +” —p interactions near 
threshold, L. B. Leipuner and R. K. Adair—1358 

Reaction p+p—>x*++d in 425-Mev energy region, T. H. 
Fields, J. G. Fox, J. A. Kane, R. A. Stallwood, and R. B. 
Sutton—1704 

Recoil protons from meson photoproduction in H and D, 
Rodman Smythe, Robert M. Worlock, and Alvin V. 
Tollestrup—S18 


Nuclear Structure 


INDEX 2235 


Relations between hyperon polarizations in associated 
production, R. Gatto—610(L) 

Scattering of K+ mesons in emulsion, George Igo, Geoffrey 
Ravenhall, Jerome J.. Tiemann, Warren W. Chupp, 
Gerson Goldhaber, Sulamith Goldhaber, Joseph E. 
Lannutti,.and Roy M. Thaler—2133 

Scattering of 37-Mev positive pions on hydrogen, A. M. 
Sachs, H. Winick, and B. A. Wooten—1750 

Selection rules for pion production in nucleon-antinucleon 
scattering, Saul Barshay—554 

Small-angle photoproduction of positive pions from hydro- 
gen, J. H. Malmberg and C. S. Robinson—158 

Study of interaction of positive K mesons, Joseph E. Lan- 
nutti, Sulamith Goldhaber, Gerson Goldhaber, Warren 
W. Chupp, S. Giambuzzi, C. Marchi, G. Quareni, and A. 
Wataghin—2121 

Theory of Fermi interaction, R. P. Feynman and M. Gell- 
Mann—193 

Total cross section for p+p—x*+p-+n at 437 Mev, T. H. 
Fields, J. G. Fox, J. A. Kane, R. A. Stallwood, and R. B. 
Sutton—1713 

V-particle production by 1.9-Bev x~ mesons, G. G. Slaughter, 
E. M. Harth, and M. M. Block—2111 

Metals (see Crystalline State) 

Metastable Atoms (see Atomic Structure and Spectra) 
Metastable Molecules (see Molecular Structure and Spectra) 
Meteorology (see Geophysics) 

Methods and Instruments 

Annihilation method for measuring transverse polarization 
of energetic positrons, Lorne A. Page—2215(L) 

Method for determining 6,—6; mass difference, W. F. Fry 
and R. G. Sachs—2212(L) 

Operation of solid-state quantum-mechanical amplifier, 
M. W. P. Strandberg, C. F. Davis, B. W. Faughnan, 
R. L. Kyhl, and G. J. Wolga—i988 

Operation of three-level solid state maser at 21 cm, J. O. 
Artman, N. Bloembergen, and S. Shapiro—1392(L) 

Possible method for determining intrinsic parity of K meson, 
G. Costa and B. T. Feld—606(L) 

Proposed negative-mass microwave amplifier, 
Krémer—1856(L) 

Solid-state maser amplifier, Alan L. McWhorter and James 
W. Meyer—312 

Microwaves (see also Atomic Structure and Spectra; Mag- 
netic Resonance; Molecular Structure and Spectra; 
Nuclear Moments and Spin) 

Conductivity of plasmas to microwaves, Henry Margenau 
ner 

Excitation of plasma oscillations and growing plasma waves, 
G. D. Boyd, L. M. Field, and R. W. Gould—1393(L) 

Microwave absorption in methyl halides, Krishnaji and 
G. P. Srivastava—1560 

Operation of solid-state quantum-mechanical amplifier, 
M. W. P. Strandberg, C. F. Davis, B. W. Faughnan, 
R. L. Kyhl, and G. J. Wolga—1988 

Solid-state maser amplifier, Alan L. McWhorter and James 
W. Meyer—312 

Stark effect at 2.0 and 1.2 mm: NO, C. A. Burrus and J. D. 
Graybeal—1553 

Miscellaneous 

Mobility of Ions and Electrons (see Ions and Electrons, 
Mobility) 

Molecular Aggregates 

Molecular Beams (see Atomic and Molecular Beams) 

Molecular Structure and Spectra 

Absolute cross sections for excitation of Nz: by protons of 
few kev energy, N. P. Carleton and T. R. Lawrence—1159 

Dissociative attachment of electrons in I;. I. Microwave 
determination of absolute cross section at 300°K, Man- 
fred A. Biondi—2005 


Herbert 








2236 


Molecular Structure and Spectra (Continued) 

Dissociative attachment of electrons in Iz. II. Mass spectro- 
graphic determination of energy dependence of cross 
section, R. E. Fox—2008 

Dissociative attachment of electrons in I». III. Discussion, 
Manfred A. Biondi and R. E. Fox—2012 

Isotopic mass ratios, magnetic moments, and sign of electric 
dipole moment in CO, B. Rosenblum, A. H. Nethercot, 
Jr., and C. H. Townes—400 

Microwave absorption in methyl halides, Krishnaji and 
G. P. Srivastava—1560 

Microwave spectra of Tl, In, and Ga monohalides, A. H. 
Barrett and M. Mandel—1572 

Spectra of A, Oz, and N2 mixtures, C. Dewey Cooper and 
M. Lichenstein—2026 

Stark effect at 2.0 and 1.2 mm: NO, C. A. Burrus and J. D. 
Graybeal—1553 

Theory of Stark effect of NO molecule, Masataka Mizu- 
shima—1557 

Moments, Nuclear (see Nuclear Moments and Spin) 

Moments of Molecules (see Molecular Structure and Spectra) 

Muonium (see Atomic Structure and Spectra; Mesons and 
Hyperons) 

Neutrinos and Antineutrinos (see also Nuclear Spectra; 
Radioactivity) 

Conservation law for lepton processes, Michiji Konuma, 
Seitaro Nakamura, and Hiroomi Umezawa—1404(L) 

Helicity of neutrinos, M. Goldhaber, L. Grodzins, and 
A. W. Sunyar—1015(L) 

K,s decay: tests for time reversal and two-component 
theory, J. J. Sakurai—980 


Neutron Diffraction (see Diffraction; Scattering of Neutrons) 
Neutrons (see Elementary Particle Interactions) 
Noise 

Derivation of fluctuation-dissipation theorem, K. M. van 
Vliet-—1021 

Generalized mobility theory, Melvin Lax—1921 

Quantum efficiency of photoconductive PbS films, H. E. 
Spencer—1074 

Nuclear Fission 

Capture to fission ratios for fast neutrons in U™*, B. C. 
Diven, J. Terrell, and A. Hemmendinger—144 

Correlation of competition between neutron emission and 
fission, J. R. Huizenga—484 

Equilibrium charges of fission fragments in gases, Clyde B. 
Fulmer and Bernard L. Cohen—94 

Fission of Ra®* by 11-Mev protons, R. C. Jensen and A. W. 
Fairhall—942 

Fission of U, Ag, and Br nuclei with high-energy particles, 
G. F. Denisenko, N. S. Ivanova, N. R. Novikova, N. A. 
Perfilov, E. I. Prokoffieva, and V. P. Shamov—1779 

Nuclear Forces (see Elementary Particle Interactions; Field 
Theory; Nuclear Structure Theory) 

Nuclear Induction (see Magnetic Resonance; Nuclear Mo- 
ments and Spin) 

Nuclear Isomers (see Nuclear Spectra; Radioactivity) 

Nuclear Moments and Spin 

Antishielding of nuclear quadrupole moments in heavy 
ions, E. G. Wikner and T. P. Das—360 

Electron scattering by polarized nuclei, Roger G. Newton— 
2213(L) 

Hfs anomaly of Sb™. and Sb™ determined by electron 
nuclear double resonance technique, J. Eisinger and G. 
Feher—1172 

Hfs measurements on Pu*®, J. C. Hubbs, R. Marrus, W. A. 
Nierenberg, and J. L. Worcester—390 

Rf orientation of As’*, F. M. Pipkin and J. W. Culvahouse 
—1423 


VOLUME 


109 


Spins of certain short-lived Cu and Ag isotopes, J. B. 
Reynolds, R. L. Christensen, D. R. Hamilton, W. M. 
Hooke, and H. H. Stroke—465 

Nuclear Photoeffects 

Angular distribution of photoprotons from deuterium from 
9 to 23 Mev, A. Whetstone and J. Halpern 

Measurement of spin-flip probability in photoproduction of 
negative pions from deuterium, Kenneth C. Bandtel, 
Wilson J. Frank, and Richard Madey—2117 

Neutral mesons arising in photoproduction of pion pairs, 
Arnold D. Levine—515 

Recoil protons from meson photoproduction in H and D, 
Rodman Smythe, Robert M. Worlock, and Alvin V. 
Tollestrup—518 

Small-angle photoproduction of positive pions from hydro- 
gen, J. H. Malmberg and C. S. Robinson—158 

Yield and angular distribution of fast photoneutrons from 
deuterium and carbon, P. S. Baranov, V. I. Gol’danskii, 
and V. S. Roganov—1801 

Nuclear Reactions, General (see also Elementary Particle 
Interactions; Scattering) 

Nuclear scattering of nucleons and antinucleons, Hans- 
Peter Duerr—1347 

Parity conservation in strong interactions: introduction 
and reaction He*(d,a)Li*, D. H. Wilkinson—1603 

Refraction effects in direct nuclear reactions, N. Austern 
and S. T. Butler-—-1402(L) 

Some properties of shift and penetration factors in nuclear 
reactions, F. W. Prosser, Jr., and L. C. Biedenharn—413 

Nuclear Reactions Induced by a Particles and He?’ (see also 
Scattering of a Particles) 

C"(He?,p)N™ differential cross sections, R. L. Johnston, 
H. D. Holmgren, E. A. Wolicki, and E. Geer Illsley—884 

New isotope, S#*, D. R. Nethaway and A. A. Caretto, Jr.— 
504 

Nuclear Reactions Induced by Deuterons and Tritons (see 
also Scattering of Deuterons) 

Angular distributions from deuteron-induced reactions in 
Na, W. F. Vogelsang and J. N. McGruer—1663 

Angular distributions of B"(d,n)C™ first excited state 
neutrons, Oakes Ames and George E. Owen—1639 

Angular distributions of two proton groups from reaction 
Na**(d,p)Na™, Charles E. Dickerman—443 

Coulomb excitation studies using inelastically scattered 
particles, R. D. Sharp and W. W. Buechner—1698 

Experimental evidence for reaction d+T—He®+n+n—3 
Mev, J. E. Brolley, Jr., W. S. Hall, L. Rosen, and L. 
Stewart—1277 

y radiation from N“+d and C¥+d, W. A. Ranken, T. W. 
Bonner, J. M. McCrary, and T. A. Rabson—917 

y rays from C%+d and excited states of C4, E. K. War- 
burton and H. J. Rose—1199 

Neutron production in linear deuterium pinches, Oscar A. 
Anderson, William R. Baker, Stirling A. Colgate, Harold 
P. Furth, and Robert V. Pyle—612(L) 

Nucleon exchange effects in B'°(d,p) stripping reactions, 
N. T. S. Evans and A. P. French—1272 

1.7-Mev state in Be*, Dan W. Miller—1669 

Parity conservation in strong interactions: introduction and 
reaction He*(d,a)Li*, D. H. Wilkinson—1603 

Nuclear Reactions Induced by Mesons and Hyperons (see 
also Elementary Particle Interactions; Mesons and 
Hyperons; Scattering of Mesons and Hyperons) 

Capture of negative muons by light nuclei, J. Leite Lopes— 
509 

Interactions of 38- and 61-Mev positive pions in deuterium, 
A. M. Sachs, H. Winick, and B. A. Wooten—1733 

K--meson captures by bound neutrons, Francis C. Gilbert 
and R. Stephen White—1770 

Measurement of Panofsky ratio: nuclear absorption of x~ 











ANALYTIC SUBJECT INDEX 2237 


from K shell in hydrogen, J. Fischer, R. March, and L. 
Marshall—533 

Nuclear interactions of high-energy w-mesons in carbon, 
I. B. McDiarmid—1792 

Observation and analysis of K~ interactions, J. Hornbostel 
and G. T. Zorn—165 

Pion production in pion-nucleon collisions, R. M. Stern- 
heimer and S. J. Lindenbaum—1723 

Production of strange particles by x~-p interactions near 
threshold, L. B. Leipuner and R. K. Adair—1358 

Study of interaction of positive K mesons, Joseph E. 
Lannutti, Sulamith Goldhaber, Gerson Goldhaber, 
Warren W. Chupp, S. Giambuzzi, C. Marchi, G. Quareni, 
and A. Wataghin—2121 

Total cross sections for 190-Mev positively charged K 
mesons in complex nuclei, Leroy T. Kerth, Thaddeus F. 
Kycia, and Ludwig van Rossum—1784 

V-particle production by 1.9-Bev x~ mesons, G. G. Slaughter, 
E. M. Harth, and M. M. Block—2111 

Nuclear Reactions Induced by Neutrons (see also Elementary 

Particle Interactions; Scattering of Neutrons) 

Capture to fission ratios for fast neutrons in U**, B. C. 
Diven, J. Terrell, and A. Hemmendinger—144 

Correlation of competition between neutron emission and 
fission, J. R. Huizenga—484 

Emission of secondary neutrons from nuclei bombarded by 
high-energy neutrons, V. I. Gol’danskii, A. E. Ignatenko, 
A. I. Mukhin, V. S. Penkina, and V. A. Shkoda-Ulyanov 
—1762 

Excitation function for Fe®*(n,p)Mn*, J. Terrell and D. M. 
Holm—2031 

Inelastic neutron scattering by U**, L. Cranberg and J. S. 
Levin—2063 

Low-energy neutron resonances in Sm'**, H. Marshak and 
V. L. Sailor—1219 

Neutron resonances in kev region: differential scattering 
cross sections, Robert C. Block, Willy Haeberli, and 
Henry W. Newson—1620 

Neutron total cross sections in kev region by fast time-of- 
flight measurements, W. M. Good, J. H. Neiler, and J. H. 
Gibbons—926 

P®(n,p)Si* and Al?(n,a)Na™ cross sections, J. A. Grundl, 
R. L. Henkel, and B. L. Perkins—425 

Properties of s-wave and p-wave neutron resonances in Nb, 
A. Saplakoglu, L. M. Bollinger, and R. E. Coté—1258 

Resonance scattering of slow neutrons on In, James A. 
Moore—417 

Scattering of fast neutrons from C” and F", J. E. Wills, 
Jr., J. K. Bair, H. O. Cohn, and H. B. Willard—891 

Spacings of nuclear energy levels, John A. Harvey and D. J. 
Hughes—471 

Strength function determinations using fast neutrons, F. 
Boreli and S. E. Darden—2079 

Total neutron cross sections near 14 Mev, J. F. Vervier and 
A. Martegani—947 

Total neutron cross sections near 14.1 Mev, Jerry P. 
Conner—1268 

Nuclear Reactions Induced by Protons (see also Elementary 

Particle Interactions; Scattering of Protons) 

Compound states formed in reaction Ca**(p,p’e*e~), R. D. 
Bent and T. H. Kruse—1240 

Coulomb excitation studies using inelastically scattered 
particles, R. D. Sharp and W. W. Buechner—1698 

Energy dependence of F'*+ reactions, W. A. Ranken, 
T. W. Bonner, and J. H. McCrary—1646 

Energy levels of Na* from Ne*(p,7)Na*® reaction, D. E. J. 
Thornton, R. E. Meads, and C. H. Collie—480 

Isotropy of pion emission at 6 Bev, D. T. King—1344 

Neutral pions from p-p collisions, R. A. Stallwood, R. B. 
Sutton, T. H. Fields, J. G. Fox, and J. A. Kane—1716 

Neutron yields from thick targets bombarded by 18- and 


32-Mev protons, Yuin-Kwei Tai, George P. Millburn, 
Selig N. Kaplan, and Burton J. Moyer—2086 

Parity conservation in strong interactions: reactions 
B"(p,p/)B"*s 14 and F19(p,0)O"*"> 19, D. H. Wilkinson— 
1610 

Parity conservation in strong interactions: reaction 
Li? (p,p’)Li™o477, D. H. Wilkinson—1614 

(p,m) cross sections of Cu and Zn, H. A. Howe—2083 

(p,p’) and (p,a) reactions from K**, A. Sperduto and W. W. 
Buechner—462 

Proton strength functions from (p,m) cross sections, C. H. 
Johnson, A. Galonsky, and J. P. Ulrich—1243 

Proton strength functions from (p,m) reaction cross sections, 
J. P. Schiffer and L. L. Lee, Jr.—2098 

Reaction p+p—r*++d in 425-Mev energy region, T. H. 
Fields, J. G. Fox, J. A. Kane, R. A. Stallwood, and R. B. 
Sutton—1704 

Refraction effects in direct nuclear reactions, N. Austern 
and S. T. Butler—1402(L) 

Search for pair production by protons, W. E. Stephens and 
H. Staub—1196 

Study of T(p,)He* and Li’(p,")Be’ reactions, R. L. 
Macklin and J. H. Gibbons—105 

Total cross section for p+p—x*+p+n at 437 Mev, T. H. 
Fields, J. G. Fox, J. A. Kane, R. A. Stallwood, and R. B. 
Sutton—1713 


Nuclear Scattering (see Scattering) 
Nuclear Spectra (see also Nuclear Reactions; Radioactivity) 


Absolute energy measurement of a particles from Po*®, 
F. A. White, F. M. Rourke, J. C. Shefheld, R. P. Schuman, 
and J. R. Huizenga—437 

Angular correlations of y rays in cascade from levels in 
Lu! and Hf'”7, Ernest D. Klema—1652 

Average decay energy of tritium, D. P. Gregory and D. Z. 
Landsman—2091 

8-y circular polarization correlation experiments, F. Boehm 
and A. H. Wapstra—456 

(8,y) circular polarization correlation for Co® and Na®, 
H. Appel, H. Schopper, and S. D. Bloom—2211(L) 

Ce and Pr’ decay, R. L. Hickok, W. A. McKinley, and 
S. C. Fultz—113 

Coulomb excitation of Sb, Cs, and Ba, L. W. Fagg—100 

Coulomb excitation studies using inelastically scattered 
particles, R. D. Sharp and W. W. Buechner—1698 

Determination of electron polarization by electron-electron 
scattering: Y* and Au'®*, N. Benczer-Koller, A. Schwarz- 
schild, J. B. Vise, and C. S. Wu—85 

Directional correlation of y rays of Se’*, E. G. Funk, Jr., 
and M. L. Wiedenbeck—922 

Dy'® excited states, C. W. McCutchen—1211 

Electric monopole directional correlation experiments, 
E. L. Church, M. E. Rose, and J. Weneser—1299 

Electric monopole transitions in Ge’’ and Zr®, David E. 
Alburger—1222 

Electron-capture decay of Gd, Virginia S. Shirley and 
John O. Rasmussen—2092 

Electron-capture decay of Pu*?, D. C. Hoffman and B. j. 
Dropesky—1282 

Energy levels of Na* from Ne®(p,7)Na*® reaction, D. E. J. 
Thornton, R. E. Meads, and C. H. Collie—480 

Fierz interference of Fermi interactions in 8 decay, J. B. 
Gerhart—897 

First forbidden transitions in parity-nonconserving 8 decay, 
Masato Morita and Reiko Saito Morita—2048 

y radiation from N“+d and C¥+d, W. A. Ranken, T. W. 
Bonner, J. M. McCrary, and T. A. Rabson—917 

y rays from C¥+d and excited states of C“, E. K. War- 
burton and H. J. Rose—1199 

Helicity of neutrinos, M. Goldhaber, L. Grodzins, and A. W. 
Sunyar—1015(L) 











2238 


Nuclear Spectra (Continued) 

Higher order effects in 8 decay of P®, Icko Iben, Jr.—2059 

In!° and Sb” radioactivity, Carl L. McGinnis—888& 

Interference between Gamow-Teller and Fermi interaction 
in Mn®, F. Boehm—1018(L) 

Internal conversion coefficients of M1 y rays of Au'®® and 
Au'®, Paul J. Cressman and Roger G. Wilkinson—872 

K*? radionuclide, C. R. Sun and Byron T. Wright—109 

Lifetime of 0* excited state in Ge7®", Henry W. Kendall—861 

Lifetime of 1~ level in Sm", L. Grodzins—1014(L) 

Mass assignments of 23-sec Pd'’™ and 4.8-min Pd'™; 
search for <3-sec Pd!%", U. Schindewolf—1280 

Measurement of §-ray polarization of Au’ by double 
Coulomb scattering, H. J. Lipkin, S. Cuperman, T. 
Rothem, and A. de-Shalit—223(L) 

New isotope, S**, D. R. Nethaway and A. A. Caretto, Jr.— 
504 

Np isotopes: 234, 235, 236, J. E. Gindler, J. R. Huizenga, 
and D. W. Engelkemeir—1263 

Numerical solutions of Cm a-decay wave equation, 
John O. Rasmussen and Eldon R. Hansen—1656 

1.7-Mev state in Be*, Dan W. Miller—1669 

Po*” energy levels, R. W. Hoff and J. M. Hollander—447 

Positron decay of Cu’* and Cu® and energy levels in NiS® 
and Ni®, J. W. Butler and C. R. Gossett—863 

Precision determination of some energy levels in Fe’’, 
Zn*, and Tc, E. L. Chupp, J. W. M. DuMond, F. J. 
Gordon, R. C. Jopson, and Hans Mark—2036 

Rare earth a emitters, Kenneth S. Toth and John O. Ras- 
mussen—121 

Relativistic theory of radiative orbital electron capture, 
P. C. Martin and R. J. Glauber—1307 

Ru'® g decay, R. L. Robinson and L. M. Langer—1255 

Se®s decay, R. G. Cochran and W. W. Pratt—878 

Yields, angular distributions, and polarization of y rays 
from Coulomb excitation, F. K. McGowan and P. H. 
Stelson—901 

Nuclear Structure Theory (see also Nuclear Reactions; 

Nuclear Spectra) 

Axial symmetry of nuclear wave functions, R. K. Nesbet— 
1017(L) 

Brueckner’s theory and method of superposition of con- 
figurations, R. K. Nesbet—1632 

Center-of-mass motion in Brueckner theory for finite 
nucleus, Harry J. Lipkin—2071 

Collective motion in modified shell model, Arnold Russek— 
487 

Correlation of competition between neutron emission and 
fission, J. R. Huizenga—484 

Nuclear potential and symmetry energy, G. R. Satchler— 
429 

Nuclear symmetry energy, Hans-Peter Duerr—117 

Nucleonic binding states in nonspherical nuclei: asymptotic 
representation, A. J. Rassey—949 

Oxygen differential neutron scattering and phenomeno- 
logical nuclear potentials, J. L. Fowler and H. O. Cohn 
—89 

Properties of nuclear matter, K. A. Brueckner and J. L. 
Gammel—1023 

Shell-model theory of Pb?°*, William W. True and Kenneth 
W. Ford—1675 

Single configuration analysis of Li®, William T. Pinkston 
and James G. Brennan—499 

Spacings of nuclear energy levels, John A. Harvey and D. J. 
Hughes—471 

Superheavy nuclei, Frederick G. Werner and John A. 
Wheeler—126 

Velocity-dependent forces and nuclear structure. IT. Spin- 
dependent forces, Marcos Moshinsky—933 


VOLUME 





109 


Optical Instruments (see Methods and Instruments) 
Optical Properties (see also Luminescence) 

Dielectric and cyclotron absorption in infrared: observa- 
tions on Bi, W. S. Boyle, A. D. Brailsford, and J. K. 
Galt—1396(L) 

Direct transition exciton and fine structure of magneto- 
absorption spectrum in Ge, Solomon Zwerdling, Laura M. 
Roth, and Benjamin Lax—2207(L) 

Effect of neutron irradiation on infrared absorption in Si, 
W. G. Spitzer and H. Y. Fan—1011(L) 

Electron spin resonances of H centers, Werner Kanzig and 
Truman O. Woodruff—220(L) 

Intrinsic optical absorption and radiative recombination 
lifetime in PbS, Wayne W. Scanlon—47 

Intrinsic optical absorption in Ge-Si alloys, Rubin Braun- 
stein, Arnold R. Moore, and Frank Herman—695 

Microwave absorption in methyl halides, Krishnaji and 
G. P. Srivastava—1560 

Optically detected field-independent transition in Na vapor, 
William E. Bell and Arnold L. Bloom—219(L) 

Paramagnetic and optical spectra of divalent Co in cubic 
crystalline fields, W. Low—256 

Paramagnetic and optical spectra of divalent Ni in cubic 
crystalline fields, W. Low—247 

Photoproduction of V; centers in KBr crystals, Gianfranco 
Chiarotti and Nicolas Inchauspé—345 


Pair Production (see Electrons and Positrons) 

Parity (see Elementary Particle Interactions; Field Theory; 
Nuclear Spectra) 

Phosphors and Phosphorescence (see Luminescence; Semi- 
conductors) 

Photoconductivity (see Electrical Conductivity and Resistance) 

Photodisintegration (sec Nuclear Photoeffects) 

Photoelasticity (see Elasticity and Plasticity) 

Photoelectric Effect (see Electrical Properties) 

Photography and Photographic Emulsions (see Methods and 
Instruments; Optical Properties) 

Photometry (see Methods and Instruments; Optical Proper- 
ties) 

Photons (see Radiation) 

Photovoltaic Effect (see Electrical Properties; Semicon- 
ductors) 

Piezoelectric Effect (see Dielectrics and Dielectric Proper- 
ties) 

Plasma (see Crystalline State; Electrical Conductivity and 
Resistance; Electrical Discharges; Fluid Dynamics; 
Statistical Mechanics and Thermodynamics) 

Plasticity (see Elasticity and Plasticity) 

Polarization, Electrical (see Dielectrics and Dielectric Proper- 
ties) 

Polymers (see Molecular Aggregates) 

Positronium (see Atomic Structure and Spectra; Electrons 
and Positrons) 

Positrons (see Electrons and Positrons) 

Probability (see Mathematical Methods) 

Protons (see Elementary Particle Interactions) 


Quantum Electrodynamics (see also Field Theory) 
Energy levels of two-electron atom to order a’ ry; ioniza- 
tion energy of He, J. Sucher—1010(L) 
Quantum Mechanics 
Axial symmetry of nuclear wave functions, R. K. Nesbet— 
1017(L) 
Brueckner’s theory and method of superposition of con- 
figurations, R. K. Nesbet—1632 
yen states for singular potential problems, F. L. Scarf— 
2170 
Dispersion relations for Dirac potential scattering, N. N. 
Khuri and S. B. Treiman—198 














ANALYTIC SUBJECT 


Form of scattering amplitude for two systems of arbitrary 
spins, Richard H. Capps—1823 

Formulation of quantum mechanics based on quasi- 
probability distribution induced on phase space, George 
A. Baker, Jr.—2198 

Mass-energy relation in quantum theory, W. F. G. Swann— 
998 


Matrix elements of symmetric operators, G. F. Koster—227 

Modified virial theorem for total momentum fluctuations, 
Joel L. Lebowitz—1464 

Numerical calculation of wave functions and energies of 
1 ‘4S and 2 *S states of He, D. H. Tycko, L. H. Thomas, 
and K. M. King—369 

Perturbation theory in wave mechanics, W. H. Young and 
N. H. March—1854 ' 

Quantum limitations of measurement of space-time dis- 
tances, H. Salecker and E. P. Wigner—571 

Representation of exchange terms in Fock’s equations by 
a quasi-potential, D. R. Hartree—840 

Variational principles for wave function in scattering 
theory, Saul Altshuler—1830 

Quenching of Radiation (see Radiation) 


Radar (see Methods and Instruments; Radiation) 
Radiation (see also Gamma Rays; Range and Energy Loss; 
X-Rays) 

Bremsstrahlung cross-section measurements for 50-kev 
electrons, J. W. Motz and R. C. Placious—235 

Radiative meson-nucleon scattering, R. E. Cutkosky—209 

Separation and identification of overlapping hfs com- 
ponents: application to Hg resonance radiation, Paul L. 
Sagalyn, Adrian C. Melissinos, and Francis Bitter—375 

Shape of high-energy end of electron-bremsstrahlung spec 
trum, E. G. Fuller, E. Haywards, and H. W. Koch—630 

Spontaneous emission of radiation from electron spin 
system, G. Feher, J. P. Gordon, E. Buehler, E. A. Gere, 
and C. D. Thurmond—221(L) 

Surface currents induced by short wavelength radiation, 
James A. Cullen—1863 

Radio Waves (see Radiation) 
Radioactivity (see also Nuclear Spectra) 

Absolute energy measurement of a particles from Po*®, 
F. A. White, F. M. Rourke, J. C. Sheffield, R. P. Schuman, 
and J. R. Huizenga—437 

Average decay energy of tritium, D. P. Gregory and D. Z. 
Landsman—2091 

Conservation of number of nucleons, Frederick Reines, 
Clyde L. Cowan, Jr., and Herald W. Kruse—609(L) 

Electron-capture decay of Pu*®?, D. C. Hoffman and B. J. 
Dropesky—1282 

K*" radionuclide, C. R. Sun and Byron T. Wright—109 

Mass assignments of 23-sec Pd!" and 4.8-min Pd!%™; 
search for <3-sec Pd'%", U. Schindewolf—1280 

New isotope, S**, D. R. Nethaway and A. A. Caretto, Jr. 
504 

Np isotopes: 234, 235, 236, J. E. Gindler, J. R. Huizenga, 
and D. W. Engelkemeir—1263 

Numerical solutions of Cm** a-decay wave equation, 
John O. Rasmussen and Eldon R. Hansen—1656 

Po*® energy levels, R. W. Hoff and J. M. Hollander—447 

Rare earth a emitters, Kenneth S. Toth and John O. 
Rasmussen—121 

Raman Spectra (see Molecular Structure and Spectra) 
Range and Energy Loss of Particles {see also Scattering) 

Absolute energy to produce ion pair in various gases by 
8 particles from S**, William P. Jesse—2002 

Characteristic energy loss of electrons in graphite, Yoshi H. 
Ichikawa—653 

Charge exchange cross sections for He ions in gases, C. F. 
Barnett and P. M. Stier—385 


INDEX 2239 


Charge exchange cross sections of H particles in gases at 
high energies, C. F. Barnett and H. K. Reynolds—355 
Ionization yield of protons in Nz and A, Ralph A. Lowry and 
Glenn H. Miller—826 
Measurement of total absorption coefficient of long-lived 
neutral K particles, W. K. H. Panofsky, V. L. Fitch, 
R. W. Motley, and W. G. Chesnut—1353 
Response of CsI (T1) crystals to energetic particles, S. Bash- 
kin, R. R. Carlson, R. A. Douglas, and J. A. Jacobs—434 
Recombination (see Molecular Structure and Spectra) 
Rectifiers (see Electrical Conductivity and Resistance; 
Semiconductors) 
Relativity and Gravitation 
Quantum limitations of measurement of space-time dis- 
tances, H. Salecker and E. P. Wigner—571 
Relativistic hydrodynamics of rotating fluid masses, David 
Bohm and Jean-Pierre Vigier—1882 
Relativity in static spherical and elliptic space (Einstein’s 
universe), John Kronsbein—1815 
Resistance, Electrical (see Electrical Conductivity and 
Resistance) 
Resonance Radiation (see Radiation) 


Scattering, General (see also Diffraction; Elementary Particle 
Interactions; Nuclear Reactions; Range and Energy Loss 
of Particles) 

Asymptotic expansion for high-energy potential scattering, 
J. J. Tiemann—183 

Bounds on scattering phase shifts. I, Larry Spruch and 
Martin Kelly—2144 

Bounds on scattering phase shifts. II, Larry Spruch—2149 

Dispersion relations for Dirac potential scattering, N. N. 
Khuri and S. B. Treiman—198 

Dispersion relations for scattering in presence of Coulomb 
field, Geoffrey F. Chew and H. Pierre Noyes—566 

Form of scattering amplitude for two systems of arbitrary 
spins, Richard H. Capps—1823 

Nuclear scattering of nucleons and antinucleons, Hans- 
Peter Duerr—1347 

Outgoing boundary condition in rearrangement collisions, 
E. Gerjuoy—1806 

Perturbation expansions in formal theory of scattering, 
James E. Young—2141 

Variational principles for wave function in scattering theory, 
Saul Altshuler—1830 

Scattering of a Particles (see also Nuclear Reactions Induced 
by a@ Particles and He*) 

Charge exchange cross sections for He ions in gases, C. F. 
Barnett and P. M. Stier—385 

Double electron capture and loss by He ions traversing 
gases, Samuel K. Allison—76 

Investigation of excited states in Be* by a-particle scattering 
from He, R. Nilson, W. K. Jentschke, G. R. Briggs, 
R. O. Kerman, and J. N. Snyder—850 

Scattering of 12-Mev protons, 24-Mev deuterons, and 48- 
Mev a particles by Be, Robert G. Summers-Gill—1i591 

Scattering of Atoms and Molecules (see Atomic and Molecular 
Beams) 

Scattering of Deuterons and Tritons (see also Nuclear Reac- 
tions Induced by Deuterons and Tritons) 

Coulomb excitation studies using inelastically scattered 
particles, R. D. Sharp and W. W. Buechner—1698 

Scattering of 12-Mev protons, 24-Mev deuterons, and 48- 
Mev a particles by Be, Robert G. Summers-Gill—1591 

Scattering of Electrons and Positrons (see also Electrons and 
Positrons) 

Determination of electron polarization by electron-electron 
scattering: Y® and Au '**, N. Benczer-Koller, A. Schwarz- 
schild, J. B. Vise, and C. S. Wu—85 











2240 


Scattering of Electrons and Positrons (Continued) 

Dissociative attachment of electrons in I. I. Microwave 
determination of absolute cross section at 300°K, Man- 
fred A. Biondi—2005 

Dissociative attachment of electrons in I. II. Mass spectro- 
graphic determination of energy dependence of cross 
section, R. E. Fox—2008 

Dissociative attachment of electrons in I». III. Discussion, 
Manfred A. Biondi and R. E. Fox—2012 

Electron scattering by polarized nuclei, Roger G. Newton— 
2213(L) 

Measurement of §-ray polarization of Au'*® by double 
Coulomb scattering, H. J. Lipkin, S. Cuperman, T. 
Rothem, and A. de-Shalit—223(L) 

Polarization of electrons scattered by thin Au foils, William 
G. Pettus—1458 

Spin resonance of free electrons polarized by exchange 
collisions, H. G. Dehmelt—381 

Scattering of Mesons and Hyperons (see also Mesons and 
Hyperons; Nuclear Reactions Induced by Mesons and 
Hyperons) 

x -proton scattering at 950 Mev, A. R. Erwin, Jr., and 
J. K. Kopp—1364 

Radiative meson-nucleon scattering, R. E. Cutkosky—209 

Scattering of K*+ mesons in emulsion, George D. Igo, 
Geoffrey Ravenhall, Jerome J. Tiemann, Warren W. 
Chupp, Gerson Goldhaber, Sulamith Goldhaber, Joseph 
E. Lannutti, and Roy M. Thaler—2133 

Scattering of u~ mesons by nuclei, J. Franklin and B. Mar- 
golis—525 

Scattering of 37-Mev positive pions on hydrogen, A. M. 
Sachs, H. Winick, and B. A. Wooten—1750 

Study of interaction of positive K mesons, Joseph E. Lan- 
nutti, Sulamith Goldhaber, Gerson Goldhaber, Warren 
W. Chupp, S. Giambuzzi, C. Marchi, G. Quareni, and 
A. Wataghin—2121 

Total cross sections for 190-Mev positively charged K 
mesons in complex nuclei, Leroy T. Kerth, Thaddeus F. 
Kycia, and Ludwig van Rossum—1784 

Scattering of Neutrons (see also Nuclear Reactions Induced 
by Neutrons) 

Angular distribution of neutrons scattered by 2.80-kev 
resonance in Na, R. C. Block-1217 

Angular distributions of elastic scattering of 5-Mev neu- 
trons, R. W. Hili—2105 

Diffraction of neutrons by imperfect gases, R. M. Mazo and 
A. C. Zemach—1564 

Inelastic neutron scattering by U***, L. Cranberg and J. S. 
Levin—2063 

Measurement of lattice vibrations in V by neutron scatter- 
ing, C. M. Eisenhauer, I. Pelah, D. J. Hughes, and 
H. Palevsky—1046 

Neutron resonances in kev region: differential scattering 
cross sections, Robert C. Block, Willy Haeberli, and 
Henry W. Newson—1620 

Neutron scattering cross section of U?**, Sophie Oleksa— 
1645 

Neutron scattering cross section of U?**, H. L. Foote, Jr.— 
1641 

Optical-model analyses of scattering of 4.1-, 7-, and 14-Mev 
neutrons by complex nuclei, F. Bjorklund and S. Fernbach 
—1295 

Oxygen differential neutron scattering and phenomeno- 
logical nuclear potentials, J. L. Fowler and H. O. Cohn 
—89 

Resonance scattering of slow neutrons on In, James A. Moore 
—417 

Scattering of fast neutrons from C” and F", J. E. Wills, Jr., 
J. K. Bair, H. O. Cohn, and H. B. Willard—891 

Semiphenomenological two-nucleon potential, P. S. Signell 
and R. E. Marshak—1229 


VOLUME 





109 


Structure of solid He by neutron diffraction, D. G. Henshaw 

—328 
Scattering of Protons (see also Nuclear Reactions Induced by 
Protons) 

Absolute cross sections for excitation of Nz by protons of 
few kev energy, N. P. Carleton and T. R. Lawrence—1159 

Charge exchange cross sections of H particles in gases at 
high energies, C. F. Barnett and H. K. Reynolds—355 

Coulomb excitation studies using inelastically scattered 
particles, R. D. Sharp and W. W. Buechner—1698 

Nuclear scattering of 40- and 95-Mev protons, A. E. Glass- 
gold and P. J. Kellogg—1291 

Phase shifts for p-a scattering and polarization in p-a 
scattering for proton laboratory energies from 0 to 40 
Mev, J. L. Gammel and R. M. Thaler—2041 

Polarization in p-p scattering at 3 and 4 Mev, M. H. Hull, 
Jr., and J. Shapiro—846 

Refraction effects in direct nuclear reactions, N. Austern 
and S. T. Butler—1402(L) 

Scattering of 12-Mev protons, 24-Mev deuterons, and 48- 
Mev a particles by Be, Robert G. Summers-Gill—1591 
Simultaneous ionization and excitation of He by protons, 

Robert A. Mapleton—1166 
Scattering of Radiation (see Gamma Rays; Radiation; 
X-Rays) 
Scintillation Counters (see Methods and Instruments) 
Secondary Emission (see Electrical Properties) 
Semiconductors 

Absence of diffusion in certain random lattices, P. W. 
Anderson—1492 

Direct transition exciton and fine structure of magneto- 
absorption spectrum in Ge, Solomon Zwerdling, Laura M. 
Roth, and Benjamin Lax—2207(L) 

Effect of impurity scattering on magnetoresistance of n- 
type Ge, Maurice Glicksman—2218(E) 

Effect of neutron irradiation on infrared absorption in Si, 
W. G. Spitzer and H. Y. Fan—1011(L) 

Electron-hole recombination statistics in semiconductors 
through flaws with many charge conditions, Chih-Tang 
Sah and W. Shockley—1103 

Experimental study of spin-lattice relaxation times in As- 
doped Si, J. W. Culvahouse and F. M. Pipkin—319 

Galvanomagnetic effects in oriented single crystals of 
n-type Ge, W. Murray Bullis—292 

Intrinsic optical absorption and radiative recombination 
lifetime in PbS, Wayne W. Scanlon—47 

Intrinsic optical absorption in Ge-Si alloys, Rubin Braun- 
stein, Arnold R. Moore, and Frank Herman—695 

Ionization rates for electrons and holes in Si, A. G. Chyno- 
weth—1537 

Isotropic approximation to magnetoresistance of multi- 
valley semiconductor, Robert W. Keyes—43 

New phenomenon in narrow Ge p-n junctions, Leo Esaki— 
603(L) 

Nuclear magnetic resonance in semiconductors: exchange 
broadening in GaAs and InAs, R. G. Shulman, B. J. 
Wyluda, and H. J. Hrostowski—808 

Piezoresistance constants of p-type InSb, Anthony J. 
Tuzzolino—1980 

Relaxation time anisotropy in n-type Ge, Colman Goldberg 
—331 

Semiconducting properties of Mg2Ge single crystals, R. D. 
Redin, R. G. Morris, and G. C. Danielson—1916 

Semiconducting properties of Mg:Si single crystals, R. G. 
Morris, R. D. Redin, and G. C. Danielson—1909 

Theory of interstitial impurity states in semiconductors, 
Peter E. Kaus—1944 

Transient recombination of excess carriers in semicon- 
ductors, G. K. Wertheim—1086 

Weak-field magnetoresistance in p-type Si, Donald Long 
and John Myers—1098 











ANALYTIC SUBJECT INDEX 2241 


Shock Waves (see Fluid Dynamics) 

Solid State (see Crystalline State) 

Solutions (see Liquids) 

Sound (see Acoustics) 

Spallation (see Nuclear Reactions) 

Spark Discharge (see Electrical Discharges) 
Specific Heat (see Thermal Properties) 

Spectra, Atomic (see Atomic Structure and Spectra) 
Spectra, General 

Statistical broadening of spectral lines emitted by ions in 

plasma, M. Lewis and H. Margenau—842 
Spectra, Molecular (see Molecular Structure and Spectra) 
Spectra, Nuclear (see Nuclear Spectra) 
Spectroscopy Technique (see Methods and Instruments) 
Spinor Fields (see Field Theory) 
Standards (see Constants, Standards, Units) 
Stark Effect (see Atomic Structure and Spectra) 
Statistical Mechanics and Thermodynamics 

Approach to equilibrium, Harry L. Frisch—22 

Brownian motion of mirror in superfluid He, Nandor L. 
Balazs—232 

Covariant quantum statistics of fields, A. O. Barut—1376 

Derivation of fluctuation-dissipation theorem, K. M. van 
Vliet—1021 

Irreversible statistical mechanics of incompressible hydro- 
magnetic turbulence, Robert H. Kraichnan—1407 

Modified virial theorem for total momentum fluctuations, 
Joel L. Lebowitz—1464 

Plasma oscillations in steady magnetic field, Trilochan 
Pradhan—2218(E) 

Spin temperature, A. Abragam and W. G. Proctor—1441 

Transport equation in quantum gases, Hazimi Mori and 
John Ross—1877 

Statistical Methods (see Mathematical Methods) 

Strange Particles (see Elementary Particle Interactions; 
Mesons and Hyperons) 

Superconductivity 

Conductivity of superconducting films: sum rule, Richard 
A. Ferrell and Rolfe E. Glover, I1I—1398(L) 

Heat capacity in normal and superconducting states and 
critical field of Nb, Chien Chou, David White, and H. L. 
Johnston—788 

Heat capacity in normal and superconducting states and 
critical field of Ta, David White, Chien Chou, and H. L. 
Johnston—797 

Measurements on superconducting contacts, Hans Meissner 
—686 

Normal and superconducting heat capacities of La, A. Ber- 
man, M. W. Zemansky, and H. A. Boorse—70 

Paramagnetic effect in superconductors. V. Resistance 
transition of Sn wires, Hans Meissner—668 

Paramagnetic effect in superconductors. VI. Resistance 
transitions in In wires, Hans Meissner and Richard 
Zdanis—681 

Paramagnetic effect in superconductors. VII. Shape of 
superconducting domains, Hans Meissner—1479 

Penetration of electromagnetic fields through superconduct- 
ing films, Martin Peter—1857(L) 


Penetration of magnetic fields through superconducting 
films, A. L. Schawlow—1856(L) 

Superconducting transition of Pb, W. B. Pearson and I. M. 
Templeton—1094 

Superconductivity in periodic system, David Pines—280 

Superconductivity of La and some La alloys, G. A. Ander- 
son, S. Legvold, and F. H. Spedding—243 

Supersonics (see Fluid Dynamics) 


Thermal Conductivity (see Thermal Properties) 
Thermal Diffusion (see Diffusion) 
Thermal Expansion (see Therma! Properties) 
Thermal Properties 
Electron-electron interaction and heat conduction in gaseous 
plasmas, L. Goldstein and T. Sekiguchi—625 
Heat capacity in normal and superconducting states and 
critical field of Nb, Chien Chou, David White, and H. L. 
Johnston—788 
Heat capacity in normal and superconducting states and 
critical field of Ta, David White, Chien Chou, and H. L. 
Johnston—797 
Normal and superconducting heat capacities of La, A. Ber- 
man, M. W. Zemansky, and H. A. Boorse—70 
Use of thermal expansion measurements to detect lattice 
vacancies near melting point of pure Pb and Al, R. Feder 
and A. S. Nowick—1959 
Thermal Radiation (see Radiation) 
Thermionic Emission (see Electrical Properties) 
Thermodynamics (see Statistical Mechanics and Thermo- 
dynamics) s 
Thermoelectric Effect (see Electrical Properties; Semi- 
conductors) 
Thermoluminescence (see Luminescence) 
Thermomagnetic Effect (see Magnetic Properties) 
Total Cross Sections (see Electrons and Positrons; Nuclear 
Reactions) 
Transmutation (see Nuclear Reactions) 


Uncertainty Principle (see Quantum Mechanics) 
Units (see Constants, Standards, Units) 


Vacuum Tubes (see Methods and Instruments) 
Van der Waals Forces (see Molecular Structure and Spectra) 
Viscosity (see Liquids) 


Wave Mechanics (see Quantum Mechanics) 
Work Function (see Electrical Properties) 


X-Rays 

K-emission spectrum of metallic Li, D. E. Bedo and D. H. 
Tomboulian—35 

K x-ray spectrum of Hg, Olof Beckman—1590 

Single-crystal orientation effects in K x-ray absorption 
spectra of Ge, Jassim M. El-Hussaini and S. T. Stephen- 
son—51 

X-ray study of deuteron-irradiated Cu near 10°K, R. O. 
Simmons and R. W. Balluffi—i142 




















ik ade 











